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Abstract

In this work we consider an extension of the projected gradient method (PGM) to con-
strained multiobjective problems. The projected gradient scheme for multiobjective
optimization proposed by Grafia Drummond and Iusem and analyzed by Fukuda and
Grafia Drummond is extended to include a nonmonotone line search based on the aver-
age of the successive previous functions values instead of the traditional Armijo-like
rules. Under standard assumptions, stationarity of the accumulation points is estab-
lished. Moreover, under standard convexity assumptions, we prove full convergence to
weakly Pareto optimal solutions of any sequence produced by the proposed algorithm.

Keywords Multiobjective optimization - Projected gradient methods - Nonmonotone
line search - Global convergence

1 Introduction

We will consider the constrained multiobjective optimization problem (MOP) of the
form:
Minimize F(x) subjectto x € C @))

where F : R" — R", F(x) = (Fi(x),..., F-(x)) is a continuously differentiable
vectorial function in R” and C C R” is a closed and convex set.

In a multicriteria setting there are many optimality definitions. Throughout this
paper, we are interested in the Pareto and weak Pareto optimality concepts. A feasible
point of problem (1) is called Pareto optimum or efficient solution [19] if there is
no x € C such that F(x) < F(x*) and F(x) # F(x*). A point x* € C is said to
be a weak Pareto optimum point or a weakly efficient solution if there is no x € C
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such that F(x) < F(x*), where the inequalities < and < must be understood in the
component-wise sense.

The procedure we propose here is the projected gradient method (PGM) for vector
optimization defined by Grafia Drummond and Iusem [10] and analyzed by Fukuda
and Grana Drummond in [7-9]. In those works, PGM share two essential features: (a)
they are all descent methods: the objective value of the vectorial function F decreases
at each iteration in the partial order induced by the underlying cones; and (b) full
convergence of the sequences generated by the proposed methods is established under
reasonable assumptions.

In the present work, we combine the classical PGM for vector optimization with
two ingredients from the scalar case: (1) instead of a fixed parameter we propose to
associate a variable steplength to compute the search direction; and (2) the classical
Armijo line search is replaced by a nonmonotone strategy developed by Zhang and
Hager [26].

Projected gradient method for different choices of the stepsize has been extensible
studied, in the scalar case, see for example [1,3,4,11,16,23] and references therein.
From the practical point of view, the spectral choice of the steplength, introduced by
Barzilai and Borwein [1], and later analyzed by Raydan [21] and used in [3], requires
little computational work that makes it especially for large-scale problems. From the
theoretical point of view, it has been proved that the scheme greatly speeds up the
convergence of methods based on gradient ideas. As it is mentioned in [4] it is natural
to combine the spectral gradient idea with nonmonotone line search.

Nonmonnotone line search techniques have been extensible studied in the scalar
case with great success, see for example [6,11-13,18,22,24-26]. In the present work,
we propose to use the nonmonotone technique defined in [26] based on the average
of successive functional values. We prove that, without convexity assumptions, accu-
mulation points of sequences generated by the proposed algorithm are stationary for
problem (1). A feasible point x € C is stationary for F if, and only if,

JFX)(C —{xhN[-RL ]=¢

where JF(x)(C — {x}) := {JF(X)(x — Xx) : x € C}. This is a necessary condition
for Pareto optimality, [14]. Clearly, if x € C is stationary for F then for all v €
C—{x},JF(x)v £0.

In [5] it is proved that the steepest descent method for smooth (scalar) convex mini-
mization, with stepsize obtained using the Armijo rule implemented by a backtracking
procedure, is globally convergent to a solution (essentially, under the sole assumption
of existence of optima). Using a similar technique, we extend this result to the multi-
objective setting, that is to say, we show that any sequence produced by the proposed
algorithm converges to a weakly Pareto optimal point of problem (1), no matter how
poor the initial guess might be. Full convergence of PGM for MOP was established
in [7-10] under the monotone Armijo line search.

Up to our knowledge, this is the first time that a nonmonotone line search based of
[26] is used to analyze the global convergence of a PGM for MOP. In [17] the authors
introduce nonmonotone line searches for MOP in the steepest descent methods. In [20]
the authors propose two nonmonotone gradient algorithms for vector optimization with
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a convex objective function based on the nonmonotone line search given by Grippo et
al. [11] in the scalar context.

This paper is organized as follows. In Sect. 2 we present the nonmonotone projected
gradient method for MOP. In Sect. 3 it is proved that accumulation points of sequences
generated by the proposed algorithm are stationary for (1). In Sect. 4 the convex case
is analyzed. Conclusions and lines for future research are given in Sect. 5.

Notation We denote: Ry = {r e R |t >0}, Ry ={re R |t > 0}, N =
{0,1,2,...}, || - || an arbitrary vector norm. If x and y are two vectors in R”, we write
x <yifx; <y,i=1,...,n,andx < yifx; < y;,i = 1,...,nwherev; isthei—th
component of the vector v. If F : R" — R"™, F = (f1, ..., fm), J F(x) stands for the
Jacobian matrix of F atx: J F (x) is matrix in R”*" with entries (J F (x));; = %(]x) If
K = {ko, k1, k2, ...} C N(kj41 > k;) forall j, we denote limge g x* = lim j_, o0 x%7.
The canonical inner product is written as (-, -), and the transpose sign is denoted by .

2 The nonmonotone projected gradient method for MOP
The projected gradient method we consider in the present work uses the projected

gradient direction vg(x), proposed in [10] and analyzed in [7], that is defined, for a
given point x € C, by

: llll®
vp(x) = argmin f, (v) + —=— 2
veC—{x}
where 8 > 0 is a parameter and
¢r(v) = max (VF;(x)"v}. 3)

.....

We also consider the optimal value function 65 : C — R given by

llvg ()12

> “

O0p(x) = Pox(vp(x)) +

See for example [9,10]. It is well established that a point x € C is stationary for F
if, and only if, 6g(x) = 0, [10].

2.1 The nonmonotone line search

Itis well-known in the literature that nonmonotone schemes can improve the efficiency
of descent methods in the scalar case [4,6,15,18,22,24,26].

The nonmonotone line search framework developed by Grippo et al. [11] is based
on the maximum functional value on some previous iterates: giveno € (0, 1), M > 1
the step ox must satisfy

FOE + apdy < My + ooV F (M) T d* )
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where My = maxo<j<m@) f(x* /) where m(k) = min{m(k — 1) + 1, M}.

As we have already mentioned in the Introduction, in [20] the authors propose two
nonmonotone gradient algorithms based on the nonmonotone line search (5) but we
have chosen Zhang and Hager’s strategy as it is known to be more efficient, at least in
the scalar case. In [26] the authors propose the following scheme: given o € (0, 1),
Co = f(x())’ 00 =1,0 < Nmin < Mmax < 1, Mk € [Mmin, Mmax] the step ax must
satisfy

FK 4+ ard®) < Cr + ooV F ()T d*

Cot FOkH!
where Cyq1 = W and Qg+1 = nk Ok + 1.

As it is mentioned in [26], if n; = O for each k, then the line search is the usual
monotone Armijo line search. If n; = 1 for each k, then C; = Ay where Ay =
ﬁ Zf:o f (x%) is the average of the successive functional values. Thus, Cj can be
seen as a combination of the functional values f(x"), ..., f(x*) using a parameter
Nk that controls the degree of non-monotonicity.

In order to use a nonmonotone line search in the descent method for MOP we
propose the following scheme: given o € (0, 1), Cp = F(xo), 00=1,0 < npmin <
Nmax < 1, Nk € [Mmin, PTmax] and v¥ such that J F (x*)v* < 0 the step o must satisfy

F(x* + apv®) < CF + oar J F(xF)ok (6)

where
ok _ (mk Ok C* + F(x*h)

Ok+1

and Qg1 = n Ok + 1. @)
Observe that we can write

ck+l — Qi+ D Ct+ FMh — ¢t ck 1 Fath -t

Ok+1 Qik+1

and then
Ck _ F(xk-‘rl)

Ok+1

Ck _ Ck+l — (8)

2.2 The nonmonotone multiobjective projected gradient algorithm

We can now define an extension of the classical PGM using the nonmonotone line
search technique (6)—(7) for the constrained MOP (1).

Algorithm 2.1. Choose o € (0, 1), Qo = 1,0 < nmin < imax < 1,70 € [Mmin, Mmax],

0 < Bmin < Bmax < 00 and By € [Bmin, Pmax]. Let x% € C be an arbitrary initial
point. Set C° = F(x°) and k = 0.
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1. Compute the search direction.

[[v]|?
2

Vg, (xk) = argmin B« (v) +
veC—{xk}

where

.....

2. Stopping criterion. Compute g, (x*) = Brpu (vp, () + Fllvg M2 I
0, (xk) = 0, then stop.
3. Compute the steplength. Choose oy as the largest o € [21—, :j=0,1,2, } such

that
F(xF 4 avp, (x5) < C* + oad F(x*)vg, (x5). 9)

4. Set x* 1 = xk 4 arvg, (xk). Define B+1 such that Sx11 € [Bmin, Bmax]-
Choose 1 € [1min, Mmax] and set Q1 and Ck1 asin (7).Dok =k + 1, and go
to Step 1.
Observe that by (7) and (9)

ckl — Mk QrCr + F (xk+1) < k4 O'akJF(xk)vﬁk(xk) -
Ok+1 - Ok+1 -

Ck

which implies that {C¥} is a nonincreasing sequence in R” .

The differences between Algorithm 2.1 and a classical extension of PGM for the
constrained MOP (see for example Algorithm 4.2 in [9]) rely on: (a) the presence of
a variable steplength S instead a fixed parameter to compute the search direction in
Step 1; and (b) the nonmonotone line search in Step 3.

From the classical characterization of stationarity in terms of vg(-) and 6g(-) [10],
we have that x¥ is a stationary point for F if Algorithm 2.1 stops with the stopping
criterion in Step 2.

3 Convergence analysis

In this we suppose that Algorithm 2.1 does not have a finite termination and therefore
it generates infinite sequences {x¥}, {vg, (x¥)} and {oy} .
The following Lemma follows from Lemma 1.1 in [26].

Lemma 1 Ifvg, (x¥) € C — {x*} and JF (x*)vg, (x¥) < O for each k, then F(x*) <
C* < A* for each k, where A* = ﬁ Zf'{zo F(x)).

Lemma2 Let {x*} C R" be a sequence generated by Algorithm 2.1. Then:
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(@ {xk} ccC.
(b) Algorithm 2.1 in well defined.

Proof (a) follows from Proposition 5 in [10].
(b) follows from Proposition 1 in [10] and the fact that F (xky < C* for each k.

Lemma 3 The scalar sequence {||vg, (x)||} is bounded.

Proof By the definition of vg, (x), we have that

v, ()%

Brex (vg, (X)) + >

=05, (x) <0
where the last inequality holds since 0 € C — {x}.
Then, by the Cauchy Schwartz inequality we have that, foreachi =1,...,r

2
v (Ol <

0.
2

=Bl VE)llvg, (O +

Therefore, by the continuous differentiability of F, Lemma 2(a) and the boundedness
of {8k} we obtain the desired result. O

Proposition 1 Ler {xK}  R” be a sequence generated by Algorithm 2.1 and K C N,

B > 0,x € C such that limycg xk =z, limgeg Br = B Then, there exists K C K
such that
lim inf 6, (x*) = 65(%). (10)
keK

Proof First, let us show that there exists K C K such that
lim 6, (X) = 93(}2). (11)
keK

Since vg, (x) € C — {x}, from the definition of 93 (x) we have that

_ 1 _
05(x) < Bz (vg (X)) + zllv,sk()?)ll2 = (B = Bz (v (X)) + O, (X).

Then, by using Lemma 3 (the sequence {||vg, (x)|} is bounded) and the continuity of
the maximum function u + max {uy, ..., u,}, by taking lim inf in an appropriate
subsequence K C K when k € K goes to infinity we obtain that

65(%) < liminf 6, (%). (12)
keK

Now, from the definition of 6, (X), since v k; (x) € C — {x} we have that 0, (x) <
Brosz(v5(¥)) + 3lvz(®)|1%. Then, by taking lim sup when k € K goes to infinity
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we obtain that lim sup, g 0p,(x) < 65 (x) which, together with the inequality (12)
proves (11).

Secondly, since vB()E) € C — {x} we have that vg(i) +i—xkeC—{x*)and
from the definition of g, (x*)

- 1 -

O () = Brpus (vp(®) + & — 2 + S llug(D) + % — ).
Hence, since ¢, (1 4+ v) < @, (1) 4+ @, (v) for all u, v € R" we obtain

Op (x") < Brop ok (W5(X)) + By (X — x*)

1 1
+5 Ig@I7 + S = 212 + ((®), & = 2%).

By the continuity of the maximum function u +— max {uy, ..., u,} and the contin-
uously differentiability of F, taking lim sup for k € K on the above inequality we
have

lim sup 0, (x*) < Bz (v3(¥)) + JllvzDI = 05(%). (13)
keK

Once again, since vg, (x¥) € € — {x*} we have that Vg, (k) 4+ xk—% e C—{x}and
_ _ 1 _
O, (F) < Bros (g, (x5 + x5 — %) + Slvs, 5y 4+ xF — 72
< Broz (v, (x5)) + Bropz (xF — )
1 1 _ _
+5||vﬁk(x">||2 + Enxk — 17+ (vp (x5), xF — %),

So, by Lemma 3 and the continuity of the maximum function, taking lim inf for k € K
on both sides of the above inequality, we get, from (11),

1
65(¥) < lim inf [ﬁk%?(vﬁk )+ 5 Iop I + Brpy (v, D) = Broe (v, (xk»]
S

= liminf [, (X + Bi (5 (v, (¥F)) — M-
iminf [0, () + e (0205, () — 011 0,0 |

Now, using that the maximum function # — max {u1, ..., u,} is Lipschitz continuous
with constant 1:

lpx (V) — @y (W) < [JF(x)v — JF (y)w]|
for all v, w € R", we obtain that
65(%) < liminf[0, &)+ BillJ F () — T F ) Hvp, ()1
€

< lim inf 6, (x¥) (14)
keK
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1372 N.S. Fazzio, M. L. Schuverdt

where we use Lemma 3 and the continuous differentiability of F in the last inequality.
Thus, by combining (13) with (14) we obtain that

lim sup 4, (x*) < 6(%) < liminf 6, (x*)
kek keK

which implies (10). O

The following theorem is the main result of this section: it establishes stationarity
of accumulation points of the sequences generated by Algorithm 2.1.

Theorem 1 Assume that F is bounded from below. Let {x*} C R" be a sequence
generated by Algorithm 2.1. Then, every accumulation point of {x} is a feasible
stationary point of (1).

Proof Let x be an accumulation point of the sequence {x*}. Then, there exists K C N
such that limgcg x* = X. The feasibility of x follows combining the fact that C is
closed with Lemma 2. The sequence {B }rex is bounded, then there exists Ko C K
and B > 0 such that lim sup; ., Br = B.

Considering that oty € (0, 1] forall k € K, we have the following two possibilities:
(a) lim SUPrek, Ok > 0, or (b) lim SUPgek, %k = 0.

First, assume that (a) holds. Then, there exist K; C Ko and @ > 0 such that
lim SUPgck, Xk = O. Since @ > O there exists K>, K» C K| such that oy > € > 0 for
all k € K;. Therefore, for all k € K>, by (9) and the fact that JF(xk)vﬂk k) <0,
we have that

F* < cF — gap (=T F(xFyvp, (x%)) < CF — ge(—T F(xF)vp, (x5)).

Then
oe(—JF (g (x%) < ¢k — FAT. (15)

Now, using (8) and (15) we obtain

oe(—JF(x*)vg, (x))
Ok+1 '

Ck _ Ck-‘rl > (16)

Then, since Y j_, C¥ — C**1 = €% — ¢+ and F is bounded from below we
have, by Lemma 1, that R < F (xk) < Ck, for all k, and we can conclude that C* is
bounded from below. It follows from (16) that

i oe(—JF(xFyvg, (x5)) .

Oi+1 an

k=0
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If we assume that lim inf e g, (—J F (x*)vg, (x)) # 0, then lim infeg, (—J F (x*)
Vg, (x*)) > ¢ > 0. Therefore, using the second equality in (7)

i (=J F(xFyvg, (x5)) . i

Oi+1 k+2

k=0 k=0
in contradiction with (17).
Hence liminfycg, (—J F (xk)vﬂk (x*)) = 0, which, component-wise, can be written
as
li]rnli(nf(—VFi(xk)Tvﬁk(xk)) =0, foralli=1,...,r. (18)
€Ky

Therefore, using (18) and (10) there exists K C K> such that

1
0 = liminf BtV F; (x") T vg, (xF) < liminf Brop (vg, (X)) + = [lvg, ()12
kekK kek 2

= liminf 6, (x*) = 05(%)
keK

and 93 (x) = 0. Thus, since ,3 is fixed, in view of what was mentioned immediatly
after (4) we conclude that X is a stationary point of (1).

Now assume that (b) holds. Due to Lemma 3, there exist Ky C Kp and
v € R" such that limcg, vg, (xk) = v and limgeg, ox = 0. Note that we have
max;—1.. {BrVF; (xk)Tvﬁk M) < O, (x*) < 0so, letting k € K go to infinity we
get

max {BVF;(©)" 0} < 65(%) < 0. (19)

Take now a fixed but arbitrary positive integer ¢q. Since oy — 0, for k € K large

enough, we have o < z—q, which means that the nonmonotone condition in Step 3 of

Algorithm 2.1 is not satisfied for « = 2—,1 at xk:
k 1\4 k k 1\? k k
F(x*+ > vg, (X)) £ C* + o 3 JF(x")vg, (x").
So for each k € K| there exists i = i(k) € {1, ..., r} such that
ok (1Y k k N kT k
Fi(x" + > vg (x")) > Ci +o 3 VF;(x") vg (x")

(1 01 lck*1+FA o)

where Ck . Since {i (k) }rex, C {1,...,r}, there exist K» C
K1 and an index i such that io=i(k)forallk € K»,

1\4 1\4
Fiy(* + (§> Vg (x*) = Ck + o (5) V iy (9 g, (%)
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1374 N.S. Fazzio, M. L. Schuverdt

and since, by Lemma 1, F (x") < Ck we have
k 1\? k k 1\? kNT k
Fiy(x" + (5) vg (X)) > Fip(x") + o (5) Vi (x")" vg (x).

Taking the limit when k € K; goes to infinity in the above inequality, we obtain
Fiy(x +(1/2)7v) > F;y(x) + 0 (1/2)IVF;, ()T 0. Since this inequality holds for any
positive integer ¢ and for ig (depending on g), by Proposition 1 in [10] it follows that
JF(Xx)v £ 0, then max;— _ {VF; x)Tv} = 0, which, together with (19) implies
05(x) = 0.

Therefore, we conclude that x is a stationary point of (1). O

.....

4 The convex case

The objective of this section is to prove, under convexity assumptions, that in the case
in which Algorithm 2.1 does not have a finite termination, the sequence {x} converges
to a weak Pareto optimum point.

We say that the mapping F' : R" — R" is R/, -convex if

FOx+ 0 —-M)z) SAFx)+ (1 —=A)F(2)

forall x,z € R" and all A € [0, 1]. Clearly, F : R" — R” is R/, -convex if and only
if its components F; : R” — R are all convex.

The proof of the full convergence to a weak Pareto optimum point follows from the
analysis made in [7]. From the theory of convex analysis and optimization we know
that, from (2), there exists w(x) € R” with

w(x) >0, Z w;(x) = 1 (20)

i=1

such that vg(x) = Pc(x — ﬂJF(x)Tw(x)) — x, where Pc(z) is the orthogonal pro-
jection of z on C, satisfying

(BJF(x)Tw(x) +vp(x), v — vg(x)) >0 (21)

forallv € C — {x}. See [2,8,9].
We will use the following technical result in order to prove the full convergence of
the sequence {x¥} generated by Algorithm 2.1.

Lemma4 Suppose that F is R!, -convex and let {(x*Y be an infinite sequence generated
by Algorithm 2.1. Let w* := w(x*) € R” such that (20) holds and v* := vg, (xky =
Pce(xk — BrJ F ()T wky — xK. If for x* € C and k > 0, we have F (x*) < C¥, then

15— 1% < xR — XU+ 2Bmaxa [ (w*, JF ()b
+2Bmaxar (¥, C* — F(xb)). (22)
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k+1 k

Proof Since x*T! = x* + o v*, we have

”.Xk+] _x*”Z — ”xk _x* +akvk”2
= [IxF — x* 1% + o 0F )12 — 204 (0, x* — xF). (23)

By using (21) with x = x¥ and B = f; we get
(,BkJF(xk)ka + 0K v — vk) >0forallveC— {xk}.
Taking v = x* — x¥ € C — {x¥} on the above inequality, we obtain
— 0k, x* = xF) < Br(wh, TEOR) (* = x)) = Br(wh, TFOH)0h) — 1of)12. (24)

By the convexity of F we know that J F (x*)(x* — x*) < F(x*) — F(x¥). Then,
this fact, together with w* > 0 and F (x*) < C¥, imply

(wk, JF () (e — xh)) < (k| Fxc*) — F(R)) < ok, cF — F(xby).

Now, since x* is a nonstationary point, we have that JF(x*)v¥ < 0. Then,

(wk, JF (x*)vF) < 0 and from (24) it follows that

— ok, x* — Xk < Br(wk, CF — F()) + Bel(wk, JFF)vh) | — [oF )12
< Bmax (W, CF — F(x¥)) + Bunax | (wF, TF 5ok — |]oF )12

Thus, from (23)

||xk+l — x*HZ < ”xk _ x*”2 +Ol/%||l)k||2 + 2“kﬂk<wk, JF(xk)(x* _ Xk))
20y Bl (W, TF(F)oh) | = 2en o 1% < [l — x*)12
+20p Bnax (¥, C° = F (X)) + 200 B (W, JF ()01,

And the result is obtained because a,% — 20 <0since 0 < a < 1. O

The following theorem is established in order to prove the full convergence of the
sequence regardless of the initial feasible iterate.

Theorem 2 Assume that F : R" — R" is R, -convex. Let us suppose that (x*} is a
sequence generated by Algorithm 2.1 by considering nmax < | and let us define

L:={xeC:F(x)<C*forallk}. (25)

Assume that L # (. Then, the sequence {x*} is quasi-Féjer convergent to L, which
means that, for every x* € L there exists a sequence {€;} C R, €, > 0 for all k such
that ||x* 1 — x*||2 < [|lxk — x*|| + e with Y 72 ex < 0.
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1376 N.S. Fazzio, M. L. Schuverdt

Proof By the hypothesis there is x* € L. Since F' is R’ -convex it follows from
Lemma 4 that, for all &

5 — 1% < xR — XU+ 2Bmaxa [ (wF, JF ()b
+2Bmaxar (¥, C* — F(xb)). (26)

By considering the canonical basis of R" {e,...,e,}, we can write wk =

Zle wlke,- for each k. Then, from (26) and the facts that 0 < wlk < 1 for all i
and k and C* > F(x¥) we have that, for all k,

||xk+1 —x

2 k 2
M P

2B Y (Itei, JFGRH) + (e, CF = Fhy).
i=1

Defining
€ 1= 2Bmacc Y (1(es, TP + (€, € = Fhy)
i=l1

we have that ¢, > 0 and [|x**1 — x*||2 < |Ix¥ — x*||? + €. Thus, let us prove that
Y o€k < oo. To do that, let us define e,i = 2Bmaxtlk Y _i_; l{ei, J F (x*)v%)| and
e,% = 2Bmax®k Z;zl (e, ck — F(xk)). We are aware that e,l depends on S but our
intention is to demonstrate that 6]: can be independently bounded from the steplength
Br and that is the reason why we prefer to write it in that way.
From one side, from the line search condition in Step 3, we obtain

—oy e, JF(xk)vk) < é(Cf‘ — F; (xk‘H)). Since x* is nonstationary, we also have
for all i and k that (e;, JF(xk)vk) = VF; (xk)Tvk < 0, which means that
—aglei, JF(x*)Ky = ag|(e;, JF(x*)vk)|. Hence, by the definition of e,i, e,i <

nax S (CF — Fy(xFt1)) and, by (8) € < Zmax ST 0y (CK — CFH). Sinee

o

Qk+1—1+Zl_[nk m51+2"$i—2’7max— 1_nmax

i=0 m=0

we obtain that

1 2IBmax k k+1
0<el < G(l_nmx)Z(c —ckh, (27)

ok k=1
On the other side, by (8), C; k =C; k=1 % for all k > 1 and we have that
Cf = Fi(x*) = (1 = 5)(C} ™" = Fi(x")). Then, by using (8) again:
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1) <
€ = Zﬂmaxak(QkQ—k) D (€ = R
= 2Bmaxar(Qr — 1) Y _(CK' — ¢h).
i=1

: _ 1 < Mmax <
Since Qr — 1 < T—nom and o < 1 we get

r

2 X X —_
k < BmaxTma Z(Clk 1 Clk) (28)
(1 — Nmax) “

Adding up from £k = 0 to k = N at the inequalities (27) and (28) where N is any
positive integer and defining C~! = C°, we get

r

2,Bmax 0 N4+1 2 Bmax Mmax 0 N
€ =< (C; =C'")+— ) (C; =C).
Z 0(1 — max) * Z ' ! (1 = 7max) ; ! !

Since N is an arbitrary positive integer, Bmax > 0,0 > 0, nmax < 1 and F(x*) <
Ck for all k, we conclude that Y e €k < 00 as we wanted to prove. O

The previous theorem formulates conditions under which the sequence generated
by the nonmonotone Algorithm 2.1 is a quasi-Féjer sequence. Some comments con-
cerning the assumption L # ) are in order. When the Armijo line search is considered
the assumption used is the following [8,9]:

Assumption Every R/, -decreasing sequence (¥} ¢ F(C) := {F(x) : x € C}is
R!, -bounded from below by an element of F'(C), i.e., for any { y¥} contained in F(C)
with y¥*1 < yK for all k, there exists ¥ € C such that F(x) < y¥ for all k.

It is well-known that in the classical unconstrained (convex) optimization case, this
condition, known as RQ- completeness, is equivalent to existence of solutions of the
optimization problem and it is standard for ensuring existence of efficient points for
vector optimization problems.

Thus, in the monotone case [8,9], since the sequence {F (xk)} is R’, — decreasing,
by the above assumption, there exists a point X € {x € C : F(x) < F (x*)} and an
analogous of Lemma 4 is proved with the inequality [|x**! — £|? < |x* — 2% +
2Bmaxai | (WX, J F(x¥)v*)|, instead of (22).

In the nonmonotone case, we consider the set L defined by (25) by considering C*
instead of F(x*) since {C¥} is a IR’, -decreasing sequence. This fact is the responsible
for the appearance of the last term in (22) and for 6,3 in the proof of Theorem 2.

Observe finally that the assumption L # ¢ is verified when F is a linear mapping or
being nonlinear F(C) is a convex set or even when the original problem has a solution.

Theorem 3 Assume that F : R" — R" is R’ -convex and that the hypotheses of the

previous theorem hold. Then, any sequence {x*} generated by Algorithm 2.1 converges
to a weak Pareto optimum point.
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Proof By Theorem 2, since {x*} is a quasi-Féjer sequence convergent to L, it follows,
from Theorem 1 in [5], that {x*} is bounded. So, since C is closed, {x¥} C C has
at least one feasible limit point. Thus, there exist x* € C and K C N such that
limgeg x¥ = x*. By Theorem 1, x* is stationary for problem (1). Using the R/, -
convexity of F, from Lemma 5.2 in [7], it follows that x* € C is a weak Pareto
optimum solution of (1).

Let us prove now that x* € L. Since Ckt1 < CF for all k, then, for each kg fixed
we have that CK < Cko for all k > ko. Then, F(x*) < Cko for all k > ko. Thus, by
taking limit for k € K and using the continuity of F we obtain that F (x*) < C%o.
Then, F(x*) < CK for all k € K. Thus x* € L. Then, by Theorem 1 in [5], since
{x*} has a cluster limit point x* € L we conclude that {(xky converges to x* € C as
we wanted to prove. O

5 Conclusions

We have presented a new algorithm for multiobjective optimization with convex con-
straints. At each iteration the search direction was computed by considering a variable
steplength instead of a fixed parameter. The novelty feature has been the use of a
nonmonotone line search technique instead of the classical Armijo strategy.

Stationarity of the accumulation points of the sequences generated by the proposed
algorithm has been established in the general case, and, under standard convexity
assumptions, full convergence to weak Pareto points of any sequence has been proved.

Future work will be focused on the study of a numerical implementation of Algo-
rithm 2.1 by incorporating a variable steplength S; which may be updated using the
ideas underlying the spectral parameter from the scalar case [1,3,21]. The use of the
nonmonotone PGM as a method to solve the subproblem inside of an Augmented
Lagrangian type method to solve multiobjective problems with general constraints is
also left as a topic for a future work.

Acknowledgements The authors are indebted to the anonymous referees whose comments helped a lot to
improve the quality of the paper.
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