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Abstract

We study optimization problems with interval objective functions. We focus on set-
type solution notions defined using the Kulisch-Miranker order between intervals.
We obtain bounds for the asymptotic cones of level, colevel and solution sets that
allow us to deduce coercivity properties and coercive existence results. Finally, we
obtain various noncoercive existence results. Our results are easy to check since they
are given in terms of the asymptotic cone of the constraint set and the asymptotic
functions of the end point functions. This work extends, unifies and sheds new light
on the theory of these problems.

Keywords Asymptotic cones - Asymptotic functions - Coercivity properties -
Coercive and noncoercive existence results - Set-type solutions - Interval
optimization problems

1 Introduction

Optimization problems are significant since they are applied to many research fields.
As pointed out in [23], depending on the choice of the coefficients of the objective
function, we have different types of problems: when they are numbers, we have deter-
ministic problems; when they are random variables with known distributions, we have
stochastic problems; and when they are closed intervals, we have interval problems.
The last type of problems is important since it allows us to deal with nonstatistical and
nonprobabilistic uncertain optimization problems. The aim of this paper is to develop
a general theory for studying these problems.

There exist two types of solution notions for an interval optimization problem:
vector- and set-type solutions. In this paper, we focus on the latter, where the images
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of the objective function are compared using the Kulisch—-Miranker order. An interval
optimization problem, by considering this order, can be cast as a bi-objective optimiza-
tion problem and it is a particular case of a set optimization problem. Consequently,
some of our results are consequences of well-known results for such problems. How-
ever, we study the interval optimization problem from scratch and obtain our main
results by exploiting the structure of interval functions. An advantage of our results lies
in the fact that they are easy to check since they are given in terms of the asymptotic
cone of the constraint set and the asymptotic functions of the end point functions.

The paper is organized as follows. In Sect. 2, we formulate the problem, introduce
the notation, recall notions of interval arithmetic, asymptotic cones, asymptotic func-
tions, scalar minimization problems, convergence of intervals and orders between
them. We define vector- and set-type solution notions of an interval optimization
problem. We cast this problem as a bi-objective optimization problem. In Sect. 3,
we study properties of level, colevel, and set-type solutions, prove an existence
result when the constraint set is bounded and provide a formula for the solution set
by using linear scalarizations. In Sect. 4, we recall some classes of interval func-
tions and study their properties. In Sect. 5, we deal with problems with unbounded
data. We use asymptotic cones and asymptotic functions to obtain bounds for the
asymptotic cones of level, colevel and solution sets. By using this information, we
obtain coercivity properties and coercive existence results. We also obtain various
noncoercive existence results. Finally, in Sect. 6, we provide a summary of conclu-
sions.

2 Formulation of the problem, notation and preliminaries

In the last years, several problems in science and technology have been formulated as
an interval optimization problem. We illustrate this with an example.

Example 1 [19] The portfolio selection problem of n investment types can be formu-
lated as the following scalar optimization problem:

n
Minimize p(x) = % Y 0ijXiXj
i j=1

n
subjectto Y x; =1, x; >0, i €{1,...,n},
i=1

where (0;;) is a symmetric matrix with o;; being the covariance between R; and R;
where R; is the return and x; is the investment fund devoted to the investment type
i €{l,...,n}, and @(x) is the risk of investment of x = (x, ..., xn)T. Regrettably,
due to various kinds of uncertainties, it is difficult to determine the coefficients o;;,
but we can determine intervals [aiLj, al.lf] that contain them. So, we can reformulate
this problem as follows:
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[alj’ lj

1

Minimize  f(x) := é
i

TM=

]xl-xj

n
subjectto Y x; =1, x; >0, i €{1,...,n}.
i=1

By using operations with intervals, we can write the objective function as f(x) =
[fL(x), fY(x)], that is an interval function.

In this paper, we study the interval optimization problem (for short, IOP) formulated
as follows:

Minimize f(x) = [fL(x), fYx)]

(P) subject to x € C,

where C C R” is a nonempty set and fX, fU : R” — R are proper scalar functions
with domain C and fX(x) < fY(x) forall x € C. Clearly, fL(x) = fY(x) =
for all x ¢ C, so we set f(x) = ¢ for such x. We denote the interval function by
(C, f) and its end point functions by (C, f%) and (C, fY).

We list some interval functions that have been studied in the literature.

Example 2 Consider (C;, f;) fori € {1,...,4}:

() [211Cy = {x: Ax =b,x > 0}and fi1(x) = }/'_, x;[al, a”];

() [191Cy = {x: YIyxi = 1,x > 0) andf2<x>=527, lxzx][aﬁ, ajl;
Sy xilal,af1+ [t V]
S xilbl, Y]+ [dE, av)
(iv) [3] C4 = {x: Z] | Xij —a,,Z L xij=bj, Y ai = Z'}Zlbj,x > 0}
>oie 12, 1 Xijla ], u]
> 71xlf[sz’ 01

There exist various solution notions for problem (P). For instance, we have vector-type
solutions that have been defined in [18] as follows.

(iii) [17] C3 = {x: Ax = b, x > 0} and f3(x) =

and fy(x) =

Definition 1 A vector x is said to be a vector-type solution of problem (P), denoted
by X € Eff(C, f),if x € C and fL(¥) = inf f(C);i.e., x € argminc fL.

This type of solution is not suitable since other elements of f(x) that could be ‘bad
elements’ are ignored. This occurs since when finding them we do not compare the
images of the objective function. To compare them, we require some orders between
intervals. In this work, we consider the Kulisch—Miranker order introduced in [16].

Let K. := {A = [a’,aY]: a’,aV € R,a’ < aY} be the family of nonempty
bounded closed intervals. For A and B being from this family, the Kulisch—-Miranker
order between them is defined by:

A< Be=al <bta¥ <bY and A <* B = al <b*, ¥ <bY.
This order has been employed to define a standard for interval arithmetic in [15].
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862 I. Aguirre-Cipe et al.

We recall some operations with intervals A, B € K. and A € R:

A+ B :=[ab + b aV +bY),
WA { [hal, xa], if A > 0;
(ra¥, ral], if 1 <0,
A/B :=[min T, max T],

where T := (%47, %, 97 4 with b, bU 0 (see [19,22,23]).

Remark 1 (i) Let K be a pointed convex cone of a real linear space Y. The following
orders between nonempty sets U and V from Y have been used in set optimization (see
9,12,14]): U ' VifVCU+K;U<*VifUCV—K;andU <° VifU <!V
and U <* V. If in addition K is solid, then U <! Vif V c U +intK; U <" V if
UcV—intK;andU <* VifU </ Vand U <" V.Clearly,if Y =R, K = R}
and the sets are from /C;, then <* and <°® coincide with <* and <*, respectively.

(ii) The order <® is compatible with the addition and multiplication with nonneg-
ative numbers; i.e., for all A, B, C, D € K, it holds that A <¥ B and C <* D imply
A+C<*B+D,A <’ Band A > 0imply LA <% AB. The order < is compatible
with the addition and multiplication with positive numbers.

(iii) [10] The order A <“ B is defined by a¢ < b¢ and a" < bW, where
a€ = %(a" + aY) is the center and "V = %(aU — ab) is the half-width of the
interval A. The orders <*® and <" are not comparable. Indeed, [5, 7] <* [10, 11] but
[5,7] £ [10, 11] and [5, 7] £° [4,9] but [5, 7] <% [4, 9].

(iv) [4] The order A <Is B is defined by al < bL and a¥ < b5, where a5 =
aV — a® is the width of the interval A; A < Bby A </ Band A # B; and
A <" Bby A <* Band A # B. Clearly, A </* B implies A <* B which in turn
implies A <" B. The reverse implication does not hold. Indeed, [1, 2] <lu [1, 3] but
[1,2] £° [1, 3]. For a comparative study of orders between intervals see [13].

(v) [8] The generalized Hukuhara difference between intervals always exists and
is defined by A 4 B := [min{al — b, a¥ — bV}, max{al — bL,a¥ — bV} 1t
is easy to check that A <* B iff (A ©4p B)U < 0. Moreover, if A < B then
(ASeH B)L <0and (A OgH B)C < 0. This difference has been used in [8] to define
a comparison index for interval orders.

Set-type solution notions for problem () have been defined in [18] via comparisons
of the images by using the Kulisch—-Miranker order as follows.

Definition 2 A vector x € C is said to be:

— an s-efficient solution of problem (P), denoted by x € Eff(C, f),if x € C and
fx) = f(x)imply f(x) = f(x).
— a weakly s-efficient solution of problem (P), denoted by x € WEff(C, f), if
there is no x € C such that f(x) <® f(x).
We will study only weakly s-efficient solutions.

Remark2 (i) Eff,(C, f) C WEff,(C, f).

@ Springer



A study of interval optimization problems 863

(i) If fL = fY = ¢, with ¢ being a scalar function, then Eff (C, f) =
WESf; (C, f) = argminc ¢.
(iii) Problem (P) can be cast as the bi-objective optimization problem:

Minimize f(x) := (ff(x), fU()C))T

subject to x € C,

where f is the associated vector function and R? is ordered by: x <g2 ¥ if

y—x € Rz,i.e.,xl < ypand xo < y; and x <R2 yify—x € intR2, ie.,

x1 < yrand xp < y2. A vector x € C is sai~d to be a weakly efficient solution

of this problem, denoted by x € WESf(C, f), if there is no x € C such that
7 Fix L U7 _s tpL pU7 igf (oL U\T L pU\T

1j:()c) <R2 f(x). As [a™,a”] <* [b~,b”] iff (a ,a ) <R2 (b ,b ) , We
ave

WEf, (C, f) = WELF(C, f). (1)
Clearly, f(WEff (C, f)) = WMinf(C) = {y € f(C): (y — intR2) N
f(C) =0}
(iv) Let <%, <% and <b_ <b be orders in K. We can define set-type solutions of
problem (P) by using them; i.e., we have Eff,(C, f) and WEff,(C, f) with ¢ €
{a, b}. Clearly, if A <% B implies A <t B (resp. A < B implies A <b B) for all
A, B € K¢, thenEff,(C, f) C Eff,(C, f) (resp. WEff,(C, f) C WEff,(C, f)).
For the orders in Remark 1, we have WEff;,(C, f) C WEff(C, f) C
WEff; (C, f).

For an interval function (C, f), we denote by Gph(C, f) := {(x,y) e C xR: y €
f(x)} its graph, by Epi (C, f) = {(x,Y) € C x K, : f(x) <* Y} its epi-
graph, by Coepi (C, f) := {(x,Y) € C x K, : Y £° f(x)} its coepigraph, by
Levs(C, f,Y) == {x € C : f(x) <° Y} its level set at height ¥ € K, and by
Colevy(C, f,Y) := {x € C : Y #£% f(x)} its colevel set at height ¥ € I, by
f(A) :=Uyea f(x)theimageof A C R"*,and by (C, f ) the associated vector function
f=(rE 9T Clearly, Epiy (C. f) C Coepiy(C, f), Gph(C, f) C Coepi(C. f)
and Levs(C, f,Y) C Colevg(C, f,Y).

We recall some notions that allow us to establish coercivity properties and existence
results for the scalar minimization problem:

;. Minimize ¢(x)
) subjectto x € C,
where ¢ : R” — R is a proper function with dom¢ = C, i.e., p(x) = 400 for
all x ¢ C. We denote the function by (C, ¢), by argminc ¢ its solution set, by
lev(C, ¢, A) :={x € C: ¢(x) < A} its level set at height A € R and by epi(C, ¢) :=
{(x,y) € C xR: ¢(x) < y} its epigraph.

When the constraint set is bounded, we have the following existence result: if
(C, @) is Isc with C compact, then arg min¢ ¢ is nonempty and compact. To obtain an
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existence result when the constraint is unbounded, we use the notions of asymptotic
cone and asymptotic function (see [1,2,20]).
The asymptotic cone of a set C C R” is defined by

k
C*® = {u eR": 3 — +oo,IxF e Csit. );— — u} and ¥ = {0}. 2)
k

This notion characterizes the boundedness of a set as follows:
C isbounded < C* ={0}. 3)
If C is closed and convex, then for all x € C

C“:{ueR":x+AueC,Vk20}. ()

The asymptotic function of (C, ¢) is the function 9> : R” — R with domain D,
denoted by (D, ¢°°), such that epi(D, ¢*°) = [epi(C, ¢)]*°. Clearly, D C C* and

k
1,
©> () = inf {liminf AU Dt — 400, uk —> u} ) 5)
k——+o00 1y
If (C, ¢) is Isc and convex with C closed and convex, then for all x € C
tu) — tu) —
S = tim PO 0@ el ) — g ) ©
1—+00 t >0 t
For any A € R, we have
lev(C, ¢, M) C {v e C®: ¢*°(v) < 0}, (7

where the equality holds, if (C, ¢) is Isc and convex with C is closed and convex,
and the level set is nonempty. The right-hand set in (7), that is a closed cone, plays an
important role in our approach. We denote it by

R(C, @) :={v e C®: =) < 0}.

We say that (C, ¢) is coercive if ¢*° > 0 on C®\{0}, and that it is level-bounded
if all its level sets are bounded. It is easy to check that (C, ¢) is level-bounded iff
lim x| 400 ¢ (x) = 400, and that (C, ¢) is coercive iff R(C, ¢) = {0}. From (3) and
(7), we have that if (C, @) is coercive, then it is level-bounded.

We recall a necessary condition from [1].

Theorem 1 [f arg min¢ ¢ is nonempty, then >° > 0 on C*.

We recall a coercive existence result (see [ 1, Corollary 3.2.4] or [2, Proposition 3.1.3]).
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Theorem 2 (a) If (C, ¢) is Isc with C closed and has one bounded level set, then
arg ming ¢ is nonempty and compact.

(b) If (C, @) is Isc and convex with C closed and convex, then the following statements
are equivalent:

(i) R(C, ) = {0} (or equivalently (C, @) is coercive);
(ii) (C, @) is level-bounded (or equivalently lim| x| 100 ¢ (x) = +00);
(iii) argming ¢ is nonempty and compact.

We recall a noncoercive existence result from [1, Theorem 15.1.1]. To do this, we
recall the set:

K(C,p) :={veC®: ¢™) =0}

If (C, ¢) is convex with C convex and ¢*° > 0 on C*, then K(C, ¢) is a closed
convex cone. Moreover, K (C, ¢) = —K (C, ¢) iff K (C, ¢) is a linear subspace.

Theorem 3 If (C, ¢) is Isc and convex with C closed and convex, ¢*° > 0 on
C*®, and K (C, ¢) = —K(C, @), then argming ¢ is nonempty and closed (possibly
unbounded).

A function (C, ¢) is said to be asymptotically directionally constant (adc), if v €
K(C, ¢) implies ¢(x + pv) = ¢(x) for all x € C and p € R. Under the hypothesis
of Theorem 3, we have K(C, ¢) = —K(C, ¢) iff (C, ¢) is adc (see [2], for more
details).

We recall another noncoercive existence result from [11] that holds without convex-
ity assumptions. To this end, we approximate problem (P’) by the family of problems
with g N\ 0:

P Minimize ¢*(x) := @ (x) + %|x||?
k7 subjectto x € C.
Theorem 4 If (C, ¢) is Isc with C closed, lim||y||— 400 gok(x) = o0 for each k,
and the following condition holds: for any sequence {xk} in C with ||xk|| — +o00,
k
X

Tk > U and {@(x*)} bounded from above, there exist scalars py € (0, ||x*||) and

ko = ko({px}, {x*}) such that x* — pyu € C and p(x* — pru) < @ (x*) forall k > ko,
then arg ming ¢ is nonempty and closed (possibly unbounded).

Finally, to perturb intervals, we recall the Pompeiu-Hausdorff distance between inter-
vals A and B from K, defined in [19] by

doo (A, B) := max {|aL — b, 1V — bU|} .
By using it, we define a metric on R” x . by
di((x, A), (v, B)) := [lx — y[| + dlc (A, B).
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Clearly, for {(x*, A%y} and (x, A) from R” x K., we have

d[((xk, Ak), (x,A) >0 = x, akL — at, a,ﬁj —aY.

3 Properties of level, colevel and solution sets

We obtain various properties and formulas for level, colevel and solution sets.

Proposition 1 If x € WEIf(C, ) and f(x) <% f(X) for some X € C, then X €
WELf (C, ), i.e., Levs(C, f, f (X)) C WEft(C, f).

Proof On the contrary, if there exists X € C such that f(x) <% f(X) but that X ¢
WEff, (C, f), then there exists x° € C such that f(x°) <® f(%). Hence, f(x?) <*
f(x), which is a contradiction. O

We obtain formulas for level, colevel and solution sets.

Lemmal ForY = [«, B] € K., we have

Levy(C, f,Y) = lev(C, fX, a)nlev(C, fY, ), (8)
Colevy(C, f,Y) =lev(C, fL,a) Ulev(C, fY, B), )
WESf(C, f) = ﬂiec Colev, (C, f, f(X)). (10

In addition, if (C, fL) and (C, fU) are Isc with C closed, then level, colevel and
solution sets are closed.

Proof Formulas (8)—(9) are easy to check. Formula (10) follows from definition
and (9). The closedness of the sets follows from these formulas. O

We relate the minimizers of the end point functions with the solution set.

Lemma 2
(argmine L Uargmine fY) ¢ WEff,(C, f). (11)

Proof On the contrary, if there exists x in the left-side such that f (x9%) <% f(x) for
some x° € C, then fL(x% < fL(%) and fY(x% < fY (%), a contradiction. i

Remark 3 (i) If argminc f* or argminc fY is nonempty, then WEff(C, f) is
nonempty. However, the solution set may be nonempty even though arg minc f~
and argminc fU are empty. Indeed, for the function (C, f) with C = R and
f(x) = [min{e™* — 1,0}, min{e*, 1}], the sets argminc f* and argmin¢c fY are
empty but WEff;(C, f) = R.

(ii) The inclusion in (11) may be strict even if (C, f Ly and (C, f Uy are continuous
and convex with C closed and convex. Indeed, for (C, f) with

X : i
B Loy |—5+1Lif0<x<2; o . |2 if0<x<1;
C =104 f (x)—{o, if2=x<4, T DT\ 24t ircx<a

we have argminc fL = [2, 4], argminc fY = [0, 1] and WESff,(C, f) = [0, 4].
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We obtain a formula for the solution set that is related to inclusion (11). It is well-
known in multiobjective optimization (see [5, Propositions 3.9-3.10]). So, it can be
transferred to problem (P) via (1) but we prove it for completeness. To do this, for
£ =(EL8)! € Ri\{O}, we define the linear scalarization function: ¢z r(-) =

EfrO+afY0).

Lemma 3

U argminc ¢¢ f C WETf(C, f), (12)
£€R3\{0}

where the equality holds, if WEff(C, f) is nonempty and f(C) + Ri_ is convex.
Proof The proof of (12) runs similarly as for (11). So, it remains to prove the reverse
inglusion. If x is in the right—hgnd set, then by I}emark 2 (iii), we obtain~ that f(C) N
(f@) —intR}) = ¢ thus, (f(C) +RY) N (f(F) —intRY) = 4. As f(C) + RY is
convex, by a separation theorem there exists § € R%\{0} such that (£, f(x) + p) >
(&, f(x) —qg)forallx € C, p € R%r and g € int Ri. From this, we conclude that
IS R%r\{O} and X € argminc @, . O
Remark 4 (i) For C=Rand f(x) =[—e", ¢*], wehaveargmin¢c fL =argminc fV =
¥ but WEIf;(C, f) = argminc ¢z y = Rforall§ = (y, y) T with y > 0. Note that
f )+ Ri is convex although (C, f¥) is non-convex.

(ii) [24] A vector function (C, f ) is said to be Ri—convexlike, ifforeveryx,y € C
and ¢ € [0, 1] there exists z € C such that tf(x) + (1 — t)f(y) - f(z) + R%r. Itis
known that (C, f ) is Ri-convexlike iff f )+ Ri is convex.

(iii) [7]~If Cis SOHVGX, then x € UseRi\{O} argminc ¢g, ¢ iff x € WELf(C, f)
and cone(f(C) — f(x) +int Ri) is convex.

We obtain an existence result when the constraint set is bounded.

Theorem 5 If (C, L) or (C, fY) is Isc with C compact, then WEff (C, f) is
nonempty and bounded. If both end point functions are Isc, it is closed as well.

Proof 1f (C, fL) (resp. (C, fU)) is Isc with C compact, then arg minc fL (resp.
argminc fY) is nonempty. Hence WEff(C, f) is nonempty by Lemma 2. Clearly, it
is bounded. If both end point functions are lsc, then it is closed by Lemma 1. O

Remark 5 (i) This result with Isc end point functions follows from (1) and an existence
result for multicriteria optimization problems with compact constraint sets and lsc
components (see [5, Theorem 2.19]).

(ii) If C is compact and only one of the end point functions is Isc, then the solution
set is nonempty but may not be closed. Indeed, for (C, f) with

3,ifx =1;

_ L _ U _
C=1[0.1], f*(x)=x, and f (x)_{z,if05x<1,

only (C, fL) is Isc and WEff,(C, f) = [0, 1).
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4 Classes of interval functions

We recall some classes of interval functions and study their properties.
Definition 3 An interval function (C, f) with C closed is said to be

— s-upper semicontinuous (s-usc) at x € C, if for any interval A € . such that
A <* f(X), there exists an open set U C R" containing x such that A <* f(x)
foreveryx e CNU.

— s-lower semicontinuous (s-lsc) at X € C, if (C, f¥) and (C, fY) are Isc at .

— s-usc (resp. s-1sc), if it is s-usc (resp. s-Isc) at every x € C.

Remark 6 [4,22] An interval function (C, f) with C closed is said to be continuous
atx € C,if limesy—i doo(f(x), f(x)) = 0. Clearly, (C, f) is continuous at x iff
(C, fL) and (C, fU) are continuous at x.

Example 3 The functions in Example 2 are continuous on their domains. We will only
prove that (R", f) is continuous. To do this, we first show that function (R, g) with
g(t) :=tla, b] (a < b) is continuous. Clearly, g(t) = [g~(¢), gV (¢)], where

L. _ Jat, ift>0; U _ bt ift>0;
8 (t)_{bt, itr <0, & O=]4 i <0,

As these functions are continuous on R, function (R, g) is continuous. Setting
gi(x) = xilaF,a’l = [gl(x), g/ (x;)] as above for i € {I,...,n}, we have

[ =[FEE), 71 where fE(x) = Y7 gk and fV(x) = 30, ¥ (x).

As these functions are continuous on R, function (R", f}) is continuous.

We list some properties of these notions. To do this, in R" x /., we use the topology
induced by metric dl.

Proposition 2 Consider (C, f) with C closed.
(a) The following statements are equivalent:

(i) Coepiy(C, f) is closed,

(ii) (C, f) has closed colevel sets;
(iii) (C, f) is s-usc;

(iv) (C, f) is s-Isc.

(b) If (C, f) is s-Isc, then Epi (C, f) is closed.
(c) Epiy(C, f) is closed iff (C, f) has closed level sets.

Proof (a): (i) = (ii) Let Y € K. and {x¥}  Colevs(C, f,Y) be such that x¥ — x.
We have {(x¥, Y)} Coepi, (C, f).Byhypothesis, we obtain (x, Y') € Coepi,(C, f);
thus, x € Colevs(C, f,Y).

(ii) = (iii) Suppose the implication were false. Then there exist x% e C and
Y9 e K., with f (x% >* Y9 such that for every k there exists a vector K ecn
B(xO, %) satisfying F(xky #£5 Y0 Thus, {x¥} ¢ Colevy(C, f,Y"), x* — x° but
x ¢ Colev(C, f, YO), a contradiction.
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(iii) < (iv) Itis trivial.

(iv) = (i) It follows from Lemma 1.

(b): Let {(x*, A¥)} € Epi (C, f) be such that di((x¥, A¥), (x, A)) — 0. We have
xhec, fL(xk) <aF and fY (%) < al forallk, x* — x,af — al anda? — aY.
After taking the lower limit and since C is closed, we obtain x € C, fX(x) < a’ and
fY(x) < a¥; thus, (x, A) € Epi (C, f).

(¢): (=) Let Y € K. and {x¥} C Lev(C, f,Y) be such that x* — x. As
(X%, 7)) C Epi, (C, f), by hypothesis, we obtain (x,Y) e Epi (C, f); thus,
x € Levs(C, f,7Y).

(<) Let {(x*, A%)} < Epi, (C, f) be such that di((x*, A¥), (x, A)) — 0. As
at — a® and a — aY, for an arbitrary ¢ > 0 there exists N, € N such that
a,f‘ <al +¢and a,g <a¥ +¢eforallk > N,. Clearly, f(xk) <5 [aL +¢,a¥ +¢];
ie., x* ¢ Lev,(C, f, [al + ¢, aV + g]) for such k. As xk = x, by hypothesis,
we obtain x € Levs(C, f,[al + ¢,a¥ + ¢]); thus, x € C, fL(x) < al + ¢ and
fU(x) < aU—i—s.Aftertakingthelimite — 0%, we get fL(x) < aland fU(x) <aY,
thus, (x, A) € Epi (C, f). O

Remark 7 ~Parts (b)—(c) can be derived from properties of the associated vector func-
tion (C, f) (see Remark 2 (ii7) and [6, Proposition 2.5]).

Definition 4 An interval function (C, f) with C convex is said to be

— s-convex, if f(tx + (1 —1)y) <¥ tf(x) + (1 —1t)f(y) forall x,y € C and
te0,1).

— strictly s-convex, if f(tx + (1 —1)y) < tf(x) + (1 —¢t)f(y) forall x,y € C,
withx # yand ¢ € (0, 1).

Clearly, strictly s-convex functions are s-convex.

Example 4 An interval function (C, f) with C convex is said to be convex, if £ f (x) +
1-0f@y) C fx+ (1 —1t)y)foralx,y € Cand ¢ € (0, 1). Clearly, a convex
function is s-convex.

We list some properties of these notions.
Proposition 3 Consider (C, f) with C convex.

(a) (C, f)iss-convex iff (C, fL) and (C, fU) are convex iff Epi  (C, f) is convex.

(b) If (C, f) is s-convex, then its level sets, f(C) + Ri and Colev, (C, f, [a, @]) are
convex.

(c) (C, f)is strictly s-convex iff (C, fL) and (C, fU) are strictly convex. Under this
property, we have WEff (C, f) = Eff (C, f).

(d) If (C, f) is strictly s-convex and the point x is from WEff(C, f), then the set
{x e C: f(x) = f(X)} is a singleton.

(e) If n = 1 and (C, f) is s-convex, then WESf;(C, f) is convex.

Proof Parts (a)—(b) are easy to check.
(c): The equivalence is trivial. To prove the equality, it is sufficient to prove that
WESf (C, f) C Effs(C, f). On the contrary, if there exists x € WEff (C, f) such
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that x ¢ Effs(C, f), then there exists x € C such that f(x) < f(x) and f(x) #
f(x). Defining z :=tx + (1 — t)x for ¢ € (0, 1) and since x # X, by hypothesis, we
have z € C and f(z) <* tf(x) + (1 — 1) f(x) <* f(x), which is a contradiction.

(d): On the contrary, if for some x € WEff (C, f) there exists x € C such that
x #xand f(x) = f(x),thenforr € (0,1)and z :=tx + (1 — t)x, wehave z € C
and f(2) <*tf(x) + (1 — 1) f(x) = f(x), which is a contradiction.

(e): Let x', x2 € WEff,(C, f), with x! < x> and x € (x',x?).If y € C with
y > x,thenx = axl—i—(l—oz)y forsomea € (0, 1). If we suppose that f(y) <* f(x),
then by s-convexity we obtain f(y) <* f(x!), a contradiction. Hence f(y) #° f(x).
Similarly, we prove that if y € C with y < x, then f(y) #° f(x). Therefore,
x € WEff(C, f) and the solution set is convex. O

Remark 8 (i) The uniqueness of solutions is an unusual property for IOPs. Part (d)
is a kind of ‘uniqueness property’ for these problems since under this condition the
function x — £ (x) restricted to the solution set is bijective.

(ii) Part (e) appears in [6, Theorem 3.9] for vector optimization problems. For
n > 2, the solution set may not be convex even if (C, f) is s-convex. Indeed, for
(C, f) with C = [—1,1]% and f(x,y) = [min{y?, x> + 1}, max{y?, x2 + 1}], we
have WEff (C, f) = ({0} x [—1, 1]) U ([—1, 1] x {0}).

It is important to point out that s-convexity is a restrictive property for interval func-
tions. Indeed, the ‘simple’ interval functions g(t) = t[a, b] (see Example 3) and
g(t) = t3[a,b] (a < 0 < b) are not s-convex since (R, g¥) is non-convex in both
cases. For this reason, in what follows, we do not assume this property.

5 Main results

We first study the boundedness of level and colevel sets. To this end, we observe that
as fL < fY forall » e Rand & = (&, &) € R3\{0} it holds that

L Pey o _ Py .
ff—él—i-f;‘zsf and (f%) §§+g <Y (13)
1ev(C, fY0) Clev(C, ¢ ¢, (1 + E)A) C lev(C, fL 1), (14)
R(C, fY) C R(C, s, p) C R(C, f1). (15)

From (13)—(15), we see that, if (C, f Ly is level-bounded (resp. coercive), then
(C, @&, r) is level-bounded (resp. coercive) which in turn implies that (C, f Uy islevel-
bounded (resp. coercive). From Levg(C, f,Y) C Colevg(C, f,Y) for Y = [«, B],
we conclude that, if (C, f) has bounded colevel sets, then it has bounded level sets.
Moreover, by Lemma 1 and (13), we have

lev(C, fY, ) C Levy(C, f,Y) C lev(C, fY, B), (16)
lev(C, 1L a)cColevs(C, f,Y)Clev(C, fF B). (17)

From (16)—(17), we deduce the next result.

@ Springer



A study of interval optimization problems 871

Lemma4 (a) (C, f) has bounded level sets iff (C, fY) is level-bounded.
(b) (C, f) has bounded colevel sets iff (C, f*) is level-bounded.

We obtain bounds for the asymptotic cones of level and colevel sets.

Proposition4 ForY € K., we have

(a) Levg(C, £, Y)® C R(C, fY), where the equality holds, if (C, fV) is Isc and
convex with C closed and convex, and the level set is nonempty.

(b) Colevs(C, f,Y)® C R(C, fL), where the equality holds, if (C, fL) is Isc and
convex with C closed and convex, and the colevel set is nonempty.

Proof Parts (a) and (b) follow after taking the asymptotic cones to (16) and (17) and
applying (7), respectively. O

Remark 9 From Proposition 4 and (3), we conclude that: If R(C, fV) = {0}
(resp. R(C, f Ly = {0}), then (C, f) has bounded level (resp. colevel) sets. In
addition, if (C, f Uy (resp. (C, f L}y is 1sc and convex with C closed and con-
vex, then for every nonempty level (resp. colevel) sets at heights Y and Z in
Ke, we have Levg(C, f,Y)® = Levs(C, f, Z)* (resp. Colevs(C, f,Y)>® =
Colevy(C, f, Z)*°).

We study the boundedness of level sets.

Proposition 5 Consider the statements:

(a) R(C, fY) = {0},

(b) (C, f) has bounded level sets;

(¢) 1im|jx||— 400 fY (x) = +00;

(d) argmine fY is nonempty and compact.

The following implications hold: (a) = (b) <= (c). If (C, fY) is Isc with C
closed, then (¢) = (d). In addition, if (C, fY) is convex with C convex, then all the
assumptions are equivalent.

Proof For implication (a¢) = (b) see Remark 9 and for equivalence (b) < (c) see
Lemma 4(a). For the remaining implications see Sect. 2. O

Remark 10 Implication (b) = (a) does not hold without the convexity assumption.
Indeed, (C, f) with C = R and f(x) = [0, +/|x|] has bounded level sets but
R(C, fY) =R.

We study the boundedness of colevel sets.

Proposition 6 Consider the statements:

(a) R(C, f*) = {0},

(b) (C, f) has bounded colevel sets;

(¢) 1imjjx|j— 400 fE(x) = +00;

(d) argmine fL is nonempty and compact.
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The following implications hold: (a) = (b) <= (c). If (C, L) is Isc with C
closed, then (¢) = (d). In addition, if (C, fL) is convex with C convex, then all the
assumptions are equivalent.

Proof The proof runs as in Proposition 5. O
We obtain bounds for the asymptotic cone of the solution set.

Proposition 7 (a) WEff,(C, f)*° C R(C, %), where the equality holds, if (C, f*)
is Isc and convex with C closed and convex, and arg minc f* is nonempty.

(b) If (C, fY) is Isc and convex with C closed and convex, and WEffs(C, f) is
nonempty, then R(C, fY) c WEff (C, ).

Proof (a): By (10), properties of asymptotic cones [2, Proposition 2.1.9] and Propo-
sition 4(b), we have WEf (C, f)* C (),c¢ Colevy(C, f, f(x))* C R(C, .
We prove the reverse inclusion. After taking the asymptotic cones to both sides of
argminc fL C WEff(C, f) and since argmin¢e fX =lev(C, f%, min¢c L), by the
equality in (7), we obtain R(C, fL) c WEff(C, f)™.

(b): If x € WEAf(C, f), then by Propositions 1 and 4 (a), we obtain that
R(C, fYy=Levs(C, f, f(¥))>® C WEff,(C, f)*°. O

Remark 11 From part (a) and (3), we conclude that, if R(C, f¥) = {0} then
WESt (C, f) is bounded.

We obtain a necessary condition that extends Theorem 1.
Proposition 8 If WEff(C, f) is nonempty, then (fV)> > 0 on C™.

Proof If X € WESf,(C, f), then f(x) #* f(¥);thus, fY(x) > fL(¥) forallx € C.
Let u € C™ be fixed and {u*} and {#} be such that {ruf} c C, u¥ — u and
ty = +00. As ifU(tkuk) > %fL(JE) for all k, after taking the lower limit, we obtain

lim infy, éfU(tkuk) > 0. From this and (5), we have (fY)®(u) > 0. m]

Remark 12 (i) If (fU)Oo(O) = 0 (e.g. when (C, fU) is Isc and convex with C closed
and convex, see [20, Corollary 3.27]), then ( f U)°O is proper (see [2, Proposition 2.5.1])
and thus (fY)>®(u) = 4-oo forall u ¢ C*. In this case, the necessary condition reads
as follows: (fY)* > 0 on R".

(ii) The necessary condition is not sufficient. Indeed, (C, f) with C = R and
flx) = [%e‘x , e~ ¥] satisfies the necessary condition since (fY)>® = &g . but
WESf,(C, f) = 0.

(iii) Condition: (f£)> > 0 on C*, is not a necessary condition. Indeed, for (C, f)
with C = R and f(x) = [min{0, —x}, max{0, x}], we have WEff;(C, f) = R but
(fHH>*(w) < 0forv > 0.

We now obtain various existence results when the constraint set is unbounded. It
is important to point out that the solution set may be empty even if the function is
continuous, as shown by (C, f) with C = Rand f(x) =[x, x + 1].

First, we obtain a coercive existence result that extends Theorem 2(a).
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Theorem 6 If (C, f) is s-Isc with C closed and Colevy(C, f, f(x%)) is bounded for
some x° € C, then WESf(C, f) is nonempty and compact.

Proof Theset A := Colev,(C, f, f(x°))iscompact by Lemma 1. This and Theorem 5
imply that there exists x in WEff (A, f). We assert that x € WEff (C, f). On the
contrary, there exists x € C\ A suchthat f(x) <® f(x).From this and since f x0) <*
f(x), we obtain f(x°) <® f(X), which is a contradiction. Hence WEff(C, f) is
nonempty. This set is bounded since for x € C\ A we have that f (x9%) < f(x),sox
cannot be a solution. This set is closed by Lemma 1. O

Second, we obtain a noncoercive existence result without convexity assumptions
that is related to Theorem 2(b).

Theorem7 If (C, f) is given with C closed, there exists & € Ri\{O} such that
(C, e, r) is Isc and R(C, @g r) = {0}, then WELL (C, f) is nonempty (possibly
unbounded).

Proof As (C, ¢z r) is coercive, by Theorem 2 we conclude that argminc ¢g, ¢ is
nonempty. This and Lemma 3 imply that WEff (C, f) is nonempty. O

Remark 13 (i) Taking £ equal to (1,0)" and then equal to (0,1), and using
Remark 11, we obtain:

—1If (C, fY)islsc with C closed and R(C, fL) = {0}, then WEff (C, f) is nonempty
and bounded.

—If(C, fU) isIsc with C closed and R(C, fU) = {0}, then WEff (C, f)isnonempty.
The solution set may be unbounded in the second item. Indeed, for (C, f) with
C = Rand f(x) = [0, x], we have R(C, fY) = {0} since (fV)® = 8 and
WEff,(C, f) =R.

(ii) By (15), we see that R(C, fL) = {0} implies R(C, ¢¢, r) = {0} that implies
R(C, fY) = {0} that in turn implies the necessary condition.

(iii) By rewriting [6, Theorems 3.1 and 3.11], devoted to vector optimization
problems (cf. Remark 2 (iii)), we supplement the existence results above as follows:
—If (C, f)iss-Isc with C closed and for all x € C\C,, where C, := rBNC for some
r > 0, there exists y € C, such that f(y) <* f(x), then WEff(C, f) is nonempty
and compact.

—1Ifn =1, C C Ris aclosed ray or the entire R and (C, f) is s-Isc and s-convex,
then statements (a)—(d) of Proposition 6 are equivalent to each of the following:

(e)dr > 0,Vx € C\C,,3y € C,: f(y) <* f(x);
(f) WESf(C, f) is nonempty and compact (it is already convex).

Example 5 Let (C, g) be from Example 3. For £ = (£1, &) € Ri\{O}, we have

| &ra+&b)x, ifx > 0;
Ps.5(X) = { (&1 + &a)x, ifx < 0.

As wgf’g = @¢,¢, We have R(C, ¢¢ o) = {0} iff ¢z o(v) > O for all v # 0 iff

AE >0 _ a b
{ £>0 whereA_<_b_a>.
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This and Theorem 7 imply that, if a < 0 < b then WEff(C, f) is nonempty.
Third, we obtain a noncoercive existence result that extends Theorem 3.

Theorem 8 If (C, f) is given with C closed convex, there exists € € R> T \{O} such that
(C, g, r) is Isc and convex, <p§°f >00nC*®, and K (C, ¢¢,r) = —K(C @e. f), then
WESt (C, f) is nonempty (possibly unbounded).

Proof This result follows straightforwardly from Theorem 3 and Lemma 3. O

Remark 14 (i) By (13), condition gogf’f > 0 on C* implies the necessary condition.

(ii) There are problems which existence of solutions can be ensured by Theorem 8
but not by Theorem 7. Indeed, for (C, f) with C = R and f(x) = [0, max{0, x}]
the hypothesis of Theorem 8 holds for £ = (1, 0)"; thus, WEff(C, f) is nonempty
and equal to R. We cannot apply Theorem 7 since R(C, ¢¢, ) = Rif & = 0 whereas
R(C, ¢z r) =R_if& > 0for & € R2\{0}.

(iii) Without the convexity assumption, the solution set may be empty. Indeed,
(C, fywithC =Rand f(x) = [% —I¥I_ =¥ has continuous non-convex end point
functions, <p§’°f =0and K(C, ¢¢,r) = Rforall§ € R? 2\{0} but WEff(C, f) =

Finally, we obtain a noncoercive existence result without convexity assumptions
that extends Theorem 4. To this end, we approximate problem (P) by the family of
problems where g \ 0:

Minimize f*(x) := f(x) + &[lx]]?[1, 1]

(P subjectto x € C.

We first study the behavior of sequences {xk} with x¥ € WEff,(C, f*) for all k.

Lemma5 (a) If||xk|| — +00 andui—i” — u, thenu € R(C, fL).
(b) If (C, f) is s-Isc with C closed and x* — X, then ¥ € WEff(C, f).

Proof (a): Clearly, u € C®. For z € C being fixed, we have fK(z) #° f*xb);
thus, (fk)U(z) > (f%L(x*) for all k. From this, multiplying by ﬁ and setting

k.

u for all k, we have

= T "II

2
lzl|=

I < S ) + S = = Y@+ 5
|| Il || I || Il 2|| I
After taking the lower limit, by (5) we obtain (f£)*(u) < 0; thus, u € R(C, fL).
(b): As C is closed, we have x € C. For a fixed z € C, we have fk(z) #£5 fk(xk);
thus, (f9)5(2) = (FHLER) or (FHY(2) = (FHY ) for all k. If (fF9)F(*) <
(fOHE @) e, fE@%) < fL(2) + %|lz]|? for infinitely many k, then after taking the
lower limit and as (C, fL) is Isc, we obtain fL(¥) < fL(z). On the other hand, if
(fFHY %) < (fHY(2) for infinitely many k, then, similarly, we obtain fUY(x) <
f U(2). From both cases, we conclude that f(@) #° f(x) and since z € C was
arbitrary, we have x € WEff(C, f). O
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Theorem 9 If (C, f) is s-Isc with C closed, lim||xH_>+oo(fk)U(x) = +oo for all k

and the following condition holds: for any sequence {x*} in C with ||x*|| = +o0,

Xk

W — u such that u € R(C, fL) and fU(xk) is boundedfrom above, there

exist scalars py € (0, ||x¥||) and ko = ko({px}, {x*}) such that x* — pyu € C and
f(xk — prut) <* f(xk)for all k > ko, then WEff(C, f) is nonempty and closed
(possibly unbounded).

Proof By Theorem 2(a) and hypothesis, there exists x* e arg minc (f*)Y for all k.
From this and Lemma 2, we have x¥ € WEff(C, f¥) for such k. We assert that {x*} is

k
bounded. On the contrary, we have ||x*|| — 400 and i k” — u, up to subsequences,

for some u. By Lemma 5(a), we have u € R(C, fL). Let {px} and kg be those from
the hypothesis. Clearly, FROKR — pru) £5 5 xF) forall k > ko; ie.,

o+ % S I = G0 = ) + %"ka — peul? (18)
or
reh + %"uxkuz < fUGR = paw) + %kllx" — prul . (19)
If (18) holds for infinitely many k > ko, then by hypothesis, we have

Floky + 2 Il 12 < fhaky + 2% ||x — prul]?,

ie., ||x¥|| < ||x¥ — prul|| for such k. From this and

)

xk
= pgal = x* el Elk

| || |I HIIJC"II

we obtain 1 < || i k” — ul| for such k, which is a contradiction.

If (19) holds for infinitely many k£ > ko, then similarly, we obtain a contradiction.
Therefore, {xk } is bounded. Hence x* - x, up to subsequences, for some x. From
this and Lemma 5(b), we have x € WEff(C, f) and the solution set is nonempty. It
is also closed by Lemma 1. O

Remark 15 (i) By (13), we see that the weakest coercivity condition to impose is
i, ) 400 ()Y (x) = +o0
(ii) The conclusion of Theorem 9 remains correct, if the limits are replaced by
(fY)®(u) > —oo for all u (see [11, Corollary 2.1]).
(iii)The condition in Theorem 9 holds vacuously, if R(C, L) = {0}.
(iv) Theorems 8 and 9 are not comparable. On the one hand, (C, f) with C =
R and f(x) = [min{0, x3}, e~ *] satisfies the hypothesis of Theorem 9; thus,
WEff(C, f) is nonempty and equal to R but it does not satisfy the hypothesis
of Theorem 8 since ¢z is non-convex when &; > 0 and K (C, ¢z, r) = R4 when
& =0for€& € Ri\{O}. On the other hand, (C, f) from Remark 4(i) satisfies
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the hypothesis of Theorem 8 for & = (y, y) T with y > 0; thus, WEff(C, f) is
nonempty and equal to R but it does not satisfy the hypothesis of Theorem 9.

6 Conclusions

We have studied set-type solutions of IOPs that are defined using the Kulisch—Miranker
order. To deal with such problems with unbounded data, we have used tools from
asymptotic analysis. We have obtained bounds for the asymptotic cones of level,
colevel, and solution sets that have allowed us to deduce coercivity properties and
coercive existence results. We have employed scalarizations and regularizations of the
objective function to obtain two noncoercive existence results.

The results are easy to check for concrete problems, since they only require to
calculate the asymptotic cone of constraint sets and the asymptotic functions of end
point functions. To this end, there are plenty of formulas and calculus rules.

Some asymptotic tools have been developed in [9] to study set-type solutions of

set optimization problems considering the order <!, <!. This work is a first step in the

study of such problems but considering the order <*, <.
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