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Abstract

In this paper, we develop a unified convergence analysis framework for the Accel-
erated Smoothed GAp ReDuction algorithm (ASGARD) introduced in Tran-Dinh et
al. (SIAM J Optim 28(1):96-134, 2018). Unlike Tran-Dinh et al. (SIAM J Optim
28(1):96-134, 2018), the new analysis covers three settings in a single algorithm:
general convexity, strong convexity, and strong convexity and smoothness. Moreover,
we establish the convergence guarantees on three criteria: (i) gap function, (ii) primal
objective residual, and (iii) dual objective residual. Our convergence rates are opti-
mal (up to a constant factor) in all cases. While the convergence rate on the primal
objective residual for the general convex case has been established in Tran-Dinh et
al. (STAM J Optim 28(1):96-134, 2018), we prove additional convergence rates on
the gap function and the dual objective residual. The analysis for the last two cases is
completely new. Our results provide a complete picture on the convergence guarantees
of ASGARD. Finally, we present four different numerical experiments on a represen-
tative optimization model to verify our algorithm and compare it with the well-known
Nesterov’s smoothing algorithm.

Keywords Accelerated smoothed gap reduction - Primal—dual algorithm - Nesterov’s
smoothing technique - Convex—concave saddle-point problem

1 Introduction

We consider the following classical convex—concave saddle-point problem:

min max { £(x, y) == £() + (Kx.5) = g"0) . M
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where f : R? — RU{+o0}and g : R" — RU {400} are proper, closed, and convex,
K : R? — R" is a linear operator, and g*(y) := sup, {(y, x) — g(x)} is the Fenchel
conjugate of g.

The convex—concave saddle-point problem (1) can be written in the primal and dual
forms. The primal problem is defined as

F* := min {F(x) = f(x) +g(1<x)}. 2)
xeRP
The corresponding dual problem is written as
D* = min {DG) = f7-K T+ 0. 3)

Clearly, both the primal problem (2) and its dual form (3) are convex.

Motivation In[23], two accelerated smoothed gap reduction algorithms are proposed
to solve (2) and its special constrained convex problem. Both algorithms achieve opti-
mal sublinear convergence rates (up to a constant factor) in the sense of black-box
first-order oracles [15,16], when f and g are convex, and when f is strongly convex
and g is just convex, respectively. The first algorithm in [23] is called ASGARD (Accel-
erated Smoothed GAp ReDuction). To the best of our knowledge, except for a special
case [24], ASGARD was the first primal—dual first-order algorithm that achieves a
non-asymptotic optimal convergence rate on the last primal iterate. ASGARD is also
different from the alternating direction method of multipliers (ADMM) and its vari-
ants, where it does not require solving complex subproblems but uses the proximal
operators of f and g*. However, ASGARD (i.e. [23, Algorithm 1]) only covers the
general convex case, and it needs only one proximal operation of f and of g* per
iteration. To handle the strong convexity of f, a different variant is developed in [23],
called ADSGARD, but requires two proximal operations of f per iteration. Therefore,
the following natural question is arising:

Can we develop a unified variant of ASGARD that covers three settings: general
convexity, strong convexity, and strong convexity and smoothness?

Contribution In this paper, we affirmatively answer this question by developing a
unified variant of ASGARD that covers the following three settings:

Case 1: Both f and g* in (1) are only convex, but not necessarily strongly convex.
Case 2: Either f or g* is strongly convex, but not both f and g*.
Case 3: Both f and g* are strongly convex.

The new variant only requires one proximal operation of f and of g* at each iteration
as in the original ASGARD and existing primal-dual methods, e.g., in [4,5,7,8,11,
12,19,28]. Our algorithm reduces to ASGARD in Case 1, but uses a different update
rule for ny (see Step 5 of Algorithm 1) compared to ASGARD. In Cases 2 and 3, our
algorithm is completely new by incorporating the strong convexity parameter (¢ of f
and/or jig+ of g* in the parameter update rules to achieve optimal O (1 / k2) sublinear
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A unified convergence rate analysis of the ASGARD algorithm 1237

and (1 — O (1//kF)) linear rates, respectively, where k is the iteration counter and
ikp o= K2/ ppege).

In terms of convergence guarantees, we establish that, in all cases, our algorithm
achieves optimal rates on the last primal sequence {x*} and an averaging dual sequence
{ gk } Moreover, our convergence guarantees are on three different criteria: (i) the gap
function for (1), (ii) the primal objective residual F' (xKy — F* for (2), and (iii) the dual
objective residual D (7%) — D* for (3). Our paper therefore provides a unified and full
analysis on convergence rates of ASGARD for solving three problems (1), (2), and
(3) simultaneously.

We emphasize that primal—dual first-order methods for solving (1), (2), and (3),
and their convergence analysis have been well studied in the literature. To avoid
overloading this paper, we refer to our recent works [23,25] for a more thorough discus-
sion and comparison between existing methods. Hitherto, there have been numerous
papers studying convergence rates of primal—dual first-order methods, including [4—
7,9,14,27]. However, the best known and optimal rates are only achieved via averaging
or weighted averaging sequences, which are also known as ergodic rates. The con-
vergence rates on the last iterate sequence are often slower and suboptimal. Recently,
the optimal convergence rates of the last iterates have been studied for primal—dual
first-order methods, including [23,25,27]. As pointed out in [5,10,21,23,25], the last
iterate convergence guarantee is very important in various applications to maintain
some desirable structures of the final solutions such as sparsity, low-rankness, or
sharp-edgedness in images. This also motivates us to develop ASGARD.

Paper outline The rest of this paper is organized as follows. Section 2 recalls some
basic concepts, states our assumptions, and characterizes the optimality condition of
(1). Section 3 presents our main results on the algorithm and its convergence analysis.
Section 4 provides a set of experiments to verify our theoretical results and compare
our method with Nesterov’s smoothing scheme in [17]. Some technical proofs are
deferred to the “Appendix”.

2 Basic concepts, assumptions, and optimality condition

We are working with Euclidean spaces, R” and R", equipped with the standard inner
product (-, -) and the Euclidean norm | - ||. We will use the Euclidean norm for the
entire paper. Given a proper, closed, and convex function f, we use dom (f) and
d f(x) to denote its domain and its subdifferential at x, respectively. We also use
V f(x) for a subgradient or the gradient (if f is differentiable) of f at x. We denote by
f*(y) :=sup {{y, x) — f(x) : x € dom (f)} the Fenchel conjugate of f. We denote
by ri(X) the relative interior of X'.

A function f is called M p-Lipschitz continuous if | f(x) — f(X)] < My|lx — X||
for all x,x € dom (f), where My € [0, +o00) is called a Lipschitz constant. A
proper, closed, and convex function f is M y-Lipschitz continuous if and only if
0 f(-) is uniformly bounded by My on dom (f). For a smooth function f, we say
that f is L y-smooth (or Lipschitz gradient) if for any x,x € dom (f), we have
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1238 Q. Tran-Dinh

IVf(x) = VI < Lyllx — x|, where L € [0, +00) is a Lipschitz constant. A
function f is called u ¢-strongly convex with a strong convexity parameter s > 0
if () — %H - ||I> remains convex. For a proper, closed, and convex function f,
prox,, ¢ (x) := argmin {f()?) + %Hi —x||? : ¥ € dom (f) } is called the proximal
operator of y f, where y > 0.

2.1 Basic assumptions and optimality condition

In order to show the relationship between (1), (2) and its dual form (3), we require the
following assumptions.

Assumption 1 The following assumptions hold for (1).

(a) Both functions f and g are proper, closed, and convex on their domain.
(b) There exists a saddle-point z* := (x*, y*) of L defined in (1), i.e.:

Lx*,y) < L y*) < Lx,y"), Y(x,y) € dom(f) x dom (g*). (4

(c) The Slater condition 0 € ri(dom (g) — Kdom (f)) holds.

Assumption 1 is standard in convex—concave saddle-point settings. Under Assump-
tion 1, strong duality holds, i.e. F* = L(x*, y*) = —D".
To characterize a saddle-point of (1), we define the following gap function:

gXxy(xay) ::SUP{E(xvy)_E(i,)’):iexs yEy}v (5)
where X € dom (f) and Y € dom (g*) are nonempty, closed, and convex subsets
such that X’ x ) contains a saddle-point (x*, y*) of (1). Clearly, wehave Gy y (x, y) >

0 forall (x, y) € X x Y. Moreover, if (x*, y*) is a saddle-point of (1) in X' x )/, then
Grxy@*, y) =0.

2.2 Smoothing technique for g
We first smooth g in (2) using Nesterov’s smoothing technique [17] as
o\ . * ’3 2
g, 3) 1= max { (. ) = g" () = §lly = 312} ©)
yeR"

where g* is the Fenchel conjugate of g, 8 > 0 is a smoothness parameter, and y is a
given proximal center. We denote by Vigp(u) = prox,«,g(y + %u) the gradient of
gp W.I.t. u.

Given gg defined by (6), we can approximate F in (2) by

Fg(x, ) := f(x) +gp(Kx, y). (N

The following lemma provides two key inequalities to link Fg to £ and D.
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A unified convergence rate analysis of the ASGARD algorithm 1239

Lemma 1 Let Fg be defined by (7) and (x*, y*) be a saddle-point of (1). Then, for
any x,x € dom (f) and y,y,y € dom (g*), we have

L(Z,y) < Fg(x, )+ Bly — 1%,

= * < s 5y o Byt — o2 Vi * 7o ®
D) = D(y*) = Fp(x,y) = L&, y) + 5y = ylI7, VX € df*(=K"y).

Proof Using the definition of £ in (1) and of Fg in (7), we have L(x,y) = f(¥) +
(KZ,y) — g*(0) < F@&) +sup, [(KF, y) — g0 — §lly — 312} + Elly — 31> =
Fg(x,y) + §||y — y||?, which proves the first line of (8).

Next, for any ¥ € 3 f*(—K '¥), we have f*(—=K'9) = (—K "5, %) — f(%) by
Fenchel’s equality [1]. Hence, D(3) = f*(—K'5) + g*(§) = —L(%, 7). On the
other hand, by (4), we have L(x, y*) > L(x*, y*) = —D(y*). Combining these two
expressions and the first line of (8), we obtain D(y) — D(y*) < L(x, y*) —L(X, y) <
Fp(E,9) — LE ) + 515 — 11> o

3 New ASGARD variant and its convergence guarantees

In this section, we derive a new and unified variant of ASGARD in [23] and analyze
its convergence rate guarantees for three settings.

3.1 The derivation of algorithm and one-iteration analysis

Given y € R”" and £¥ € R?, the main step of ASGARD consists of one primal and
one dual updates as follows:

&)

k1 . Y
YA = proxgs g, (¥ + g K35),
k+1

) o 1
XK= prox g, (RF - L—kKTyk“),

where B; > 0 is the smoothness parameter of g, and Ly > 0 is an estimate of the
Lipschitz constant of V gg, . Here, (9) serves as basic steps of various primal—dual first-
order methods in the literature, including [5,14,23]. However, instead of updating y,
ASGARD fixes it for all iterations.

The following lemma serves as a key step for our analysis in the sequel. Since its
statement and proof are rather different from [23, Lemma 2], we provide its proof in
“Appendix B.1”.

Lemma2 [23] Let (x**1, yk*1) be generated by (9), Fg be defined by (7), and L be
given by (1). Then, for any x € dom (f) and 7; € [0, 1], we have
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1240 Q. Tran-Dinh

Fp (XM 9) < (1 — ) Fp, (6%, 9) 4+ wl(x, y*+h)

Lit? | 1 ra 2 pr(l—-t0)7
T U T R L LN

— % (L) | — (1= ot — x| (10)

Ly A A
_ Tk”_xk+l —.Xk||2 k+1 _ k)||2

1
t a0 1K

— 155 [ — (Beet — BO)] 1 Vugp (Kx¥, ) — 311

Together with the primal—dual step (9), we also apply Nesterov’s accelerated step to
£* and an averaging step to 7~ as follows:
PLan

= e R =2,

Y

FH = (1 — ) 75 + ey,

where 7 € (0, 1) and ng41 > 0 will be determined in the sequel.
To analyze the convergence of the new ASGARD variant, we define the following
Lyapunov function (also called a potential function):

Vi(x) := Fp,_ (x,3) — L(x, %)
(12)

(Lg—14+pm )2 1 _
+ = - (4 = e -
The following lemma provides a key recursive estimate to analyze the convergence of

(9) and (11), whose proof is given in “Appendix B.2”.

Lemma3 Let (x*, 2%, y&, 5%) be updated by (9) and (11). Given By > 0, i, Txs1 €
(0, 1], let Bk, Lk, and ni+1 be updated by

Br—1 IK|* (I — )
Bri= - Lii=———. and gy i= o (13)
I+ % Bk + g T + Mk41Tk41
where myy| = Lzﬁr—;ljf Suppose further that 7y, € (0, 1] satisfies
(L + )=ttt + (1 — ) > Lit?, (14)
(Li—1 + ) (Li + o)t} |+ (L + pup)?td > (L1 + pp) Lt .
Then, for any x € dom (f), the Lyapunov function Vy, defined by (12) satisfies
Vit1(x) = (1 = 7)) Vie (). (15)

The unified ASGARD algorithm  Our next step is to expand (9), (11), and (13) algo-
rithmically to obtain a new ASGARD variant (called ASGARD+) as presented in
Algorithm 1.
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A unified convergence rate analysis of the ASGARD algorithm 1241

Algorithm 1 (New Accelerated Smoothed GAp ReDuction (ASGARD+))
1: Initialization: Choose x* € dom (f), 7° € dom (g*), and y € R™.

: _ _lK|? 20 ._ 0
2: Choose 79 € (0, 1] and Bo > 0. Set Ly : and x” 1= x".

T ngxtPo

3 Fork:=0,1,---, kpax do
4:  Update tx4 as in Theorems 1, 2, or 3, and update S+ := ﬁ
5. Let Liyp = %,mkﬂ = LE;—;;;Q and gy = %
6:  Update

yktl = proXg. g, (¥ + %K}?k),

XK= prox s/, (RF — LLkKTka),

RRHL .o kL kL k),

P = (1 = w3 + Ty
7. EndFor

Compared to the original ASGARD in [23], Algorithm 1 requires one additional
averaging dual step on 7* at Step 6 to obtain the dual convergence. Note that Algo-
rithm 1 also incorporates the strong convexity parameters (¢ of f and pg« of g* to
cover three settings: general convexity (i = g+ = 0), strong convexity (uy > 0
and pg+« = 0), and strong convexity and smoothness (4 > 0 and g+ > 0). More
precisely, L and the momentum step-size 1,1 are also different from [23] by incor-
porating jug+ and u r. The per-iteration complexity of ASGARD+ remains the same as
ASGARD except for the averaging dual update 3. However, this step is not required
if we only solve (2). We highlight that if we apply a new approach from [25] to (1),
then we can also update the proximal center y at each iteration.

3.2 Case 1: Both fand g* are just convex (1s = g+ = 0)

The following theorem establishes convergence rates of Algorithm 1 for the general
convex case where both f and g* are just convex.

Theorem 1 Suppose that Assumption 1 holds and both f and g* are only convex, i.e.
mfr = pgr = 0. Let {(xk, 5%} be generated by Algorithm 1 for solving (1), where
170 := 1 and T4y is the unique solution of the cubic equation ©> + 1% + ‘L'kzl' — rkz =0
in T, which always exists. Then, for all k > 1, we have:

(a) The gap function Gy y defined by (5) satisfies

- K2 0 2 Bo 02
Gay(h, 3 < === sup |x° — x|* + sup ly — ylI*.  (16)
XYY =5k S0 P
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1242 Q. Tran-Dinh

(b) If g is Mg-Lipschitz continuous on dom (g), then for (2), it holds that

" K> Bo
FOf) = F* < el = 1P + 2

(91 + Mg)*. a7

(©) If f* is M g«-Lipschitz continuous on dom (f*), then for (3), it holds that

IK |

<k 0 2, _Po 2
D) =D <2f3k(” I+ Mg +m||y bl (18)

‘Kk‘lz’ and (1 + ©)Br = Pr-1, the two

Proof First, since j1f = pgr = 0, Ly =
conditions of (14) respectively reduce to

(I—w)tt > U+t and (1 +7)7 > 2 (1 — ).

These conditions hold if rk3 + rkz + rkz_ 1T — rk2_1 = 0. We first choose 7y := 1, and
update 7 by solving the cubic equation 73 4 7 + rk2_1 T — rkz_l =0 fork > 1. Note
that this equation has a unique positive real solution t; € (0, 1) due to Lemma 5(b).

Moreover, we have ]_[i-‘=1 (1—1) < klﬁ and By < %

Next, by induction, (15)leads to Vi(x) < []_[f*ll(l — ri)] Vilx) < lvl (x), where
we have used ]_[l h (1 -7 <¢ L from Lemma 5(b). However, from (45) in the proof

of Lemma 3 and 79 = 1, we have V;(x) < (1 — ©0)Vo(x) + 02’0 120 — x|? =

g;! Ix® — x||?. Hence, we eventually obtain

IKI* o 2
% < - . 19
e (x) < 2fok llx™ — x|l (19)
Using (8) from Lemma 1 and Bx_1 < % from Lemma 5(b), we get

e ® . ~ .
LGRy) = L, 7 < Fg (25, 9) — L, 78 + By — 312

(12) X
< Vi) + By — 312

a9 1k
< LI 120 — ) + £ 15 — yI2.

Taking the supreme over X' and ) both sides of the last estimate and using (5), we
obtain (16).
. ko L@ ‘- v s 12 . .
Now, since Fg, , (x", y) — F* < Fp,_ (x", y) — L(x*, ") < Vi(x*), combining
this inequality and (19), we get

2
< LBy o e

Fﬂk 1(~x }’) = 2/3](
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A unified convergence rate analysis of the ASGARD algorithm 1243

On the other hand, since g is M,-Lipschitz continuous, we have
sup {Ily = 31l - v € 0g(Kx") | < 151+ suplllyll : vl = Mg} = 131 + M.

Hence, by (31) of Lemma 4, we have F(x¥) < Fg_ (x¥, ) + %(H)’)H + My)? <

Fg,_ 1()c y) + k+1 Iyl + Mg)z. Combining both estimates, we obtain (17).
Finally, using (8), we have

DG*) — D* < Fp, (x5, ) — LG5, 78 + By — y*)1?

(12) ~
< V@ + Ely — 11

< LR (O] 4+ M) + £ 15 — 112,

which proves (18). Here, since K e af*(—K T55), we have ||x0 — 75| < ||%5| +
1x0] < Mg« + 19|, which has been used in the last inequality. O

3.3 Case 2: fis strongly convex and g* is convex (¢ > 0 and Ly« = 0)

Next, we consider the case when only f or g* is strongly convex. Without loss of
generality, we assume that f is strongly convex with a strong convexity parameter
wr > 0, but g* is only convex with pg+ = 0. Otherwise, we switch the role of f and
g" in Algorithm 1.

The following theorem establishes an optimal O (1 / kz) convergence rate (up to a
constant factor) of Algorithm 1 in this case (i.e. s > 0 and pgx = 0).

Theorem 2 Suppose that Assumption 1 holds and that f is strongly convex with a
convexity parameter (g > 0, but g* is just convex (i.e. jLgr = 0). Let us choose

70 ;= 1 and By > %. Let {(x*, %)} be generated by Algorithm 1 using the

update rule Ty := %‘(, / rk2 +4 — tk)for . Then, we have:
(a) The gap function Gy« be defined by (5) satisfies

i 21K |1? 1080
Gaxyxh, 35 < o sup [|Ix0 — x||* + ——— supuy yI*. (20

k+1D? cex (k+3)7 )
(b) If g is Mg-Lipschitz continuous on dom (g), then for (2), it holds that

o 2 2K = xtI2 10B0(I5 I + M)

F(xky - F 21
o) — Bolk+1)2 (k +3)? @D
(©) If f* is M y«-Lipschitz continuous on dom (f*), then for (3), it holds that
2K 2 0 M % 2 10 11
Dy — pr < KPS+ M | 10olls = I .

- Bo(k + 1)2 (k +3)2
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1244 Q. Tran-Dinh

Proof Since p1g+ = 0 and rkz = rkz_l(l — 1¢) by the update rule of 7, S = ﬁ—‘l

T’
IK %t}

and Ly ”g 12 , the first condition of (14) is equivalent to f;_1 > u—/rk However,

since fr_ > 2—2 due to Lemma 5(a), and 7; = 0.6180, fr_; > % holds if
1

Bo > \KH2 _ 0382 K|

. Thus we can choose By >

2
% to guarantee the first

cond1t10n of (14).

Similarly, using my = ka ?Lf l’; e > 1, the second condition of (14) is equivalent
Lk Ti—1 Ly . .
to mktk + mkl’k‘tk = Lk e Since Y < my, the last condition holds if

mktk +kaka_1 > mkrk_ . Using again Tkz = rkz_l(l — Tt), this condition becomes
mkrk2 > rsz] (1 —1) = rk2. This always holds true since my > 1. Therefore, the
second condition of (14) is satisfied.

As a result, we have the recursive estimate (15), i.e.:

Vir1(x) = (I = i) Ve (x). (23)

From (27), Lemma 5(a), (45), and noting that 70 :=x%and 1 := 1, we have
Vi) = [TTZ (= )W) = 01— Mi@) < gz Roo).

where Ro(x) := “K” [x® — x||2. Similar to the proof of Theorem 1, using the last

. . 4potd 2080 i
inequality and ,3k—1 < Tt 127 < 13 from Lemma 5(a), we obtain the

bounds (20), (21), and (22), respectively. O

Remark 1 The variant of Algorithm 1 in Theorem 2 is completely different from [23,
Algorithm 2] and [25, Algorithm 2], where it requires only one prox () as opposed
to two proximal operations of f as in [23,25].

3.4 Case 3: Both fand g* are strongly convex (1f > 0 and 1+ > 0)

Finally, we assume that both f and g* are strongly convex with strong convexity
parameters iy > 0 and ugr > 0, respectively. Then, the following theorem proves
the optimal linear rate (up to a constant factor) of Algorithm 1.

Theorem 3 Suppose that Assumption 1 holds and both f and g* in (1) are strongly
convex with vy > 0 and g« > 0, respectively. Let {(x, %)} be generated by

Algorithm 1 using 7y := 1 = \/liTp € (0, 1) and By > 0, where kp := %. Then,
the following statements hold:
(a) The gap function Gx «y defined by (5) satisfies
Gy, ) = (1= D Ry - sup I vI%, (24)
VI = P21+ 0F o
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A unified convergence rate analysis of the ASGARD algorithm 1245

_ B 2.2
where R 1= jg)({(l — t)[}',go(xo) — L(x, yo)] + %IMO — x||2}.

(b) If g is Mg-Lipschitz continuous on dom (g), then for (2), it holds that

Bo

F(xk)—F*f (1 —‘L’)kﬁ,}; + m

(131l + M), (25)

- . 2.2 .
where R, = (1 — [ Fp, (0 — LG&*, 7] + %leo —x*|%

(d) If f* is M y+-Lipschitz continuous on dom (f*), then for (3), it holds that

i —. . Bolly = y*II?
DGH —D* < (1 -o)fRy + 2222 1 26
GH =D = -0"Ry + T (26)
S 0 <0 K|z 0 2
where Rd = - ‘L’)[}—ﬁo(x )— D@ )] + g +B0) (le |+ Mf*) .
Proof Sincety =71 = ——— = PP (0, 1)and Br—1 = (1+1) By, aftera

V1+krp K 1P+ p o g
few elementary calculations, we can show that the first condition of (14) automatically
holds. The second condition of (14) is equivalent to m;t + mﬁ > Since

Li
Li—1+py-”
this condition holds if m;t + m,% > my, which is equivalent to

L
M = Lk—lj‘ﬂ f’
T + my > 1. This obviously holds true since 7 > 0 and my; > 1.

From (15) of Lemma 3, we have Vi1 (x) < (1 — t)Vi(x). Therefore, by induction
and using again (45), we get

Vi(x) < (1 — 0 Vi(x) < (1 — D) Ro(x). 27)

— » 2,2
where R, (x) := (1 — f)[fﬂo () = L, 5] + g g 150 = %11

Now, since Br—1 = due to the update rule of B, by (8), we have

(1+ a+o)f

Bk

T
L%y~ £00 7 = k00 + P20 P = (- 0* Ry 00 + Iy =yl

2(1 + )k

This implies (24). The estimates (25) and (26) can be proved similarly as in Theorem 1,
and we omit the details here. O

Remark 2 Since g* is ju4+-strongly convex, itis well-known that go K is ”f”

K>
e

-smooth.

Hence, kf : is the condition number of F' in (2). Theorem shows that Algo-

. k. .
rithm 1 can achieve a (1 - -linear convergence rate. Consequently, it

1
)
also achieves O (,/kr log (1)) oracle complexity to obtain an e-primal-dual solution
(x*, 3%). This linear rate and complexity are optimal (up to a constant factor) under
the given assumptions in Theorem 3. However, Algorithm 1 is very different from
existing accelerated proximal gradient methods, e.g., [2,18,26] for solving (2) since
our method uses the proximal operator of g* (and therefore, the proximal operator of
g) instead of the gradient of g as in [2,18,26].
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1246 Q. Tran-Dinh

Remark 3 The O (1/k), O (l / kz), and linear convergence rates in Theorems 1, 2, and
3, respectively are already optimal (up to a constant factor) under given assumptions
as discussed, e.g., in [20,25]. The primal convergence rate on { F(x*) — F*} has been
proved in [23, Theorem 4], but only for the case O (1/k). The convergence rates on
{Grx y(xk, 75} and { D(3%) — D*} are new. Moreover, the convergence of the primal
sequence is on the last iterate x*, while the convergence of the dual sequence is on the
averaging iterate yX.

4 Numerical experiments

In this section, we provide four numerical experiments to verify the theoretical conver-
gence aspects and the performance of Algorithm 1. Our algorithm is implemented in
Matlab R.2019b running on a MacBook Laptop with 2.8GHz Quad-Core Intel Core i7
and 16 GB RAM. We also compare our method with Nesterov’s smoothing algorithm
in [17] as a baseline. We emphasize that our experiments bellow follow exactly the
parameter update rules as stated in Theorems 1 and 2 without any parameter tuning
trick. To further improve practical performance of Algorithm 1, one can exploit the
restarting strategy in [23], where its theoretical guarantee is established in [22].

The nonsmooth and convex optimization problem we use for our experiments is
the following representative model:

min {F(0) = [1Kx = bl + 2lxlh + 21513, 28)
xeR? 2

where K € R"*? is a given matrix, » € R" is also given, and A > O and p > 0
are two given regularization parameters. The norm || - || is the £;-norm (or Euclidean
norm). If p = 0, then (28) reduces to the square-root LASSO model proposed in [3]. If
p > 0, then (28) becomes a square-root regression problem with elastic net regularizer
similar to [30]. Clearly, if we define g(y) := ||y — b2 and f(x) := A|x]|l; + §||x||%,
then (28) can be rewritten into (2).

To generate the input data for our experiments, we first generate K from standard
i.1.d. Gaussian distributions with either uncorrelated or 50% correlated columns. Then,
we generate an observed vector b as b := Kx? 4+ N(0, o), where x’ is a predefined
sparse vector and N (0, o) stands for standard Gaussian noise with variance o = 0.05.
The regularization parameter A to promote sparsity is chosen as suggested in [3], and
the parameter p is set to p := 0.1. We first fix the size of problem at p := 1000 and
n := 350 and choose the number of nonzero entries of x° to be s := 100. Then, for
each experiment, we generate 30 instances of the same size but with different input
data (K, b).

For Nesterov’s smoothing method, following [17], we smooth g as

. Yion? - }
= —-b,v) — = : <1y,
gy = max [y = b.v) = ol ol <

where y > 0 is a smoothness parameter. In order to correctly choose y for Nesterov’s
smoothing method, we first solve (28) with CVX [13] using Mosek with high precision
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= V2K
B kmax~/Dy by
minimizing its theoretical bound from [17] w.r.t. y > 0, where Dy, := % is the prox-

diameter of the unit £>-norm ball, and kax is the maximum number of iterations.

to get a high accurate solution x* of (28). Then, we set y* :

For Algorithm 1, using (17) and y := 0, we can set By = B* := %Z_x*” by
minimizing the right-hand side of (17) w.r.t. Bo > 0, where M, := 1. We choose
kmax := 5000 for all experiments. To see the effect of the smoothness parameters
y and Sy on the performance of both algorithms, we also consider two variants by
increasing or decreasing these parameters 10 times, respectively. More specifically,
we set them as follows.

e For Nesterov’s smoothing scheme, we consider two additional variants by setting
y = 10y* and y = 0.1y*, respectively.

e For Algorithm 1, we also consider two other variants with 8y := 108 and fy :=
0.18*, respectively.

We first conduct two different experiments for the square-root LASSO model (i.e.
setting p := 0 in (28)). In this case, the underlying optimization problem is non-
strongly convex and fully nonsmooth.

o Experiment I: We test Algorithm 1 (abbreviated by Alg. 1) and Nesterov’s
smoothing method (abbreviated by Nes. Alg.) on 30 problem instances with

uncorrelated columns of K. Since both algorithms essentially have the same per-
k *
| FGH-Fah

iteration complexity, we report the relative primal objective residua max(LIFC]

against the number of iterations.
e Experiment 2: We conduct the same test on another set of 30 problem instances,
but using 50% correlated columns in the input matrix K.

The results of both experiments are depicted in Fig. 1, where the left plot is for
Experiment I and the right plot is for Experiment 2. The solid line of each curve shows
the mean over 30 problem samples, and the corresponding shaded area represents the
sample variance of 30 problem samples (i.e. the area between the lowest and the
highest deviation from the mean).

From Fig. 1, we observe that, with the choice By := B* and y := y* as suggested
by the theory, both algorithms perform best compared to other smaller or larger values
of these parameters. We also see that Algorithm 1 outperforms Nesterov’s smoothing
scheme in both experiments. If By (respectively, y) is large, then both algorithms make
good progress in early iterations, but become saturated at a given objective value in
the last iterations. Alternatively, if By (respectively, y) is small, then both algorithms
perform worse in early iterations, but further decrease the objective value when the
number of iterations is increasing. This behavior also confirms the theoretical results
stated in Theorem 1 and in [17]. In fact, if By (or y) is small, then the algorithmic
stepsize is small. Hence, the algorithm makes slow progress at early iterations, but it
better approximates the nonsmooth function g, leading to more accurate approximation
from F (xk ) to F(x*). In contrast, if By (or y) is large, then we have a large stepsize
and therefore a faster convergence rate in early iterations. However, the smoothed
approximation is less accurate.

In order to test the strongly convex case in Theorem 2, we conduct two additional
experiments on (28) with p := 0.1. In this case, problem (28) is strongly convex with
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Square-Root LASSO (uncorrelatted data)

= s 4 Square-Root LASSO (50% correlatted data)
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Fig.1 The convergence behavior of Algorithm 1 and Nesterov’s smoothing scheme on 30 problem instances
of (28) (the non-strongly convex case). Left plot: uncorrelated columns in K, and Right plot: 50% correlated
columns in K
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« = 1
10’ ~___ 1/k-theoretical rate Blg, 10 \ —_— 1/k-theoretical rate
- 1/k*-theoretical rate oy ) . -~~~ 1/k*theoretical rate

A E I Alg. 1(.1(.:3'?‘ o2 10 Alg. 1 (,‘(’i,,:.’i‘)‘
o \ — Alg. 1 (B =108") o — Alg. 1 (B =108")
e N ——— Alg. 1 (6 =0.18") Y . ——— Alg. 1 (B =0.13")
< 10 NG ~ Alg. 1b (B = B") < 107§ Alg. 1b (5 = ')
% \ N ; \

g \ £ I

g 102 g 10

= =

o o

& RN

= 103 il - = 10

° < | o G

g e g i

Z o e Z 10 -

] 3 - -] o

5} 5]

= 10° . L . L -] = 10 L . .

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

lterations lterations

Fig.2 The convergence behavior of the two variants of Algorithm 1 on a collection of 30 problem instances
of (28) (the strongly convex case). Left plot: uncorrelated columns in K, and Right plot: 50% correlated
columns in K

g = 0.1. Since [17] does not directly handle the strongly convex case, we only
compare two variants of Algorithm 1 stated in Theorem 1 (Alg. 1) and Theorem 2

2
(Alg. 1Db), respectively. We set By = 0'3%# in Alg. 1Db) as suggested by
Theorem 2. We consider two experiments as follows:

— Experiment 3: Test two variants of Algorithm 1 on a collection of 30 problem
instances with uncorrelated columns of K.

— Experiment 4: Conduct the same test on another set of 30 problem instances, but
using 50% correlated columns in K.

The results of both variants of Algorithm 1 are reported in Fig. 2, where the left plot
is for Experiment 3 and the right plot is for Experiment 4.

Clearly, as showninFig.2,A1g. 1Db (i.e. corresponding to Theorem 2) highly out-
performs A1g. 1 (corresponding to Theorem 1). Alg. 1 matches well the O (1/k)
convergence rate as stated in Theorem 1, while A1g. 1b shows its O (1 /kz) con-
vergence rate as indicated by Theorem 2. Note that since g* in (28) is non-strongly
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convex, we omit testing the result of Theorem 3. This case is rather well studied in the
literature, see, e.g., [5].

5 Concluding remarks

We have developed a new variant of ASGARD introduced in [23, Algorithm 1], Algo-
rithm 1, that unifies three different settings: general convexity, strong convexity, and
strong convexity and smoothness. We have proved the convergence of Algorithm 1 for
three settings on three convergence criteria: gap function, primal objective residual,
and dual objective residual. Our convergence rates in all cases are optimal up to a
constant factor and the convergence rates of the primal sequence is on the last iterate.
Our preliminary numerical experiments have shown that the theoretical convergence
rates of Algorithm 1 match well the actual rates observed in practice. The proposed
algorithm can be easily extended to solve composite convex problems with three or
multi-objective terms. It can also be customized to solve other models, including
general linear and nonlinear constrained convex problems as discussed in [21,23,25].

Acknowledgements This work is partly supported by the Office of Naval Research under Grant No. ONR-
N00014-20-1-2088 (2020-2023), and the Nafosted Vietnam, Grant No. 101.01-2020.06 (2020-2022).

A Appendix 1: Technical lemmas

We need the following technical lemmas for our convergence analysis in the main text.

Lemma 4 ([23, Lemma 10]) Given B > 0, y € R", and a proper, closed, and convex
Sfunction g : R" — R U {400} with its Fenchel conjugate g*, we define

g, 3) = max { (w. ) = 8" () =y = I} 29)
yeR?

Let yz (u, ) be the unique solution of (29). Then, the following statements hold:
(a) gg(-,y) is convex w.rt. u on dom (g) and ﬁ-smooth w.rt. u on dom (g),
8
where Vi gg(u, y) = proxgg(y + %u). Moreover, for any u, i € dom (g), we

have

B+ g . )
Tgnvugﬁ(u,y)—vug,s(u,y>||2.

(30)

gp, y)+(Vgpli, y), u—it) < gp(u, y)—
(b) Forany 8 >0,y € R", and u € dom (g), we have

gﬁ(us .)}) = g(u) = gﬁ(uv )’) + g[Dg(y)]zv where Dg()’) = Supyeag(u) ”y - YH .

(31)

(¢) Foru € dom(g) and y € R", gg(u, y) is convex in B, and for all > p > 0,
we have R

2p(u, $) < g5, 3) + (552)1Vugp . $) — 3117, (32)
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(d) Forany B > 0, and u, i € dom (g), we have
2, $) + (Vugp (e, §), 8 —u) < Lp(@, 3) — Bl Vugpu, ) = 317, (33

where g (il, 3) := (i, Vugp(u, ) 8" (Vugp(u, ) < g@)— "5 Vugpu, 3)—
Vg(@)||* for any Vg(ii) € dg(id).

Lemma5 The following statements hold.

(a) Let {tx} C (0, 1] be computed by ti41 = %[(x2 + HV2 — 1| for some
P Y Thk+ 2 L\ %
19 € (0, 1]. Then, we have

122(1—Tk)T2 ;<rk<#
k = 1) — k+2/t’
1 1
and ——— <1—7 < ———
14+ 1t 1+ - 1
Moreover, we also have
2
Ok —]_[(1 )= —— for0<I<k,
1 1
(1 —1)1r 41 —1)
Oox = —r < =
7 (tok +2)
2 k 2
T
and S < =[]0 +w) < = for0<i =<k
t1<+2 izl Tie+1

If we update By := ’13 j-_ri for a given By > 0, then

dpory _ Pt g B ﬂofk+2 _ 4B
rok+D+22 7 7 T g = 7 T ok +2) 21

(b) Let {t;} C (0, 1] be computed by solving r,? + ‘L'kz + rkz 1T — ‘L'k2_1 = 0 for all
k > landtg := 1. Then, we have —— k+1 <7 < k+2 and Oy i == ]_[le(l—t,') <

Br-1 2Bo
k+1 Moreover, if we update By := 1+rk’ then B < £75.

Proof The first two relations of (a) have been proved, e.g., in [24]. Let us prove the

last inequality of (a). Since ﬁ < 1 — 1 is equivalent to tx_2 (1 — %) > t%. Using
2

T, ege .
-1 = ﬁ, we have tytx—p > 12 . Utilizing 7 = T"—z’l[(r,f_1 +4)? — 5],

this condition is equivalent to Tszz > rsz] (1 4+ 7%—7). However, since rszl =(1-
rk_l)tkz_2, the last condition becomes 1 > (1 — tx—1)(1 + t%—2), or equivalently,
Tx—1 < Tx—2, which automatically holds.
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To prove 1 — 74 < T Ve write it as Tx—1(1 — 1) < 7. Using again 7/ =

(1— tk)rszl , the last inequality is equivalent to 7y < 7;_1, which automatically holds.
The last statements of (a) is a consequence of 1 — 73 = r;_kzl and the previous relations.

(b) We consider the function ¢(7) := 3 + 72 + tkz_ T = tkz_ |- Clearly, ¢(0) =
— sz] < 0 and ¢(1) = 2 > 0. Moreover, ¢'(1) = 312 4+ 27 + rszl > 0 for
T € [0, 1]. Hence, the cubic equation ¢(r) = 0 has a unique solution 73 € (0, 1).
Therefore, {71 }x>0 is well-defined.

Next, since tk3 —i—rkz —i—rkrkz_l — sz_l = (s equivalent to Tk2—1 (1—1) = ‘L'k2(1 + 1),
Tk—1
I+te—1°
m On the other hand,

rkz_l(l ) = T; 2(1 + 1) > ‘L’k From this inequality, with a s1m11ar argument as in

wehave 17 (1 — 1) = 7 (1 + ) < 1%

By induction and tp = 1, we can easily show that t;, >

the proof of the statement (a), we can also easily show that 7 < m Hence, we have
m <7 < k+2 forall k > 0.

Finally, since 7, > m, we have ]_[f_l(l — 1) < ]_[f_l (1 - H—Ll) = kll
Alternatively, ]_[f;l(l + 1) > ]_[ (1 +; +1) k+2 . However, since B; = /13 +T}(
we have B = fo [, Tlr, < ,f% |

Lemma 6 ([29, Lemma 4] and [23]) The following statements hold.

(a) Foranyu,v,w € RP and ty,tr € R such that t| + to # 0, we have

2 2 1 2 1t 2
flle = wl? +nllo — wi? = (1 + o) llw — e+ )2 + 12w — v

(b) Foranyt € (0, 1), ,é,,B > 0, w, z € RP, we have

BU —Dlw —z|* + Brlwl® — (1 = (B — B)lIzl* = Bllw — (1 — 1)z|?
+ 1= — B - Bzl

The following lemma is a key step to address the strongly convex case of f in (1).

Lemma7 Given Ly > 0, iy > 0, and v € (0, 1), let my := ﬁ—f}f;f and ay =
I f vyl Assume that the following two conditions hold:
(1 — )., + metk] = axmk 34)
mkrkrszl + m%t,f > akr,i].
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Let {xk} be a given sequence in RP. We define £¥ := x* + ka(xk — x*=1), where ay,
is chosen such that

2
Tk—1 + v Tk—1 + 4ay ag Tk ‘Ekz_l + my Tk
< <

2(1 — 7%—1) At =g | ~ wh= T—1(1 — t—1)
(35)

max

Then, wy, is well-defined, and for any x € R”, we have

Ligd [l 185 = (1 = m)x*] — x> — ,U«f'fk(l — )k — x|

(36)
< (=) (Lot +pp) T2 12500 — (4 — g1 = x )2

Tk—1

Proof Firstly, from the definition £ := x* + wlk (xk — xk=1) of %, we have wy (X% —
xk) = x* — x*=1 Hence, we can show that

= = (= gD T =X = (0 = gD F = + g 6F =)

= (1 = ek FF — xF) + 7 (6 — 2012
= 0f (1 — 7)1 %F — K12 + 72 Ik — x|

+ 20k (1 — o) Te—1 (£F — 2K, 2k —x).

Alternatively, we also have

1 A
Tl [R5 = (= z)xk] = 22 = 185 = XM + g2k — x4 2m (8% — 2 b — ).

Utilizing the two last expressions, (36) can be rewritten equivalently to

Tiy =2 [(Lim1 + ) A = ) (1 — gD w10k — Liw ] (35 — x5, x — xF)
< [(Limt +1p) 0 = (1 = 1)’} — Li] 135 — 5512
+ [(Li=1 + 1p) U=t} — Lt + ppme(l — )] ek — x|

Now, let us denote

1= (Lict+pp) =) (1 — - D T— 10k — Lk
= (Li—1+uy) 1 — (1 — -] — Lk
= (L1 +uyp) A —t)17 — Lt} + np(d — ).

Then, (36) is equivalent to
201 (2% — x* x — x5y < oo |I£F — XK + esllx — xK)2 (37)
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Secondly, we need to guarantee that ¢; > 0. This condition holds if we choose wy

such that
ag Tk

wi = .
(I =) (I — T—1)Th—1

(38)

Thirdly, we also need to guarantee ¢; > c1, which is equivalent to

cx—ct = (Li—1 4+ py) I=t0)(1—1%—1) [(1 — T 1)wf — Tk—lwk]—Lk(l—fk) > 0.

Te—1 + /77 + dak
Wi > . 39)

- 2(1 — tg—1)

This condition holds if

Alternatively, we also need to guarantee c3 > c1, which is equivalent to

c3—c1 = (L1 +py) A=) [Tkz_l — (1= kal)'fkflwk]+(Lk+Mf)Tk(1_Tk) > 0.

This condition holds if
rkz_ 1t Mtk

_— . 40
Te—1(1 — 1) @0

wp <
Combining (38), (39), and (40), we obtain

2
Tk—1 + /Ty 4k ARk w2+ mer
< <

max 5 S0 s
2(1 —7—y) (I =) — 1) Th—1 Te—1(1 — 7%—1)

which is exactly (35). Here, under the condition (34), the left-hand side of the last
expression is less than or equal to the right-hand side. Therefore, wy is well-defined.

Finally, under the choice of wy as in (35), we have ¢ > ¢y > 0 and ¢3 > ¢1 > 0.
Hence, (37) holds, which is also equivalent to (36). O

B Appendix 2: Technical proof of Lemmas 2 and 3 in Sect. 3

This section provides the full proof of Lemmas 2 and 3 in the main text.

B.1 The proof of Lemma 2: key estimate of the primal-dual step (9)

Proof From the first line of (9) and Lemma 4(a), we have V, gg, (KxK, y) = K Tyktl,
Now, from the second line of (9), we also have

0€df*h + LM — 25 + K TV,gp, (KX, ).
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Combining this inclusion and the p r-convexity of f, for any x € dom (f), we get

FORY < F(0) + (Vugp (KK, 3), K (x — xKHD) + Ly (k1 — 7K x — xk+1)
_ %”xkﬂ-l _ )C||2.

Since gg (-, y) is ﬁ-smooth by Lemma 4(a), for any x € dom (f), we have
8

g (KxMH 9) < g (KX, §) + (Vugp (K 2K, ), K (xF1 — £K))
+ s 1K =291
= g (KX, 9) + (Vugp (K35, 3), K (x — £5))
— (Vugp (K£5, ), K (x — xF1))
+ g KGR =29
Now, combining the last two estimates, we get

SO + gp (KxMHL ) < f(x) + g5, (KEX, 9) + (Vugp (K2, 3), K (x — £5))
+ Lk<xk+l _fk’x _fk) _ Lk||xk+l _fk”Z
= 3R — B e —
41

1
t A 1K
Using Lemma 4(a) again, we have

Ca (XK, ) = gp (KXK, 3) + (Vugp (KEK, 3), K (xk — £5))

k ooy _ Betiier ok kooypi2 42)
< gp(Kx™, y) — =55 IVugp (KX%, y) — Vugp (Kx®, )|I~.

Substituting x := x* into (41), and multiplying the result by 1 — 7; and adding the
result to (41) after multiplying it by tx, then using (42), we can derive

Fg (x*F1 3 i= fRHD) + gg (KxFTL, 3)
< (= w)Lf () + gp (KX ]+ o [f (0) + £g (x, )]
_ Lk||xk+1 _£k”2 + WHK(X’HI _ Ak)||2 (43)
+ Ly (x* 1 — 25 ex — 25 4+ (1 — )x%)
= B[ = ) lxF T = xR )2 4 e — xR 2]

A=) (Bet+pgx) N .
— | Vg (K £K, §) — Vigp, (KX, 3)]1%.
From Lemma 6(a), we can easily show that
(1= ) o — oK) 4 o — )2 = g2 [ — (1 = k] — x)?
k||2.

+ ol —n)llx —x

@ Springer



A unified convergence rate analysis of the ASGARD algorithm 1255

We also have the following elementary relation

2
(kT — 36 e — [RF = (1= 1k D) = FILIEE — (1 — )] — w2 + 3k FT — 2512
1:2
= Fl I = (= moxk] — X%
Substituting the two last expressions into (43), we obtain
Fg (X1 3) < (1 = m) Fg (x5, ) + w [ f(0) + £p, (x, 3)]
Lit? A
+ Sl 8 = (= mx] - x)?

2
— F (Li+ pp) I — (1= 5)x*] — x)?

(=) (g +Bk) Ak - .
T Vg (K E, §) — Vigp, (KK, 9)]12
k+1 _ ’\k)”Z

(44)

L s 1
FI = R 4 s 1K

(1=t 2
B lx — k)12

One the one hand, by (32) of Lemma 4, we have

(Br—1 — Br)

5 IVugp, (Kx*, 3) — 3%,

Fg (X%, 9) < Fg (x5, 3) +

On the other hand, by (33) of Lemma 4, we get

FOO) + L5 (6, §) < L, y<H) — %nvugﬁk(mk, 9 - 31

where £(x, Y1) := f(x) + (Kx, y**1) — g*(y¥*1) is the Lagrange function in (1).
Now, substituting the last two inequalities into (44), and using Lemma 6(b) with
w = Vug;;k(Kik, y) —yandz:= Vugﬂk(ka, y) — v, we arrive at

. . Lyt} N
Fp R 5) < (1= m) Fp (25, 9) + el e, ) + R [RF — (1 = 5ok — x 2

2 1-7
= B (Le+ ) IR DT = (1= k) — ) = B — k2

Ly A ~
_ Tk”karl _kaZ k+1 _ k)||2

1
* 20 1K«
— W [ B — (Beo1 — B [ Vugp (Kx¥, $) — 3112
— BV, 85, (K35, 3) — v — (1 = 5) [Vugp (Kx5, 3) = 3] 112
(I—t ) o ~ . .
— 1V, 5, (K 3K, 9) — Vg, (KxX, 9)]1%.

By dropping the last two nonpositive terms in the last inequality, we obtain (10). O
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B.2 The proof of Lemma 3: recursive estimate of the Lyapunov function

Proof First, from the last line 7t = (1 — 1) + ©y**! of (11), and the Hg*-
convexity of g*, we have
L, 75 = f0) + (Kx, ) — g* (")
- w e (1—1%) -
> (1= w)L0x, 75) + melix, y*Hh) 4 B0kt — 3k 12,

- - 5 1— -
Hence, T4 £(x, YEH) < L(x, 5541 — (1 — 1) L(x, §6) — LeBlm0 el k2,

. . . . . * T (1— ~
Substituting this estimate into (10) and dropping the term — w Il yk+1 — yk ||2,

we can derive
Fg (x**13) < (1 — i) Fp_, (x5, ) + L, 754D — (1 — i) L(x, 75)
Lit? R 2
+ 5 g 1 = (= moxf] - x|

— B (L) | = (1= k) — x| (45)

_ %”xk-i-l _x"k”2 k+1 _ "k)”Z

1
+ et 1K

e (1—1%)
— B ek — x)2

Now, it is obvious to show that the condition (14) is equivalent to the condition (34)

of Lemma 7. In addition, we choose 1y = wlk in our update (13), where wy =
2

%, which is the upper bound of (35). Hence, (35) automatically holds. Using

(36), we have

Lkrz 1ra 2 wrte(l—11)
Ty = 5 [ [ = (1 = w)x*] — x| = 252 — x

2
< B (1 =) (Lict + pp) | 25 10— (= me a1 =

- Tk—1

kL ghy2 < LK1

1 k41 _ k2 — Liy k+1 _ k2
Moreover, T TP 1K (x = T PO [l x X7 =S x x4
due to the definition of L in (13). Substituting these two estimates into (45), and
utilizing the definition (12) of Vg, we obtain (15). O
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