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Abstract

The purpose of this paper is to introduce a new modified subgradient extragradient
method for finding an element in the set of solutions of the variational inequality prob-
lem for a pseudomonotone and Lipschitz continuous mapping in real Hilbert spaces.
It is well known that for the existing subgradient extragradient methods, the step
size requires the line-search process or the knowledge of the Lipschitz constant of
the mapping, which restrict the applications of the method. To overcome this barrier,
in this work we present a modified subgradient extragradient method with adaptive
stepsizes and do not require extra projection or value of the mapping. The advantages
of the proposed method only use one projection to compute and the strong conver-
gence proved without the prior knowledge of the Lipschitz constant of the inequality
variational mapping. Numerical experiments illustrate the performances of our new
algorithm and provide a comparison with related algorithms.
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1 Introduction

In this paper, we consider the classical variational inequality problem (V1) of Fichera
[15,16] and Stampacchia [37] (see also Kinderlehrer and Stampacchia [21]) in real
Hilbert spaces. The (VI) is formulated as follows:

Find a point x* € C such that (Ax*, x — x*) >0 forall x € C,

where C is a nonempty closed convex subset in a real Hilbert space H, A : H — H
is a single-valued mapping, (-, -) and || - || are the inner product and the norm in H,
respectively. Let us denote VI (C, A) by the solution set of the problem (VI).

In the last years, the techniques for the variational inequality problem have been
applied to a variety of diverse areas, such as, operations research, nonlinear equa-
tions, and network equilibrium problems, see, for instance, [2,3,5,14,21,24-28] and
the extensive list of references therein.

Many authors have proposed and analyzed several methods for solving the problem
(VI). One of the most popular methods is the extragradient method introduced by
Korpelevich [23] which was called the extragradient method:

x0 € C, yp=Pc(xp —AAxyp), Xpy1 = Pc(xy — AAyy),

where the mapping A : C — H is monotone and L-Lipschitz continuous, A €

(O, %) The algorithm converges to an element of VI(C, A) provided that VI(C, A)
is nonempty.

In recent years, the extragradient method has been received great attention by many
authors in various ways (see, for example, [6,9-12,19,29,30,36,39,43] and the refer-
ences therein).

Censor et al. [10,11] proposed the subgradient extragradient method:

x0 € H,y, = Pc(xy, — AAxy,), Xn+1 = PTn (xp — )\A)’n)v (1)

where T, = {x € H|(x, — AAx;, — yn, X — yn) < 0}, the mapping A : H - H
1
is monotone and L-Lipschitz continuous, A € (O, —). This method replaces two

projections onto C by one projection onto C and one onto a half-space. Since the
projection onto the half-space T,, can be explicitly calculated, the subgradient extra-
gradient requires only one projection per iteration. For this, recently, the subgradient
extragradient method [10,11] has been received great attention by many authors, they
improved and extended it in various ways to obtain the weak and strong convergence
of this method (see [8,12,22,34,35,38,39,41,42] and the references therein).

Inspired by the results in [10,11], Kraikaew and Saejung [22] introduced the Halpern
subgradient extragradient method for solving monotone variational inequalities as
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follows:
x0 € H, y, = Pc(xy, — AAX,), Xppr1 = yaxo+ (1 — Vn)PTn (xp — AAyn), (2)

where T, = {x € H : (x, — AAXy — Yn, X — yn) < 0}, the mapping A : H — H is
monotone and L-Lipschitz continuous and A € (0, %), {yn} C (0, 1), lim, o0 ¥ =0,
Y o2 | ¥n = +00, and they proved that the sequence {x, } is generated by (2) converges
strongly to a point x*, where x* = Pyy(c, 4)Xo.

It is worth pointing out that the main shortcoming of algorithms (1) and (2) is that
it requires to know the Lipschitz constant or at least to know some estimation of it.
Very recently, in [42], motivated and inspired by the algorithms in [10,11], they intro-
duced a modified subgradient extragradient method for solving monotone variational
inequalities with a new step size. It is worth pointing out that the convergence analysis
of the algorithm in [42] doesn’t require either the prior knowledge of the Lipschitz
constant of the variational inequality mapping or any additional evaluation of Pc.

The pseudomonotone mappings in the sense of Karamardian were introduced in
[20] as a generalization of the monotone mappings. The notion of the pseudomonotone
mapping has found many applications in variational inequalities and economics.

It is a known fact that, in [12], Censor et al. showed that the subgradient extragra-
dient method can be successfully applied for solving the pseudomonotone variational
inequality in a finite dimensional Euclidean space. Since, in infinite dimensional
spaces, the norm convergence is often more desirable, a natural question raises as
follows:

How to design and extend the result of Censor et al. in [12] such that strong
convergence is obtained in infinite dimensional Hilbert spaces?

To answer this question, in this paper, we develop a new version of the subgradient
extragradient method with the technique of choosing stepsizes in [42] for finding
an element of the set of solutions of a pseudomonotone and Lipschitz-continuous
variational inequality problem in Hilbert spaces and prove that the sequence generated
by the proposed algorithm converges strongly to a solution of the pseudomonotone
variational inequality.

This paper is organized as follows: In Sect. 2, we recall some definitions and
preliminary results for further use. In Sect. 3, we deal with analyzing the convergence
of the proposed algorithm. Finally, in Sect. 4, we give several numerical experiments
to illustrate the convergence of the proposed algorithm and compare it with previously
known algorithms.

2 Preliminaries
Let H be a real Hilbert space and C be a nonempty closed convex subset of H. The
weak convergence of {x,} to x is denoted by x,—x as n — oo, while the strong

convergence of {x,} to x is written as x, — x asn — oo. For each x, y,z € H, we
have

lx + ylI* < IxI? +2(y, x + y). A3)
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lax + By + yzll* = allx|> + Bly|?
+ylzl* —aBlx — ylI* —aylx —zI* = Bylly —zI*  (4)

foralla, B,y € [0; 1] withae + B8+ y = 1.
Definition 2.1 Let T : H — H be a mapping. Then we have the following:

(1) T is called L-Lipschitz continuous with L > 0 if
ITx =Tyl < Llx —yll, Vx,y € H.
(2) T is called monotone if
(Tx —Ty,x —y)>0, Vx,ye H.
(3) T is called pseudomonotone if
(Tx,y—x)>0 — (Ty,y—x)>0, Vx,ye H.

(4) T is called sequentially weakly continuous if, for each sequence {x,} in H with
xXp—xasn — oo, Tx,—Tx.

Itis easy to see that every monotone operator 7 is pseudomonotone, but the converse
is not true.

Now, we present an academic example of the variational inequality problem in an
infinite dimensional space, where the cost function A is pseudomonotone, L-Lipschitz
continuous and sequentially weakly continuous on C, but A fails to be a monotone
mapping on H.

Example 1 Consider a Hilbert space defined as follows:
o
H=1I:= {u:(m,uz,...,ui,...) : Z|u,-|2 < 400
i=1
equipped with the inner product and the induced norm on H:
o
(w.v) =Y wivi, ull = /(. u)
i=1

for any u = (uy,uz,...,ui,...),v = (v1,v2,...,0;,...) € H, respectively. Let

o, f € Rsuchthat § > o > g > 2 and consider the set and the mapping:

1
C:{u:(ul,uz,...,ui,...)eH:|u,~|§T,Vizl}, Au= (B — lul)u.
l
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Then it is easy to see that VI(C, A) #  since 0 € VI(C, A). Moreover, let
={ueH:|ul <a}.

It is known that A is pseudomonotone, (8 + 2«)-Lipschitz continuous on C, and A
fails to be a monotone mapping on H (see [18, Example 4.1]).

Now, we show that C C C,. Indeed, let u = (uy, us, ..., u;,...) € C. Then we
have

lue]® Zml 52_22”2725”2,-2_1:”?1’
i=1 i=2 i=2

which implies that ||u] < «, thatis, u € Cy and so C C Cy.

Further, since C C Cy, it follows that A is pseudomonotone and 8 + 2«-Lipschitz
continuous on C. On the other hand, since C is compact and A is continuous on H, A
is sequentially weakly continuous on C.

Remark 2.1 (1) It should be noted here that the mapping A is not sequentially weakly
continuous on C,, since Cy is not compact on H.

(2) An example on noncompact sets can be found in [4, Example 2.1], where
the mapping A is pseudomonotone, Lipschitz continuous and sequentially weakly
continuous.

For all point x € H, there exists a unique nearest point in C, denoted by Pcx, such
that

lx = Pex| < llx = yll. VyeC.

Then Pc is called the metric projection of H onto C. It is known that P¢ is nonex-
pansive.

Lemma 2.1 ([17]) Let C be a nonempty closed convex subset of a real Hilbert space
H. Then, forany x € H and z € C,

z=Pcx < (x—2z,z—y)>0, VyeC.

Lemma2.2 ([7]) For any x € H and v € H with v # 0, let T =
{z € H: (v,z—x) <0}. Then, for all u € H, the projection Pr(u) is defined by

Pr(u) = u — max {O, w}
vl
In particular, if u ¢ T, then we have
Pr() (v,u — x)
r(u) =u — ——
]2
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Lemma 2.2 gives us an explicit formula of the projection of any point onto a half-
space. For more some properties of the metric projection, the interested reader can
refer to Sect. 3 in [17] and Chapter 4 in [7].

The following lemmas are useful for the convergence of our proposed method:
Lemma 2.3 ([13, Lemma 2.1]) Consider the solution set VI(C, A) of the problem

(VI), where C is a nonempty closed convex subset of a real Hilbert space H and
A : C — H is pseudomonotone and continuous. Then x* € VI(C, A) if and only if

(Ax,x —x*) >0, Vx eC.

Lemma 2.4 ( [33]) Let {a,} be a sequence of nonnegative real numbers, {y,} be a
sequence of real numbers in (0, 1) with ZZO: | Yo = 00 and {b,} be a sequence of real
numbers. Assume that

a1 < (1 = v)an + vuby, ¥n > 1.
Iflimsup;_, oo by, < O for every subsequence {a,,} of {a,} satisfying

liminf(a,, +1 — an,) > 0,
k—o00

then lim,_, 5o a, = 0.

3 Main results
In this section, we introduce a modified subgradient extragradient algorithm for solving
the pseudomonotone variational inequality problem. Under mild assumptions, the

sequence generated by the proposed method converges strongly to x* € VI(C, A),
where

[lx*]l = min{l|z]| : z € VI(C, A)}.

First, the following conditions are assumed for the convergence of the method:

Condition 1 The feasible set C is a nonempty closed convex subset of a real Hilbert
space H.

Condition 2 The mapping A : H — H is L-Lipschitz continuous, pseudomonotone
on H and the mapping A : H — H satisfies the following condition

whenever {x,} C C, x,—z, one has ||Az|| < liminf ||Ax,||. 5
n—oo
Condition 3 The solution set of the problem (V1) is nonempty, that is, VI(C, A) # 0.
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Condition 4 Assume that {y,} and {B,} are two real sequences in (0, 1) such that
{B.} C (a, 1 — ) for some a > 0 and

o
n=

Now, we present our algorithm.

Algorithm 3.1

Initialization: Given Loy > 0, u € (0, 1). Let xo € H be arbitrary

Iterative Steps: Calculate x,+1 as follows:

Step 1. Compute
Yn = Pc(xn — AnAxy),

If x, = y, or Ay, = Othen stop and yy is a solution of the problem (VI). Otherwise,
Step 2. Compute
Wy = PTn (Xp — ApAyn),

where T,, :={x € H : (xy — AyAXxy — Y, x — yn) < 0}.
Step 3. Compute
Xpt1 = (1 — vy — Bn)xn + Bawny,

and update
. B _)’n”2+ [lwy, _yn||2 .
min LA if (Ax,, — Ay, w, — > 0,
Mgl = {n 2(Axn — Ay, Wy — v) n}  if (Axp Yu> Wn = Yn)
Mn otherwise.

(6)

Setn :=n+ 1 and go to Step 1.

Remark 3.2 Itis easy to show that condition (5) is weaker than the sequential weak con-
tinuity of the mapping A (see [1,32]), which is frequently assumed in recent works on
pseudomonotone variational inequality problems, (see, [40]). Indeed, if A is sequen-
tially weakly continuous, then due to the weak lower semicontinuity of the norm,
condition (5) is fulfilled. Conversely, let Ax = ||x||x and suppose that x,, —x. Due to
the weak lower continuiuty of the norm, one has ||x|| < liminf,_ « ||x||, hence,

2 .. 2 .. 2 ..
[Ax| = [lx]I” < (iminf [x,])” < liminf [x,||” = lim inf || Ax, |,
n— 00 n— 00 n—00

Thus, condition (5) is satisfied. However, A is not sequentially weakly continuous.
Indeed, let x,, = e, + e1, where {e,} is an orthonormal system in H. Then x,—e;.
Forn > 1, Ax, = v/2(eq + e1)—+2¢1 # A(e1) = ey.
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Lemma 3.5 ([42]) Assume that Conditions 1-3 hold. Then the sequence {A,} generated
by (6) is a non-increasing sequence and

lim A, = A > min {AO, E}
n—00 L

The following lemmas are quite helpful to analyze the convergence of algorithm:

Lemma 3.6 Assume that Conditions 1-3 hold. Let {w,} be a sequence generated by
Algorithm 3.1 Then we have
An

Antl

A
=12 = o =12 = (1= 57 )y =l = (1=
n+1

Ywn = sl

(7
forallx* € VI(C, A).
Proof First, it is easy to see that, by the definition of {A,},

iz "
2(Axy = Ayn, Wy = yn) < = xn = yull* +

lwy — yall>, Vn>1. (8)
n+1 )‘n+1

Indeed, if (Ax, — Ay, wy, — yn) < 0, then the inequality (8) holds. Otherwise,
from (6), we have

10 = ynll? + llwn — yull? } =M =yl + wn —
s vn

Ap4+1 = min {u .
" 2(Axy — Ay, Wy — yn) 2(Axn — Ay, Wy — yn)

This implies that

2
lwn — yull*

iz %
2(Axy — Ay, Wy — Yp) < 20 — yull* +
)\n+1 )"n+l

Therefore, the inequality (8) holds. Now, using the inequality (8) and x* €
VI(C, A) C C C T,, we prove that the inequality (7) holds. Indeed, we have

||wn - x*Hz = “PTn(xn - )LnAYn) - PT,,)C*”2 =< <wn _x*’ Xn — )LnAYH _x*>
1 1 1
= S llwa — 2+ Sl = 2n Ay —x*|? - Sllwn = x + AnAynll*
1 1 1
= S llwn = 2+ Sl — x|+ ExinAynnz — (= X%, Ay Ayy)
1 1
= 5l — xpll* — zx,%nAynnz — (W — Xn, AnAYn)
1 *12 1 *2 1 2 *

= S lwn =212+ Jlhn — 571 = Sllwn = 2l = (wn = 2%, An Ayn).

This implies that

lwn — x* 1% < llxn — x%1% = llwy — X117 = 2wy — X*, ky Ayy). )
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Since x* is the solution of the problem (VI), we have (Ax™, x —x*) > O forallx € C.
By the pseudomontonicity of A on C, we have (Ax, x —x*) > 0 forall x € C. Taking
x =y, € C, we get
(Ayn, x* = yu) 0.
Thus we have
(Ayn»x* — W) =<Ayn7X* — V) + (AYn, Yn — i) < (Ayn, Yn — Wp). (10)
From (9) and (10), it follows that

2 2 2
lwn = x*)17 < llxn — ™17 = lwn — X017 4 220 (Ayn, Yo — wa)
2 2
17 = llyn — xall

= 2{Wp = Yns Yn — Xn) + 240 (AYn, Yn — Wp)

2
= |lxp = x*|I7 = lw, — Yn

=l = %1% = llwn = yull> = Iyn — Xall® + 2000 — An Ay — Yoo wa — ya). (11)
Since y, = Pr, (x, — A, Ax,) and w, € T, we have

2(xp — A AYn — Yn, Wn — Yn)
=2{xy — A AXp — Yp, Wy — Yn) + 204 (AXy — Ayn, Wy — Yn)
< 2 (Axy — Ayn, Wy — Yn), (12)

which, together with (8), implies that

An

22 — yull* + ——llwn — yull*

2(xp — AnAYn — Y, Wn — Yn) < 1
)\n+1 )w1+1

From (11) and (12), we get

A A
o = x*12 <l = 17 = (1= 5= Yy = 5ol = (1= 5= Yl = yul®
)\.n_;,_l An-&—l

This completes the proof. O

Remark 3.3 Unlike the proof in [42], our Lemma 3.6 is proved when A is pseudomono-
tone instead of the fact that A is monotone.

We adapt the technique developed in [40] to obtain the following result.

Lemma 3.7 Assume that Conditions 1-3 hold and {x,} is a sequence generated by
Algorithm 3.1. If there exists a subsequence {x,, } convergent weakly to z € H and

lim Xz — yni ll = 0,
k— 00
thenz € VI(C, A).
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Proof We have
(Xng — AngAXny — Y, X — yn) <0, Vx e C.

or, equivalently,

1
A_<xnk — Y X — V) < (Axp, x — ), Vx eC.
ng

Consequently, we have

1
)L_(xnk — Y X — ynk) + (Axnk, Yy _xnk) =< <Axnkvx _xnk>v Vx e C. (13)

Nk

Since {x,, } is weakly convergent, {x,, } is bounded. Then, by the Lipschitz continuity
of A, {Ax,, } is bounded. Since ||x;;, — yu, | = O, {yx, } is also bounded and, according
to Lemma 3.5, we have

. 1
Ap, = min {Ao, z} .
Passing (13) to limit as k — oo, we get

likminf(Ax,,k, X —xp) >0, VxeC. (14)
—00

Moreover, we have

(Aynk,x - )’nk) = (A)’nk - Axnk,x —Xnk> + (Axnk,x - -xnk) + <Aynk7 Xnp — )’nk>
(15)

Since lim— oo [1X4, — ¥, || = 0 and A is L-Lipschitz continuous on H, we get
lim [[Axy, — Ayn |l =0,
k— 00

which, together with (14) and (15), implies that

liminf(Ay,,, x — yn,) = 0, Vx € C.
k— 00

Next, we show that z € VI(C, A). We choose a sequence {e,} of positive numbers
such that {€;} is decreasing and convergent to 0. For each k > 1, we denote by ny,
the smallest positive integer such that

(Ayn;» X —yn;) + € =20, Vj =ny,. (16)
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Since {e,} is decreasing, it is easy to see that the sequence {ny, } is increasing. Fur-
thermore, for each k > 1, since {yj, Nk} C C, we have Ay, N # 0 and, setting

AynNk
Unn, = 5 120
E T N Ayny, IP

we have (Ay, N> Un Nk> = 1 for each k > 1. Now, it follows from (16) that, for each
k>1,

<A)’nNk , X + Ekvn]vk - }’nNk> 2 0
Since A is pseudomonotone on H, we get
(A(x + €xvny, ), X + €Vny, — Yy, ) = 0.
This implies that
<Axv X _yn}vk> = (A)C _A(x+€kvn1vk)7 -x+€kvnNk —J’nNk) — €k (Axa vl’lNk > (17)
Now, we show that limg_, € Uny, = 0. Indeed, since x;,—z and limy_, ¢ [|x, —
Yl = 0, we obtain yy, —z as k — oo. Since {y,} C C, we have z € C. We can
suppose that Az # 0 (otherwise, z is a solution). Since the mapping A satisfies the

condition (5), we obtain

0 < |Az]| < liminf || Ay, .
k—o00

Since {ynNk} C {yn,} and € — 0 as k — oo, we obtain

€ lim su €
0 < limsup |lexvny, || = lim Sllp( k ) < Pk— o0 €k =0,
k—o0 k k—oo MAYRl liminfy oo [[ Ay, |l

which implies that limg_, oo €z v, N = 0. Now, letting k — o0, the right hand side
of (17) tends to zero since A is Lipschitz continuous, {x, N Ay N } are bounded and
limy_s oo €kVUny, = 0. Thus we get

liminf(Ax, x — y,, ) = 0.
k—00 k

Hence, for all x € C, we have

(Ax,x —z) = lim (Ax,x — yuy, ) = liminf(Ax, x — y,, ) > 0.
k—o00 k k— 00 k

Therefore, by Lemma 2.3, z € VI(C, A). This completes the proof. O

Remark 3.4 When A is monotone, it is not necessary to impose the sequential weak
continuity of A, see [8].
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Theorem 3.1 Assume that Conditions 1-4 hold. Then the sequence {x,} generated by
Algorithm 3.1 converges strongly to x* € VI(C, A), where

lx*|| = minf{||z] : z € VI(C, A)}.

A
Proof Since lim,_, o0 (1 Ny p— ) =1— pu > 0, there exists ng € N such that

)\n+1
An
1—pu >0, Vn > ng. (18)
n+1
Combining (7) and (18), we get
lwp — x*|| < llxp — x|, Vn > no. (19)

Claim 1. The sequence {x,} is bounded. It follows from (19) that

[Xnt1 = X" = II(L = ¥ — Bu)Xn + Bawn — x™|
=11 = yu = Bu) (Xn — X*) + Bu(wy — x™) — yux™||
< A = yn = B n — x™) + Bu(wy — )| + yallx™|
< (1= yu = B llxXn = x™ [ + Bullwn — x| + yullx™||
< (1= yn = B llxn — X" + Bullxn — x*I + vullX*|| ¥n > ng
= (1= y)llxn = x| + vallx™[ Vn = ng
< max{|lx, —x*|, Ix* [} ¥n > ng

< max{||lx, — ", lx*}.

That is, the sequence {x,} is bounded and {w,} is also. Claim 2. Note that

A
a(1 = p=== ) low = yal?
Antl

A
a1 = 1Yy — wall?
Ant1

2 2 2
<l = 217 = 1 — X7 4 ya ™~
Indeed, using (4), we have

[xn1 — X1 = 11(1 = Y — Bu)Xn + Buwn — x*]?
= [I(1 =y — Bu) (n — X™) + Bu(wy — X*) + yu(—x™)|)?
= (1= yn — Bo)llxn — x* 1> + Bullwy, — x*|1?
+ Yullx* 12 = Ba(1 = v = Ba)lxw — wall®
= Yu (1= ¥ = B Ixn 1> = VBl wall®
< (1= v = B llxa — X*[1* + Bullwn — x> + vaullx*1%. (20)
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It follows from (7) and (20) that
x12 *12 *112
1 = X* 7 < (1 =y — B)llxn — X7 + Ballxn — x*|
An
= a1 = P
)\n 2 %12
= B (1= 1= ) = il + yalx”)
n+1
*12 )‘" 2
= (1= )l = 217 = (1 = 1= ) o = 3l
)\n-i-]
— (1 -1 )||yn —w,,||2+yn||x*||2
<l — x| ﬁn(l )||xn —ullP
A
— B (1 - 5~ )||yn—wn|| + eI
n+1
Thus we get
B (1= 1 ) = w2
n+1
+ (1= 1= Y lyn = wall®
)\n+l
< llxn = x* 12 = lxner — 1% + yu ™12
Moreover, since 8, > a for all n > 1, we obtain
A
a(1 = 1) = yal?
)‘n+1
A
+a(1 = u= )l — wall®
An-i—l
< llxn = x* 12 = xnar — X% + yullx™ )12
Claim 3. Note that
1 = X* 17 < (1= y)llxn — x* 1% + val2Bullxn — walll X1 — x*|
+2(x*, x* — xp11)], Vn > no.
Indeed, setting #,, = (1 — B,)x, + Byw, for each n > 1, we have
1w — X[ = (1 = Ba) (X — X*) + Bu(wy — x*)||
< (L= B)llxn — x*I| + Ballwn — x*|
< (L= B)lxn — x* + Ballxn — x*|| = llxa —x*|I, ¥n >no, (21)
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and

ltn — xnll = Bullxn — wall. (22)
Using (21) and (22), we get
a1 = x* (17 = 11(1 = v — Bu)xn + Buwn — x*||
= I1(1 = Bw)xn + Buwn — Yuxn — x|
= I(1 = yu)(ty — x*) — Vu Xy — ty) — an*”z- (23)
Now, using the inequality (3), we get
I(1 — Vn)(tn - x*) — Yn(xn — tn) — an*”z
< (0= y)? ltn = X* 12 = 20y Ctn — 1) + vux™ Xpg1 — x%). (24
Combining (23) and (24), we obtain
g1 — X2 < (1= y)*lltw — x*|I
+ 2V (xn =ty X — X 1) + 200 (X7, XF = xpg1)
< (= y)litw — x* 12+ 291120 — talll X1 — x*|
+ 2% (x*, X" — xpa1)
< (1= y)llxn — X* 17 + Yul2B0 1% — wy | 1Xng1 — x*
+2(x*, x* — xug1)], Vn = no.
Claim 4. {||x, — x*||>} converges to zero. Indeed, for each n > 0, set
ap == ||x, _X*Hz and b, =28, llx, — wyllllXp41 — X*” + Z(X*, x* — Xpt1)-

Then, Claim 3 can be rewritten as follows:

ant1 < (1 = yu)an + Yuby.

By Lemma 2.4, it is sufficient to show that lim sup;_, ., b,, < 0 for every subsequence

{an, } of {a,} satisfying

liminf(a,,+1 — an,) = 0.
k—o00

This is equivalently to that we need to show lim sup;_, . (x*, x* — x,,+1) < 0 and
lim sup;_, o, |xn, — wy, |l < O for every subsequence {||x,, — x*||} of {[lx, — x™*||}

satisfying
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lim inf ([lxp, 1 — x*[| = [z, — x*[) = 0.
k— 00

Suppose that {||x,, — x*||} is a subsequence of {||x, — x™*||} such that
lim inf (||, +1 — x*[| = [l — x™|)) > 0.
k— 00
Then, we have
lim inf k2 k2
mminf ([ x41 — 2717 — [[xXg, — x77)
k— 00
= liminf[([|lx+1 — X*[ = llxn, = X D1 = XF )+ g, — 2]
k—o00

> 0.

By Claim 2, we obtain

. A Ang
timsup [a (1= u=""=) e, =y 12 +a (1 = === )y, = w1

k—o00 nig+1 nig+1

. 2 2 2
< limsup(|lxn, — x*[17 = X1 — X7+ Y, X717
k— 00

. 2 2 : 2
< lim sup[[lxy, — x* |17 — lxn1 — 2™ (7] + lim sup yy, [ x* ||
k— 00 k— 00

2
— X7

.. 2
— lim inf[||x,,4+1 — x*|° — lIx,,
k—o00

<0.
This implies that
lim [[x; — yu [l =0,  lim [y, — wy, || = 0.
k— 00 k—00
Thus we have
”-xnk - wnk” = ”xnk - ynk” + ”ynk - wnk” - O as k — O0.

On the other hand, we have

”xnk—H — Xy, | < Vnk”xnk Il + /Snk ”xnk - wnk” —0 as k— oo. (25)

Since the sequence {x,, } is bounded, it follows that there exists a subsequence {x"k; }
of {x,, }, which converges weakly to some z € H, such that '

limsup(x™, x* — x,,) = lIm (x*, x* — x,, ) = (x*, x* — 2). (26)
k— 00 _]—)OO J
From limy_ o [|X4, — Y, | = 0 and Lemma 3.7, we have z € VI(C, A) and, from

(26) and the definition of x* = Py(c, 4)0, we have

lim sup(x™*, x* — xp,,) = (x*, x* —z) <0. 27
k—00
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Combining (25) and (27), we have

lim sup(x™, x* — xp, +1) < limsup(x™, x* — x,,) = (x*, x* —z) <0. (28)
k— 00 k— 00

Hence it follows from (28), limg_ so [[Xn, — Wy, | = 0, Claim 3 and Lemma 2.4 that
lim ||x, —x*|| = 0.
n—oo

This completes the proof. O

Remark 3.5 Our result generalizes some related results in the literature and hence
might be applied to a wider class of nonlinear mappings. For example, in the next
section, we presented the advantages of our method compared with the recent results
[22, Theorem 3.1], [34, Theorem 3.3], [41, Theorem 3.1] and [42, Theorem 3.7] as
follows:

(1) In Theorem 3.1, we replaced the monotonicity by the pseudomonotonicity and
sequentially weakly continuity of A.
(2) We also obtained the strong convergence without using the viscosity technique.

4 Numerical illustrations

In this section, we present numerical experiments relative to the problem (VI). The
first example, we compare Algorithm 3.1 with Algorithm 2 of Yang et al. in [42].
The second example, we illustrate the convergence of Algorithms 3.1 and compare
them with three well-known algorithms including Algorithm 2 of Yang et al. in [42],
Algorithm 1 of Censor et al. in [10] and Algorithm 3.1 of Kraikaew et al. in [22]. All
the numerical experiments are performed on a HP laptop with Intel(R) Core(TM)i5-
6200U CPU 2.3GHz with 4 GB RAM. All the programs are written in Matlab2015a.

Problem 1 The first problem is the Example 2.1 in [4]. Assume that A : R — R”
is defined by

Ax = (e 9% 4 B)(Px +q)

where Q is a positive definite matrix, P is a positive semidefinite matrix, ¢ € R™ and
B > 0. Observe that A is differentiable and there exists M > O such that |[VAx| < M,
x € R™. Therefore, by the Mean Value Theorem A is Lipschitz continuous. Also, A
is pseudo-monotone but not monotone.

Let C := {x € R"|Bx < b}, where B is a matrix of size / x m and b € RQ_ with
[ =10.

For all tests, we take 8 = 0.01, P = RTR, 0= UT U with all entries of matrices
R, U € R™ ™ and vector ¢ € R™ are generated randomly from a normal distribution
with mean zero and unit variance. B is a random matrix and random vector b € R! with
non-negative entries. The starting points are xo = (1, 1,...,1) € R™ and 1y = 0.5
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Table 1 Numerical results obtained by other algorithms

Methods m =100 m=150 m=200

Sec. Iter. Sec. Iter. Sec. Tter.
Proposed Alg. 3.1 2.4327 24 4.1211 27 5.5196 40
Yang et al. Alg. 2 5.0123 116 9.9642 156 11.6552 216

Table 2 Numerical results of all algorithms with different x(

Methods X0 = (sin(—3*r);6%as<—1o*t)) _ (zz—ezy(()%(—t))

X0
Sec. Iter. Error. Sec. Iter. Error.
Proposed Alg. 3.1 0.1 100 9.9065e-05 0.0694 77 9.9488e-05
Yang et al. Alg. 2 0.45 500 0.0034 0.45 500 0.0026
Censor et al. Alg. 1 0.3 500 0.0034 0.3 500 0.0026
Kraikaew et al. Alg. 3.1 0.32 500 0.0034 0.32 500 0.0026

for Algorithms. To terminate Algorithms, we use the condition ||x, — y,|| < € with
€ = 1073 . We choose Vn = (an3) and u = 0.05 for all algorithms and 8,, = 11—0(1—)/,1)
for Algorithm 3.1. The numerical results are described in Table 1

Problem 2 Let H = L?([0, 1]) with the norm || - || and the inner product (x, y) defined
by

1 1
x|l = (/o ()Pdnz, (x.y) 2[0 x(t)y(nydt, Vx,y e H,

respectively. The operator A : H — H is defined by

Ax(t) = max{0, x(t)}, Vx € H, t € [0, 1].

It can be easily verified that A is 1-Lipschitz-continuous and monotone. The feasible
set C := {x € H : ||x|| < 1} be the unit ball. Observe that 0 € VI(C, A) and so
VI(C, A) # @. For all tests, we take A = A9 = 0.5 for all algorithms. We choose
Vo = ﬁ, © = 0.05 for Algorithm 2 of Yang et al. Algorithms 3.1 and y,, = (n—}r3)
for Algorithm 3.1 of Kraikaew et al. 8, = % (1 —1yy) for Algorithms 3.1. To terminate
Algorithms, we use the condition ||x,, — 0|| < € with e = 10~* or iterations > 500.
The numerical results are described in Table 2.
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5 Conclusions

We proposed a new modified subgradient extragradient method for solving the pseu-
domonotone variational inequality problem in real Hilbert spaces. To obtain the strong
convergence theorem, we combined by the subgradient extragradient method and the
Mann type method [31]. The advantages of the proposed algorithm don’t need any
requirement of additional projections and the knowledge of the Lipschitz constant of
the mapping. Further, we gave several numerical experiments to illustrate the perfor-
mance of the proposed algorithm with the known algorithms.

Acknowledgements The authors would like to thank two anonymous reviewers for their comments on the
manuscript which helped us very much in improving and presenting the original version of this paper.
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