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Abstract

This paper concerns a nonsmooth sparsity constrained optimization problem. We
present first and second-order necessary and sufficient optimality conditions by using
the concept of normal and tangent cones to the sparsity constraint set. Moreover,
second-order tangent set to the sparsity constraint is described and then a new second-
order necessary optimality condition is established. The results are illustrated by
several examples.

Keywords Sparsity constrained optimization - Tangent cone - Normal cone -
N-stationary - Optimality condition - Second-order tangent set

1 Introduction

Sparsity constrained optimization (SCO) is to minimize a general nonlinear function
subject to a sparsity constraint set. There are numerous applications in which sparse
solutions are concerned, for instance in signal and image processing, denoising, model
selection, machine learning and more [8,9,13,21]. The SCO is really a combinatorial
optimization problem and it is usually NP-hard even for problems with quadratic
objective function [ 14]. Therefore, the classical optimization theory is not effective for
SCO and study on the existence of solutions of SCO is difficult. In recent years, sparse
optimization problems have drawn significant attentions in the theories and algorithms
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[2,5,22]. Beck and Eldar in [4] established first-order necessary optimality conditions
for smooth SCO. These conditions are then used to derive some numerical algorithms
aimed at finding points satisfying the resulting optimality criteria. In [16] the concepts
of tangent and normal cones to the sparse set are used to introduce a number of
stationary notions for smooth SCO. The first and second-order optimality conditions
together with the relation between these stationary notions are also established.

In [11], the authors studied necessary optimality conditions of a general nonlinear
sparsity optimization problem under the Robinson’s constraint qualification, and pro-
posed penalty decomposition methods for solving this problem. A characterization of
the second-order tangent set to the sparsity set is stated in [15] and the second-order
optimality conditions are presented in the smooth case.

In this paper, we present necessary and sufficient optimality conditions for a
nonsmooth sparsity constrained optimization problem. We first extend some of the
stationary notions to the nonsmooth case in terms of the Clarke generalized gradient.
Then the relationship between these notions are discussed. These concepts are used to
drive the first-order necessary and sufficient optimality conditions of SCO problems.
Despite of the involved structure of the sparsity constraint set, only mild generalized
convexity assumptions are considered in our first-order sufficient optimality result.
We also apply the notions of the first and second-order Dini directional derivatives
together with the Bouligand tangent cone to the sparsity constraint set to establish the
second-order necessary and sufficient optimality conditions. Furthermore, the second-
order tangent set to the sparsity constraint set is characterized and used to drive a new
sharp second-order necessary optimality condition for SCO.

This paper is organized as follows. In Sect. 2, we introduce the definitions and
notations to be used throughout the paper. Section 3 studies the first and second-
order optimality conditions for sparsity constrained optimization problems. Section 4
expresses the second-order tangent set for SCO and gives a second-order necessary
optimality condition for sparsity constrained optimization. Moreover, some examples
are provided to clarify our results.

2 Preliminaries

All the definitions quoted in this section are taken from [7,18,20], where the reader
can find more details, discussions and references.

Throughout this work, R” is the usual n-dimensional Euclidean space. Let S be
a nonempty subset of R”, the closure of S is denoted by cl S. For a given subset
J € {1, ..., n},denote by span{e;, i € J}the subspace of R" spanned by {e;, i € J},
where ¢; € R" is a vector whose ith component is one and others are zeros.
Let f : R" — R be a locally Lipschitzian function (i.e., a function satisfying the
Lipschitz condition in a neighbourhood of any point x € R"). The Clarke directional
derivative of f at x in the direction v, is defined as follows:

o) i timup L0 = FO)
’ . y—>x1t]0 t .

ey
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The function f°(x;.) : R" — Ris sublinear. The Clarke generalized gradient of f at
x is defined as

I f(x) :=={§ eR"[{(§;v) < f°(x;v) Vv eR"} @)
It is well-known that 9. f (x) is a nonempty, convex and compact subset of R".

The lower and upper Dini derivatives of f at x in the direction v € R”" are given
respectively, as

S +1) — fx)

D™ f(x;v) := liminf 3)
110 t
D* £(x: v) = limsup 20 = SO0 4)

40 t

It is worth mentioning that if f is locally Lipschitzian, then both the lower and upper
Dini derivatives exist finitely. To derive our second-order necessary and sufficient
optimality results, we need to recall the definition of the second-order Dini directional
derivative from [20]. Let f : R” — R be a locally Lipschitzian function and x, u, v €
R"™. Assume that D~ f (x; u) exists. The second-order Dini directional derivative of f
at (x, u) in the direction v is defined by

D £r 1, v) = lim ing LEH V) = A S
t}0 t

For stationary results that are given in the next section we need to use the concept
of the Clarke partial generalized gradient, which is defined as follows [7].
Let f : R* x R" — R be Lipschitzian near (x1,x2) € R"” x R™. The notation
80(1) f(x1, x2) denotes the Clarke partial generalized gradient evaluated at x1, i.e., the
generalized gradient of the function x] > f(x7, x3) defined on R”.

Recalling that for any nonempty set S € R”, the Bouligand tangent cone Tf (x)
and its corresponding normal cone N f (x) at x € cl § are defined, respectively, by

X — X

TE(x) = {klim

—o0 I

S
L X —> x,tk\lxo}v

NE(x):={d eR": (d,z) <0, Vz € TE(x)},

s .
where x; —> x means that x; € S foreachk = 1,2, ..., and limy_, oo Xy = x.
Also the Clarke tangent cone TSC (x) and its corresponding normal cone NSC (x) at
x € cl S are given as:

7€) = [d e R": Va > x4 0, 3dy — d, such that xi + g € S,

NE() :={d eR": (d,z) <0, Vz € TS (x)).
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For any function f : R" — R, the kernel (also called the null space) is defined by
ker (f) = {x : x € R" such that f(x) = 0}.

To establish new sufficient optimality conditions for SCO problems, a suitable
generalized convexity notion is required. Thus, following the pattern in [1], we give
the definition of d.-pseudoconvex functions.

Let f : R* — R be a locally Lipschitzian function, f is said to be d.-pseudoconvex
at x on § C R" if for each x € S that x % x and f(x) < f(x) we have

(6, x —x) <0 V& €. f(x).

Note that any convex function is also d.-pseudoconvex. The following theorems from
[12], shows that d.-pseudoconvexity is a natural extension of pseudoconvexity.

Theorem 1 If f is smooth, then f is d.-pseudoconvex, if and only if f is pseudoconvex.

The important sufficient extremum property of pseudoconvexity remains also for d,-
pseudoconvexity.

Theorem 2 An 0.-pseudoconvex f attains its global minimum at x*, if and only if
0 € 3. f(x™).

The following example from [12], shows that d.-pseudoconvexity is a more general
property than pseudoconvexity.

Example 1 Consider f : R — R such that f(x) := min{|x|, x*}. Then f is clearly
locally Lipschitzian continuous but not convex nor pseudoconvex. However, for all
y > x we have

_15 xe(_oo5_1];
ffliy—x)=12x, xe(=L15
1, x € (1, 00),

and thus, f is d.-pseudoconvex.

In the sequel, let us give the definition of pseudoconvex set due to [10]. Suppose
that S C R” and Kg(x) is a tangent cone to S at x € clS. The set S is said to be
pseudoconvex with respect to Kg(x) at x if

SCx+ Ksx).
It is obvious that each convex set is pseudoconvex with respect to the classical
tangent cone at each of its points.
Let f be areal-valued function defined on the set S. The sublevel set of f atx € S is
given by
Lx)=L(f:x;8):={y eS| f(y) = f0)}
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We say that f admits pseudoconvex sublevel sets with respect to the tangent cone
K (x)(x) if its sublevel sets are pseudoconvex with respect to K (r)(x) at each point
of x € §, thatis

L(x) Cx+ Kpun(x) VxeSs.

To develop the second-order necessary conditions for SCO problems, we need to
use the notion of second-order tangent set from [19].
The vector w is called a second-order tangent to S € R” at (x*, d) € S x R" if there

. S
exist sequences x; —> x* and f; | 0 such that

The set of all second-order tangents to S at (x*, d) is denoted by TS2 (x*,d). Itis
easy to see that TS2 (x*,d)y=0ifd ¢ TSB (x*) (see [19]). In general, the second-order
tangent set is not a cone, and it is not necessarily convex, even for a convex set .

3 Optimality conditions

In this section, we study the first and second-order necessary and sufficient optimality
conditions of the following sparsity constrained optimization problem

(P) min f(x)

s.t. xllo =,

where f : R" — R is a locally Lipschitzian function and ||x||o is the /p—norm of
x € R", which refers to the number of nonzero elements in the vector x and s < n
is a positive integer. Let S := {x € R" : ||x|lp < s} be the feasible region of (P) and
J*=J(x*) :=supp (x*) = {i € {1,...,n}:x] #0}.

For this purpose we first need to recall the following auxiliary results from [16],
which compute the Bouligand and Clarke tangent and normal cones of the sparse set
S.

Theorem 3 For any x* € S, the Bouligand tangent and normal cones of S at x* are
respectively,

TE*) =(d eR": |d|lo <s, Ix* + pudlo < s, Vi € R}

=|Jspante; i ey 2 7%, |y| < s}, )
12
deR": d =0, i J*Y = o TV if || =
Nf(x*) _ {d € ; ieJ*}=span{e;, i ¢ J*} l..f| *| K ©)
{0} if |J*| <s.
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Theorem 4 For any x* € S, the Clarke tangent and normal cones of S at x* are
respectively,
TSC(x*) ={d e R": supp(d) € J*} = span{e;, i € J*}, @)
N§ (x*) = span {e;, i ¢ J*}. (8)

3.1 First-order optimality conditions
Our first-order optimality conditions are based on the nonsmooth versions of the
stationary concepts given in [4,16].

Definition 1 Consider the feasible point x* € S:

1. x* is called an N*—stationary point of (P), if
0 € 0 f(x™) + N§(x™),
where § € {B, C}.
2. x* is said to be a basic feasible (BF) point of (P) if

a. when |[x*]lg <s, 0e€0d.f(x™);
b. when |[x*[lo=s, 0€d/ f(x*),

where the meaning of the BCJ ’ f(x*), is the Clarke partial generalized gradient subject

to the index set J*.

The first result of this section presents a necessary optimality condition with respect
to the N —stationary points.

Theorem 5 Assume that x* is a local optimal solution of (P) and 9. f (x*) C Tf (x™).
Then x* is an NB —Sstationary point.

Proof From [6, Corollary, 6.3.9] the local optimality of x* implies immediately that
0€d f(x*) + N§ (x*). )

In the case that || x*||o = s, the result follows from (6) and (8). It remains to consider
the other case when ||x*||g < s.

The inclusion in (9) gives us a vector & € 9. f(x*) N (=N SC (x*)). On the other hand,
since 0. f (x*) C TSC(x*), one has & € TSC x*N (—NSC(x*)). Applying Theorem 4,
we get (€,&) = 0, and thus £ = 0 € d.f(x*) which completes the proof of the
theorem. O

Next let us prove the equivalence between the N Z-stationary and basic feasibility in
the nonsmooth case.

Lemma 1 Consider the feasible point x* € S. Then x* is an N8 —stationary point of
problem (P) if and only if x* is a basic feasible point.

@ Springer



Nonsmooth sparsity constrained optimization problems 1033

Proof In the case that ||[x*||p < s, the result is trivial. Thus it is sufficient to consider
the other case when [ x*||g = s. Assuming that x* is an N Z-stationary point of (P),
then one has by (6)

0€d.f(x*)+span{e;, i ¢ J*).

Thus there exists & € 9, f(x*) such that & = 0 for each i € J*, and consequently,
0ed! f(x®).

Conversely, the basic feasibility of x* implies that 0 € BCJ : f(x*). Using the defi-
nition of the partial generalized gradient subject to the index set J*, gives us a point
& € R"~17"I such that (0, &) € 0 f(x*). Putting the above together with (6), we
conclude that 0 € 9, f (x*) + N SB (x*) and complete the proof of lemma. O

The next corollary follows immediately from Theorem 5 and Lemma 1.

Corollary 1 Assume that x* is a local optimal solution of problem (P) and 9. f (x*) C
TSC (x*). Then x* is a basic feasible point.

Now we turn our attention to the nonsmooth first-order sufficient optimality conditions
for (P) with respect to the pseudoconvex sets.

Theorem 6 Let x* € S be an N —stationary point of problem (P). Suppose also that
f is 0.—pseudoconvex on S at x* and L(f; x*; S) is pseudoconvex with respect to
the Bouligand tangent cone. Then x* is a global minimum of problem (P).

Proof Suppose on the contrary that for a feasible pointx 7# x*,onehas f(x) < f(x™).
By the 9. —pseudoconvexity of f at x* we have for each § € 9. f (x*),

(£, x —x™) < 0. (10)

The N B —stationarity of x* together with Theorem 3 gives us a vector £ € 9. f (x*)N
(—NE(x*)) such that (§, v) = 0 for each v € TE(x*).

On the other hand, since f(x) < f(x*) wegetx € L(f; x*; S) and the pseudocon-
vexity of L(f; x*; S), implies that x — x™* € TLB(X*)(X*). Obviously L(x*) € S, and
thus Tlﬁx*)(x*) - TSB (x*)hencex —x* € TSB (x*). Therefore we have (£, x —x*) = 0,
which contradicts (10). m]

The following example illustrates the sufficient optimality result given in Theorem 6.
Example 2 Consider problem (P) where f(x) = f(x1,x2) = |x2| — |x1x2|, and
S = {x = (x1, x2) € R?||Ix]lo < 1}. Clearly S = R x {0} U{0} x R and x* = (0, 0)
is a global optimal solution for this problem. We have f°(x*; v) = |va|, where v € R?,
0 f(x*) = {0} x [—1, 1] and Ng (x*) = {0}. Hence x* is an N & —stationary point. It
is easy to show that f is d.—pseudoconvex on S at x*. Also one can get

Lx®) ={yeSIf(y = f(x") =0} =R x {0},

and therefore TLB( x*)(x*) = R x {0}, which implies that L(x*) is pseudoconvex with

respect to the Bouligand tangent cone.
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1034 N. Movahedian et al.

In the following, we show by two examples that all assumptions of Theorem 6 are
essential.

Example 3 Consider the problem (P) where f(x) = f(x1,x2) := —|x;| and S is
defined as Example 2. It is clear that f has not any global optimal solution on S.

At any feasible point of the form X = (0, ¢), ¢ # 0, one has Nf (X) = spanie}

and 3, f (£) = [—1, 1] x {0}, thus % is an N B-stationary point. It is easy to check that f
is not d.-pseudoconvex at x. Observing also that L(x) = S and TLB()E)(i) = spani{e;},
the pseudoconvexity of L(X) is not satisfied.
Considering now the point x = (0, 0) and noting that N g (x) = {0} and 0. f(x) =
[—1, 1] x {0}, we see that X is an N5B-stationary point. Furthermore, since L(X) =
TLB()E)()E) = §, we conclude that L(x) is pseudoconvex. One can easily verify that f
is not d.-pseudoconvex at x.

The final example shows that the pseudoconvexity of the sublevel sets plays a key
role in the conclusion of Theorem 6, even if the objective function is convex and
differentiable.

Example 4 Consider the problem (P) where f(x) = f(x1, x2) := ¢*? and S is given
as Example 2. It is easy to check that there is no global optimal solution for this
problem and the objective function f is convex and differentiable. For the feasible point

x:=(1,0) € S,onehas V f(x) = (?) Obviously, —V f(x) € span{er} = NSB()E)
and X is an NB-stationary point. However, with a simple calculation we see that

L(x) =R x{0}U{0} x R_ and Tlﬁj)(i) = R x {0} and the pseudoconvexity of L(x)
is not satisfied.

3.2 Second-order optimality conditions

This subsection is devoted to the second-order necessary and sufficient optimality
conditions for problem (P) in terms of the first and second-order Dini directional
derivatives.

The following theorem presents a second-order necessary optimality condition for
problem (P) in the framework of the first and second-order Dini directional derivatives.

Theorem7 Let x* € S be a local optimal solution of problem (P). Then for any
UNS TSB (x*), one of the following two conditions hold:

(i) D™ f(x*v) > 0;
(i) D™ f(x*;v) = 0and D* f(x*; v, v) > 0.

Proof Taking arbitrary v € TSB (x*) and applying (5), we get x*+tv € Sforallr € R.
The local optimality of x* implies that

f&*+1v) — f(x™) =0,
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for sufficiently small ¢ € R. Therefore,

fat ) - fe

D™ *;v) = liminf
fx™;v) 1rtn¢bn ;

In the case that D~ f (x*; v) = 0, by local optimality of x* one has

FO* 4 (4 2)v) — f(x*) —tD™ f(x*; v)

D*f(x*;v,v) = lirln&)nf 5
* t l2 _ *
— liminf L& +(+2)”) S,
t10 t
and the proof is completed. O

In the following let us state our second-order sufficient optimality result.

Theorem 8 Suppose that x* € S and for each v € TSB (x*) one of the following two
conditions hold:

(i) D™ f(x*;v) > 0;

(i) D~ f(x*;v) = 0and D* f(x*; v, v) > 0.

Then f has a strict local minimum at x*.

Proof Suppose on the contrary that there exists a sequence xj LY x* such that for each
k, fxx) < f(x").

. * . .
Denoting vy := s 7- then passing to a subsequence if necessary, we can assume

Xk —.
llxx—2x
thatvy > veT SB (x*). On the other hand the Lipschitzness of f at x* implies that
SO +1v) = f(x)

t
S+ ) = f(x)

D™ f(x*; v) = liminf
f(x™;v) 1rtn¢%)n

< liminf
k—00 178
_ *
k—00 174

where #; = ||x; — x™*|. Putting the above together with (i) and (ii), we deduce that
D™ f(x*; v) = 0. Wecan getsy | Osuch that sy —I—s,% = tk.Therefore,x*—l-(sk—i—s,f)v =
x; and we have

FO* 4 tv+12v) — f(x*)

D? f(x*; = lim inf
f(x™" v, v) HPL%)H "
X+ (sp + s2)v) — f(x*
Sliminff( (S 2k)) S
k—o00 sk
_ *
— timinf L ZTOD
k—o00 sk
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Thus we arrive at a contradiction which completes the proof of the theorem. O

Finally in this section, we present an example to illustrate the results of Theorems 7
and 8.

Example 5 Consider problem (P) where f(x) = f(x1,x2) = 2|xa| — x1 + x12
and § is defined as in Example 2. The feasible set S may be written as § =
{(0,0), (0,¢), (c,0); c e R, ¢ #0}.

In the case that X = (0, ¢), ¢ # 0, we have TSB()E) = span{ep}andforanyd € TSB()E),

o 2dy,  ife>0;
D™ f(x:d) = {_2d2, otherwise .

It is easy to observe that the necessary condition of Theorem 7 is not satisfied.

For £ = (0,0), T8(%) = R? and forany d € T8 (%), D~ f (&, d) = 2|d»| — d; which
is not necessarily nonnegative. Thus * is not a local minimizer.

In the case that x = (c, 0), ¢ # 0, since TSB (x) = span{ey}, it follows that for any
de TSB (x), D™ f(x,d) = (2c—1)d;. In order to establish the necessary condition we
need to take ¢ = % Hence we consider the point x* = (%, 0). Clearly, D™ f (x*; d) =
0 and D?>f(x*;d,0) = d12 > 0, for each d € TSB (x*). Thus the necessary and
sufficient optimality conditions of Theorems 7 and 8 are fulfilled and x* is a strict
local minimizer.

4 Second-order tangent set

In this section we are going to develop the second-order necessary optimality condi-
tions by using the notion of the second-order tangent set. The next theorem gives the
expression of the second-order tangent of sparse set S.

Theorem 9 Let x* € Sandd € TSB(x*). Then TSZ(x*, d) is given by

T, d) ={weR": |wlo <s, |x* +pud+rwlo<s, Vi, ueR}) (11)

=Jspanfei, iey 27, Iyl <sh (12)
14

Proof 1t is not difficult to show that the sets of the right hands of (11) and (12) are

equal. Thus it is sufficient to prove (11). Denote the right hand side of (11) by D.

First take arbitrary w € TS2 (x*, d). Then there exist sequences xj —S> x*and 1t | 0
%. Since d € T8 (x*), we get from (5) that ||d||o < s

5 (T

and ||x* + ud|lo < s for all © € R. Since x; — x*, we can assume*without loss of

generality that J (x*) C J(x;) forall k € N. Since d = limy— oo x";x , it follows that

J(d) C J(xy) for all k. All the above together with the definition of w yield ||lw]o < s

and also || x* + ud + Awllg < s for each A, u € R. Thus Tg(x*, d) C D.

such that w = limy_
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Conversely, take arbitrary w € D. Taking a given sequence #; | 0 and defining
. S . —x*— .
X = x*+td+ %t,?w, then obviously x; —> x* and w = limy_, oo %, which
7 (tk
implies that w € TS2 (x*, d) and completes the proof. O

The next theorem establishes a second-order necessary optimality condition for (P) in
the framework of the second-order tangent set.

Theorem 10 Assume that x* is a local optimal solution of problem (P). Then for each
ve TE(*) Nker D™ f(x*,.), one has

D*f(x*;v,w) >0 Yw € T§(x*, v).

Proof Suppose that for some v € TSB x*)NkerD™ f(x*,.) and w € Tsz(x*, v) one
has D? f(x*; v, w) < 0. Hence, taking into account that D~ f(x*, v) = 0, the above
gives a sequence #; |, 0 such that for all k

FO* 4+ v+ t,gw) < f(x™).

On the other hand from Theorem 9 we have x* + fv + tkzw € S for all k, which
contradicts the local optimality of x* and completes the proof. O

Eventually we illustrate the result of Theorem 10 in the following example.

Example 6 Consider the problem (P) where f and S are given as Example 5. It was
indicated that x* = (%, 0) is a strict local optimal solution for this problem. Let us
show that the statement of Theorem 10 is satisfied at x™*.

A direct computation gives TSB (x*) = spanfe;} and for each v € TSB x™*),
T2(x*,v) = T&(x*). Taking arbitrary point v € TE(x*), it is easy to check that
D~ f(x*,v) =0and D? f(x*; v, w) = vf > O forall w € Tsz(x*, v). Therefore, the
optimality condition of Theorem 10 holds at x*.

Acknowledgements The second-named author was partially supported by a Grant from IPM (No.
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