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Abstract Remanufacturing has been widely recognized in practice. However, the
low acceptance of remanufactured products deeply hinders the performance of
remanufacturing. Recently, trade-in programs are growing in popularity for selling
remanufactured products to promote consumptions. In this paper, under the constraint
of consumer participation, we investigate the conditions under which a trade-in pro-
gram for remanufactured products should be adopted and how to optimize the pricing
and production decisions. Cannibalization between new and remanufactured products
has been analyzed for both primary and replacement markets.

Keywords Remanufacturing · Optimal pricing · Trade-in · Market segmentation

1 Introduction

Remanufacturing has been widely recognized in practice. The cost advantages of
remanufacturing have been addressed by a number of publications [1,8,9,16]. The
cost of producing a remanufactured product is generally considered to be lower than
that of producing a new product [1,3,6,7]. Thus, more and more firms choose to
provide remanufactured products. However, as consumers generally give the reman-
ufactured products a lower valuation compared to the new products [6–8], which
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severely disrupted the demands of remanufactured products. How to promote the
scale of remanufacturing has become a major concern faced by the remanufacturing
industry.

Remanufacturing is profitable and environmentally efficient [2,3,17]. Yet, along
with its added benefit and environmental friendliness [20], remanufacturing also brings
difficulties in the optimization of the operational and recovery decisions of a remanu-
facturing firm, such as internal cannibalization as well as disassembly and collection
difficulties [4,8]. Production planning has been considered as a hot topic in the field
of production scheduling and operational research [4,10–15]. Production planning in
remanufacturing also troubles the remanufacturers because the collected used prod-
ucts could be unstable either in quantity or quality [21]. These features bring another
major concern for the firms with potential options of remanufacturing.

Selling through trade-ins has extensively spread in various industries [18,19,22],
such as cell phones, cars and computers. Implementing trade-ins can bring increased
environmental awareness of consumers and cultivation of brand loyalty [5]. In theways
of collecting obsolete products, trade-in is special but also effective in both forward
(expansion of the scale of new product sales) and reverse logistics (taking back used
products and selling remanufactured products). Besides, taking back with trade-ins
can also promote the environmental performance of a closed-loop supply chain [22].
In this research, we will therefore investigate the effectiveness of adopting a trade-
in program in selling new and remanufactured products on both primary segment
and replacement segment. Consider the fact that some consumers would not trade or
sell their used products when they are obsolete, our paper is modeled by considering
consumer participation constraints. For example, cell phone users might worry that
the information in their used phones could be restored. Thus, some consumers will
not consider trade-ins. To the best of our knowledge, this work is original. In such a
context, this paper seeks to provide a better understanding of the following important
questions:

(1) Under what condition should remanufacturing be adopted? What is the firm’s
optimal production planning strategy during two periods?

(2) If the firm decides to provide a remanufactured product, on whichmarket segment
will the firm profitmore?And onwhich segmentwill the remanufactured products
take a larger market share?

Our analysis has several remarkable features. (1) We model the analysis on two
market segments consisting of the primary and the replacement market, where reman-
ufactured products are consumed by both segments. This makes our findings feasible
and comprehensive. (2) We address the (re)manufacturer’s optimal production deci-
sions by considering consumer participation constraints, and this allows the results and
analysis to bemore practical. (3)We derive the firm’s optimal strategy by investigating
the product market share with firm profit.

The remainder of the paper is organized as follows. Section 2 presents the modeling
framework. Section 3 demonstrates the optimal pricing solutions. Section 4 presents
an analysis of market segmentation and profits. Section 5 concludes the paper.
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Table 1 Notations

Parameters Definitions

c j , j = {n, r} Unit production cost of new and remanufactured products

θ Consumer valuation of a new product. The density function of θ is f (θ)

δ Quality retention of a holding product in period 2 if the consumers buys the
product in period 1

μ The acceptance level of remanufactured product compared to new ones.
The assumption μ > δ ensures the possibility of buying remanufactured
products for replacement consumers

α̃ The number of consumers who would not take part in the trade-ins. We use
α̃ = 1 − α to denote the number of potential consumers who are willing
to trade their used product and buy new ones

dk
i j , k = {N R, R} New and remanufactured demand in period i , i = {1, 2}. N R and R

respectively denotes the cases of no remanufacturing and
remanufacturing

Decision variables

pi j New and remanufactured product price set in periods i respectively

p2t The unit trade-in rebate provided by the seller in a replacement purchase

2 Mathematical formulations

2.1 Notations

The following parameters listed in Table 1 will be used throughout the paper.

2.2 Demand function

In this paper, we consider a firmwhich sells newproducts in period 1, and implements a
trade-in program in period 2. Themarket consists of heterogeneous consumers indexed
by θ , whose willingness to pay (WTP) is uniformly distributed over set [0, 1]. The
market size is normalized into 1 in period 1, and there are n new consumers enter the
market in period 2. The consumers will buy the new product if and only if its net utility
(U ) is positive. For example, a potential replacement consumers buys a new product
if U2t = θ − (p2n − p2t ) − θ (1 − δ) > 0. The consumer whose valuation θ equals
(p2n − p2t )/δ is indifferent between the two options, and the demands can be solved
as d2n−t = Pr(U2t > 0) = ∫ 1

p2n−p2t
δ

f (θ)dθ = 1 − (p2n − p2t )/δ. Using similar

techniques, the demands for the remanufactured can be solved (See Lemmas 1 and 2).

3 Optimal solutions

3.1 The case of no-remanufacturing-model NR

The second period net profit of the manufacturer is denoted as Π N R
2 = (p2n −

cn)d N R
2n +(p2n+s−p2t −cn)d N R

2n−t . Themanufacturer sets (p1n, p2n, p2t ) tomaximize
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its total profit during the two periods. Thus, the decision problem of the manufacturer
can be formulated as follows,

maxΠ N R
p1n ,p2n ,p2t

= (p1n − cn) DN R
1n + (p2n − cn) (DN R

2n + DN R
2n−t ) + (s − p2t ) DN R

2n−t

subject to DN R
2n−t ≤ α̃DN R

1n
DN R
2n ≥ 0, DN R

1n ≥ 0, DN R
2n−t ≥ 0

(1)
By solving this profit-maximizing problem under consumer participation con-

straints, we derive Proposition 1 as follows to illustrate the optimal pricing decision
during two period planning horizon.

Proposition 1 (1) When the demand of trade-in for new is constrained by the number
of potential replacement consumers in period 2, or equivalently, when α̃ < (δ −
cn + s)/[(1 − cn)δ], the optimal pricing strategy is given as follows

p1n = 1 + 2α̃2δ + cn − α̃δ + α̃cn − α̃s

2(1 + α̃2δ)
, p2n = 1 + cn

2
and

p2t = α̃δ + α̃2δs − α̃δcn − α̃2δ2 − 2δ + 1 + δα̃2 + cn

2(1 + α̃2δ)

(2) When the demand of trade-in for new is not constrained by the number of potential
replacement consumers in period 2, or equivalently, when α̃ ≥ (δ −cn + s)/[(1−
cn)δ], the optimal pricing strategy is given as follows

p1n = p2n = 1 + cn

2
, and p2t = −δ + 1 + s

2

Proposition 1 demonstrates that when the participation rate of consumers who are
willing to trade their old products is small enough, i.e., α̃ < (δ−cn +s)/[(1−cn)δ], or
equivalently when the unit salvage value of the collected used products is large enough
(s > s̄ N R = δ + δα̃ − δα̃cn + cn), the demand for new products sold through trade-in
will be bind the potential consumer, and all of the potential consumers trade their used
old ones for new ones. In other words, when the salvage value of the collected used
products is high enough, the seller is willing to collect more used products through
trade-ins. In condition (2), when the number of potential trade-ins consumers is large
enough , i.e., α̃ ≥ (δ−cn + s)/[(1−cn)δ], or when the salvage value of used products
is not high enough (s ≤ s̄ N R = δ + δα̃ − δα̃cn + cn), then the firm will collect a
fraction of used products from the potential consumers. In the following lemma, we
show the closed form of demands and profits.

Lemma 1 (1) When α̃ < (δ − cn + s)/[(1 − cn)δ], the binding demands during the
two periods and the manufacturer’s profit is expressed as
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Table 2 Demand functions in period 2 when remanufactured products are provided

Primary market Potential market

New product DR
2n = n(1 − p2n−p2r

1−μ
) DR

2n−t = 1−μ+p2r −p2n
1−μ

Rem. product DR
2r = n(

p2n−p2r
1−μ

− p2r
μ ) DR

2r−t = p2n−p2r
1−μ

− p2r −p2t
μ−δ

D̄N R
1n = 1 − p1n = 1 − cn + α̃δ − α̃cn + α̃s

2(1 + α̃2δ)

D̄N R
2n = n · (1 − p1n) = n(1 − cn)

2

D̄N R
2n−t = δ − p2n + p2t

δ
= 1 − cn + α̃δ − α̃cn + α̃s

2(1 + α̃2δ)

and,

Π̄ N R = n(1 − cn)2

4
+

(cn + α̃δ − αc − n + αs + 2cnαδ)(αcn − αs − αδ + cn − 1)+
α(αcn − αs − α2δ + cn − 1)[(2 + α2δ)(cn − s − δ) + αδ(1 − cn)]

4(1 + α̃2δ)

(2) When α̃ ≥ (δ − cn + s)/[(1− cn)δ], the demands without binding constraints during the two periods
and the manufacturer’s profit is expressed as

DN R
1n = 1 − p1n = 1 − cn

2

DN R
2n = n · (1 − p1n) = n(1 − cn)

2

DN R
2n−t = δ − p2n + p2t

δ
= δ − cn + s

2δ

and,

Π̄ N R = (n + 1)(1 − cn)2

4
+ δ2 + 2δs + c2n − 2cns + s2 − 2δcn

4δ

Lemma 1 demonstrates the demand for new products in each market segment.
∂ DN R

2n−t/δ < 0 shows that trade-in demand increases when quality retention. It can be
found that the demand decreases with the unit production cost, i.e., ∂ DN R

1n /cn < 0,
∂ DN R

2n /cn < 0 and ∂ DN R
2n−t/cn < 0. This is intuitive as the optimal price always

decreases with the production cost in a single product environment (Tables 2, 3).

3.2 The case of remanufacturing-model R

When remanufacturing is implemented, the consumers on both the primary and the
replacement market would have two options: new products and the remanufactured
products. In this section, we focus on the case that the two differentiated products have
positive demands on each market segment. Then the demand functions in period 2 can
be drawn in Table 1.
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In model R, the firm’s decision problem can be formulated as

maxΠ R
p1n ,p2n ,p2r ,p2t

= (p1n − cn) DR
1n + (p2n − cn) (DR

2n + DR
2n−t )

+ (s − p2t ) (DR
2n−t + DR

2r−t ) + (p2r − cr )(DR
2r + DR

2r−t )

subject to
∑

DR
2 j−t ≤ α̃DR

1n, j = n, r
DR

in ≥ 0, DR
2 j−t ≥ 0, i = 1, 2

(2)

Proposition 2 (1) When the demand of trade-ins is constrained by the number of
potential replacement consumers in period 2, or equivalently, when α̃ < (s +μ−
cr − δ)/[(1 − cn)(μ − δ)], the optimal pricing strategy is given as follows

p1n = 2α̃2(δ − μ) − α̃(δ − μ + cr − s) − cn − 1

2(−1 + α̃2δ − α̃2μ)
, p2n = 1 + cn

2
, p2r = μ + cr

2
,

and p2t = α̃2δ2 + (α̃ − μα2 − α̃cn − 2)δ + α̃2s(δ − μ) − μα̃(1 − cn) + μ − cr

2(−1 + α̃2δ − α̃2μ)

(2) When the trade-ins demand is not constrained by the potential replacement con-
sumers in period 2, or equivalently, when α̃ ≥ (s +μ−cr −δ)/[(1−cn)(μ−δ)],
the optimal pricing strategy is given as follows

p1n = p2n = 1 + cn

2
, p2r = μ + cr

2
and p2t = −δ + 1 + s

2

Proposition 2 implies that when the participation rate of trade-ins is small enough,
i.e., α̃ < (s + μ − cr − δ)/[(1 − cn)(μ − δ)], or equivalently when salvage value
s is large enough (s > s̄ N R = cr + δ − μ + α̃[(1 − cn)(μ − δ)]), the demands of
trade-ins for new will be bind the potential consumer, and all the potential consumers
trade their used products for new ones. When the participation rate is large enough ,
i.e., α̃ ≥ (s + μ − cr − δ)/[(1 − cn)(μ − δ)], or when the unit salvage value s is not
high enough (i.e., s ≤ s̄ N R), then the firm will collect a fraction of used products from
the potential consumers. This can also be explained that when salvage revenue is not
that high, the firm will price the rebate low. The following lemma shows the closed
form of demands and profits.

Lemma 2 (1) When α̃ < (s+μ−cr −δ)/[(1−cn)(μ−δ)], the demands with binding
constraints during the two periods and the manufacturer’s profit is expressed as

D̄R
1n = 1 − p1n = −1 + cn + α̃δ − α̃μ + α̃cr − α̃s

2(−1 + α̃2δ − α̃2μ)

D̄R
2n = n ·

(

1 − p2n − p2r

1 − μ

)

= n(−1 + cn + μ − cr )

2(μ − 1)

D̄R
2r = n

(
p2n − p2r

1 − μ
− p2r

μ

)

= n(μcn − cr )

2μ(1 − μ)

D̄R
2n−t = 1 − p2n − p2r

1 − μ
= −1 + cn + μ − cr

2(μ − 1)
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DR
2r−t = p2n−p2r

1−μ
− p2r −p2t

μ−δ

= ((μ−1)s+δ(cn−cr )+cr −μcn)α2+(μ−1)(1−cn)α−μ+1−cn+cr
2(μ−1)(−1+α̃2δ−α̃2μ)

and, the firm’s total profit is given as follows,

Π̄ R = Π̄ R
1n + Π̄ R

2n + Π̄ R
2r + Π̄ R

2n−t + Π̄ R
2r−t

where, Π R
1n = (1−cn+αδ+αμ−αcr )(1+2α2μ−2α2δ−cn+αδ−αμ+αcr −2c−nα2μ+2cnα2δ)

4(−1−α2μ+α2δ)2
,

Π R
2r−t = (δ−μ)[α(1−cn)−cr −2+α(δ−μ)−2cr ][(cnδ−cr δ+cr −μcn)a2+[a(μ−1)−1](1−cn)+cr −μ]

4(−1−a2μ+a2δ)2(−1+μ)
,

Π R
2n−t = α(δ−μ)((1−cn)(1−α)+α(δ+μ))+1−cn+μ−cr −2δ

4(−1+ro)(−1−a2μ+a2δ)
, Π R

2r = (μcn−cr )(−μ+cr )
4(−1+μ)μ

,

Π R
2n = n(−1+μ+cn−cr )(1−cn)

4(−1+μ)
.

(2) When α̃ ≥ (s + μ − cr − δ)/[(1 − cn)(μ − δ)], the demands with non-binding
constraints during the two periods and the manufacturer’s profit is expressed as

DN R
1n = 1 − p1n = 1 − cn

2

DR
2n = n ·

(

1 − p2n − p2r

1 − μ

)

= n (−1 + cn + μ − cr )

2(μ − 1)

DR
2r = n

(
p2n − p2r

1 − μ
− p2r

μ

)

= n(μcn − cr )

2μ(1 − μ)

DR
2n−t = 1 − p2n − p2r

1 − μ
= (−1 + cn + μ − cr )

2(μ − 1)

DR
2r−t = p2n − p2r

1 − μ
− p2r − p2t

μ − δ
= −μcn + cnδ − crδ + cr − s + sμ

2(μ − 1)(μ − δ)

and, the profit of the firm can be derived as,

Π R = Π R
1n + Π R

2n + Π R
2r + Π R

2n−t + Π R
2r−t

where, Π R
1n = (1−cn)2

4 , Π R
2r−t = (−μcn+cnδ−cr δ+cr −s+sμ)(−μ+cr +δ+s)

4(−1+μ)(−μ+r)
, Π R

2n−t =
(−1+μ+cn−cr )(cn−1+δ+s)

4(1−μ)
, Π R

2r = n(μcn−cr )(−μ+cr )
4μ(−1+μ)μ

, Π R
2n = n(−1+μ+cn−cr )(1−cn)

4(−1+μ)
.

Lemma 2 demonstrates the demands of the two products on two segments under
binding and non-binding consumer participation. In the binding case, one can check
that D̄R

2r−t = α · D̄R
1n − D̄R

2n−t . We also have ∂ D̄R
2n/μ < 0, ∂ D̄R

2n−t/μ < 0, this is
intuitive. It can be found that the demand varies when the unit production cost varies,
e.g., ∂ D̄R

2n/cn < 0, ∂ D̄R
2n/cr > 0, ∂ D̄R

2r/cr < 0 and ∂ D̄R
2r−t/cn < 0. This implies

that product substitution induces that the consumption of remanufactured products
decreases with the remanufacturing cost and increases with the new product cost.
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4 Analysis

In this section, we will answer the questions proposed in Sect. 1.

4.1 When should remanufacturing be adopted?

By comparing the total profit in models N R and R, we have the following result.

Proposition 3 ΠR ≤ ΠN R if cr1 < cr < cr2 is hold, and ΠR > ΠN R otherwise.

where cr1 = (δ2−2μδ+μδ2)(H+2
√

L)
2 , and cr21 = (δ2−2μδ+μδ2)(H−2

√
L)

2 , H =
2μ(μγ s + 2δ2cn − sδ − 2μcnδ), and L = μδ(1 − μ)(δ − μ)[(2γ 3 + (c2n − 5)δ2 +
(3c2n + 2+ 2s2 − 6scn)r − 2(cn − s)2]μ + 2γ 3 − (1+ c2n)δ2 + (c2n − 2scn + 2s2)δ).

Proof The proof is straightforward by solving the roots of ΠR = ΠN R .
Proposition 3 demonstrates the decision zone in which remanufacturing should be

implemented.We can also show thatΠR −ΠN R is convex on cr . This proposition also
shows that with cr increases, the advantage of selling remanufactured products first
decreases and then increases, which implies that providing remanufactured products
can still be profitable when cr is large. ��

4.2 The trade-off between selling and collecting

4.2.1 When remanufacturing is not adopted

In model N R, when remanufacturing is not adopted, the direct income from trade-ins
with bindings participation rate can be solved as

Δ̄N R = s − p2t = a2δ2 + (a2s + 2 + acn − a(1 + a))δ + 2s − cn − 1

2(1 + a2δ)
(3)

In the non-binding case, the direct revenue from a trade-in selling is solved as follow

ΔN R = s − p2t = s + δ − 1

2
(4)

Note that we areworking under α̃ > (δ−cn +s)/[(1−cn)δ], which can be transformed
to s < α̃s−δ+(1−α̃s)cn . Therefore, we can conclude thatwhen α̃s−δ+(1−α̃s)cn >

1 − δ is hold, and when the unit salvage value of an used product lies in the interval
[1 − δ, α̃s − δ + (1 − α̃s)cn], the direct income from collecting an used product is
non-negative. This condition can be transformed as cr > δ + [1− α̃(1− cn)](μ − δ).
When the trade-ins demands are bind, i.e., α̃ ≤ (δ − cn + s)/[(1 − cn)δ], which can
be turned into s ≥ α̃s − δ + (1 − α̃s)cn . Therefore, we can conclude the above as
follows

Proposition 4 (1) When δ < [α̃(1 − cn) − 1](μ − δ) + cr is hold, if s ∈ [δ, (μ −
δ)[α̃(1 − cn) − 1] + cr ], the direct income from collecting used products in the non-
binding case is non-negative; (2) When the salvage value of the used product is large
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enough, i.e., s > sN R, the direct income from collecting used products in the binding
case is non-negative;

where sN R = max{ 1+cn−a2δ2−(2+acn−a2−a)δ

2(1+a2δ)
, α̃s − δ + (1 − α̃s)cn}

4.2.2 When remanufacturing is adopted

On the binding case in Model R, we have,

Δ̄R = s − p2t

= a2δ2 − (a2(s + μ) − a(1 − cn) + 2)δ + μ(a2s − a(1 − cn) + 1) + 2s − cr

2(1 + μa2 − δa2)

(5)

Thenwecanobtain that Δ̄R > 0 if s >
(a+a2δ−acn−1)μ−a2δ2+(2+acn−a)δ+cr

2+a2(μ−δ)
is satisfied.

In the non-binding case, by solving the difference of s and p2t , we have

ΔR = s − p2t = s − δ

2
(6)

Therefore, we have ΔR > 0 if s > δ.
In model R, the condition when the trade-in demands are not bind, i.e., α̃ >

(s+μ−cr −δ)
(1−cn)(μ−δ)

, which can be transformed as s < [α̃(1 − cn) − 1](μ − δ) + cr . There-
fore, we can conclude that if [α̃(1 − cn) − 1](μ − δ) + cr > δ holds, when the unit
salvage value lies in the interval [δ, α̃(1 − cn) − 1](μ − δ) + cr ], the direct income
from collecting an used product is non-negative. This condition can be transformed as
cr > δ + [1 − α̃(1 − cn)](μ − δ). The condition when the trade-ins demands are not
bind, i.e., α̃ ≥ (s+μ−cr −δ)

(1−cn)(μ−δ)
, can be transformed as s ≥ [α̃(1 − cn) − 1](μ − δ) + cr .

Therefore, we can conclude as follows.

Proposition 5 (1) When δ < (μ − δ)[α̃(1 − cn) − 1] + cr is hold, if s ∈ [δ, (μ −
δ)[α̃(1 − cn) − 1] + cr ], ΔR > 0; (2) When s is large enough, i.e., s > sR, Δ̄R > 0;

where, sR = max{ (a2δ+a−acn−1)μ−a2δ2+(2+acn−a)δ+cr
2+a2(μ−δ)

, (μ−δ)[α̃(1−cn)−1]+cr }.

4.3 Product differentiation on primary and purchased market

To better understand the performance of applying trade-ins on selling new and remanu-
factured products in period 2,we assume that themarket potential of primary consumer
in period 2 equals that of period 1 (n = 1). First, it can be found that in the non-binding
case, d R

2n−t = d R
2n = cn−1+μ−cr

2(μ−1) , and in the binding case when consumer participation

rate, we have d̄ R
2n−t = d̄ R

2n = cn−1+μ−cr
2(μ−1) . Then, it can be summarized as below,

Proposition 6 No matter whether there is enough consumers on the trade-in mar-
ket, the demands for new products on the primary segment equals the new products
demands on the trade-in market.
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Proposition 6 demonstrates that on the two segments, a same quantity of new
products is sold. Because the profit margin on selling the new products on the two
segments are different, i.e., (p2n −cn) and (p2n −cn +s − p2t ) are the profit margin of
selling new products on the primary and the replacement market respectively. Thus, on
which segments will the firm obtain a larger margin depends on s − p2t . By comparing
the new and the remanufacturing demand on the trade-in segment without constraints,
we have

DR
2n−t −DR

2r−t = μ2 + (2cn − s − δ − cr − 1)μ + s + δ(2cr − 2cn + 1) − cr

2(−1 + μ)(μ − δ)
(7)

It can be found that when cr >
(−1+μ)(δ−μ+s)+2(δ−μ)cn−μ+2δ−1 is satisfied, DR

2n−t − DR
2r−t >

0. This can be explained that when cr is large enough, the selling price of the reman-
ufactured product is comparatively high, and thus more consumers would choose to
buy new products than to buy remanufactured products. In the binding case, we have,

D̄R
2n−t − D̄R

2r−t =
(a2μ2 + (acn + 2 − a − a2(1 + cr − 2cn + s + δ))μ

−2 + a2(δ + 2δcr − 2cnδ − cr + s) − 2cr − acn + 2cn + a)

2(1 + a2μ − a2δ)(−1 + μ)
(8)

Therefore it can be obtained that when the remanufacturing cost cr is low enough, i.e.,

cr <
(μδ−2μcn+2cnδ+μ−μ2−δ+μs−s)a2+(−1+μ+cn−μcn)a+2−2cn−2μ

2a2δ−2−a2μ−a2
is satisfied, D̄R

2n−t −
D̄R
2r−t < 0. This can also be explained that when the unit remanufacturing cost is low

enough, the remanufactured product is competitive in selling price, and thus consumers
are more willing to buy remanufactured products than to buy new products.

Observing the demands given in Lemma 2, we can find that in both the binding
and the non-binding case, the demands hold the same. On the primary segment, by
deriving the difference of demands of new and remanufactured products, we have,

DR
2n − DR

2r = D̄R
2n − D̄R

2r = n(−μ + μ2 − μcr + 2μcn − cr )

2μ(−1 + μ)
(9)

The following Proposition concludes the above findings.

Proposition 7 (1) On primary market, if cr <
−μ(1−μ−2cn)

1+μ
, the remanufactured

products incurs a larger market share. i.e., M R
2r = DR

2r
DR
2n+DR

2r
>

DR
2n

DR
2n+DR

2r
= M R

2n;

(2) On trade-in market, (i) If cr <
μ−δ−μ2+μδ−2cnμ+2cnδ−s+sμ

−μ+2δ−1 is satisfied, the reman-
ufactured products incurs a larger market share in the non-binding case; (ii) If

cr <
[μ(δ−2cn+1−μ+s)−δ+2cnδ−s]a2−(1−μ)(1−cn)a+2(1−cn−μ)

2a2δ−2−a2μ−a2
, the remanufactured

products incurs a larger market share in the binding case.

We demonstrate how remanufacturing cost affects market share of the differentiated
products. A larger market share of the remanufactured products would be welcomed
by the government or the environmental groups. However, a larger market share does
not mean a larger profit. Next, we will investigate which product is more profitable.
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The investigation will be given on primary and trade-in market respectively. On the
primary market, by comparing the profits of selling new and remanufactured products,
we have,

Π R
2n − Π R

2r = n(2μcn − μ + μ2 − 2μcr − μc2n + c2r )

4μ(−1 + μ)
; (10)

By solving the equation of Π R
2n − Π R

2r = 0 with respect to cr , we have two roots as
follows,

cr1 = μ +
√

−2μcn + μ + c2nμ,

cr2 = μ −
√

−2μcn + μ + c2nμ

This implies that Π R
2n −Π R

2r is concave on the unit remanufacturing cost cr . As we
are working under the non-binding case with the condition that α̃ ≥ (s + μ − cr −
δ)/[(1 − cn)(μ − δ)], or equivalently, cr > s + [1 − α̃(1 − cn)](μ − δ), then the
following finding can be derived.

Proposition 8 (1) Π R
2n ≥ Π R

2r if and only if cn ≤ cr +√
μ−μ√
μ

is satisfied; and

(2) Π R
2n < Π R

2r if and only if cn >
cr +√

μ−μ√
μ

is satisfied.

Proof “See Appendix”.
In this proposition, we show that producing and selling remanufactured products

are more profitable than selling new products on the primary market when the unit

production cost of producing a new product is low enough, i.e., cn ≤ cr +√
μ−μ√
μ

, or

equivalently when the remanufacturing cost is high (cr > μ + √−2μcn + μ + μc2n).
The results also indicates that selling remanufactured products is more profitable
than selling new products on the primary market when the cn is high, i.e., cn >
cr +√

μ−μ√
μ

, or equivalently when the remanufacturing cost is low enough (cr < μ +
√−2μcn + μ + μc2n). ��

Anotherfinding is that the differenceof the profits is concaveon cr , and this indicates
that in the interval (0, μ), the difference (Π R

2n − Π R
2r ) increases when cr increases,

and specially when cr = μ+√−2μcn + μ + μc2n , the firm obtains an equal profit in
selling new and remanufacture products on the primary market (Π R

2n = Π R
2r ). On the

trade-in market, by solving Π R
2n−t and Π R

2r−t , we have

Π R
2n−t−Π R

2r−t =
[((1 − cn)2 − 2(cn − cr )(s + μ) − μ2cr ) − c2r )δ + (cr − s)2

−1 + μ2 + (2(cn − cr ) − (cn − s)2)μ + (μ + 2cn − 1 − 2cr )δ
2]

4(1 − μ)(−μ + r)
(11)
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Fig. 1 The performance of remanufactured products on primary market

By solving Π R
2n−t − Π R

2r = 0, we have two roots as follows,

cr3 = μ − δ + s −
√

(cn − 1 + δ − s)2(μ − δ)

1 − δ
,

cr4 = μ − δ + s +
√

(cn − 1 + δ − s)2(μ − δ)

1 − δ

With these results, we have

Proposition 9 (1) if cn > ξ −
√

ξ−μ
μ−δ

, then Π R
2n−t ≥ Π R

2r−t if and only if cr3 < cr <

cr4, and Π R
2n−t < Π R

2r−t if 0 < cr < cr3 or cr4 < cr < 1;

(2) if cn ≤ ξ −
√

ξ−μ
μ−δ

, then Π R
2n−t ≥ Π R

2r−t if and only if cr3 < cr < 1, and

Π R
2n−t < Π R

2r−t if 0 < cr < cr3.

where ξ = 1 + s − δ, cr3 = μ − δ + s −
√

(cn−ξ)2(μ−δ)
1−δ

and cr4 = μ − δ + s +
√

(cn−ξ)2(μ−δ)
1−δ

.

Proof “See Appendix”.
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Fig. 2 The performance of remanufactured products on replacement market

Proposition 9 can be analyzed similarly as Proposition 8. Deriving the second
order derivatives of Π R

2n−t − Π R
2r−t on cr , we have ∂2(Π R

2n−t − Π R
2r−t )/∂c2r = (δ −

1)/[2(μ − 1)(δ − μ)] < 0, which implies that Π R
2n−t − Π R

2r−t is also concave on the
remanufacturing cost cr . We use Figs. 1 and 2 to show the results in Propositions 7, 8
and 9. Figures 1 and 2 shows that there exists a zonewhere the remanufactured products
has a advantage on both profits and market share. In zone A of Fig. 1, when the new
product cost cn is large, we can simultaneously have Π R

2r < Π R
2n and M R

2r < M R
2n . In

zone C, we have a contrary conclusion that Π R
2r ≥ Π R

2n and M R
2r ≥ M R

2n when cn is
small. ��

5 Conclusion

Remanufacturing has been widely recognized both in practice and in literature. How-
ever, due to the fact that remanufactured products are generally valued lower compared
to new products, the implementation of remanufacturing industry is deeply hindered.
In recent years, trade-in programs are growing in popularity for selling remanufac-
tured products as well as selling new products. In a two-period planning horizon with
the constraint of consumer participation, we derive the optimal production and pric-
ing strategy when a trade-in program for remanufactured products is adopted by the
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firm. We investigate the performance of implementing a trade old for remanufactured
program on marketing and profits between new and remanufactured products on both
primary and replacement markets. Findings with managerial insights are given in the
paper.
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6 Appendix. Proofs

Proof of Proposition 1.

Substituting DN R
1n = 1− p1n , DN R

2n = n · (1− p2n) and DN R
2n−t = 1− p2n−p2t

δ
into the

profit function given in Eq. (1), we can transform the decision problem as follows:

maxΠ N R
p1n ,p2n ,p2t

= (p1n − cn) (1 − p1n) + n (p2n − cn) (1 − p2n)

+ (p2n + s − p2t − cn)
(
1 − p2n−p2t

δ

)

subject to 0 ≤ 1 − p2n−p2t
δ

≤ (1 − α)(1 − p1n),

1 − p1n ≥ 0, n(1 − p2n) ≥ 0

(12)

The first inequality tells that the trade-in demand can not be larger than the demands
of buying new products in period 1, and the trade-in demands must be non-negative.
Because the last two non-negative constraints will lead to trivial cases, thus we omit
them. Let α̃ = 1 − α, the corresponding Lagrangian problem can be formulated as
follows:


N R(p1n, p2n, p2t ) = (p1n − cn) (1 − p1n) + n (p2n − cn) (1 − p2n)

+ (p2n + s − p2t − cn)
(
1 − p2n−p2t

δ

)

+l1(α̃(1 − p1n) − δ−p2n+p2t
δ

) + l2
(
1 − p2n−p2t

δ

) (13)

Table 3 Lagrangian multipliers
in model N R

Cases Quantities

Case NR-1 
1 > 0, 
2 > 0 D1n = D2n−t , D2n−t = 0

Case NR-2 
1 > 0, 
2 = 0 D1n = D2n−t , D2n−t > 0

Case NR-3 
1 = 0, 
2 = 0 D1n > D2n−t , D2n−t > 0

Case NR-4 
1 = 0, 
2 > 0 D1n > D2n−t , D2n−t = 0
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with

∂
N R

∂p1n
= 1 − 2p1n + cn − l1α̃ = 0

∂
N R

∂p2n
= n(1 − 2p2n + cn) − s − p2t − cn − δ − p2t − l1

δ
= 0

∂
N R

∂p2t
= −2p2t − p2n − s + cn + δ + l1

δ
= 0

∂
N R

∂l1
= α̃(1 − p1n) − δ − p2n + p2t

δ
= 0

Because the Hessian of this Lagrangian is positive definite, we have 4 cases to consider
(see the following table).

For Case NR-1, it requires q1n = q2n−t = 0, which is not possible to
happen, so it should be omitted. For Case NR-2, by solving the systems of equa-

tions, it can be obtained that p1n = 1+2α̃2δ+cn−α̃δ+α̃cn−α̃s
2(1+α̃2δ)

, p2n = 1+cn
2 , p2t =

α̃δ+α̃2δs−α̃δcn−α̃2δ2−2δ+1+δα̃2+cn
2(1+α̃2δ)

and 
1 = (δ−ãδ+ãδcn−cn+s)
1+ã2δ

. 
1 > 0 requires that

s > (1 − α̃δ)cn − δ(1 − α̃). In this case, we have D2n−t = D1n = 1−cn+α̃δ−α̃cn+α̃s
2(1+α̃2δ)

,

and the non-negativity of this demand requires that s >
cn−1+α̃(cn−δ)

α̃
. Because

(1 − α̃δ)cn − δ(1 − α̃) − cn−1+α̃(cn−δ)
α̃

= (α̃2δ+1)(1−cn)
α̃

> 0, thus, the existence
of Case NR-2 requires that s > (1 − α̃δ)cn − δ(1 − α̃). Similarly we can see that
the condition when Case NR-3 exists is s ≤ (1 − α̃δ)cn − δ(1 − α̃). Note that in
Case NR-4, the trade-in demand is 0 with 
2 = −δ + cn − s, and 
2 > 0 requires
s < −δ + cn . ��
Proof of Proposition 8.

Because cr1 − cr2 = 2
√−2μcn + μ + c2nμ > 0 then we have cr1 − cr2 > 0. As

cr1cr2 = μ2−(−2μcn+μ+c2nμ) = μ[μ−(cn−1)2] = μ(
√

μ+1−cn)(
√

μ−1+cn).

Because DR
2n = n(−1+cn+μ−cr )

2(μ−1) > 0, which tells thatμ−cr > 1−cn > 0, and because
0 < μ < 1, then we have

√
μ >

√
μ−cr >

√
μ−cr −1+cn > μ−cr −1+cn > 0.

Thus cr1cr2 = μ(
√

μ+1−cn)(
√

μ−1+cn) > μ(
√

μ+1−cn)(
√

μ−cr −1+cn) > 0
and cr1 > cr2 > 0. By solving ∂(Π R

2n − Π R
2r )/∂cr = 0, we have cr = μ, where

(Π R
2n − Π R

2r ) reaches its maximum point. As 0 < μ < 1, thus, 0 < cr2 < μ < 1.
The non-negativity of DR

2r requires that μ − cr > μcn − cr > 0, which implies that
μ > cr . Thus, the possible cr that makes Π R

2n − Π R
2r > 0 or Π R

2n − Π R
2r ≤ 0 must

satisfy cr < μ. Because of the fact thatΠ R
2r −Π R

2n = (cr −cr2)(cr −cr1)
μ(1−μ)

, and therefore we

have two conditions to consider: (1) when cr2 < cr , or equivalently, cn ≤ cr +√
μ−μ√
μ

,

the value of (Π R
2n − Π R

2r ) is positive because cr − cr2 > 0 and cr − cr1 < 0; (2)

when cr2 ≥ cr , or equivalently, cn >
cr +√

μ−μ√
μ

, the value of (Π R
2n − Π R

2r ) is negative
because cr − cr2 ≤ 0 and cr − cr1 < 0. ��
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Proof of Proposition 9.

It can be obtained that cr4 − cr3 = 2
√

(cn−1+δ−s)2(μ−δ)
1−δ

> 0 then we have cr4 > cr3,

where cr3 = μ − δ + s −
√

(cn−1+δ−s)2(μ−δ)
1−δ

. Because 1 < μ < 1, then cr3 =
μ − δ + s −

√
(cn−1+δ−s)2(μ−δ)

1−δ
> μ − δ + s −

√
(cn−1+δ−s)2(1−δ)

1−δ
= μ − δ +

s − √
(cn − 1 + δ − s)2. As μ − δ + s > μ − cr − δ + s > 0, then we have

μ − δ + s + √
(cn − 1 + δ − s)2 > 0, and with the assumption that δ > s, we

can obtain (μ − δ + s + √
(cn − 1 + δ − s)2)(μ − δ + s − √

(cn − 1 + δ − s)2) =
(μ − 1 + cn)(μ − 2δ + 2s + 1 − cn) > 0. Thus, we have cr3 > 0. By solving
∂(Π R

2n−t −Π R
2r−t )/∂cr = 0, we obtain that when cr = −δ + s + μ, (Π R

2n−t −Π R
2r−t )

reaches its maximum point. As s −δ < 0, then we have< 0−δ+ s +μ < 1. Because
of the fact that the parabola (Π R

2n−t −Π R
2r−t ) is completely axial symmetry on cr , and

then we have two conditions to consider: (1) cr4 = μ − δ + s +
√

(cn−ξ)2(μ−δ)
1−δ

> 1,

in this case. (2) cr4 = μ − δ + s +
√

(cn−ξ)2(μ−δ)
1−δ

≤ 1, The rest of the proof is similar
to that of Proposition x, and we omit to show it. ��
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