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Abstract

We consider the inverse optimal value problem on minimum spanning tree under unit
lso norm. Given an edge weighted connected undirected network G = (V, E, w)
and a spanning trees 7°, we aim to modify the weights of the edges such that 7 is
the minimum spanning tree under the new weight vector whose weight is equal to a
given value K and the modification cost under unit /o, norm is minimized. We present
a mathematical model of the problem. After analyzing the properties, we propose
a sufficient and necessary condition for optimal solutions of the problem. Then we
develop a strongly polynomial time algorithm with running time O (|V||E|). Finally,
we give an example to demonstrate the algorithm.

Keywords Minimum spanning tree - /o, norm - Inverse optimal value problem -
Strongly polynomial time algorithm

1 Introduction

In recent years, spanning tree problems have become an important topic in the field
of combinatorial optimization due to many applications in transportation networks,
communication networks, etc. Let G = (V, E, w) be a connected undirected network,
where V = {1,2,...,n} and E = {ey, €2, ..., e, }. Each edge ¢; is associated with
a weight w;. Let w = (wy, wa, ..., wy,) be the weight vector. Let I be the set of all
spanning trees of G. The weight of a spanning tree 7 is defined as the sum of weights
of edgesin 7, thatis, w(T) = ) ereT Wi The minimum spanning tree (MST) problem
is to find a spanning tree 7 € I" whose weight is minimum.
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We consider the inverse optimal value problems on minimum spanning trees under
unit /o, norm (denoted by IOVMST ), which can be described as follows. Given a
spanning tree T° of G, we aim to find a new edge weight vector w such that

(1) The weight of 70 under w is equal to a given value K, where K < w(T9);

(2) T° is the minimum spanning tree under w, that is, the weight of any spanning
tree under w is not less than K;

(3) The maximum modification max,,cg |w; — w;| is minimized.

The problem IOVMST, can be formulated as follows:

ming mMaXeef |W; — w;l

s.t. Z w; =K,
e eT0 (1.1)
Y wi>K, VTerl.

The problem IOVMST, has practical background. An enterprise has n agents in
a region, each agent has connection with other agents [2]. Any commercial message
passed between agents i and j will fall into hostile hands with certain probability
pij- Define the edge weight of edge e, between agents i and j as wy = p;;. The
enterprise leader wants to transmit confidential commercial messages among all the
agents through a spanning tree 79 of a safe network. A safe network 7° means the
total probability of T'° to be intercepted is minimum and the total probability is small
enough to be a constant K. The leader aims to change edge weight w to w such that the
maximum deviation |wy — wg| of each edge ex is minimum. To meet this requirement,
the leader needs to arrange some training courses for some agents to decrease the
probabilities of interception when transmitting commercial messages among some
edges. Notice that more deviation |w; — wg| of edge ex needs more cost ¢y of training
courses for agents i and j. For example, let ¢, = /™~ and @ = 10. Then the cost
¢k is 10USS when |wy, — wy| = 1, but ¢ is 100 US$ when |wy — wy| = 2. This is just
an inverse optimal value problem on minimum spanning tree.

Notice that there is another kind of inverse optimal value problems on minimum
spanning trees under unit /o, norm, in which we do not need to preassign a spanning
tree 79, but to make the weight w(7') of any MST under w to be a given value K.
The mathematical model is given below.

ming max |w; — w;|
¢, €E

s.t. min w; = K. (1.2)
Tel’
e;ET

However, the problem (1.2) is trivial to solve. Firstly, we find a minimum spanning

tree 7* under w, then solve equation ) _, .« (w; +1*) = K tocalculate A* = %
If A* > 0, then w} = w; +A* foreache; € E. If A* < 0, then w} = w; + A* for each
ej € T*,and w} = w; — 1" foreach ¢; ¢ T*. Itis not difficult to prove that T* is still
a minimum spanning tree under w* and w* is an optimal solution of the problem (1.2)

with objective value |A*|. Thus, in this paper, we consider the problem IOVMST o,
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Related to the problem IOVMST ., the inverse minimum spanning tree problems
(1.3) (denoted by IMST) are mostly studied under different norms including /; and
lso norms and Hamming distance [3-10,12—18].

min ||[w — w||
(IMST) st. Y ;< Y w;, VT el. (1.3)

e; €TV e;eT

Note that in the problem IMST we do not need to preassign a value K to the
weight w(7) for the given MST T under the new weight vector w, hence the prob-
lem IOVMST is a subproblem of the problem IMST, under unit /o, norm. For
the problem IMST,, Sokkalingam et al. [13] showed that it can be solved in O(nz)
time, and Hochbaum [8] proposed an O (m log n) algorithm, which is more efficient
if the graph is not dense.

For the partial inverse minimum spanning tree problem (denoted by PIMST),
in which not a full spanning tree but a part of it (a forest) is given, Lai and Orlin
[9] showed that the problem PIMST under the weighted /[, norm can be solved
in strongly polynomial time. Li et al. [10] showed that the capacitated PIMST
under /o, norm can be solved in polynomial time, in which the deviation |w; — w;|
is upper-bounded by given values for each e; € E. Cai et al. [4] considered the
capacitated PIMST when weight increasing is forbidden and presented a strongly
polynomial time algorithm for a general criterion objective function including /1, >, I
norms.

Ahmed and Guan [1] considered the inverse optimal value (IOVLP) problem
on linear programming (LP) problem. Given an LP problem with a desired opti-
mal objective value and a set of feasible cost vectors, they aim to determine
a cost vector such that the optimal objective value of the LP is closest to the
desired value. They first proved that the general problem IOVLP is NP-hard, then
for a concave maximization/minimization problem, they provided sufficient condi-
tions, under which the problem IOVLP is polynomially solvable. When the set
of feasible cost vectors is polyhedral, they described an algorithm for the prob-
lem IOVLP by solving linear and bilinear programming problems. Lv et al. [11]
transformed the problem IOVLP under some conditions into a nonlinear bilevel
programming problem, which was transformed into a single-level nonlinear pro-
gram using the Kuhn-Tucker optimality condition of the lower level problem. They
proposed an algorithm based on exact penalty method and analysed its conver-
gence.

The paper is organized as follows. In Sect. 2, we study some properties
of optimal solutions of the problem IOVMST,, and propose a sufficient and
necessary condition. In Sect. 3, we develop a strongly polynomial time algo-
rithm with time complexity O(mn). A computational example of the problem
IOVMST, is given in Sect. 4. Finally, conclusion and discussion are given in
Sect. 5.
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2 Properties of an optimal solution of the problem IOVMST

In this section, we analyze some properties of an optimal solution of the problem
IOVMST .. Most importantly, we obtain a sufficient and necessary condition for an
optimal solution.

We first introduce some notations. For each ¢; ¢ T°, T% U {¢;} contains a fun-
damental cycle, and we denote by P; all edges in this cycle except e; and define
2 =lej ¢ 700, € P;}. If both edge e¢; ¢ T and edge ¢; € T are in at least one
cycle, then e; € £2;. Let 20 = {e; € TY|£2; = @} be the set of isolated edges in Ty,
which belongs to every spanning tree of G. If 20 # ¢, then £2° is also the set of cut
edges of G. If 2° = ¢, then each edge in T belongs to at least one fundamental
cycle. Let

6 = max max {w; — wy} 2.1
e; €TV ex€Q2;

be the maximum deviation between w; and wy for each ¢; € T° and e; € £2;.
Denote ®; = {e;; € £2;|w; — wj; = max, o, {w; — wi} > 0} as the set of edges
ej, € £2; achieving the maximum value for e;. Let 00 = {¢; € TO\R%O; = ¢} If
®0 # (), then for each ¢; € e, if ep € §2;, then w, > w;. If ®0 = ¢, then for each
e € TO\.QO, there exists an edge ep € §2; such that w, < w;. In order to explain the
meaning of above notations, we give the next example.
Example 1 AsshowninFig. 1,1let V = {vy, va, ..., v11}, E = {e1,e2,...,e17}, w =
(3,4,3,3,4,3,1,5,5,3,4,5,5,3,4,4, 1), 70 = {e1, e, e3,e4,63,¢€9,e12, €13, €15,
e16} (T is denoted by thick lines in Fig. 1).

In Example 1 shown in Fig. 1,

(1) for each ¢; ¢ T, Ps = {e3, e}, Ps = {e2, e}, P; = {e, eq, 5}, Pro =
{es, eo}, P11 = {es, ey, e13}, P14 = {es, e9, e12, e13},and P17 = {eg, e9, e12, €13, €15};

(2)foreache; € TO,.Ql = 216 =9, 22 = {es, €7}, 23 = {es}, 24 = {es, eq, €7},
28 = {e7, e10, €11, €14, €17}, 29 = {e1o, e11, €14, e17}, 212 = {ews, e17}, 213 =
{e11, e14, e17}, 215 = {e17};

(V1)
-
«Edge weight
/
e1,3) /
(e2,4) ¢ - — —
( V \ /V (e7,71) ’/Ve\,‘jeu’s) (Ve (e1s,4) (Vo)
o/ N A L N/
. P
(es,5 o y
(e3,3 (es}3) (e10}3) (en,{l) (le14,3) ///(e1711)
(es,3 P
=t 7o\ N\~ \(;/ S~

1V4r-—~” )

(V5 ) —t V7 ) (Vo) Uy
(es4) " (es5) - (en,5) ' (ew,d)

Fig.1 An example to show the meanings of notations
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(3) for each ¢; € T, O = O16 = ¥, O2 = {7}, O3 = B, Oy = {e7), O =
{e7, e17}, ©9 = {e17}, O12 = {e17}, O13 = {e17}, O15 = {e17};

4) 20 = {61,616} and ©° = {e3};

(S ej, =e7,ej, =e7,¢ej; =e70rej = ey, ej, = e17,€j, = €17, €j; = €17,
€jis :el7;8=w3—wj8 ng—w7=4;

Next, we analyze some properties of a feasible solution of the problem IOVMST .

Lemma 1 [2] T° is a minimum spanning tree with respect to the weight vector w if
and only if the following optimality conditions are satisfied:

W; <w; foreache; ¢ T® ande; € P;. 2.2)

Lemma 2 If w is a feasible solution of problem (1.1) with objective value A, then W is
also a feasible solution of (1.1) with objective value . = A, where

A owg, ifex € TO,
= {wk +h. ifer ¢ TO, @3
Proof ‘We first prove the feasibility of w. It follows from (2.2) and (2.3) that w; =
wi+A>w; >w; = w; fore; € Pjande; ¢ TO, where the first inequality follows
from the feasibility of w and the definition of A, and the second inequality follows

from the feasibility of w. Moreover, }_, 7o W; = )., c7ow; = K. To calculate
the objective value, we have |w; — w;| = |w; — w;| < X for each ¢; € 79, and
lij —wj|=|w; +A—w;j| =Afore; ¢ T°. So A = maxpep [k —wr| =A. O

By Lemma 2, we know that the weight of edge ¢; ¢ 79 in an optimal solution can
be increased to the maximum weight 0; = w; + A if the optimal objective value A is
obtained. In the following part of the paper, we find an optimal solution of the problem
(1.1) satisfying (2.3).

By using the notation of £2; for ¢; € T?, the problem (1.1) is equivalent to

min max |w; — w;|

S.t. lZ)ilej, e,-ETOandeje.Q,-,
lbjzwj, €j¢TO, 2.4)
S W = K.
e, eTO

Lemma 3 If w is a feasible solution of problem (2.4) with objective value X, then
x> 5, where 8 is defined as in (2.1).

Proof We only consider § > 0. In fact, if § < 0, then T 0 is a minimum spanning tree

of G under weight w, hence xA>0> % It follows from Lemma 2 that w defined as

in (2.3) is a feasible solution of problem (2.4). Let§ = §, = w, — w), for some edge
ep €T andej, € @). Then

S=wy,—wj, =wp —p+ Dy —wj,) < (W, — W) + W), —wj,) <22,
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where the first inequality follows from the feasibility of w and the second inequality
follows from the definition of w and A. Hence A > % ]

Let w be a feasible solution of problem (2.4) which satisfies (2.3) and its value is A
It follows from (2.3) that ; = w; + A for e; ¢ T°. For edge ¢; € T, the welght w;
may be increased, decreased, or be unchanged to w;. If fol # P ande; € 29, then ¢;
is an isolated edge belonging to any tree including 7° and thus w; may be increased
in an optimal solution in some cases (see Fig. 4b).

2.1 Properties of an optimal solution of the problem IOVMST,, when @° = ¢ and
Q=g

In this subsection, we analyze some properties of an optimal solution of the problem
IOVMST,, when @° = ¢ and £2° = ¢, then we propose a sufficient and necessary
condition for an optimal solution of the problem IOVMST .

If ©° = ¢, then w; — A < W; < wj, + ) fore; € To,ej,. € ;. Define

EU) = {ej € T° | w; = wj, + 2, ej, € 0;},
EDW) = {e; € T°| w; = w; —A} 2.5)
EM®) = {e; € T°| w; — A < Wy <wj, + A, e € O;}.

Obviously, ED(%) U EM(®) U EU@) = T°. Let Ny = |EU@)|,Np =
|ED(®)|, Ny = |EM (). Define

{ y () = min{i; — (w; — )| e € EM (i)}, 2.6
n(w) = min{(w;, + 1) — ;| e; € EM(W)}.

In order to explain the meaning of above notations, we give the next example.
Example2 As shown in Fig. 2, let V. = {vj,v2,...,v9}, E = {e1, e2,...,e15},

= (1,4,5, 3,4,3, 1,5,5, 3,4,5,5,3,4), TO = {62,63,64,68,69,812,613,615}
(TO is denoted by thick lines in Fig. 2), K = 22, w = {3.5,3.5,2.5,2,
6.5,3.5,3.5,3,5.5,6.5,3.5,2.5,5.5,1.5}.

In Example 2 shown in Fig. 2, w(T% = 36, and it is easy to chegk that w is a
feasible solution of problem (2.4) satisfying (2.3) with objective value A = 2.5.

(1) EU(W) = {e2, eg, e12}. Forexample, ¢, = e7 and iy = w7+, s0e € EU(W).

(2) ED(w) = {e3, e13, e15}. For example, ej; = e and W13 = wi3 — 5», SO e13 €
ED().

(3) EM(w) = {e4, ey}. For example, ej, = e1 and wg — r o< Wy < wy + i SO
eo € EM().

@) y () = min{wy — (wq — 2.5), W9 — (wg — 2.5)} = W9 — (w9 — 2.5) = 0.5,
n(w) = min{(w, + 2.5) — w4, (wj, +2.5) — Wo} = (wj, +2.5) — w9 = 0.5.

Itis not difficult to see that w is not an optimal solution and EM (w) = {ey, eg} # @
in Example 2.
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,Edge weight
£
/
/
:v ‘M_(’V_QF(G?J) '/Vb\. (e12,5) (Vs (e1s,4) ,V_\
\— \_,« o/ \/_,
(es,5 . -
(es,5 (es}3) (ewf3) (emnd)  (e1s,3) /,.""(el,l)
(es,3 /,,/
(Vo )——=—(¥s A VoY
e el e wa )

Fig.2 An example to explain the meanings of ED(w), EM (W), EU (W), y (w) and n(w)

Next, we use the notations given above to analyze some properties of an optimal
solution.

Theorem 4 Suppose 2° = ¢ and ©° = (. Let W be a feasible solution of problem
(2.4) satisfying (2.3) and ) > % If EM (W) # @, then W is not an optimal solution of
(2.4), where EM (W) is defined as in (2.5).

Proof We consider four cases, in which we find a better feasible solution w* than
W satisfying A* < A. If EM(W) # #, then n(W) > 0,y(W) > 0. Let a =
min{n(w), y (W)}, then a > 0.

Case 1 EU(w) = 0, ED(I?))

Then EM (@) = T° and A > a. Next we show that the weight vector w deﬁned
below is a feasible solution of problem (2.4) whose objective value is A* = A—a < A

wh = Wy, ifer € TO,
= 1o —a, ifer ¢ 70,

Foreache; € EM(W), if ex € £2;, and ¢j, € ©;, then wy > wj, and e, ¢, ¢ 70.

* —A._ —_— . A_
Wy Zwp =wj; —a=wj; +i-«a

=(wji+i—1izl-)+ﬁ)i—a2n(ﬁ))+ﬁii—azﬁ)i=w§k,

where the first inequality follows from the definition of w*, @ and e},, the second
inequality follows from the definition of 5 () and the third inequality follows from
the definition of «.

Furthermore, w} = Wy — o = wi + A —a > wy for e ¢ TO and ZeiETO wi =
Ze,-eTO w; = K. Hence, w* is a feasible solution of problem (2.4).

Now we calculate the objective value A*. Firstly, for each e i ¢ 79, |w;f —wj| =
[w; +h—a— w;i| = |A — | = A*. Secondly, we show that |w} —w;| < A* for each
e €TV = EMW). () w —w; < w;f[ —w; = wyj, +Gh—a)—w; <i—a=r*(b)
Notice that ; —w; +A > y (). Then w} = w; > w; —A+y (W) > w; —A+a, hence
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wi —w; > —% +a = —1A*. Thus w* is a better feasible solution than w satisfying
M=A—a <.

Case 2 EU(w) = @, ED(w) # 0.

Then0 < Np <n — 1, EM(@) = T°\ED(W) and Nyy = n — Np — 1 > 0. Let

Wy + &, ifer € ED(If)),
w;:I wy — B, ifep € EM(w),
Wy — &, ifex ¢ TO,

where &, B are solutions of the following equation system

{s-NDzm—ND—l)-ﬁ, A
£+ B = pu(®) = min{y (@), n(®), A — 5.

Then & = “=Mo=1, (), p = M2 (). Notice that f > 0 and & > 0 as u () > 0.
For each e; € EM (W), if ex € §2;, ¢j, € ©;, then

w,’f Zw;(i Zlf)ji —£& Zli)jl. —n(ﬁ))zﬁ)ji +If),'—(wji+i)=li1,' > lf),'—ﬂzw;k,

where the second inequality follows from 0 < & < (W) < n(w), the third inequality

follows from the definition of 7 (w) and the fourth inequality follows from 8 > 0.
For each ¢; € ED(w), if e; € £2;, notice that w; — wj <dand & < A — %, then

* * N 8 1) ~ "
wkzwjiz(wji+k)—‘§2wji+—>wi—§2wi—(k—§)=wi.

7=
Furthermore,
Yowi= XY wit+ Y owi= Y Wi+H+ Y (Wi —p)
e €TO eicED(W) e;€EM () ei€ED(W) e; €EM ()
= ) W+ ) WwW+é- Np—B-m—Np—-1)= ) u =K.
e;€eED(W) e;eEM(0) e;eTO

Then w* is a feasible solution of problem (2.4). . .

Now we show that the objective value A* = A — & < A. Firstly, we show that
|w} —w;| < A*foreache; € EM (). (a) w] —w; < w;fi—wi =w;+A—§)—w; <
A—& =% (b)Notice that & + 8 < y (i) < iy + 4 —wy, then b; — B —w; > & — L.
Hence w} —w; = w; —  — w; > —A +& = —1*. Secondly, for each ¢; € ED(w),
lw¥ — wi| = |w; —A+& —w;| = | — A+ &| = A*. Thirdly, for each ¢; ¢ T°,
|w}’f—wj| =|w;+r—&—w;j|=[A-&=1"

Case 3 EU(w) # 0, ED(w) = 0.
Then0 < Ny <n— 1, EM(®@) = T°\EU (W) and Nyy =n — Ny — 1 > 0. Let

Wy — &, ifeg € EU(W),
w,f ={ W+ B, ifex e EM(w),
wy — &, ifer ¢ TO,
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where £ = ”_,fvf’fl_lu(ﬁ)) >0,8= rfvTUlu(ﬁ)) > 0 are defined the same as in Case 2.

For each ¢; € EU (W), if ¢x € §2;, we have w} > wi =W —& =0 —§ =uw/.
By using the same discussion as in Case 2, we can know that w* is a better feasible
solution than  satisfying A* = p- &< A

Case 4 EU(w) # @, ED(w) # 0.

Then0 < Np <n—1,0 < Ny <n—1—Np, EM(®) = TO\(ED(W)UEU (0)),
and Nyy =n— Np — Ny —1 > 0. Let

Wy + 71, ifex € ED(w),
wy —p, ifex € EUW),
Wy, if e € EM (W),
D — & ife ¢ T,

where & = min{zt, p}, and 7, p are solutions of the following equation system

{'0 Ny =71 - Np,
p+ T = p() = min{y (@), n(@),  — 5.

N A N, A
Thent = ]VDTUNUM(“)Z >0,p= NDTDNU“(W) > 0.
Foreache; € EM(w), if ex € £2;, ¢j; € O;, then
" .

wp > wi, =wj — & =W —n(@) = W), + i — (wj, +) = = wy,

where the second inequality follows from & < 7 < wu(w) < n(w) and the third
inequality follows from the definition of n(w).

For each ¢; € ED(W), if ex € £2;, notice that w; — wj, < §,§ < A — % and
T <h— %, then

w*>w’f,:w~.+(i—§)>w-.+§>w~—é>w-—():—t):u3-+t:w?‘.
k= "j Ji = " 2= t 2= l l i

For each ¢; € EU (W), if ¢; € £2;, then w} > w;fi =wj, —&>w —p=w
Furthermore,

Yui= ¥ owit ¥ wit ¥ uf

e; TV e;€cED(w) e;cEU (W) e;cEM (W)
= ) W+o+ X W-p+ X W
e;cED(w) e, €EU (W) e;cEM(W)
221111+TND—,0Nu=21211=K
e;eT? e;eT?

Now we show that the objective value 1* = A—E <A Firstly, we show that |w; —
wi| < A*foreache; € EM (). (a) wf—w; < w¥ —w; = (wj+h—E)—w; < A—§ =
A*, (b) notice that § < y (W) < W; +i—w; and B; = w;, then w; —w; > £ — ., hence
wi—w; > —h+& = —A* Then |w} —w;| < A* foreache; € EM (). Secondly, for
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2310 B.Zhang et al.

eache; € ED(W), [w — w;| = |w; — A +7 —w;| = |A— 7| < |+ —&| = A*. Thirdly,
for each ¢; € EU (W), |w} — w;| = lwi +4—p—wi| =|h—p| <|r—& =2~
Finally, for each e; ¢ 70, |w;f —wj| = |w; +A —&—wj| = |i — &l =A%

Thus w* is a better feasible solution than W satisfying A* =1 — & < A. O

By using the similar proof as in Case 4 of Theorem 4, we can prove the following
corollary.

Corollary 5 Suppose $2° = ¥ and O = (. Let W be a feasible solution of problem
(2.4) satisfying (2.3) and ) > %. If ED(W) # ¥ and EU (W) # @, then W is not an
optimal solution of (2.4).

Define

K — > wj = X w
w(TO) — K eiETO\E")O,EjiE@,' eiE@O
n—1 n—1

In order to reduce w(7°) to K, we have two possible cases depending on the values
of A1 and X,. The first case is to reduce each weight w; of ¢; € 79 to w; — Ay. The
second case is to change weight w; to wj; + A2 if ®; # ) and to w; + Az if e; € e,
for each ¢; € TO.

Lemma 6 Suppose 20 =g If A1 and Ay are defined as in (2.7), then A1 + Ay < 4.

Proof
K — > Wi — Y Wi
w(T% — K 6 TN ¢, €0O; eic®0
A+ A =
n—1 n—1
> (wi —wj;)
eiETO\@O,EjiGC"),'
- n—1
TN\
< % -max{w; — wjle; € TN\, ej; € 0}
" .
70\0° —-1-10°
B N s e (CA)
n—1 n—1
The lemma holds. O

Now we prove the sufficient and necessary condition of an optimal solution of
problem (2.4).

Theorem 7 Suppose 2° = ¢ and ©° = (. Let W be a feasible solution of problem
(2.4) which satisfies (2.3). If its objective value is ). > % then w is an optimal solution
of problem (2.4) if and only if either ED(W)UEM (W) = @ or EU(W)UEM (w) = @.
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Proof (Necessuy) Let w be an optimal solution of problem (2.4) satisfying (2.3) and
A > 5. then we know that EM (w) = ¢ by Theorem 4, and either ED(w) = QJ or
EU(w) # by Corollary 5. Hence, ED(W)UEM (w) = @or EU(W)UEM (W) =

(Sufficiency) Firstly, at least one of ED(w) U EM (w) and EU (w) U EM (W) is
cier0e; co; Wii
nflj

nonempty. Otherwise, 70 = ¢. Notice that ®° = @, then Ay =
and Ze €TV.¢j, €0 wj, +(n—Diy =

Case I If ED(w)UEM (w) = J and EU(w)UEM(w) # Y, then 70 = EUW)U
EM(w) U ED(w) = EU (w). Due to the feasibility of w and A > 5, we have

o= Y wip+h= Y wi+®r-Di=K. (28

e; €TV e,'ETO,ej[ €O; e,-eTO,ene@,-

Thus, A, = > % and A < % by definition of A1, A and Lemma 6.

If w is not an optimal solution of problem (2.4), suppose w* is an optimal solution
with A* < A, then ED(w*) U EM(w*) = ¢ or EU(w*) U EM(w*) = ¢} by the
necessity of Theorem 7.

(@) If EU(w*) = EM(w*) = ¢ and ED(w*) = TY, then

Dwi= Y = =wT—n-Dr =K =wT’—@n- .

e;eTO e;eT?

Hence, A* = XA, which contradicts that A* > % > A1 by Lemma 3.
(b) If ED(w*) = EM(w*) = ¢ and EU (w*) = T, then by (2.8) we have

ij Z(wj,.JrA*): Z wj, +(m—DA* =K

e,-eTO e,-ETO e,-eTO,ejl. €o;

= > wi+®-Dhi

eiGTU,ejl. €O;

Hence, A* = i which contradicts A* < .
(¢) If ED(w*) = EM(w*) = EU(w*) =, then T = , which is impossible.
Thus, W is an optimal solution of problem (2.4).
Case 2 If ED(W) U EM (W) # @ and EU (W) U EM () = @, then T® = ED(®).
Due to the feasibility of w and A > %, we have

Yo=Y wi—A)=wT% —n—Di=K=wT"—n-—1)i.
eiETO e,-eTO

2.9)
Thus, A; = A > % and Ay < % by definition of A1, A and Lemma 6.

Suppose w* is an optimal solution of problem (2.4) with A* < A, then ED(w*) U
EM(w*) =@ or EU(w*) U EM(w*) = ¢ by the necessity of Theorem 7.
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(@) If EU(w*) = EM(w*) = ¢ and ED(w*) = T?, then

dowi= D wi =) =wT’—(n-Dr =K =wT - (@n-Di.

e;eT? e; €TV

Hence, A* = i, which contradicts A* < A.
(b) If ED(w*) = EM(w*) = ¢ and EU (w*) = T, then

Dowi= ) wi = Y wi+G-Dr=K

e;eTO e;eT? e[ETO,L)jl. €O;

= Z wj, + (n — DAs.

e,‘ETO,Eji €m;

Hence, A* = Ay < %, which contradicts Lemma 3 that A* > %
(c) If ED(w*) = EM (w*) = EU (w*) = @, then T° = @, which is impossible.
Thus, w is an optimal solution of problem (2.4).
Hence, under the condition 2° = @, ©®° = ¢, and A > %, if ED(W)UEM(w) =0
or EU(w) U EM (w) = @, then w is an optimal solution of problem (2.4). O

2.2 Properties of an optimal solution of the problem IOVMST,, when @° # ¢ and
Q=g

For the feasible solution W satisfying (2.3) of problem (2.4) with objective
value A, if ®9 # {J, then we define a new weight vector w and three sets
EU(w), ED(W), EM(w).

wj; —i—i, ife; € TO\@O,eji € O,
W = { w; + A, ife; € OO, (2.10)
Wi =w; + A, ife ¢ TO,
EU®W®) = {¢; € TO|; = w;},
EDW) = {e; € TO|; = w; — A}, (2.11)
EM@®) = {e; € TO|lw; — A < 0; < w;}.

Obviously, if A > %, then ED(@) N EU (W) = @ and T° = EM ().

Theorem 8 Suppose 2° = (. Let W be a feasible solution of problem (2.4) satisfying
(2.3) with objective value A > %. If EM (W) # @, then W is not an optimal solution
of problem (2.4), where EM (W) is defined as in (2.11) and W used as in EM (W) is
defined as in (2.10).

Proof Note that when ®° = {4, the sets ED(), EM (@), EU(®) defined as in
(2.11) are the same as in (2.5), then the result holds obviously due to Theorem 4.
If ©° £ @, we can prove similarly by considering four cases depending on the two
sets EU (w), ED(w) empty or not. In each case, we can find a better feasible solution
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w* than W with A* < A. Notice that the only difference in the proof of two theorems
is the result related to edges e; € EU (w), for which we should study two different
cases: (1) ¢; € TO\@0 and (i) ¢; € ©°. Next we only take the proof of Case 4 as an
example and omit the similar proof in the other three cases.

Case 4 EU(w) # ¥, ED(w) # (), we can get a better feasible solution w* with
A< A

Let [ED(W)| = Np < n—1,|[EUW)| = Ny <n—1— Np, EM(W) =
TO\(ED(®) U EU(®)), thus |[EM ()| =ny =n — Np — Ny — 1 > 0. Let

Wy +1, ifex € ED(W),
Wy —p, ifex € EUW),
Wk, if e € EM (W),
D — & ife ¢ T,

where & = min{t, p},and T = /VDNTU]VUM(';)) >0,p= NDN—JFDM]MO])) > 0.
For each e; € EM (W), if ex € $2;, ¢j, € ©;, then

w,f>w-,:ﬁ)ji—Ezﬁ)jl.—n(ﬁ))zﬁ)ji+ﬁ)i—(wji+k)=1f)i=w;k.

Foreache; € ED(w), if ex € £2;, notice that w; —wj; <4,& < i—%andt < )AL—%,
then

A ) 8 S N
wZsz=wj,-+()»—€)2wj,~+52wi—§Zwi—(k—r)zwi+t=w;".

For each ¢; € EU (W), (1)if e; € TO\OY, e; € £2; and ej, € O;, then w; > w;fi =

Wi, —&>w; —& >0 —p=w(2QIfe e@o,ekeQi,thenw,’::ﬁ)k—g
w; — & = W; — p = w;. Furthermore,

v

Yowi= Y Wi+o+ Y (Wi—-p)+ Y W
e;eT? e;cED() e;€EU (W) e; cEM ()
=T+t -Np—p-Ny=w(T" =K.

Now we show that the objective value A* = A — & < A Firstly, we show that |w;“ —
wi| < A*foreache; € EM (). (a) wi—w; < w’ —w; = (wj, FA—E)—w; < A—E =
A*, (b) Notice that§ < y(w) < W; +A—w; and W; = w;, then w; —w; > f;‘—i,hence
wi —w; > —) + & = —1*. Secondly, for each ¢; € ED(), lwf —w;| = |w; — At
T —wi| = |A — 1| < |A —&| = A*. Thirdly, for each ¢; € EU (), (1) if ¢; € TO\O°,
then |w} —w;| = [i; — p —wil = lwj +4—p—wil <|h—p| < [A—§] = 1*.(2)
Ife; € O, then |w — w;| = [w; + A — p — wi| = |A — p| < |~ — &| = A*. Finally,
for each e; ¢ TO, Jw’ — w;| = lwj+A—&—wj| =1 —§& =A% O

By using the similar proof as in Theorem 7, we can prove the following theorem.
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Theorem 9 Suppose 2° = (. Let W be a feasible solution of problem (2.4) satisfying
(2.3) and A > %. w is an optimal solution of problem (2.4) if and only if either
EDW)U EM(w) = ¥ or EU(W) U EM(w) = @, where EM(w), EU (W) and
ED(w) are defined as in (2.11) and W used in EM (W) and EU (W) is defined as in
(2.10).

In fact, the results in Theorems 8 and 9 are more general than that in Theorems 4
and 7, since they include the case of @° = ). So we omit the condition ®° = @ in
Theorems 8 and 9.

3 An algorithm for the problem IOVMST o,

In this section, we first propose an algorithm to solve the problem IOVMST, when
29 = ¢ and then we propose an algorithm to solve the problem IOVMST,, when
R0 £p.

3.1 An algorithm for the problem IOVMST,, when Q° = ¢

In this subsection, we first propose an algorithm to solve the problem IOVMST,
when £2° = @, then prove its optimality and analyze its time complexity.

The main idea of the algorithm is as follows. Firstly, compute A = w(zo# It
A > %,thenlet)»* = Ap,letw! = w; —A*fore; € 79 and w; = w; +A*fore; ¢ 79,
and then EU (w*)U EM (w*) = ¥, which means w* is an optimal solution of problem
(2.4) with A* = Ay by Theorem 9. Otherwise, compute A by (2.7). If Ay > %, then
let A* = Ay, let w = w; + 1" fore; € e, wi = wj + A* fore; € 79\ 6°, and
wi = w; +1*fore; ¢ 79, and then ED(w*)U EM (w*) = §, hence w* is an optimal
solution of problem (2.4) with A* = A, by Theorem 9. Secondly, if max{x, A} < §,
we will consider five cases to present an optimal solution w* with optimal objective
value A* = %

Next we present Algorithm 1 to solve the problem IOVMST, when £2° = ¢.

Next we prove w* obtained in Algorithm 1 is an optimal solution of problem (2.4).

Theorem 10 Suppose 2° = @. If max{ir, A} > %, then the optimal objective value
is max{Ai, A2}, and w* defined by (3.12) in Algorithm 1 is an optimal solution of
problem (2.4).

Proof If max{\, A2} > %,thenatmostoneofkl and A isnotlessthan%as)»l—i-)»z <4
by Lemma 6.

(HIfA = 1* > %,then w! = w; — A" fore; € 79 and wi = w; + 1" fore; ¢ 70
according to (3.12). Hence, EU (w*) U EM (w*) = @, then w* is an optimal solution
of problem (2.4) with optimal objective value A1 by Theorem 9.

Q) Ifrp = 1* > %,then w = w;+A*fore; € o0, wi =wj+A*fore; € 70\,
and w} = w; + A* fore; ¢ 79 according to (3.12). Hence ED(w*) U EM (w*) = ¢,
then w* is an optimal solution of problem (2.4) with optimal objective value A, by
Theorem 9. m|
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Algorithm 1 Solve the problem IOVMST, when £2° = ¢.

Input: A network G = (V, E, w), a given spanning tree
70 of G, a given number K.
Output: The optimal value A*, an optimal solution w*.

I: Let w(TY) = ZeieTO w;, determine the set
P; for each e; ¢ 70, and the sets 2; and
©; for each ¢; € 70, Let ©0 = {e; € 79|
O; = ¢}, and § = maxeieTO maxejegl,{w,- -

0
wj}. Let A = w(z#, and A, =
| K- > wip = X wi
¢ eT0\60.¢; co; ;@0
2: if max{A, A2} > § then
3: A% := max{iAj, A2} is the optimal objective value.
Output an optimal solution w* of problem (2.4).
w; — A%, ife; € 79, ej; € O;, 2 =1
. * if e 0 . €@ »*=
“’7 = wj + A% ife; €TV, ej; € O;, A =x,
wi + 1%, ife; € ©0, 3% =1y,
w; 4+ 2%, if e; ¢ TO.
(3.12)
4: else
5 Leti* = 5. Let EUS = {¢; € TOlwj, + § <
wi,ej € O}, EUY = {e; € Tole’. +% >
wi.ej; € O}, and U’ := ZeieEU“ (w; —wj;, —
$
5)-
6:  if US = w(T%) — K then
7: output an optimal solution w* defined as in
(3.13).
s S . Q.
. wj; + 7. |fel'EEU;, ejioe(),,
w; =1 w;, ife; € EUP UOY,
w; + %, if e; ¢ 70,
(3.13)
8: elseif US > w(T%) — K then
9: let Rest¥ = US — (w(T0) — K), D5 = 0,
Dy =W, EE := EU” U®Y, Rest := RestO.

10: while EE # ) and Rest > 0 do

11: take an edge e € EE.

12: if ¢ € EU? then

13: if Rest <wj,. + % — w, then

14: output the critical edge e, the critical

value Rest and w* defined as in (3.14).
w; + Rest, if ¢; = ec,
w,-+%, if ¢; € Dg,

o L Wit $. ife; € EUSUD,,
) wy, if e; € (EUY UOY)
\(Dg U Ds U{ec})

wi+ 3. ife g T

(3.14)

15: else

16: let Rest := Rest — (wj. + % — we),
Dy = Dg U{ec} and EE := EE\{ec}.
17: end if
18: else if Rest < % then
19: output the critical edge e., the critical
value Rest and w* defined as in (3.14).
20: else
21: let Rest := Rest — %, Ds = Ds U {ec}
and EE := EE\{ec).
22: end if
23: end while
24:  else
25: let D* := 3 - |EUS|.
26: if D5 = w(T%) — K then
27: output an optimal solution w* defined below.
w; — 3. if ¢ € EUP,
w; =1 w;, if ¢; € EUb UEY,
w; + %, if ¢ ¢ 70,
(3.15)
28: else if DY < w(T¥) — K then
0 s
. . w(TH—-K-D *
29: let x := S Eubued, then output w
defined below.
w; — 3§, if ¢ € EU®,
w;k = w; —yx, if e,-EEUbU@O,
w; + % if ¢ ¢ 79,
(3.16)
30: else
31: let Rest® := w(T%) — K — US, Ds := 0,
EE := EU®, Rest := Rest°.
32: while EE # () do
33: take an edge ¢ € EE.
34 if Rest <8 — (wp 7wj'p)then
35: break and let EE := EE\{ep} and
output the critical edge ¢, the critical
value Rest and w* defined as in (3.17).
wi + 3 — Rest
ji T2 :
if ¢; =ep, ¢j; € 0,
w; — % if e; € Dg,
w,* = wj + % ifej. € O;,
ei € EUS\(Ds Ufep)),
w;, ife; e EUPU®O,
wi+ 5. ife ¢ 70,
(3.17)
36: else
37: let Dy := D5 U {ep} and Rest :=
Rest — (8§ —wp + ij).
38: end if
39: end while
40: end if
41:  endif
42: end if

@ Springer



2316 B.Zhang et al.

Theorem 11 Suppose 2° = @. If max{r, A2} < %, then the optimal objective value
of problem (2.4) is \* = % and w* outputted by Algorithm 1 is an optimal solution.

Proof We consider five cases according to lines 4-40 of Algorithm 1. In each case, we
show that w* obtained in the algorithm is an optimal solution of problem (2.4) with
objective value %

Case 1 Tf U* = w(T%) — K, then we first show that w* defined as in (3.13) satisfies
wy; > w} foreache; € 70 and ¢, € £2;.

(1) Ife; € EU®, then w} = wy + % >wj, + % =w;.

2)Ife; € EUb,thenw;ck =wk+% >wj +5 > w; = w.

B)Ife € @O,thenwz =wk+% > wi+% > w; = w;.

Notice that Y, cpps (W), + §) = Yo cpys wi — U, then Y, row]
> eceys (W + %) D cEUPUOO Wi = D cpus Wi T D cpubueo Wi — US =
w(T%) — U® = K. Then w* is a feasible solution of problem (2.4).

Furthermore, for each ¢; € EU?, |w;‘ —wi| = |lw; —wj; — %| < %, and for each

|

ex ¢ TO’ |w]i6 —wg| = %

Hence w* is an optimal solution of problem (2.4) with 1* = %.

Case 2 If U5 > w(T%) — K, we first show that w* obtained by (3.14) satisfies
wy; > w} foreache; € 70 and ¢, € £2;.

(OHIfe; = ec.(a)lfe, € (*Do,thenwlzk = wk—i—% > wc—l—% > we+Rest = w) = w).
(b)Ife. € EU?, notice that Rest < wj, + % — we, then w,’(“ = wi + % >wj, + % =
(wj, + % — Rest) + Rest > we+ Rest = w; = w}. Thus, if ¢; = e, then w; > w}.

(2)If e; € Ds, we know that ¢; € @Y, then wy = wg + % > w; + % =w.

(3)Ife; € EU* U Dy, then¢; € TO\OY, and wf = wi + 3 > wj, + 3 = w}.

@) Ife; € (EU" UOY\(Ds U Dy U {ec}). (@) If ¢; € OO, then wf = wy + § >
w,-—l—% >w; = w;. (b)Ife; eEUb,thenw;{“ =wk+%z wj; +%Z w; = w;.

Now we show that ), .70 w}" = K. Let e, be the critical edge and Rest be the
critical value outputted by lines 9-23 of Algorithm 1. Then Rest® = Rest + % -|Ds|+

> [(wy, —i—%)—wi] = U* — (w(T° — K). Notice that U* = ZeieEUs(w,- —(wj, +

eieDy
%)), then we have

8 8 8
Z w; — wjl.+§ —Rest—§.|D5|—Z wl/i—i—z —w;
E,'EEU’r

e;€Dy

=w(T% — K.

Now we can calculate the value

Z w;k =(w¢ + Rest) + Z <wi + %) + Z (wji + %)

e;€TO e;€Ds e;cEUSUDy

+ Z w;

e €(EUPUON\((DsUDgU{ec))
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:(wC—I—Rest)—}—Zw,-—}—Zg—i— Z w;

e;€Ds e;€Ds e;eEUSUD,
1)
+ Z (wjl.—l-z—wi)—i— Z w;
¢ €EUSUDy e; c(EUPUO\ ((DsUDyU{ec})

) )
= w(T°) + {Rest + 3 |Ds| + Z [(w), + 5) — w;]

e;i€Dy

1)
- Z [w; — (wj; + 5)]}

e,'EEUS
=w(T 4+ (—w@% +K) =K.

Hence w™ obtained in Algorithm 1 is a feasible solution of problem (2.4).

Furthermore, (1) If ¢; = e, then |w; — wf| = |w. — w}| = Rest < %. 2) If
ei € Ds, lwi —wf| = 3.(3) ¢; € EUSUDgy. If ¢; € EU® then |w; — w}| =
wi—wj, —5 <8-5=531e € Dy, lwi —wi| =w;; +3 —w <3 @If
ei € (EU" UOM\(Ds U Dy U {ec}), then |w; — wi| = w; —w; =0 < 3. (5)If

e ¢ T, then |w; — w}| = 3.
$

Hence w* is an optimal solution of problem (2.4) with A* = 5

Case 3 If US < w(T°) — K and D° = w(T") — K, then we first show that w*
defined as in (3.15) satisfies w; > w; for each ¢; € 70, ¢ € 2;. () Ife; € EU®,
thenw;{“ = wk—i-% >wj —i—% > w; —% =w!.(2)Ife; EUI’,thenw,’(F = wk—i—% >
wj[,+% >w; =w;. 3)Ife; € (-')O,thenw,’{k = wk+% > wi+% > w; = w.
Notice that D° = 5 - |[EU*| = w(T°) — K, then Y w! =Y, pps(wi — ) +

e;eTO

D i cEUbUOO Wi = w(T%) - % -|[EU?| = K. Then w* is a feasible solution of problem
(2.4). Furthermore, |w] — w;| = % for each e; € EU®, and |w] — wy| = % for each
er ¢ T°. Hence w* is an optimal solution of problem (2.4) with 1* = %

Case 41 US < w(T%) — K and D < w(T% — K. Using the same analyses as in
Case 1, we can prove that w* defined as in (3.16) satisfies w; > w7 for eache; € 70

0 s
and e; € £2;. Notice that x = % and D° = % |EUS|.If x > %, then

w(T%—K—-D° >3- |[EU U0 |, and Y, ro(wi —§) > K =Y, cro(w; — A1),
which means A; > % and contradicts A < %. Thus, x < % Moreover,

Zw}k= Z (W-%)-ﬁ- Z (w; — x)

e;eTO ¢ €EUS e;c EUPUOY

8
=w(T" — (5 |EU®|+ x - |[EUP U (~)°|> =K.

Furthermore, it is obvious that |w} — w;| < % for each ¢; € T° and |wp —wi| = 5
for each e; ¢ T°. Hence w* is an optimal solution of problem (2.4) with A* = %
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Case 5STfU* < w(T% — K, and D* > w(T°) — K, then we can similarly prove
that w* defined as in (3.17) satisfies w; > w} for each ¢; € T and ¢; € £2;. Let ep
be the critical edge and Rest be the critical value outputted by Line 35. Then Rest? =
Rest+ Y (§—wi+wj) = Rest— ) (wk—(wjk—i—%)—%) =w(TYH—K-U".

exeDs ereDs
Notice that U’ = ZeieEUx(w,- — (wj; + %)), then we have

8 8 8
Rest+§~|D5|—|— wp — wj”+§ + Z w; — wjl.—i-z

e;€EUS\({ep}UDs)
=w(T% — K.

Now we can calculate the value

> wh=(w), + 3= Rest)+ X (wi—3)+ )3 (w)
e;eT? €i €D ei€EUS\({ep}UDs)
“r%) + > w;
;€ EUPUOO
={wp—[wp—(wjp+%)]—Rest}+ > (wi—3)

e;€Ds

+ X (wifm-(wi )+ X w

e,‘GEUS\({ep}UDg) e;c EUPUOO
= w(T°% — {Rest + % - |Ds| + [w,, - (wjp + %)]
I CE |
e;€EUS\({ep}UDs)
=w —wT%+K =K.

Furthermore, it is obvious that |w;k —w;| < % for each ¢; € T° and |u),’(k —wi| =

for each e, ¢ T°. Hence w* is an optimal solution of problem (2.4) with A* = g

3
2
=5. 0

Finally, we analyze the time complexity of Algorithm 1.

Theorem 12 Suppose 20 = @, the problem (2.4) can be solved in O(mn) time by
Algorithm 1.

Proof In Algorithm 1, it is clear that line 1 takes O (mn) time. Lines 3-41 take O (m)
time. Thus, Algorithm 1 runs in O (mn) in the worst-case and hence it is a strongly
polynomial time algorithm. O

3.2 An algorithm for IOVMST,, problem when Q° £ ¢

In this subsection, we consider the case when £2° =% (), which means that there is at
least one edge belonging to every spanning tree of G. In this case, the algorithm to
solve problem (2.4) is similar to Algorithm 1 and we only replace @ in Algorithm 1
with @0 = 29 U ©°. Hence, we have the following corollary.
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Fig.3 An example of the IOVMSTx, problem

Corollary 13 If 20 = {ejle; € TO, 2; = ¥} # @, w* obtained in Algorithm 1 by
replacing @° with ®° = 200G is an optimal solution of problem (2.4). Furthermore,
the time complexity is still O (mn).

4 A computational example of IOVMST, problem

In this section, we use Example 1 to demonstrate the computing process of seven cases
in Algorithm 1. Notice that in Example 1, £2° # ¢ and ©° # @.

Example 3 As showninFig.3,let V = {vy, va, ..., v11}, E = {e1,e2,...,e17}, w =
(3,4,3,3,4,3,1,5,5,3,4,5,5,3,4,4, 1), T" = {e1, e2, €3, ea, €3, €9, €12, €13, €15,
el6} (T9 is denoted by thick lines in Fig. 3).

After running Step 1 of Algorithm 1, we have

M w(T% = 41; 2, = 216 = B, 22 = {6, €7}, 23 = {es}, 24 = {es, eq, €7},
28 = {e7, €10, e11, €14, €17}, 29 = {e10, e11, €14, €17}, 212 = {e14, €17}, 213 =
{e11, e14, e17}, 215 = {e17};

(D) 2° = {e1,e16) and O = {e3}; O = O = B, O2 = {e7}, O3 = 0,
O4 = {e7}, O3 = {e7, e17}, Og = {e17}, O12 = {e17}, O13 = {e17}, O15 = {e17};

ADwjp, =wy =lLwy =wr=lLwp=w=1Lw;=wr=1Lw,=
wr=lLwj;=wr=1Lwj;=wyy=1andé =ws —wj; =wg —wy; =4

(IV) EU® = {e2, es, €9, €12, €13, €15}, EUY = {e4}.

Seven cases are considered based on K.

w(T%—K 41—-K
A‘l = = )
n—1 10
K — > Wj; — 2w
eiETO\(@OUQO),eji €O; e;e®0UNO K —17
Ay = = .
n—1 10
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;;i\‘/i‘} (1)
I «New edge weight T New edge weight
(p2,0.9) (P1,5.1) /
(ez 1.9) (e; 3. 1) (en 2.9) , ‘;Lﬂ 19) i~ - (e2,3.1) , v (e7 3 1) G (en 3.1) /o~ (e15,3.1)
, 2 \~) \ \\ _\V N/
(e5/0.9) (es 1) (8N (g5 '(én,3.1) (esls )\ (es5.1) > (€6:1) (dy5.1) Aer3.1)
(e4,0. (em 1) P (es,3. (e1o, 1) P &
\—i (es,6. 1 " (e9,2. 9) 7 (e13,2.9) \Vq (e15,1.9) ) (W) (es,iG.:IT‘\”Yi’r (e9,3.1) V Men3.1) \V ) (e06.1) '\X’,’,}
(a) k=20 (b) k=38
(n) () !
- New gdge weight R New gdge weight
e1,3) (Fx 2.5)
‘\\{,'2\’\‘ (e2,3) (/fo‘,ie"s) V \_(e12,3) v (e1s,3) o) , (e22) V P(& 3) ,;,;-J (e12,3) ;,' (e15,2) Vm
(el3) (es)5) (es3 (e10f5) (ein6) (614,5) (eﬂ,a) (ez 5) (es}5) (em 5) (eu6) ( 1,5) (en 3)
(e4,3 \ g (e4 2.
Wt e YW e (=) " (es6) (e5,3) “»7’ (ex,3) ‘\Y TG
(c) k=31 (d) k=27

Fig.4 An optimal solution of Example 1 when K = 20, 38, 31, 27

(DIFK =20.2; = 2.1 > 5 =2,4, = 0.3 < 5 = 2. Thenrun line 3 of Algorithm
1, obtain w* = (0.9,1.9,0.9,0.9,6.1,5.1,3.1,2.9,2.9,5.1,6.1,2.9,2.9,5.1, 1.9,
1.9, 3.1) and optimal objective value A* = 2.1 (see Fig. 4a).

()IfK =38.1 =0.3 < § =2,4, =2.1 > § = 2. Thenrun line 3 of Algorithm
1, obtain w* = (5.1,3.1,5.1,3.1,6.1,5.1,3.1,3.1,3.1,5.1,6.1,3.1,3.1,5.1, 3.1,
6.1,3.1) and A* = 2.1 (see Fig. 4b).

GIK =3l =1<$ =21 =14 <3 =2 Then max{ry, h2} =
14 < 2,and US = 10 = w(T% — K. Run line 7 of Algorithm 1, obtain w* =
(3,3,3,3,6,5,3,3,3,5,6,3,3,5,3,4,3) and 1* = 2 (see Fig. 4¢).

MIFK =270 =14 <5 =2 =1<$ =2y =05 Thenmax{r, 12} =
14 <2, U =10 <w(T% —Kand D’ =2-|EU*| = 12 < w(T°) — K. Run line
27 of Algorithm 1, obtain w* = (2.5,2,2.5,2.5,6,5,3,3,3,5,6,3,3,5,2,3.5,3)
and A* = 2 (see Fig. 4d).

(5)IfK =352 =0.6 <§ =24 = 1.8 < 3 =2. Then max{i;, A} = 1.8 <
2,U% =10 > w(T") — K = 6. Run line 9-23 of Algorithm 1, obtain Rest = 2, e3 is
critical edge, Ds = {¢1}, Dy = ¥, w* = (5,3,5,3,6,5,3,3,3,5,6,3,3,5,3,4,3)
and A* = 2 (see Fig. 5a).

O)IfK =29.2 =12 < 3§ =24 =12 <5 =2 Thenmax{i, A2} = 1.2 <
2,U° =10 < w(T% — K and D* =2 - |[EU*| = 12 = w(T°) — K. Run line 27
of Algorithm 1, obtain w* = (3, 2,3, 3,6,5,3,3,3,5,6,3,3,5,2,4,3) and A* =
(see Fig. 5b).

(MK =30.2 =1.1 <3 =24 =13 < § =2 Thenmax{is, b} = 1.3 <
2,U5 =10 <w(T% — K and D* =2-|EU*| = 12 > w(T°) — K. Run line 31-39
of Algorithm 1, obtain Rest = 1, e, is critical edge, EE = {eg, e9, €12, €13, €15},
Ds =, w* = (3,2,3,3,6,5,3,3,3,5,6,3,3,5,3,4,3) and A* = 2 (see Fig. 5¢).
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(1) o
T «New edge weight by & Niw edge weight
e1,5) /,/" 1513)
\(e23) ;, y (e, 3) (W) (e12,3) (Vs (e15,3) \‘:v"‘;\; (%) (e22) 4 (en3) 3) W) (e12,3) () (e15,2) Vm‘
T = N . N P
(e3 5) ( (e /{10 S) (ei,6) (LBM,S)/ "(e17,3) %m 5) (ein,6) (%4,5) (e17,3)
es,3 | N 2
et o e W e ) ) : } ()

i) (Vay——{Vs% —Vr) (Vo)) )
eod) ) e6) T (e93) S emd) o o)

(a) k=35 (b) k=29
New edge weight
7

AN (er3) A (en3) (e15,3)

—(Vs —4V x—mo‘;
(es,

(ee]S/ﬂm 5) (ein6) (1914,5)/ Aew3)

T e W ea

(c) k=30

Fig.5 An optimal solution of Example 1 when K = 35, 29, 30

5 Conclusions and further research

In this paper, we consider the inverse optimal value problem on minimum spanning
tree under unit /o, norm. A sufficient and necessary condition of optimal solutions
of the problem is first obtained, and then a strongly polynomial time algorithm with
running time O (mn) is proposed.

As a future research topic, we will study the inverse optimal value problem on
minimum spanning tree under weighted /o, norm, /; norm and Hamming distance. It
is also meaningful to consider inverse optimal value problems on some other network
problems, such as inverse optimal value problems on shortest path, inverse optimal
value problems on network flow, inverse optimal value problems on matching, and
inverse optimal value problems on center location problems under /;, /o, norm and
Hamming distance.
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