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Abstract In this paper, we consider a generalization of the Gerstewitz’s function to
present several optimality conditions and existence theorems for a set optimization
problem without convexity assumptions. A characterization of set solutions for a set-
valued optimization problem is given via minimax inequalities.

Keywords Set-valued maps - Optimality conditions - Minimax - Set optimization

1 Introduction

It is well-known that the minimax theory is very important in several areas and has
many applications as, for instance, in methods, techniques and algorithm implemen-
tations. On the other hand, there is an increasing interest in the research about the
set-valued optimization problems whose solutions are given by sets.

This paper is motivated by [6,13]. We present some optimality conditions and
minimax properties for a set-valued optimization problem which general form is the
following one:

P) Minimize F(x)
subjectto x € C
where E is a normed vector space ordered by a convex cone K, X is a nonempty
set, C C X and F: X = E is a set-valued map.
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There are several solutions associated to (P) (see [9] for more details). If we con-
sider the vector criterion of solution the above problem is called vector set-valued
optimization problem while if we study set solutions then the problem (P) is called set
optimization problem. We are interested in set solutions but we also study optimality
conditions for vector optimization.

The aim of this paper is to apply the generalization of the Gerstewitz’s function
introduced in [5,6] to give optimality conditions for a set optimization problem. In
addition, by following the vector results given in [13], we show minimax properties for
a nonconvex vector set-valued optimization problem. In Sect. 2 we give the notations
and the generalizations of the Gerstewitz’s function which are considered through the
paper. Section 3 is devoted to optimality conditions. We give two existence theorems
of weakly /-minimal and /-minimal sets for families of K-compact sets respectively.
Motivated by [13], in Sect. 4, we present several minimax properties via the family
of functionals that define the order cone. We consider general classes of set-valued
maps without convexity assumptions and characterize solutions of set type. Finally,
we present some conclusions and possible future research.

2 Notations and preliminaries results

Throughout this work, we will assume that E is a normed vector space partially
ordered by a convex cone and closed K C E such that K N (—K) = {0}. We
denote by E* the dual space of E and by K* the negative polar cone of K, that
is, K* ={f € E*: f(k) < OVk € K}. We also assume that K is solid, that is, its
topological interior is nonempty.

Ify,z€ Ewedenoteby y <z (resp.y <z)iffz—y € K (resp. z — y € int K).
Givenx, y € E,wedenote [x,y]={z € E: x <z < y}.

Let A C E anonempty set. We denote the topological interior by int(A), the frontier
by d(A) and the convex hull of A bycoA. MinA = {x € A: (x — K)N A = {x}}
denotes the minimal elements of A and WMin A = {y € A: (y —int K) N A = ¢} the
weakly minimal elements of A. Replacing K by — K we obtain the maximal elements
Max A and the weakly maximal elements WMax A respectively. Given x € E we
denote by Ay = AN (x — K) the section of A at x.

Itis said that A is K -properif A+ K # E; K-convex if A+ K is aconvex set; K -closed
if A+ K is a closed set; K-bounded if for some r > QO onehas A C tB+ K (where B is
the open unit ball in E); K-compact if any cover of A of the form {Uy + K : Uy-open}
admits a finite subcover. Every K-compact set is K -closed and K -bounded (see [14]).

We denote by g0 (E) (resp. gok (E)) the family of nonempty subsets (resp. K-
proper subsets) of E.

To present the set criterion of solution for a set optimization problem, it is necessary
to consider set relations. We focus on the following one, called lower set relation. Given
A, B € po(E), A <! Biff B C A+ K. This set relation was presented by the first
time in the framework of vector spaces in [11]. It is clear that

A<'Be= A+K < B+K. (D
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We also define A <! B iff B C A +intK.Denote A ~! Biff A </ Band B <! A.

A sequence {A,} C go(E) is [-decreasing if A+ <! A, for all n. For a family of
sets S C go(E) and A € gpo(E) we denote by Sh = {X € S| X <! A} the [-section
of S at A.

Definition 1 Given S C go(E). Itis said that A € S is

— an /-minimal set of S, A € [ — MinS,if B Sand B </ A imply that A <! B.
— a weakly /-minimal set of S, A € [ — WMinS, if B € S and B <! A imply
A« B.

It is easy to check that/ — MinS C [ — WMin §S.

We denote by F: X = E a set-valued map where X is a nonempty set. We say
that its domain is C C X,dom F = C, if F(x) # () forevery x € C and F(x) = (
elsewhere. We denote by F(A) = (J, .4 F(x) the image of the set A C C under F
and by F = {F(x): x € C} the family of the image sets of F' on C.

Whenever “N” denotes some property of sets in E, it is said that F is “N”-valued
if F(x) has the property “N” for every x € C.

Definition 2 It is said that x € C is:
— an [-minimal (resp. weakly /-minimal) solution of (P), x € [ — Min F (resp.
X €l —WMin F), if F(x) € | — Min F (resp. F(x) € [ — WMin F).

— aminimal (resp. weakly minimal) solution of (P), x € Min F (resp. x € WMin F’)
if F(x) NMin F(C) # @ (resp. F(x) N WMin F(C) # ).

Note that if F is a vector valued map the notion of /-minimal (resp. weakly /-
minimal) solution of (P) is equivalent to minimal (weakly minimal) solution of (P).

Example 1 Consider E = R2, K = Ri and C = [0, 1]. Let F be defined as follows:
F(0) = [(—1,=1), (1, D] and F() = {(x, y): x> + y> < A%} for » € (0, 1]. It is
easy to check that F is a convex-valued, K -closed-valued, K-bounded-valued map,
[ —Min F = {0} andl — WMin F = {0, 1}.

In the sequel we consider that F is K-proper valued since if there exists x € C
such that F(x) + K = E, we have that x is a strong solution since F(x) <! F(x) for
all x € C and the problem (P) would be trivial.

Fixed A € po(E) and e € int(K) the generalized Gerstewitz’s function is denoted
by &,.4: E — R U {—00} and defined by

Ee.a(x) =inf{t e R: x ete — K + A} foreachx € E.
Analogously, if e € —int K we define ¢, o: E — R U {—00} by
Qe a(x) =inf{t e R: x e te+ K + A} foreachx € E.
In [1-4,13] the authors consider the above functions for A a singleton, A = {a}.

Taking ¢’ = —e we obtain

£ a(y) = de,y(a). @)
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It is well-known that such functions have many useful properties of separation and
monotonicity which play a central role in the proofs of the main results of the above
papers.

Note that ¢, 4 (-) is finite if and only if A is K-proper and ¢, 4(y) = infaea Pe.a(y).
In addition, if A is K -closed, then

¢e,A(y) = min¢e,a(y)' (3)
acA

(see [5,6]). From now on, we consider A € gog (E), thatis, ¢, a(-): E — Risareal
function.
We remark that ¢, 4(-) is a continuous, decreasing (i.e., y < z = ¢, A(2) <

¢e.4(y)) and strict decreasing (i.e., ¥y < 2 = ¢e 4(2) < ¢, a(y)) function. In general,
¢e.A(+) is not convex, as the following example shows:

Example 2 Consider E = R2 ordered by the Pareto cone, K = Ri. Ife = (-1, —1),
A={x,y):y= —x2—4x =3, x €[-1, 01}, y = (—1,0), y = (0, =3) it easy to
check that ¢ 4 () = ¢e,a(y") = 0and e a(3y + 5)) > 0.

The function ¢, 4(-) is convex if A is K-convex (see [5]).

Definition 3 Fixed ¢ € —int K and A € gpok (E). The function
Ge(A, ) ok (E) — R U {oo}
is defined by setting

Ge(A, B) = sup{¢e,a(b)} for B € pok(E). “
beB
Now we illustrate that the above generalization of ¢, 4 (-) could be calculated easily.

Example 3 Consider E = R? ordered by the Pareto cone, K = Ri. Ife=(-1,-1),
A=1[0,-1),@2,—Dland S = {[(1, 0), (1, 1)]: A € [0, c0)} we have

—1 ifr e[l 00)

Ge(A,[(2,0), x, D]) = {_,\ if A €[0,1)

3 Optimality conditions

In the sequel, we denote e € — int K. We study several types of efficient solutions by
using the functions defined in the previous section.

The following characterization of the weakly minimal elements extends [4, Corol-
lary 3.1(a)] and [14, Theorem 2.15] (for quasiconvex functions).

Proposition 1 Let A € po(E) and a € A. Then a € WMin A if and only if

Max ge (@) = ¢e.2(@) = 0.
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Proof From [6, Proposition 2.20] and [6, Lemma 2.17] we conclude. O

Fixed y € E it is possible to obtain a sufficient condition for weakly minimality
via a certain level set of ¢, 4(y).

Proposition 2 [6]Lety € Y, A € ok (E) and ¢e a(y) = ty € R. Consider A;(y) =
{a €A: ¢e,a(y) =< t0}~ Then
A (y) C WMin A.

In general, A;(y) = {a € A:y € fpe +a + K} # WMin A even when A is
compact, as we deduce the following example.

Example 4 Consider E = R and K = Ri. Fory = (—1,2),e = (—1,—1) and
A = co({(0, 1), (0, 3), (1,0), (2, 1)}) is easy to check that

Pe,a(y) =1
A1(y) = [0, 1), (0, 3)]
WMin A = [(0, 1), (0, 3)]JU [(0, 1), (1, 0)].

Therefore, WMin A # A{(y).
Proposition 3 Let B € ook (E), A, u € R verify u = max{¢, a(b): b € B} and
A =min{¢, a(b): b € B}. Then
() ¢, 4 () N B C WMin B.
(ii) ¢, 4 (1) N B C WMax B.
Proof Let see (i), (ii) follows analogously.
Let b € B be such that & = ¢, 4(b). Suppose that there exists ¥’ € B such that

b’ € b—intK. Since ¢, 4(-) is strict decreasing, we have u = ¢o 4 (b) < Po 4 (D)
which is a contradiction with . m]

In the following example we show that the previous result could be false if we
replace Min B by WMin B. In addition, in general, WMin B D ¢e_/1{ (u) N B and
WMax B 2 ¢, 4(») N B.

Example 5 Consider E = R? and K = R? the Pareto cone. Let e ,—1),

= (—1
A = co({(0,0), (0, ), (1,0), (1, D}, B = co(f{(—1,0), (=2,0), (=2, ), (=1, D}.
We can easily prove that

Min B = {(—2, 0)}
WMin B = [(=2,0), (=2, D]U[(=2,0), (=1, 0)]
Max B = {(—1, 1)}
WMax B = [(=2, 1), (=1, DTU[(=1, 0), (=1, 1)]

However, max ¢ o(B) = 2, ming, o(B) = 1 but ¢ 4N B = {(-2,n): y €

[0, 11} ¢ MinB, ¢_4(D N B = {(—=1,p:n € [0,1]} ¢ MaxB. In addi-
tion, (—=1,0) € WMin B, (-2,1) € WMax B but ¢, 4((—1,0)) = 1 < 2 and
Ge,a((=2,1)) =2 > 1.
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There exist families of sets which allow to locate all minimal elements of a set.
Corollary 1 Let B C E and S € go(E). The following conditions hold:
() IfA <! Bforall A € S, then UAES(qﬁ;}L‘(O) N B) € WMin B.
(i) If BNA(B+K) CUges9(A+ K), then WMin B C UAeS(qS;i‘(O) N B).

Proof (i) Let b’ € (U cs(¢, 4(0) N B), then b’ € B and there exists A’ € S with
¢e.ar(b') = 0. Since B C A’ + K, by [6, Lemma 2.17(ii)], we deduce ¢, 4/ (b) < 0
for all b € B. Thus,

max{g, a'(B)} = ¢e ar(b') =0

and, by Proposition 3(i), we have b € WMin B.
(i1) Let » € WMin B, then b € B N d(B + K). By condition (ii), there exists
A’ € S such that b € 9(A’ + K) and according to [6, Lemma 2.17(iv)], we obtain

Ge,ar(b) = 0. O
In terms of optimality conditions for a family of sets we obtain the following results.

Proposition4 Let A € S be a K-closed set. If maxges Go(A, B) = 0 then [ —
MinS ={BeS: A~ B)}.

Proof Suppose that G.(A, B) < Oforall B € §. Then A < B for all B € S by [6,
Theorem 3.10(iii)] and we conclude. O

Proposition 5 Suppose that S is a family of K -closed and K -bounded sets. Let A € S.
The following statements are equivalent,

(i) Ael—MinS
(ii) if B € S verifies that G,(B, A) < 0 then G.(A, B) <0
(ili) G.(B, A) > 0 forall B € S such that B ~' A.

Proof Tt follows from the definition of /-minimal set and [6, Theorem3.10]. O

Now, we show that fixed A € gox (E), it is possible to assert the existence of weak
[-minimal of S since [ — WMin qu C [ — WMin S by [7, Proposition3.2].

Proposition 6 Let S be a family of K -compact sets and A € gk (E). Suppose that
SQ # ¥ and every chain verifying

0<G.(A,By) < < G.(A, By) < Ge(A, Byy1) <---

with B; € Sg has a maximal elementin{G,(A, B): B € Si‘}. Thenl—WMin SQ # 0.

Proof Suppose that [ — WMin Sg =}, then there exists a sequence {B,} C Sg such
that

By« < By <! By <AL

@ Springer



Optimality conditions and minimax properties... 61

Since the operator G.(A, -) is monotonic ([6, Theorem 3.9(i)]) we obtain an strict
increasing chain

Ge(A,A) =0 < Ge(A,B1) <Ge(A,By) <+ < Ge(A,By) < -+
with B; € SQ. By hypothesis, there exists B € Sg such that
G.(A, B;) < G.(A, B) forall i.

To end the proof, it is sufficient to prove that B € [ — WMin Sg. On the contrary,
there exist B € S such that B’ <« B. Therefore, B’ € 82 and, again, by [6, Theorem
3.9(1)], G.(A, B) < G.(A, B’), which contradicts the maximality of G.(A, B). O

Theorem 1 Let S, A C pox (E) be such that G.(A, UBeS B) = m < oo. Suppose
that X = {B € S: G.(A, B) = m} is nonempty and each [-decreasing sequence in
X has a unique lower bounded in S, then | — Min S # (0.

Proof Let B € X. Suppose that / — Min ng = (). Then we can obtain an /-decreasing
{B,} C Sg such that B, ol B, 41 for each n. On the other hand, since B, 51 B,
UBeS B <! B, and G, (A, -) is decreasing with respect to <! we have

G.(A, B,) = m forall n.
Thus, by hypothesis, there exists By € S such that By <! B, for all n and, in addition,
By € I — Min S since By is unique one. O

The following example illustrates that the condition on X is necessary in the above
result.

Example 6 Consider E = R?, K = RY and S = {B;: » € R} where B, =
{(x,y) € R2:0 < x < A, y > )lc}. Then it is easy to check that for e = (—1, —1)
and A = {(0, 0)}, we deduce that {B,,: n € N} is an /-decreasing sequence such that
G.(A, B,) = G.(A, |, By) =0forallnbut! —MinS = ¢.

Theorem 2 Let A € o x (E) be a K-closed set. Suppose that there exists xg € C
such that F (xo) is K-compact and G.(A, F(C)) = G.(A, F(x9)) = m < oo. Then
xpo € WMin F C [ — WMin F.

Proof Let us see xg € WMin F. Since F(xp) is K-compact, by [6, Proposition 3.4],
there exists yo € F'(xo) such that

Ge(A, F(xo)) = max e a(y) = pe,a(yo) =m
YEF (x0)

and, by Proposition 3, we have yo € WMin F(xp). Since ¢, 4(-) is strict decreasing
we deduce yp € WMin F(C). Hence, x¢ is a weakly minimal solution.
We conclude, applying [6, Theorem 2.10]. O

Theorem 3 Suppose that F is K -closed valued. Let xog € C be such that:
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) UF(X)G}—JF(XO) F(x) is K-compact
(ii) for each l-decreasing sequence {F (x,)} C F with G(F(x¢), F(x,)) = m € R
for all n there exists x € C such that G,(F(x), F(xo)) + m < 0.

Thenl —Min F # (.
Proof By (i) and taking into account properties given in [6], there exist m € R and
x" € C such that F(x") <! F(xg) and for all x € C with F(x) <! F(xo)

m = G(F(xo), F(x")) = G(F (x0), F(x)).

In particular, m > 0 since G(F (x), F(xp)) = 0. Suppose that x" ¢ [ — Min F. Thus,
there exists x; € C with F(x;) <! F(x') and F(x) £/ F(x)). Again, if x; is not an
[-minimal of (P) we can obtain an /-decreasing sequence {F (x,)} C F fp o) such that

o= G(F(x0), F(xp)) = -+ = G(F(x0), F(x1)) = G(F(x0), F(x")) = m.

Thus, we obtain an [-decreasing sequence {F(x,)} C }'} such that m =

G (F (x9), F(xp)) for all n. By (ii), there exists x € C such that

(x0)

Ge(F(x), F(x)) +m =0

or G.(F(x), F(xg)+me) < 0,since G, (F(x), F(xg))+m = G.(F(x), F(xg)+me)
by [6]. Hence,
F(xo) +me C F(x)+ K 5)

If there exists x” € C such that F(x) C F(x")+ K, then F(x") C F(xg) + me + K
(by G(F (x0), F(x")) < m).From (5), we obtain F(x") C F(x)+ K and we conclude
x€l—MinkF. O

4 Minimax conditions for problem (P)

In this section, we are interested in the situation where K is defined by functionals of
the negative polar cone K*.

Lietal. [13] present necessary and sufficient optimality conditions of minimax type
for vector solutions of problem (P). We show that our generalization of the Gerstewitz’s
function allows us to obtain analogous results of minimax type for set solutions.

We study set solutions of a general nonconvex set-valued optimization problem and
give a characterization of the /-minimal solutions of (P) via minimax inequalities and
a necessary condition for the existence for a constrained problem.

In the sequel, we denote I' € E*\{O} suchthat K = {y € E: f(y) <0V f e T'}.
Assume that int K # () and e € int K. From (2) and [1, Proposition 2.3] we obtain

Sy — fla)
be.a = qup 222 6
) ielIZ fe) ©)

Consequently, ¢, 4(-) and G, (-, -) can be rewritten as follows:
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Proposition 7 Let A € po(E) and e € —int K. Then fory € E,

f) = fla)
acA fer f(e)

and for B € go(E),

o Fb) — fla)
CelA B) = sup ol S0 )

Note that, according to [6], if A and B are K-compact we can replace the first
“supremum” by “maximum” and the “infimum” by “minimum” in the above expres-
sions.

From now on, we assume K = {y
It is always possible since if IV = {
0 forall f' e I'"}.

We are now going to establish a characterization of minimax type for the /-minimal
solutions of problem (P).

e E: f(y) <0, f(e) =1forall f € T}.
%: feT}thenK = {y € E: f'(y) <

Theorem 4 Let F be K -closed valued. Then x is an l-minimal solution of (P) if and
only if

sup  min sup{f(yo) — fFON}} > 0 for x € C with F(x) = F(xo) (7)
yo€F (x0) YEF () fer

and

sup  min sup{f(yo) — fF(N}} =0 forx € C with F(x) ~ F(xg). (8)
YOEF (xg) YEF(X) fer

Proof Suppose that xo is an /-minimal solution of (P) and F(x) ~! F(xp). Thus,
F(x) j{l F(x¢) and, by [6, Theorem 3.10(ii)], G.(F (x), F(xp)) > 0 or equivalently,
by Proposition 7 and (3),

sup  min sup{f(yo) — f(y)} > 0.
yoeF (xg) YEF () fer

On the other hand, suppose that x € C and F(x) ~' F(xo). Applying [6, Theorem
3.10(iii)] now yields G.(F (x), F(xp)) = 0 or equivalently,

sup  min sup{f(yo) — f(»)}=0.
YOEF (x0) YEF(X) fer

Reciprocally. Suppose that (7) and (8) hold.

Let us prove that xp is an /-minimal solution of (P). On the contrary, there exists
x € C such that F(x) </ F(xp) and F(xo) £/ F(x). Again by [6, Theorem 3.10(iii)]
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and Proposition 7,

sup  min sup{f(yo) — f(»)} <0
YOEF (x0) YEF () fer

which is a contradiction since F(x) <l F (x0). O
As a consequence, we obtain the following characterization of vector solutions.

Corollary 2 Suppose that F is a single-valued map. Then xo € C is a minimal
solution of (P) if and only if F (xq) is the unique solution of problem

min - sup{f(F(xo)) — f(F(x))}.

F(x)eF(C) fer

In the following example we show that the above results allow us to simplify the
problem (P) to a Pareto problem (that is, via the Pareto cone).

Example 7 Consider E = R2, K such that K* is generated by { f1 = (=2, 1), fo =
(1,=3)},e = (—1,—1) and F = (Fy, F»): R — R2. According to Theorem 4 and
(7) we obtain

max{ 5 f1(F(x0) = F(x)), 75./2(F (x0) = F(x))} =
max{—2Fj(xo) + F2(x0) + 2F1(x) — F>(x),
$(Fi(x0) — 3F2(x0) — F1(x) + 3F>(x))} > 0

for F(xo) # F(x) and x € C. Thus, (xg, F(xp)) is a solution of problem (P) if and
only if xq is a Pareto solution of problem

min(H; (x), Hy(x))
where H (x) = 2F)(x) — F>(x) and Hy(x) = =3 F1(x) + 3 F>(x).
In the sequel, we study a constrained problem. Consider (P) such that
C={xeX:Gx)N(—=D) # ¥}

being G a set-valued map from X to a topological vector space Z ordered by a solid
convex cone D C Z.

Theorem 5 Let F be K-closed valued, A C Z*\{0} and D = {y € Z: g(y) <
Oforall g € A}. If xo is an [-minimal solution of problem (P), then the following
minimax inequality holds for any x € C such that F(x) «' F(xq)

sup {fo) — f(») +g@)} > 0forany y € F(x).
fer, geA, yoeF(xp), z6G(x)
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Proof Suppose that x € C and F(x) ! F(xp). Then, by definition of /-minimal
solution, we have F(x) ﬁl F (xp), that is, G.(F (x), F(xp)) > 0 or equivalently,

G (F(x), F(x0)) = sup e rx)(yo) > 0.
Yo€F (x0)

Thus, there exists y' € F(xo) such that ¢, () (y") > 0 and, by Proposition 7,

be,Fo(y) = inf sup{f(y") — f(»)} > 0.
yeF(x) per

Whence

JSCuI;{f(y/) — f(»} > O0forally € F(x).

Since the above condition is for some y’ € F(x) we obtain

sup sup{f(yo) — f(y)} > Oforally € F(x). )
Yo€F (xo) fel’

On the other hand, if x € C there exists 77 € G(x) N (=D). Thus, g(z’) > 0 for all
g € A and from (9),

sup sup{f(yo) — f(y)} + sup sup{g(z)} >Oforally € F(x)
Y€EF (xo) fel 7eG(x) geA

and we conclude. O

Corollary 3 Suppose that F is single-valued. If xo € C is a minimal solution of the
constrained problem (P) then for any x € C the following inequality holds

inf sup {f(F(x0)) — f(F(x)) +g()} = 0.
Y€C feT, geA, zeG(x)

Note that Theorem 3.2 and Corollary 3.1 in [13] are a sufficient condition and
a characterization for a vector set-valued optimization problem respectively. On the
other hand, in terms of vector problems with feasible set given by a set-valued map
(G) we obtain in the above Corollary a necessary condition not like Corollaries 3.2,
3.3and 3.4 1in [13].

See [16] for others minimax theorems in the sense of set optimization.

4.1 Particular case: Polyhedral cone

The expression (6) for the functional ¢, () can be more simplified if we consider E
ordered by a polyhedral cone.
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In the sequel we consider £ = R" and K a closed polyhedral cone such that K* is

generated by {h1, ..., h,}. Itis easy to check thatif e € —int K and a, x € E then:
(h.9x> - (h',Cl)
geat) = mpe | S

being (-, -) the euclidean scalar product. In particular, if K = R”, that is, for i €
—
{1,....nL, h; = O, ..., =1,...,0).Ife=(—1,...,=1),a = (ai,...,ay), x =
(X1, v ey Xn),s
Pe.a(x) =max {x; —a;} foreachy € E.
]

Let A be a K-bounded set. Given an element & € K* we define
hxA =sup{(h,a): a € A}.

Such a operation is well-defined since A is a K-bounded set, 7 x A < oco. Indeed, by
[14, Proposition 3.4], h(A) is h(K)-bounded. Since » € K*, h(K) is {0} or R~ and
therefore h(A) C Risaboundedset (2(K) = {0}) or upper boundedset (h(K) = R™).

Proposition 8 If A C R" is K-bounded and K -closed, then A has support points for
eachh € K*.

Proof Since h x A = sup{(h,a): a € A} < coand h € K*, we have h x A =
h x (A + K). From the continuity of 4, if A + K is closed, the set h(A + K) =
{h(a +k): a+k € A+ K} is aclosed set in R. Thus, there exist @ € A such that
(h,a) =hxA. O

Proposition 9 Let A, B C R” be K-compact sets and e € —int K and (h;,e) = 1
foralli € {1,...,m}. Then

G.(A, B) > max{h; x B — h; x A}. (10)
1

Proof Suppose that G.(A, B) = r € R, according to [6, Proposition 3.2],
BCA+re+ K.

Therefore, for each b € B there exista € A and k € K such thatb = a + re + k. For

i €{l,...,m}weobtain (h;, b) = (h;,a) + (hj,re) + (h;, k) < (hi,a) + r. Thus,

(hi,b) <hijxA+randh; x B <h;xA+rforeachi € {1,..., m}. Consequently,

max{h; x B —h; x A} <r.
l

In the following example, we illustrate that the inequality (10) could be strict.
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Example 8 Let R? be ordered by the Pareto cone, K = Ri. Consider h; = (—1, 0),
h) =(@,—1)ande = (—1,—-1).If A = [(4,5),(5,4)] and B = {[(%,O), 0,5
then,
hixA=—4andhyx A =—4
hixB=0andh,«x B=0
max{h; x B —h; x A} = 4.
1

However G.(A, B) # 4 since (1,0) € Bbut (1,0) ¢ A +4e + K.

Remark 1 We emphasize that whenever A is a singleton it is clear that the equality
(10) holds but it could be false if B is a singleton. Indeed, if B = {(0, 0)} in Example
8 we have G.(A, (0,0)) # max{h; = (0,0) — h; x A}.

]

5 Conclusions

By using a generalization of the Gerstewitz’s function, G,(-, -), we have obtained
several optimality conditions and minimax results in the framework of set optimization.
We show that such a function can be rewritten in a simpler form when the order cone
K 1is defined by a functionals set. Thus, the expression G.(A, B) could be easier to
compute.

As future research we propose to study a generalized parametric system with set-
valued map and establish equilibrium problems on nets by following [15] or [12] and
[1] respectively.

Likewise, it would be interesting to give algorithms to find set solutions by applying
different variants of the Gerstewitz’s function as Jahn cited in [8]. A preliminary paper
in this direction cold be Kobis et al. [10].
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