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Abstract Based on the memoryless BFGS quasi-Newton method, a family of three-
term nonlinear conjugate gradient methods are proposed. For any line search, the
directions generated by the new methods are sufficient descent. Using some efficient
techniques, global convergence results are established when the line search fulfills
the Wolfe or the Armijo conditions. Moreover, the r-linear convergence rate of the
methods are analyzed as well. Numerical comparisons show that the proposed methods
are efficient for the unconstrained optimization problems in the CUTEr library.

Keywords Nonlinear conjugate gradient method - Memoryless BFGS method -
Sufficient descent property - Global convergence

1 Introduction

In this paper, we consider the unconstrained optimization problem
min f(x), x € R", 1.1

where f:R" — R is continuously differentiable and its gradient g(x) is available.
Among different kinds of numerical methods for solving problem (1.1), nonlinear
conjugate gradient (CG) methods comprise a class of efficient approaches, especially
for large-scale problems, due to their low memory requirements and good global
convergence properties. A CG method generates a sequence of iterates xg, x1, X2, . . .
by using the recurrence
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Xkl =Xk +opdy, k=0,1,... (1.2)

where oy is a positive steplength computed by a line search and dy is the search
direction generated by the rule

dy = —gk + Brdr—1,  do = —go, (1.3)

where g = g(xx) and B is a CG parameter. Different choices for the CG parameter
Bi correspond to different CG methods. So far, the researches on the CG methods
have made great progress. There have been many famous CG methods, for example,
see [5,6,9-12,14,19,22,23,33], etc. In the survey paper [13], Hager and Zhang gave a
comprehensive review of the development of different versions of CG methods, with
special attention given to their global convergence properties. We refer to the survey
paper for more details.

In this paper, we are particularly interested in the Hestenes—Stiefel (HS) [14]
method, the Polak—Ribiere—Polyak (PRP) [22,23] method and the Liu—Storey (LS)
[19] method, in which the CG parameters are specified by

HS ngyk—l PRP g[yk—l LS g{yk—l
S = Sk — s B = el (1.4)
di_ 1 Yk—1 ll g1l —d;_,8k-1
where yy_1 = gr — gk—1 and ||.|| is the Euclidean norm. These methods have been

regarded as the most efficient CG methods and studied extensively, see [7,11,12,14,17,
22-25,29,30,32,33] etc. However, in summary, the convergences of these methods for
general nonlinear functions are still uncertain. In [24], Powell designed a 3 dimensional
example and showed that, when the function is not strongly convex, the PRP method
may not converge, even with an exact line search. Moreover, by Powell’s example
[24], the HS method may not converge for a general nonlinear function as well, since

,B}C'IS = ,BIFRP holds with an exact line search. In [24], for the PRP method, Powell

also suggested to restrict the CG parameter to be non-negative, namely, /SII:RP+ =

max{ ,BIERP, 0}. Inspired by Powell’s work, Gilbert and Nocedal [11] gave an elegant
analysis and proved that the PRP+ method is globally convergent when the search
direction satisfies the sufficient descent condition ng dy < —cllgk||* and the stepsize
oy is determined by the standard Wolfe line search. This technique can also be used to
analyze the global convergence of the HS+ method in which ﬂ,?er = max{ﬂ,ljs, 0}.

Recently, based on the standard HS, PRP and LS method, some descent CG methods
have been developed, see [4,12,16,29,32,33], etc. The first one is the well-known
CG_DESCENT method proposed by Hager and Zhang [12, 13], in which the parameter
Bx is defined by

T _ _ 2 Td_ 1
B V-1, lye—11~g dk Lo o L (15)

Bl = i
dl_ yi-1 @l yk-1)?
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An attractive property of this method is that, for any line search, the direction dj
satisfies the sufficient descent condition

1
T 2
di<—(1—-— . 1.6
8k Ak = < |9k> ll gl (1.6)

Hager and Zhang dynamically adjusted the lower bound on ﬂ,lfz by letting

-1
lldy—1 | min{n, |gk-11}"

—HZ
B =maX{ﬂ}<{Z,nk}, e = n>0,

and established the global convergence of their method when the line search fulfills
the Wolfe conditions

f Ok + adi) < f(xx) + Songf dy, (1.7)
gk + axdi) dy > o gl dy, (1.8)

where 0 < § <o < 1.

Similar to the CG_DESCENT method, there are some modified PRP and LS meth-
ods, such as the modified LS (MLS) method in [16] and the descent PRP (DPRP)
method in [29]. In these two methods, the CG parameters are defined by

MLS 8L Vk—1 llye—1 178} di—1
B =——% —O—— 5 (1.9)
8k—19k-1 (8{_1dk-1)
and . .
pPPRP _ 8k Yik—1 lyk—118) di—1 (L10)
— Yk s .
llgx—111? lgx—1l1*

where 6; > }1 is a constant. It is clear that the formulas (1.5), (1.9) and (1.10) have
similar structures. More interestedly, both MLS method and DPRP method satisfy the
sufficient descent condition (1.6). Based on some conditions, the global convergent
results were established.

Based on the secant condition often satisfied by quasi-Newton method, Zhang,
Zhou and Li developed sufficient descent three-term PRP and HS methods [32,33].
In the three-term PRP method [33], the search direction is defined by

T
PRP ; gk Yi—1

dv = =gk + By R do = —go- (1.11)

Similarly, in the modified HS method [32], they set

HS ngdk—l
di = =gk + By "dk—1 — k-1, do = —go. (1.12)
dk_lyk—l
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A remarkable feature of these methods is that the sufficient descent condition ng dp =
—|lgk|I* will always hold. Zhang et al. [32,33] analyzed the global convergence of
their methods with suitable line search.

Among the descent CG methods above, the CG_DESCENT method is the most
famous one. When the exact line search is used, the method will reduce to the standard
HS method. Interestedly, it can also be seemed as a member of the Dai-Liao [5] CG
methods, in which

8;<T)’k—1 ngsk—l
T —I=7 ’
Vio1%-1  de_ 1 Yk-1

IBEL: t >0,

where s;_1 = a&x—1dk—1. The CG_DESCENT method can be viewed as an adaptive
version of DL method corresponding to

llyk—1l? 1
= ekT—, 9]( > Z

Sg—1Yk—1

Due to the existence of the parameter ¢, the DL method has been seemed as a family
of CG methods and studied extensively, see [1,2,15,28,31], etc. Very recently, to seek
an optimal choice of the parameter ¢ in the DL method, Dai and Kou [4] provided the
following family of CG methods for unconstrained optimization

T
B () = _ngyk—l - (rk llyk—1l Sklyk—1> 81 Sk—1

dl | yi- st ve—r lse—1l? Jal e
where the parameter t; is corresponding to the scaling parameter in the scaled mem-
oryless BFGS method proposed by Perry [21] and Shanno [27]. Dai and Kou [4]
established the global convergence of their method with a improved Wolfe line search.

Inspired by the Dai—Kou method and the descent CG methods introduced above,
in this paper, we attempt to structure a family of three-term CG methods, in which
the search directions are close to the directions of the memoryless BEFGS method in
[20,26]. The rest of the paper is organized as follows: in the next section, we propose
the algorithm. In Sects. 3 and 4, we analyze the convergence of the proposed methods.
In the last section, we present some numerical results to test the efficiency of the
algorithms.

2 The algorithm
The limited memory BFGS method [18,20] is an adaptation of the BFGS method
for large-scale problems. It requires minimal storage and often provides a fast rate

of linear convergence. The direction of the self-scaling memoryless BFGS method
[21,27] is defined by

dfS = —Hpgr,

@ Springer



A family of three-term nonlinear conjugate gradient... 1915

where

1 Sk—1Yp_1 + Y157, Uyt ) se-15
Sk—1Yk—1 Tk Sp_1Yk—1 ] Sj_1Yk—1

where I denotes the identity matrix and 7 is a scaling parameter. Therefore, the
direction can be rewritten as

T 2 T T
8j Yk—1 k-1l 8j dik—1 8 dk—1
aS = —g+ | F— — u+ = 4 Sk—1 + —2———yi—
Sp_1Vk—1 Sp_1Yk—1 ] di_ 1 Yk—1 di_1Yk—1

—_

Dai and Kou [4] derived the new formula by seeking the conjugate gradient direction
which is closest to d,fs.

In d7S, if set 7, = 1, we will get the memoryless BEGS method proposed by
Nocedal [20] and Shanno [26], in which

T 2T T
8k Yk—1 lye—101"g; dr—1 & di—1
diBrOS = g + ( k - k di—1 + S (k=1 — su—1)-

Al yi—1 @r ye-1)? dl |y

We note that the direction d,';BF GS is in fact a linear combination of 8k, dr—1 and yg_1,
since sg—1 = ak—_1di—1. Based one the strategies used to design the the Dai—Kou
method [4], we think it is reasonable to replace the term (yx—; — sx—1) in d,EBFGS by
1 Yk—1 to construct a new search direction. Here, the scalar #; is a suitable parame-
ter. Combining the similar structure of formulas (1.5), (1.9) and (1.10), we give the
following scheme

die = =gk + BNV di_1 + My—1, do = —go, 2.1
T 2T
8 Yi—1  yk—111"gj di—1
prEW _ S . : k ’ 2.2)
Tk Zk
T
dy— _
=L g <7<, (2.3)
Tk

where zy, is a scalar to be specific, and 7 is a constant to guarantee the sufficient descent
property of the new search direction. In practical computation, we set 7 = 0.3 and

calculate #; by
T
Sk —
f, = min {7, max {0, 1 — y";"; . (2.4)
lye—1ll

yjz-,lskfl
llye—111%

In the formula above, the scalar (1 — ) is the solution of the univariate minimal

problem
min || (ye—1 — sk—1) — tye—t1ll*, t € R.
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1916 M. Li

We calculate #; by (2.4) to make the direction defined by (2.1) close to the direction
of the memoryless BEGS method.

Lemma 1 [f the sequences {xi} and {di} are generated by (1.2) and (2.1), then
(1 —l— PG
gl di < — (1 - ) lgell®. 25)

Proof Since dy = —go, we have go I'dy = —|lgol|%, which satisfies (2.5) since 0 <
fr <1t < 1. Multiplying (2.1) by gk , we have

gl di = —llgell® + B gl diot + gl v
givk—1  lyk—1l1?g} di-1 gl di—
=_||gk||2+< b - 8i i1 + 1t ——gl v
2k 7
2
glvimigldiot =1l (g di—n
= —llgkll* + (1 4 1) F——=* (2k )
Zk 7
2
) Lt 7\ [(vagldin\ -1l (] dii)
= —llgkll”+2 5 Sk - 3
2k 7
2 2T 2
(1 +1)? Iye—111? (g{ di—1 k=117 (8 di—1
< —llgell® + ——llgl® + ( - (2k )
Zk 2k
(1 +1)?
= —llgkll® + ——llgll®
(1+471)?
—<1— gl
which completes the proof. O
Inthe scheme (2.1)—(2.3), different choices for the scalar z; in ﬂ}c\IEW will correspond

to different modified CG methods. In this paper, we are mainly interested in the
following three cases.

— For z; = dkT _1Yk—1, we get amodified HS method and the parameter ,B}jEW

to 1% with 6; = 1. If an exact line search is used, this method will reduce to the
standard HS method since g; T dv_1 = 0 holds for k > 0.

— For zx = |lgr-1 || , we get a descent PRP method.

— Forz = — kT_lgk_l, we get a modified LS method.

equal

It follows from Lemma 1 that the new methods are sufficient descent. However,
how to prove the global convergence is still a problem, especially when the Armijo
or the standard Wolfe line search is used. To establish the global convergences of
CG methods, a common technique is to use the truncated technique in [11] to restrict
the the parameter B; to be nonnegative. Differently, in this paper, we will use a new
technique to set the lower bound for z; to guarantee the global convergence of the
proposed methods.
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— Weset zx = max{t||dk—1]l, dkT_lyk,l} with some constant T > 0 to get a modified
HS method, which we call the THS method.

— We let zx = max{t||dr—1l, ||gk—1 ||2} to obtain a modified PRP method which we
call the TPRP method.

— We choose zx = max{t||dik—1]l, —dkT_lgk_l} to get a LS type method which we
call the TLS method.

In these methods, we always have zx > 7|/dk—1]|. This inequality is very helpful to
establish the global convergence of the proposed methods. In the rest of this paper,
for simplicity, we will only analyze the global convergence of the TPRP method. The
conclusion can be extended to other methods in a similar way. Based on the precess
above, we present concrete steps of the TPRP method as follows:

Algorithm 2.1 (The TPRP method)

Step 0. Initiate xo e R", ¢ >0, 7t >0and0 < § <o < 1. Set k := 0;
Step 1. Stop if || gkllco < €, Otherwise go to the next step;

Step 2. Compute dy by (2.1) with zx = max{t||dk—1l, | gk-1 ||2};

Step 3. Determine the steplength oy by a line search.

Step 4. Let Xp+1 = X + axdy;

Step 5. Set k :=k + 1 and go to Step 1.

It is not difficult to establish the global convergence of the TPRP method when
the Wolfe or Armijo line search is used. However, the numerical performance of the
TPRP method in practical computation is not as good as we expect. In the new method,
we still can not guarantee the scalar ,BII{\IEW to be nonnegative. When ,B,IjEW < 0, we
think that the term BNEWdj_; in (2.1) will reduce the efficiency of dj, since di—; is
a sufficient descent direction of f at xx_; which is close to xi. Therefore, we give a
truncated TPRP (TPRP+) method by setting

—g, if  BNEV <0,
dy =

ngRP, else,

where dkTPRP is the direction defined in the TPRP method. It is clear that the TPRP+
method is sufficient descent and satisfies (2.5). Similarly, we can define THS+ and
TLS+ methods by using this truncated technique.

In the next sections, we will establish the global convergence of the TPRP method
when the Wolfe or the Armijo line search is used. All the convergence results of the
TPRP method can be extended to the TPRP+ method in a similar way. From now on,
throughout the paper, we always suppose the following assumption holds.

Assumption A (I) The level set 2 = {x € R": f(x) < f(xo) is bounded.
(Il) In some neighborhood N of £2, function f is continuously differentiable and
its gradient is Lipschitz continuous, namely, there exists a constant L > 0 such
that

lgx) =gl = Lllx —yll, Vx,yeN. (2.6)
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The assumption implies that there are positive constants B and y; such that

[xll<B and [g)Il =y, Vxe£. 2.7

3 Convergence analysis of the TPRP method with Wofle line search

In this section, we devote to the global convergence of the TPRP method when the
Wolfe line search is used. The following useful lemma was essentially proved by
Zoutendijk [34].

Lemma 2 Suppose that the conditions in Assumption A hold, {gr} and {dy} are gen-
erated by the TPRP method with the Wolfe line search (1.7)—(1.8), then

— llgxll*
}:-{?—7 < +o0. G.1)
2y

Theorem 1 Suppose that the conditions in Assumption A hold and {g;} is generated
by the TPRP method with the Wolfe line search, then

lim [lgkll = 0. (3.2)
k—o00

Proof 1t follows from the descent condition (2.5) that ||dx—1] # O holds for k > 1.
Since zx = max{z||de_1 |, llgx—111%}, we have

Zk = Tlldk—1]l > 0.

Combining this with (2.2), (2.6) and (2.7) gives

il < Ngell + [BYEY | it + el

T
8k V=1 llya— 117 di—y gl dioi
< llgwll + |2 z2k 11l + |t =2 k-1l
k
lgrlllye—tll | lye—11?llgkllllde—1 ||>
< + + die—
Il ( T ldi1l g ) 14
tlgelllde—nl
Tlldi—1|
lgell2yr | 4velgl AN
< + + —1ll 4+
< gl (T“ ao T T ) e+ =

2 4yf 2th1
(1 + ==+ —1 + =) llgxll
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4y, by
1+ —— +— ll gl

2 Cllgxll-

Namely,
ldill < Cligkll. (3.3)

Combining this with (3.1) gives
Cligel®
Zugkn2 Z S <o
= dy]

This implies limy_, « || gk || = 0. The proof is completed. O

4 Convergence analysis of the TPRP method with Armijo line search

In this section, we analyze the global convergence of the TPRP method with the Armijo
line search, that is, the steplength satisfies

f Ok +odi) < f(xx) + Songl dy, (4.1)

where o = max{aopi,i =0,1,2,...} with0 < p,8 < 1, ap € (0, 1] is an initial
guess of the steplength. If the conditions in Assumption A hold, it follows directly
from (3.3) and (2.7) that

ldill = Cligkll < Cy1. (4.2)

Theorem 2 Suppose that the conditions in Assumption A hold, {gi} is generated by
the TPRP method with the Armijo line search (4.1). Then either || gr|| = O for some k
or
lim inf || gx|| = O. (4.3)
k— 00

Proof Suppose for contradiction that liminfi_ oo |grll > O and ||gx|| # O for all
k > 0. Define

y = inf{llgcll:k = 0}.

Then
llgkll = ¥ >0, Vk=0. 4.4)

From (2.5), (4.1) and the conditions in Assumption A, we have

lim o\ gcll* = 0. 4.5)
k—o00
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1920 M. Li

On one hand, if lim infx_, o, ot > 0, (4.5) gives lim inf;_, o || gx|| = 0, which contra-
dicts (4.4). On the other hand, if lim infj_, oo iz = 0, then there exists a infinite index
set K such that

lim o =0 (4.6)
keK, k— oo
When k € K is large enough, the Armijo line search rule implies that o~ does not
satisfy (4.1), namely
FQe+ p~ o) = f () > 8o engy di @7

We get from the mean value theorem and (2.6) that, there is a & < [0, 1], such that

Fla+p awd) — fx) = p~ oug ok + &xp i) di
= p opgl di + p~ o (g (e + Exp ) — i) T dk
< ploggldi + Lp~>a?||dy]|*.

This together with (4.7), (4.2) and (2.5) gives

1 N2
(1—8)(1—( j” )ngknzs(a—l)gldk

1 2

< Lo~ alldgll

< akL,o_lC2y12.

Combining this with (4.6) gives lim infyek x—o0 ||gk|l = 0. This also yields contra-
diction and the proof is completed. O

5 Linear convergence rate

In this section, we analyze the r-linear convergence rate of the TPRP method when
the objective function f is twice continuously differentiable and uniformly convex,
that is, there are positive constants m < M such that

mllyll> < yTV2f(x)y < M|y, Vx,y eR", (5.1)

where V2 £ (x) denotes the Hessian of f at x.

Lemma 3 Suppose that f is twice continuously differentiable and uniformly convex.
Then the problem (1.1) has a unique solution x* and

1 1

§m||x — X7 < fx) = f(xH) < EM||x —x*|?, Vx e R", (5.2)
mllx — x*|| < lgx)| < M|x —x*||, Vx eR", (5.3)
mlx =y < (gx) —gONT(x —y) < M|x —y|?, V¥x,y eR", (5.4)
lg(x) — gl < Mllx — yll, Vx,yeR" (5.5)
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Moreover, for any xg € R", the level set §2 L2 (xeR": f(x) < f(x0)} is bounded
and there is a constant By > 0 such that

lxll = Bo, Vx € £2. (5.6)

Based on the assumptions above, it is no difficult to prove the following convergence
theorem.

Theorem 3 Suppose that f is twice continuously differentiable and uniformly convex.
If {x} is generated by the TPRP method with the Wolfe or the Armijo line search, then
this sequence converges to the unique solution of problem (1.1).

In order to prove the r-linear convergence of the TPRP method, we first give the
following lemma, which gives a lower bound of the stepsize o.

Lemma 4 Suppose that f is twice continuously differentiable and uniformly convex,
the sequence {x\} is generated by the TPRP method with the Wolfe or the Armijo line
search. Then there is a constant C1 > 0 such that

ar > Cy, Vk>0. 5.7

Proof Since zx = max{z||dx_1ll, lgk—111*}, we get from (2.1), (2.2), (2.3), (5.5), (5.6)
that

il < Ngell + [BYEY | it + el i

T 2. T T
8 Vi1 lyv—1lI"g; di—1 & dk—1
< llgell + |2=— — Zz" 11| + |t =2~ k-1l
k
lgkllye—1ll  Nyk—tllgelllldi—1
< di—
= el +( | 2lgp )14
tellgrllllde—1 |l Iyt
Tldi—1l
2MBy 4M?B2 t
< lleel Il gkl 0 ! o 18kl e [ + k||gk||2MBO
Tl di—1l 72| dk 1| T
2MBy 4M’B 42MB
<|I+ +—+ I8l
T T
4MBy 4M’B}
<(1+ +—2 | llgkll-
T T
Therefore 5
2 4MBy, 4M?B%\
laxl? (), AMBo  AMCBE) C, 55
(il T T
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When the Wolfe line search is used, we get from (2.5), (1.8) and (5.5) that

(1—0)(4—(1+1?)

1 lgell* < (0 — Dgl di < (g1 — g0) " die < Ma|ldi |1

By (5.8),

(I-o)(@-0+D)lgl? A=) (¢-(1+D°)C
- 4M ||d ||? - aM

Ok

When the Armijo line search is used. By the line search rule, oy # «p implies
p’] oy dose not satisfy (4.1). Similar to the proof of Theorem 2, we can prove that

_ P =)@ —0+D%) &l _ p(1 =85 - (1+D)C

[07
k 4M Idel2 ~ 4M

So we can get (5.7) by setting

. {(1 —o)d—-1+DHC p(1 -8 - +?)2>cz}
C{ = min s .
aM 4M

The proof is completed. O

Theorem 4 Suppose that f is twice continuously differentiable and uniformly convex,
x* is the unique solution of problem (1.1) and the sequence {xi} is generated by the
TPRP method with the Wolfe or the Armijo line search. Then there are constants a > 0
andr € (0, 1) such that

e —x*|| < ar*. (5.9)

Proof From the Wolf condition (1.7) or the Armijo condition (4.1), we have
FOu) = FOF) < FOw) = f(F) + Sangy di

1 2
< flu) — f(*) — bay (1 ¢ :” ) lgill?

1 N2
< fl) — f(*) — 8C (1 _ ¢ j’) >m2||xk P

28C1m? (1 _a +1)?

< flw) = ) = o’ 1

_[, 28C1m?> . (147)?
o M 4

) (f C) = f(x)

)] (f (k) — f(x™).
Then we get,
Fo) = F) < (flu—) — £&5) < - < (Fxo) — £(69),
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where

> —a\ 12
r:[l—zsi;m (1—(1:” )} € (0, ).

Combining this with (5.2) gives

2
lxg —x*||7 <

2
(fa) — f(x) < -~ (f(xo) — f(x™) r2k.

ENES]

Hence we can obtain (5.9) by letting a = /2 (f(x0) — f(x*)) /m. The proof is
completed. O

6 Numerical results

In this section, we report some numerical results of the proposed methods and compare
their numerical performances with that of the CG_DESCENT method [12]. The test
problems are the unconstrained problems in the CUTEr library [3] with dimensions
varying from 50 to 1000. We excluded the problems for which different solvers con-
verge to different local minimizers. We often ran two versions of the test problem for
which the dimension could be chosen arbitrarily. Table 1 lists the names (Prob) and
dimensions (Dim) of the 152 valid test problems.

All the methods were coded in Fortran and ran on a PC with 3.7 GHz CPU processor
and 4 GB RAM. The code for our methods are modifications of the subroutine of
CG_DESCENT method. We terminated the iteration when ||g [loc < 107°. Detailed
numerical results are omitted here since the data is too much.

Figures 1, 2, 3 and 4 plot the performances of the methods relative to the total
number of iterations and the CPU time by using the profiles of Dolan and Moré [8].
The curves in the figures have the following meanings:

— “CG_DESCENT” stands for the CG_DESCENT method with the approximate
Wolfe line search [12]. We use the Fortran code (Version 1.4, November 14, 2005)
from Prof. Hager’s web page: http://www.math.ufl.edu/~hager/ and the default
parameters there.

— “TPRP” stands for the TPRP method with the same line search as “CG_DESCENT".
We set 7 = 10~ for the scalar Zx in ,BIIjEW and the parameter #; in (2.3) is calculated
(2.4) with 7 = 0.3.

— “TPRP+”, “THS”,“THS+",“TLS”,“TLS+" denote the TPRP+, THS, THS+, TLS
and TLS+ methods with the same line search and parameters as “TPRP”, respec-

tively.

We observe from Figs. 1, 2, 3 and 4 that the performances of the TPRP+, THS+ and
TLS+ methods are close and obviously better than that of the CG_DESCENT method.
Since all the methods are implemented with the same line search, we conclude that, on
average, the TPRP+, THS+ and TLS+ methods seem to generate more efficient search
directions. We also observe that, the performance of the TPRP+, THS+ and TLS+
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Table 1 The problems and their dimensions

No.  Prob Dim No.  Prob Dim No. Prob Dim

1 ARGLINA 100 52 DIXMAANK 300 103  NONDQUAR 500
2 ARGLINA 200 53 DIXMAANK 1500 104 NONDQUAR 5000
3 ARGLINB 100 54 DIXMAANL 300 105 NONMSQRT 100
4 ARGLINB 200 55 DIXMAANL 1500 106 OSCIPATH 100
5 ARGLINC 100 56 DIXON3DQ 1000 107 OSCIPATH 500
6 ARGLINC 200 57 DIXON3DQ 10000 108  PENALTY1 500
7 ARWHEAD 100 58 DQDRTIC 500 109  PENALTY!1 1000
8 ARWHEAD 1000 59 DQDRTIC 1000 110  PENALTY2 50
9 BDQRTIC 100 60 DQRTIC 100 111 PENALTY2 100
10 BDQRTIC 1000 61 EDENSCH 2000 112 PENALTY3 50
11 BDQRTIC 5000 62 EG2 1000 113 PENALTY3 100
12 BOX 100 63 ENGVALI 100 114  POWELLSG 1000
13 BOX 1000 64 ENGVALI 5000 115 POWELLSG 10000
14 BROWNAL 100 65 ERRINROS 50 116 POWER 500
15 BROWNAL 200 66 EXTROSNB 100 117 POWER 1000
16 BROYDN7D 5000 67 EXTROSNB 1000 118  QUARTC 500
17 BROYDN7D 10000 68 FLETCBV2 5000 119  QUARTC 10000
18 BRYBND 1000 69 FLETCBV2 10000 120 SCHMVETT 500
19 BRYBND 10000 70 FLETCBV3 100 121  SCOSINE 100
20 CHNROSNB 50 71 FLETCHBV 100 122 SCURLY10 100
21 COSINE 1000 72 FLETCHCR 100 123 SCURLY20 100
22 COSINE 10000 73 FLETCHCR 1000 124 SCURLY30 100
23 CRAGGLVY 1000 74 FMINSRF2 1024 125  SENSORS 100
24 CRAGGLVY 5000 75 FMINSRF2 5625 126 SINQUAD 1000
25 CURLY10 100 76 FMINSURF 5625 127  SINQUAD 10000
26 CURLY10 1000 71 FREUROTH 100 128  SPARSINE 50
27 CURLY20 100 78 FREUROTH 5000 129  SPARSINE 100
28 CURLY20 1000 79 GENHUMPS 100 130 SPARSQUR 1000
29 CURLY30 100 80 GENHUMPS 5000 131 SPARSQUR 5000
30 CURLY30 1000 81 GENROSE 100 132 SPMSRTLS 4999
31 DECONVU 61 82 GENROSE 500 133 SPMSRTLS 10000
32 DIXMAANA 3000 83 HILBERTB 50 134 SROSENBR 5000
33 DIXMAANA 9000 84 HYDC20LS 99 135  SROSENBR 10000
34 DIXMAANB 3000 85 INDEF 1000 136 TESTQUAD 1000
35 DIXMAANB 9000 86 INDEF 5000 137  TESTQUAD 5000
36 DIXMAANC 90 87 LIARWHD 5000 138  TOINTGOR 50
37 DIXMAANC 9000 88 LIARWHD 10000 139  TOINTGSS 1000
38 DIXMAAND 3000 89 MANCINO 50 140  TOINTGSS 5000
39 DIXMAAND 9000 90 MANCINO 100 141  TOINTPSP 50
40 DIXMAANE 300 91 MODBEALE 200 142 TOINTQOR 50
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Table 1 continued
No. Prob Dim No. Prob Dim No. Prob Dim
41 DIXMAANE 1500 92 MOREBV 100 143 TQUARTIC 1000
42 DIXMAANF 3000 93 MOREBV 500 144  TQUARTIC 5000
43 DIXMAANF 9000 94 MSQRTALS 100 145  TRIDIA 100
44 DIXMAANG 1500 95 MSQRTALS 1024 146  TRIDIA 10000
45 DIXMAANG 9000 96 MSQRTBLS 100 147  VARDIM 100
46 DIXMAANH 3000 97 MSQRTBLS 1024 148  VARDIM 200
47 DIXMAANH 9000 98 NONCVXU2 5000 149  VAREIGVL 1000
48 DIXMAANI 300 99 NONCVXU2 10000 150  VAREIGVL 5000
49 DIXMAANI 1500 100 NONCVXUN 100 151 WOODS 4000
50 DIXMAANIJ 300 101 NONDIA 5000 152 WOODS 10000
51 DIXMAANIJ 1500 102 NONDIA 10000
P P
10+ 10
————— CG_DESCENT —-—-——" CG_DESCENT
o TPRP ' s THS
TPRP+ THS+
0.0 L L L — 7 0.0 L L L T
1.0 1.5 20 25 3.0 1.0 1.5 2.0 2.5 3.0
Fig. 1 Performance profiles relative to the total number of iterations (a)
P P
1.0 1.0
e L B S E——
04
77777 CG_DESCENT —_—— TPRP+
02F 02F
7777777777 TLS ----------  THS+
TLS+ TLS+
00 . . . LT o0 . . LT
1.0 1.5 2.0 25 3.0 1.0 1.5 2.0 25 3.0

Fig. 2 Performance profiles relative to the total number of iterations (b)
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0.2

0.0

CG_DESCENT
TPRP
TPRP+

L L L L

02

T

1.0

0.0 L L L L

3.0 1.0

Fig. 3 Performance profiles relative to the CPU time (a)

0.0

1.0

T 0.

.0
1.0

Fig. 4 Performance profiles relative to the CPU time (b)

methods are better than that of the TPRP, THS and TLS methods, correspondingly.

This means that the nonnegative restriction on the CG parameter

,BII(\IEW is benefit to

improve the efficiency of the methods.
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