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Abstract This paper considers a family of cutting planes, recently developed for
mixed 0-1 polynomial programs and shows that they define facets for the maximum
edge-weighted clique problem. There exists a polynomial time exact separation algo-
rithm for these inequalities. The result of this paper may contribute to the development
of more efficient algorithms for the maximum edge-weighted clique problem that use
cutting planes.
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1 Introduction

The maximum edge-weighted clique problem (MEWCP) is a well known combina-
torial optimisation problem which consists of finding a maximum weight clique with
no more than b nodes in a node- and edge-weighted complete graph. The weight of a
clique is defined as the sum of the weights of all its nodes and edges. More formally,
the MEWCP is defined as follows. Given a complete undirected graph G = (N, E)
with node set N, edge set E, an integer number b < |N| — 1, weights w; € R associ-
ated with each node i € N and weights ¢, € R associated with each edge e € E, the
MEWCP consists of finding a sub-clique C = (U, F) of G such that the sum of the
weights of nodes in U and edges in F' is maximised and |U| < b. It can be formulated
as follows:
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max Y, wiXj + D CeVe (1a)
ieN ecE

s.t. S xi<b (1b)

ieN

Vij < X for (i, j) € E (Ic)

Yij < Xxj for (i, j) € E (1d)

xXi+x;j<y;+1 for(i,j)e E (le)

x;i €{0,1} fori e N (1f)

ve € {0, 1} fore € E (1g)

Note that due to the McCormick inequalities [12] (1¢)—(1e) and the constraint (1f),
the variables y,, e € E can be assumed to be continuous between 0 and 1.

The MEWCP has many applications, especially in certain facility location prob-
lems, see [3,10,17,18]. Other important applications of the MEWCP that arise in
molecular biology are given in Hunting [6]. The MEWCP is a generalization of the
well studied maximum clique problem, which is known to be NP-hard, see [20] for a
review of solution approaches for the maximum clique problem. On the other hand,
the above formulation of the MEWCP can also be seen as a particular case of the
quadratic knapsack problem for which plenty of exact and heuristic methods exist, see
[2,5,16].

Numerous solution methods have been proposed in the literature for the MEWCP.
We refer the reader to Wu and Hao [20] for a recent review of exact and heuristic
solution methods for the MEWCP. The most successful algorithms proposed in the
literature for the MEWCP use a branch-and-cut framework. The availability of strong
valid inequalities is key to the success of these algorithms. Ideally, one would like
to use cutting planes that are facet defining and computationally ‘easy’ to generate.
Several families of facet defining inequalities are proposed in the literature for this
purpose, see for example [7-9,11,13,14,19].

In this paper, we first consider a family of cutting planes that have recently been
developed by Djeumou Fomeni et al. [4] for the general mixed 0—1 polynomial pro-
grams, and which can be separated efficiently in polynomial time. Then we prove that
under certain conditions, one of the inequalities in this family defines a facet for the
MEWCEP. This result may contribute to the development of more efficient algorithms
for the MEWCP that use cutting planes.

The rest of this paper is organised as follows. In Sect. 2, we review the relevant
literature, and in Sect. 3 we provide the proof that the (s, ¢) inequalities define facets
of the MEWCP.

2 Literature review
We refer the reader to [1,3,7-9,11,13,14,19] for more details on other existing facet
defining inequalities and solution methods for the MEWCP. For the sake of brevity,

we restrict our literature review to the paper of Djeumou Fomeni et al. [4] in which
they presented the cutting planes that are discussed in this paper.
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2.1 The family of (s, #) inequalities for 0-1 quadratic programs

Given alinearinequality «” x < 8, witha € Q", B € Qletus define the corresponding
quadratic knapsack polytope as

Q := conv {(x, y) € {0, 1}n+('5) calx <B, yij = xixj for (i, j) € E}

For any § C N and any o € Q", we will let a(S) denote > ; ¢;, ST denote
{ieS:a; >0}and S~ denote {i € S : o; < 0}.

The method for generating inequalities presented in [4] is based on the following
idea. First, we construct a cubic valid inequality, by which we mean a non-linear
inequality that involves products of up to three x variables, but no y variables. Then,
we weaken the cubic inequality, in order to make it valid for Q. For example, we can
take the inequality alx < B, and two binary variables, say x; and x;, and form the
following three cubic inequalities:

B — o’ x)xsx, > 0 )
B—a’x)x,(1—x)>0 3)
B —alx)(1 —x,)(1 —x;) > 0. 4

Since quadratic terms of the form x; x ; can be replaced with y;;, and linear and constant
terms can be left unchanged, the only real issue is how to deal with cubic terms, of
the form x;x jx;. The following lemma addresses this issue:

Lemma 1 Let x;, x;j and xj. be three variables, all constrained to lie in the interval
[0, 1]. Let y;j = x;xj, and similarly for y;; and y ji.. Then we have the following lower
bounds on x;x jxy:

xixjxe = max {0, yij + yik — Xi, Yij + Yjk — Xj, Vik + Yjk — Xk} ©)
and the following upper bounds:
xixjxe < min {yij, yik, ik, 1 —Xi —xj — X + yij + Yik + yjk} - (6)

Itis shown in [4] that (5) and (6) provide the best possible under- and over-estimators
of the product term x;x j xi.

The following theorem characterises the cutting planes that can be derived by
weakening the cubic inequalities (2), (3) and (4), respectively. It turns out that they
give rise to three huge (exponentially-large) families of valid inequalities for Q.

Theorem 1 For any pair {s,t} C N, let S, T and W be disjoint subsets of N\{s, t}
and let R denote N\({s,t}USUT UW).

1. Then the following (s, t) inequalities are valid for Q:

Z Qi Yis + Z o Yir — Zaixi < —a(W7) + a(STUW)x,
ieSUW ieTUW ieW
+ a(TTUW)x + (B—alfs,t}USTUTTUWT UR)) yy. @)
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2. The following mixed (s, t) inequalities are valid for Q:

Daixi+ D wiyis— D, iy <a(WH+(B—a({sUSTUWT))x
ieW ieTUR ieTUW
—a(WTUTHx, + (a(fs}US"UT-UWTURY) — B) yg. ®)

3. The following reverse (s, t) inequalities are valid for Q:

D wixi— D wivie— D iy < B—a (W) + ((STUWT) - B) xg
ieSUTUR i€TUR ieSUR
+ ((TtUW) = B)x, + (B—a(STUTTUW™ UR)) yy. )

These inequalities can be strengthened further, see [4] for details. Our contribution
in this paper consists of proving that under certain conditions, the (s, 7) inequalities
(7) are facet defining. We also remark that the particular case of the mixed (s, t)
inequalities obtained when S =T = R =@ ando = (1, ..., 1) was previously given
in [7] and proved to be facet defining for the MEWCP.

2.2 Separation of the (s, ) inequalities in On3) time

Since the inequalities presented in Theorem 1 are exponential in number, we need
separation algorithms. For a given family of inequalities, the separation algorithm
takes a fractional point (x*, y*), solution of the LP relaxation, as input, and outputs a
violated inequality in that family, if one exists.

It turns out that the separation problems for the (s, ¢) inequalities (7), mixed (s, t)
inequalities (8) and reverse (s, #) inequalities (9) can each be solved exactly in On?)
time [4]. Indeed, there are (g) choices for the pair {s, t}. Now assume that s and ¢ are
fixed. The (s, r) inequality can be rewritten as:

D (s + Y = x) + D @ilie + Yo —x¥) + D, @i(yis + yir — %)

ieSt ieTt iew+
+ D aiyis+ D v+ D (1= xi — Xy — X + Yis + Yir + Yst)
ieS— ieT— ieW—
+ Z a;ysy < (B —ag —ay)ys.
ieR™

Observe that, in this form, the right-hand side is a constant for the given «, 8, s and ¢.
Then, to find a most-violated (s, ¢) inequality, if any exists, it suffices to maximise the
left-hand side. This can be done using the following algorithm. Consider each node
i € N\{s,t}in turn. If o; > 0O, place i in one of the sets S, 7, W or R, according
to which of the following four quantities is largest: y* + y¥ — xJ, ¥ + y¥ — x/,
yi, + ¥ — x} and zero. (Ties can be broken arbitrarily.) If o; < 0, place i in S,
T, W or R according to which of the following four quantities is smallest: y*, y/,
1 —x/ —xi —x/ +y/ + vy, + 5 and y;,. (Again, ties can be broken arbitrarily.) If

@ Springer



A new family of facet defining inequalities for the maximum. . . 51

a; = 0, then i can be placed in an arbitrary set, since it has no effect on the violation.
Note that, for any i, only a constant number of comparisons is needed. Therefore the
algorithm runs in O(n) time for the given «, 8, s and ¢.

3 Facet proof

In this Section, we provide the proof that under certain conditions, the family of (s, )
inequalities (7) are facet defining for the MEWCP. We can note from the cardinality
constraint (1b) that the coefficients «;,i = 1, ..., n, are all positive and equal to 1,
ie. S =St T =TT, W = WT, R = RT and for each of these sets, the sum of
coefficients « is simply equal to its cardinality (for example «(S) = |S|). For these
reasons, the (s, ) inequality for the MEWCP can be written as follows:

D ovis+ D vie— D xi < (Shxe+ (TDxi + (b —2—|S| =T ysr.
ieSUW ieTUW ieW
(10)
For the rest of this paper, the set Q corresponds to

n
Q := conv i(x, W 010 S < by = i for G j) € E]
i=1
Theorem 2 Let s, t, S, T and W be defined as in Sect. 2. If S and T are non empty,

ISI<b—=2,T|<b—-2,W=0and |SUT| > b — 1, then the (s, t) inequalities
(10) define facets of Q.

Note that with the settings of Theorem 2, the supporting graph of the (s, ¢) inequal-
ities (10) is a double star tree as follows.

° °
AN .
§ —————t
/ AN
° °
°
Proof Under the hypothesis that W = (4, the (s, ¢) inequalities (10) becomes

D ovis + D vie <UShxs + (Thxe + B =2— S| = [Thys. (11
ieS ieT
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Let F = {(x, y) € @: (11) holds with equality}, and a(x, y) < ag i.e. let
aixy +axxa + -+ apxy +apyi2 +ayiz+ - dn—1.nYn—1,n < ao

be an inequality valid for Q such that every point (x, y) € F satisfies a(x, y) = ao.
We will use some integer points in Q that satisfy (11) to equality i.e integer points in
F to find the coefficients a and ag uniquely up to scalar multiplication.

Let ¢; be i unit vector of size n, ¢; ; the (g)—vector with all components equal to
zero except the (i, j) — th component which is equal to 1.

1. The vector (x, y) = (0, 0) € F; this implies that agp = 0.

2. (ej,0) € F fori # s,t; this implies that a; = O for all i # s,¢. Note that the
nodes s and ¢ can be isolated in the set N without ambiguity since |S| < b — 2
and |T| <b—2.

3. (e +ej,ej) € Fforalli,j # s,t andi # j; it follows that g;; = 0 for all
i,j#s,tandi # j.

4. We now prove that @;; = 0 for any node i € N\ (T U{s,t}). Let i €
N\ (T U {s, t}), we define:

e C?, to be a star tree with node set T U {i, ¢} (it is possible to have such a star
tree since T # ¢J) such that all the edges are incident to . Since C7, € F, it
follows that

a+ ) ay+ai =0 (@)
keT

° Cf to be a star tree with node set T U {t} such that all the edges are incident to
t this is the same as the star tree Cft without the edge (i, t). Since C} € F, it
follows that

a; + Zak, =0 (i)

keT

Subtracting (ii) from (i) yields a;; = 0 fori € N\ (T U {s, t}).

5. Similarly to the above point, a;j; = 0 for j € N\ (S U {s, t}), also using the fact
that S # .

6. Fori, j € SUT, we want to show that: a) a;y = aj; wheni, j € §,b)a;; = aj,
wheni, j € T,and ¢) ajy = aj; wheni € Sand j € T.Leti, j € SUT with
i # jandlet A € SUT\{i, j} suchthat |[A| = b — 3, (since |[SUT| = b —1).
Let Cl'.’” be a double star tree with node set A U {i, s, 7} obtained by linking all the
nodes in A N S to s, all the nodes in A N T to ¢ and connecting the node s to the
node . }

e Since Cij)s,t e F, it follows that

ag+a + D ars+ D an+ais+ai +ag =0 (iii).
keANS ke ANT
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e Since C; o € F,itfollows that

ast+ai+ D as+ D aw+aj+aj+ag=0 (v).
keANS keANT

Subtracting (iii) from (iv) yields a;s + a;; = ajs + aj;. So, using steps 4 and 5
we have the following:
(a) Ifi, j € Sthen a;y = ajy.
(b) Ifi, j € T thena;; = aj;.
(c) Ifi e Sand j € T, thena;y = aj;.
7. Using a;; = aj; fori, j € T, as given by b) in the above point, and considering

equation (ii), we have a; 4+ |T |aj; = 0 fori € T. Therefore, a;; = —%, (since
T #0).
Similarly, ag + |S|ajs = 0fori € S,i.ea;s = —%, (since S # 0).

8. Leti € Sand j € T, we define the set A as in step 6 and denote w; = |[AN S|+ 1
and w;, = |A N T|. It follows from (iii) that a; + a; + wsa;s + waj; +ag =0
asw
_I_
. 1S |ﬂ . .
9. Finally, con51der1ng the above steps, the inequality

ie. agr = — —a; + —

aixy +axxa + -+ apxy, +apy2 +a3yiz+ - cAp—1,0Yn—1,n < a0

reduces to
asxs + apx; + E AisYis + Zanyn + a5 st <0
ieS ieT
. . . .. az dg . .
which, using the identities a;y = aj;, aj;, = ——— and g;y = ——fori € §, j €

. . IT| N
T, is equivalent to

Ag asWyg arwy
agXx +ax——E is — E + + —ag —a <0.
sXs t Xt S| < Yis |T| Yit ( S| 7] s t) Vst =

We finally have

a‘
—|S‘| ISIxs + Tl = D yis = 2 vie = (S| +|T| = 05 — @)yt | < 0.
ieS ieT

Since (e, 0) satisfies the inequality a(x,y) < ag, i.e ag < 0, and given that
wg + w; = b — 2, this ends the proof.

Acknowledgements Part of the work of the author was done during a stay at GERAD as a postdoctoral
researcher with Professor Miguel Anjos. The author is grateful to Professor Adam Letchford for his com-
ments and feedback on this work, and finally thanks the referees for their careful reading of the paper and
their helpful feedback.

@ Springer



54 F. D. Fomeni
References
1. Alidaee, B., Glover, F., Kochenberger, G., Wang, H.: Solving the maximum edge weight clique problem

11.

12.

13.

15.

16.
17.

19.

20.

via unconstrained quadratic programming. Eur. J. Oper. Res. 181, 592-597 (2007)

. Caprara, A., Pisinger, D., Toth, P.: Exact solution of the quadratic knapsack problem. INFORMS J.

Comput. 11, 125-137 (1998)

. Dijkhuizen, G., Faigle, U.: A cutting-plane approach to the edge-weighted maximal clique problem.

Eur. J. Oper. Res. 69(1), 121-130 (1993)

. Djeumou Fomeni, F., Kaparis, K., Letchford, A.N.: Cutting planes for first-level RLT relaxations of

mixed 0-1 programs. Math. Progr. 151(2), 639-658 (2015)

. Djeumou Fomeni, F., Letchford, A.N.: A dynamic programming heuristic for the quadratic knapsack

problem. INFORMS J. Comp. 26(1), 173-183 (2014)

. Hunting, M.: Relaxation techniques for discrete optimization problems: theory and algorithms. PhD

thesis, University of Twente (1998)

. Hunting, M., Faigle, U., Kern, W.: A Lagrangean relaxation approach to the edge-weighted clique

problem. Eur. J. Oper. Res. 131, 119-131 (2001)

. Helmberg, C., Rendl, F., Weismantel, R.: A semidefinite programming approach to the quadratic

knapsack problem. J. Comb. Optim. 4, 197-215 (2000)

. Johnson, E.L., Mehrotra, A., Nemhauser, G.L.: Min-cut clustering. Math. Progr. 62, 133-151 (1993)
. Kuby, M.J.: Programming models for facility dispersion: the p-dispersion and maxisum dispersion

problem. Geograph. Anal. 9, 315-329 (1987)

Macambria, E.M., de Souza, C.C.: The edge-weight clique problem: valid inequalities, facets and
polyhedral computations. Eur. J. Oper. Res. 123, 346-371 (2000)

McCormick, G.P.: Computability of global solutions to factorable nonconvex programs: part I-convex
underestimating problems. Math. Progr. 10, 146-175 (1979)

Mehrotra, A.: Cardinality constrained boolean quadratic polytope. Disc. Appl. Math 79, 137-154
(1997)

. Park, K., Lee, K., Park, S.: An extended formulation approach to the edge-weight maximal clique

problem. Eur. J. Oper. Res. 95, 671-682 (1995)

Padberg, M.W.: The Boolean quadric polytope: some characteristics, facets and relatives. Math. Progr.
45, 139-172 (1989)

Pisinger, D.: The quadratic knapsack problem: a survey. Discr. Appl. Math. 155, 623-648 (2007)
Ravi, S.S., Rosenkrantz, D.J., Tayi, G.K.: Heuristic and special case algorithms for dispersion problems.
Oper. Res. 42(2), 299-310 (1994)

. Spith, H.: Heuristically determining cliques of given cardinality and with minimal cost within weighted

complete graphs. Z. Oper. Res. 29(3), 125-131 (1985)

Sgrensen, M.M.: New facets and a branch-and-cut algorithm for the weighted clique problem. Eur. J.
Oper. Res. 154, 57-70 (2004)

Wu, Q., Hao, J.K.: A review on algorithms for maximum clique problems. Eur. J. Oper. Res. 242(3),
693-709 (2015)

@ Springer



	A new family of facet defining inequalities  for the maximum edge-weighted clique problem
	Abstract
	1 Introduction
	2 Literature review
	2.1 The family of (s,t) inequalities for 0--1 quadratic programs
	2.2 Separation of the (s,t) inequalities in mathcal O(n3) time

	3 Facet proof
	Acknowledgements
	References




