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Abstract In this paper, we propose new algorithms for finding a common point of
the solution set of a pseudomonotone equilibrium problem and the set of fixed points
of a symmetric generalized hybrid mapping in a real Hilbert space. The convergence
of the iterates generated by each method is obtained under assumptions that the fixed
point mapping is quasi-nonexpansive and demiclosed at 0, and the bifunction associ-
ated with the equilibrium problem is weakly continuous. The bifunction is assumed to
be satisfying a Lipschitz-type condition when the basic iteration comes from the extra-
gradient method. It becomes unnecessary when an Armijo back tracking linesearch is
incorporated in the extragradient method.

Keywords Equilibrium problem - Fixed point problem - Pseudo-monotonicity -
Extragradient method - Armijo linesearch - Strong convergence

1 Introduction

Let H be a real Hilbert space with the inner product (-, -) and induced norm || - ||.
By ‘—’ and ‘—’ we denote the strong convergence and the weak convergence in H,
respectively. Let C be a nonempty closed convex subset of HHand f: C x C — R
be a bifunction satisfying f(x, x) = 0 for every x € C. Such a bifunction is called
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an equilibrium bifunction. The equilibrium problem, in the sense of Blum, Muu and
Oettli [4,19] [shortly EP(C, f)], is to find x* € C such that

f(x*,y) =0, VyeC. ey

By Sol(C, f), we denote the solution set of EP(C, f). Although problem EP(C, f)
has a simple formulation, it includes, as special cases, many important problems
in applied mathematics: variational inequality problem, optimization problem, fixed
point problem, saddle point problem, Nash equilibrium problem in noncooperative
game, and others; see, for example, [3,4,19], and the references quoted therein.

Let us denote the set of fixed points of a mapping T: C — C by Fix(T); that
is, Fix(T) = {x € C: Tx = x}. Recall that T is said to be nonexpansive if for
allx, y e C, |[Tx —Ty| < |lx — y|. If Fix(T) is nonempty and ||Tx — p| <
lx—pll, Vx € C, p € Fix(T),then T is called quasi-nonexpansive. It is well-known
that Fix(T) is closed and convex when T is quasi-nonexpansive [13].

A mapping T is said to be pseudocontractive if forall x, y € C and t > 0,

lx =yl = A+ 0)(x —y) —(Tx = Ty)|.

To find a fixed point of a Lipschitzian pseudocontractive map, Ishikawa [12], in 1974,
proposed to use the following iteration procedure

Mec,
yk = ockxk + (1 — ock)Txk, 2)
X = exk 4 (1= BTk

where 0 < ax < B < 1 for all k and proved that if limg_o0 B = 1, D g0 (1 —
o) (1 — Br) = oo, then {xk} generated by (2) converges weakly to a fixed point of
mapping 7 (see [10,12]).

In 2006, Yanes and Xu [29] introduced the following by combining Ishikawa iter-
ation process with hybrid projection method [20] for a nonexpansive mapping T .

xYe C,

yk = ozkxk + (1 — otk)Txk,

K = Bxk 4+ (1 — B Ty*,

Cr={x € C: [lx — 2")* < x—x* P+ A=) Iy 17 — X127 +2¢F — vk, 2D},

Ok =f{xeC: (x —xk, x0—xk) <0},
xk+1

= P, CkﬂQkxO’
3)
where {ax} and {Bi} are sequences in [0, 1]. They proved that if limg_ oo g = 1
and B; < B for some B € [0, 1), then {x¥} generated by (3) converges strongly to
Prixcr)(x?).
In recent years, many researchers studied the problem of finding a common ele-
ment of the set of solutions of an equilibrium problem and the set of fixed points
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of a nonexpansive or demicontractive mapping; see, for instance, [2,5,17,21,28] and
the references therein. Remember that a mapping 7: C — H is called symmetric
generalized hybrid [11,14,25] if there exist «, 8, ¥, 8 € R such that

allTx — Ty|> 4+ B(lx — Tyll> + lly — Tx|®) + yllx — y|I?
+8(lx — Tx|>+lly = Tyl*) <0, Vx,yeC.

Such a mapping is called an (o, B, y, §)-symmetric generalized hybrid mapping.
For obtaining a common element of the set of solutions of EP(C, f) and fixed
points of a symmetric generalized hybrid mapping 7', Moradlou and Alizadeh [18]

proposed to combine Ishikawa iterative scheme with the hybrid projection method

[20,23,24]. More precisely, the iterates xk, yk, uk, zF are calculated as fol-

lows:

'xO eC,

uk e C such that fu*, y) + i(y —uk uk—xky >0, vyec,

y& = agxk + (1 — ) TxF,

C= Bt + (1= BoTu", “)
Cr=f{x € C: |lx =" < [lx — x|},

Or={xeC: (x —xk x0—xky <o},
xk+1

= PckakxO.

The authors showed that if Sol(C, f)N Fix(T) # @, (a, B, y, §)-symmetric gener-
alized hybrid mapping T satisfying (1) «+28+y >0, (2) o+ > 0,and (3) § > 0,
then under certain appropriate conditions imposed on {a}, {8k}, the sequence {x*}
converges strongly to x* = Ps.(c, f)nFix(T) (x9) provided that f is monotone on C.
Note that mapping 7 satisfies the conditions (1)—(3), then T is quasi-nonexpansive
and demiclosed at 0.

In this paper, we modify Moradlou and Alizadeh’s iteration process for finding
a common element of the set of solutions of an equilibrium problem and the set of
fixed points of a generalized hybrid mapping in a real Hilbert space in which the
bifunction f is pseudomonotone on C with respect to Sol(C, f). More precisely,
we propose to use the extragradient algorithm [16] for solving the equilibrium prob-
lem (see also [7-9,15,26] for more detail extragradient algorithms). One advantage
of our algorithm is that it could be applied for the pseudomonotone equilibrium
problem case and each iteration we only have to solve two strongly convex opti-
mization problems instead of a regularized equilibrium as in Moradou and Alizaded’s
method.

The paper is organized as follows. The next section contains some preliminaries
on the metric projection, equilibrium problems and symmetric generalized hybrid
mappings. An extragradient algorithm and its convergence is presented in the third
section. The last section is devoted to presentation of an extragradient algorithm with
linesearch and its convergence.
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2 Preliminaries
In the rest of this paper, by Pc we denote the metric projection operator on C, that is
Pec(x) € C:|lx = Pc()ll = lly —x|l, VyeC.

The following well known results on the projection operator onto a closed convex
set will be used in the sequel.

Lemma 1 Suppose that C is a nonempty closed convex subset in H. Then

(a) Pc(x) is singleton and well defined for every x;
(b) z=Pc(x)ifandonlyif (x —z,y —z) <0,Vy € C;
© [Pc(x) = PcI* < llx =yl = [Pc(x) =x +y = PcD?, Vx,y € C.

Lemma 2 [29] Let C be a nonempty closed convex subset of H. Let {x*} be a sequence
in H and u € H. If any weak limit point of {x*} belongs to C and

Ix* —ull < llu — Pc@l, Vk.

Then x* — Pc(u).

Definition 1 A bifunction ¢ : C x C — R s said to be jointly weakly continuous on
C x Cifforall x, y € C and {x¥}, {y*} are two sequences in C converging weakly to
x and y respectively, then ¢(x*, y) converges to ¢(x, y).

In the sequel, we need the following blanket assumptions

(A1) f is jointly weakly continuous on C x C;

(A3) f(x,-) is convex, lower semicontinuous, and subdifferentiable on C, for all
x € C;

(A3) f is pseudomonotone on C with respect to Sol(C, f),i.e., f(x, x*) < 0 for
allx € C,x* € Sol(C, f);

(A4) f is Lipschitz-type continuous on C with constants L1 > O and L, > 0, i.e.,

f+ f(,2) = fx,2) = Lillx — yI* = Lally — zl%, ¥x,y,z € C;

(As) T is an («, B, y, 8§)-symmetric generalized hybrid self-mapping of C such
that (Do +284+y >0, a+ B >0,3)6 >0, and Fix(T) is nonempty.

For each z, x € C, by 92 f(z, x) we denote the subdifferential of the convex
function f(z,.) atx, i.e.,

O f(z,x)={weH: f(z,y) = f(z,x) +{w,y —x), VyeC}.
In particular,
0f(z,2) ={weH: f(z,y) = (w,y—2z), VyeC}L

Let €2 be an open convex set containing C. The next lemma can be considered as an
infinite-dimensional version of Theorem 24.5 in [22].

@ Springer



Extragradient algorithms for equilibrium problems... 541

Lemma 3 [27,Proposition4.3] Let f: Qx Q2 — R be afunction satisfying conditions
(A1) on Q and (Ay) on C. Let X,y € Q and {x*}, {yk} be two sequences in 2
converging weakly to x, y, respectively. Then, for any € > 0, there exist n > 0 and
ke € N such that

o €
RfEE Y Chf@E v+ EB’

for every k > k., where B denotes the closed unit ball in H.

Lemma 4 Suppose the bifunction f satisfies the assumptions (A1) on Q and (Ajy) on
C. If {xX} © C is bounded, p > 0, and {y*} is a sequence such that

. P
y = argmin { ek, )+ 2y —x¥: y e ¢

then {y*} is bounded.

Proof Firstly, we show that if {x¥} converges weakly to x*, then { y¥1 is bounded.
Indeed,

y = argmin { £, 3) + Sy =242y e ]
and
FOk ah) + S =P =0,

therefore

FEE N+ 2 =P <0, v
In addition, for all w* € 9, f (xk, xk) we have

FOE )+ ZIyE =X = koK — )+ Sk —

This implies —[|w* || y* — x*|| + §[ly* — x¥||* < 0. Hence,

2
Iy* —xk| < ;nwkn, Vk.

Because {xk} converges weakly to x* and wk e 9 f(xk, xb), by Lemma 3, the
sequence {wk} is bounded, combining with the boundedness of {(xK}, we get Ky
is also bounded.

Now we prove the Lemma 4. Suppose that {y*} is unbounded, i.e., there exists an
subsequence {yk"} C {y*} such that lim;_, o ||yki || = +4o00. By the boundedness of
{x¥}, it implies {x¥} is also bounded, without loss of generality, we may assume that
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{xki} converges weakly to some x*. By the same argument as above, we obtain {y*i}
is bounded, which contradicts. Therefore { yk} is bounded. O

Lemma 5 [14] Let C be a nonempty closed convex subset of H. Assume that T is an
(o, B, v, 8)-symmetric generalized hybrid self-mapping of C such that Fix(T) # 0
and the conditions (1) a +28+y >0, Q) o+ B > 0and (3) § > 0 hold. Then T is
quasi-nonexpansive.

Lemma 6 [11] Let C be a nonempty closed convex subset of H . Assume that T is an
(o, B, v, 8)-symmetric generalized hybrid self-mapping of C such that Fix(T) # 0
and the conditions (1) « +28+y >0, Q) a4+ B > 0and (3) § = 0 hold. Then
I — T is demiclosed at 0, i.e., x* — X and x* — Tx* — 0 imply X € Fix(T).

3 An extragradient algorithm

Algorithm 1

Initialization. Pick x° = x8 € C, choose parameters {p;} C [ﬁ’ pl, with 0 <
p < p <min{z 5o for} € 0. 1], Timoo o = 1, (B} C [0, A1 C [0, 1),
Iteration k (k =0, 1,2, ...). Having x* do the following steps:

Step 1. Solve the successively strongly convex programs

. 1
min |pkf(x", W+ 51y — XKy e C] CP (x5

. 1
min {Pkf(yk» W+ 51y — XKy e C] CP(K*, xb)

to obtain their unique solutions y¥ and z* respectively.
Step 2. Compute

* = ax® + (1 — ap) Tk,
uf = et + (1 — poT-.

Step 3. Define

Cr = {x e H: [lx — uf|l < Jlx — x¥|I1,
O = {x e H: (x — x*, x% —x*) <0},
Ar=CyrNQOrNC.

Take x**!1 = P4, (x8), and go to Step 1 with k is replaced by k + 1.

Before going to prove the convergence of this algorithm, let us recall the following
result which was proved in [1]

Lemma 7 [1] Suppose that x* € Sol(C, f), then under assumptions (Ay), (A3), and
(Ayg), we have:
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@) pklf K, y) — £k, yOT > (% — xk, vk — y), Yy e C.
(i) [Iz%—x* )12 < ek =x*)12 = (1 =20k L1) XK = y¥ |2 = (1 =20k L2) [ Y* =¥ ||, V.

Theorem 1 Suppose that the set S = Sol(C, ) N Fix(T) is nonempty. Then under
assumptions (A1), (A2), (A3), (As), and (As) the sequences {xk}, {yk}, {zk} gener-
ated by Algorithm 1 converge strongly to the solution x* = Pg(x8).

Proof Takeq € S,i.e.,q € Sol(C, f) N Fix(T). By definition of px: 0 < p < px <
p < min{ﬁ, i}, we get from Lemma 7 that

125 =gl < Ix* —ql. )
By definition of t*, we have

I — gl = fowx* + (1 — ) Tx* — g
< arllx* =gl + (1 = ap)ITxF = q|.

Since T is («, B, y, 8)-symmetric generalized hybrid mapping with « + 28 + y > 0,
a+ B> 0,6 >0. From Lemma 5 it is quasi-nonexpansive, So

% — gl < Ix* — g1 (6)

Similarly

luk — gl = 1Bt + 1 = B TZF —q|
< Bellt* —qll + (1 = BITZ —qll
< Bellx* —qll + (1 = B IZ* — ql.

Combining with (5) yields
lu* =gl < lIx* —qll. @)

Next, we show that S C Cy N Qk, Vk. Indeed, from (7) it implies that ¢ € Cy,
or § C Cy for all k. We prove S C Qj by induction. It is clear that S C Qq. If
S C O, ie., (g — xk, x8 — xk) <0, Vg € S. Since xktl = Py, (x#) we obtain
(x —x**1 x8 —xk+1y <0, Vx € Ag. Especially, (g —x*+1, x8 —xkt1y <0, vg € S.
So S C CrN Qp, Vk.
From definition of Qy, it implies that x¥ = Po, (x8),s0 Xk —x8| < |lx —x&||, Vx €
QOk. In particular

Ix* = X8Il < llg — x*Il, Vk, V¥ge€S. ®)

Consequently, {x*} is bounded. Combining with (6) and (7), we get {t*}, {u*} are also
bounded.
In addition,

”xk+1 _ xk||2 — ||xk+1 _ xg +xg _ xk”2
el L [ P T e L
— ||)Ck+1 —xg||2—||xg—xk||2+2(xk+1—xk,xg—xk).
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k

Since x**1 € Qy, it implies from the above inequality that

k+1 k2 k1 2 k 2
B e e e A [ ©)

Therefore {||x* — x#||} is nondecreasing sequence. In view of (8), the limit
limg_, o0 [l X% — x8]| exists. Hence, it also follows from (9) that

L _ k) =o. (10

lim ||x
k—00
Because x**! e Cy, it implies that

k k k k+1 k+1 k
A e e N P |
< 20k — XK

therefore, we deduce from (10) that
lim [[u* — X% = 0. (11)
k—o00
Besides that limy_. o0 0 = 1, s0
lim |5 — xF|| = lim (1 — o) ||x* — Tx¥| = 0. (12)
k— 00 k—o00
It is clear that

luk —ql> = 18" — @) + (1 = BT — @)
= Bellt" — qlI* + (1 = BOITZ" — qlI* — Be(1 = Bolle* — TZF|1?
< Bellt* —ql> + (1 — BIT* — qI*.

In view of (6), Lemmas 5 and 7, yields

luf —ql* < % = qlI* — (1 — Bl = 2p L) [Ix* — y¥|I?
—(1 =2 L) [Iy* = 25111

Hence

(1 — BOLA = 2p L) [Ix* — YFI1> + (1 = 20k L) 1y — 25117
< |lxF — uF 1k = gl + 1k — g1 (13)

Since0 < 1—f <1—p;0 < pP=pk=p< min{2lTl, 21T2}’ and (11), we get from
(13) that
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lim [|x* =y = 0. (14)
k—00

lim [|y* — Z¥|| = 0. (15)
k—o00

lim ||x* = ZF| = 0. (16)
k—o00

By definition of uk, we have (1 — ,Bk)Tzk =uk — ,Bktk. Hence

(1= PITZ* =2 < 11 = BTF — (A = Bl
= [lu* —2* — pe(F = 2]l
< llub = 2K+ Belle* = 2¥)|
< b = x5+ Bellet = XK1+ (1 + Bl = 2F).

Combining this fact with (11), (12), and (16) we receive in the limit that

lim |TzF — 25| = 0. (17)
k—o00

Next we show that any weak accumulation point of {x*} belongs to S. Indeed, suppose
that {x%'} c {x*} and x¥ — p asi — oo. From (14), (15), and (16) we get y* — p,
and zK — pasi — oo. Replacing k by k; in assertion (i) of Lemma 7 we get

o LF (R yy — fek, yRT = (fi —yhi oy — Ky vy e C.

Hence
o Lf (L )y — Fki, YR > — 1k — yky — yh. (18)

Letting i — 00, by jointly weak continuity of f and (14), we obtain in the limit from
(18) that

fp.y)—f(p,p)=0.

So

f(p.y) =0, VyeC,

which means that p is a solution of EP(C, f).
By (17), we have that lim; o | Tz5 — 2% || = 0. Since ¥ — p and demiclosedness
atzeroof I — T, Lemma 6, we get Tp = p,i.e., p € Fix(T).
Hence p € S.
Now, we set x* = Pg(x8). From (8) one has,

k

% — X8| < flx* = x8|l,  Vk.

It is immediate from Lemma 2 that x* converges strongly to x*. Combining with (14)
and (16) we have that y*, z¥ converge strongly to x*. This completes the proof. O
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4 An extragradient algorithm with linesearch

Algorithm 2

Initialization. Pick x° = x8 € C, choose parameters n, u € (0, 1); 0 < p = 0,
{o} Clp, Pl
{oax} C 10, 10, limg o ok = 15 {Bi} € [0, B1 C [0, 1); & € [y, 71 C (0, 2).
Iteration k (k =0, 1,2, ...). Having x* do the following steps:

Step 1. Solve the strongly convex program

. 1
min {pkf(x", » A+ 5y —KPiyect cpuh

to obtain its unique solutions yX.

If y* = x¥, then set v* = x*. Otherwise go to Step 2.

Step 2. (Armijo linesearch rule) Find mj as the smallest positive integer number
m such that

19)

F@Rm, xRy — f(Rm, yky > S xk — yk2,

{Zk,m — (1 _ nm)xk + nmym
2pk

Set N = nmk’ Zk — Zk,mk_

Step 3. Select wk € 8 f(z¥, x¥), and compute vk = Pe(x¥ — yp.op.wb),
JACARD)
lwk )

Step 4. Compute

where o, =
t* = apx® + (1 — ap) Tk,
ub = Bee* + (1 = BTk,

Step 5. Define

Cr = {x e H: [lx — uf|l < Jlx — x¥|I1,
Or = {x € H: (x — x*, x% —x%) <0},
Ar=CrNQOrNC.

Take x¥+1 = Py, (x#), and go to Step 1 with k is replaced by k + 1.

Remark 1 (1) If yk = x¥ then x* is a solution to EP(C, )
(i) If y* = x¥ = tFand o < 1 or y¥ = x¥ = u*, then x* € Sol(C, f) N Fix(T).

Firstly, let us recall the following lemma which was proved in [26]

Lemma 8 [26] Suppose that p € Sol(C, f), then under assumptions (Az), (A3), and
(Ayg), we have:

(a) The linesearch is well defined;
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(b) &, x5 >0;
(c) 0¢ df(z x5,
)
I = pII? < 1% = pII> — w2 — v (ollw” D2 (20)

Theorem 2 Suppose that the set S = Sol(C, )N Fix(T) is nonempty, the bifunction
f satisfies assumptions (A1) on 2, (A2), and (A3) on C, the mapping T satisfies
assumption (As). Then the sequences {x*}, {u*} generated by Algorithm 2 converge
strongly to the solution x* = Pg(x9).

Proof Take g € S. Since yx € [y, y] C (0, 2), we get from Lemma 8 that
Iv* = qll < I = qll. 1)
By definition of t* we have

I — gl* = llex (x* — @) + (1 — ) (TxF — @)
= allx* — ql> + (1 — ap)ITx* — qlI* — ar(l — )| Tx* — xF|12.

Since T is a («, B, v, §)-symmetric generalized hybrid mapping witha +28+y > 0,
a+ B >0,6 >0. By Lemma 5 it is quasi-nonexpansive, so

% — gl < Ix* — g1 (22)

Similarly,
lu — gl < Ix* = qll. (23)

Next, we show that § C Cx N Qk, Vk. Indeed, from (23) it implies that ¢ € Cy, or
S C Cy. We prove S C Qg by induction, it is clear that S C Qq.If S C Oy, i.e., (g —
xk, x8 —xkK) <0, Vg € S. Since xk*! = Py, (x2) we obtain (x —xk+1 x8 — xk+1y <
0, Vx € Ag. Especially, (g — x**1, x8 — xk*1y <0, Vg € §.So S € C; N Oy, Vk.
From definition of Q, it implies that x* = Pg, (x%), so [|x%F — x8| < [lx —x8]|, Vx €
QOk. In particular

I =% < llg —xIl. ¥k, Vges. 24)

Consequently, {x¥} is bounded. Combining with (22) and (23), we get {r*}, {u*} are
also bounded.
In addition,

||xk+1 _ xkllz — ”xk-'rl _ xg +xg _ xk”2
= [IxFT — x84 (|8 — xFF 20K — 18 x8 - XK

— ”xk+] _xg||2 _ ”xg _xk||2 +2<xk+1 _xk,xg _xk>.

k

Since x**1 € Q. it implies from the above inequality that

ok — K2 < e — 8% — ik — 18, (25)
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Therefore {|x* — x2||} is nondecreasing sequence. Together with (24), the limit
limy_, o0 [|x¥ — x8| does exist.
Hence, it also follows from (25) that

lim [|x*! — k| =o. (26)
k—00

Because x**! e Cy, it implies that

k k k k+1 k+1 k
T e N P |
< 2Q kT — XK

therefore, we deduce from (26) that
lim [u* — x*| = 0. (27)
k—00

Besides that limy_. o0 0 = 1, s0

lim ¥ — x¥|| = lim (1 — o) || x* = Tx*| = 0. (28)
k—o00 k—00

It is clear that

lu* —qlI* = 18" — @) + (1 — B)(TVF — I
= Belltt — gl + (1 = BOITV* — qlI* = Br(1 — Btk — Tk |2
< Billtk — qI? + (1 = BITv* — q|*.

In view of (22) and Lemma 8, yields
lu* — g l1* < 1Ix* = q1* = (1 = By — vio) (ol wk (2.
Hence
(1= Bov @ — v (oxllw* D* < I = ub ik — gl + 1 =gl @9

Since 0 < 1 — E <1—Bye [Z’ y] C (0, 2), and (27), we get from (29) that
lim oy |w¥|| = 0. (30)
k—o00

Because vf = Pe(xk — ykakwk), one has

k_ k Kk
— x| < yrorllw™ |l

v
Combining with (30) we get

lim |v* —x*| = 0. (31)
k—o00
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By definition of uk, we have (1 — ,Bk)Tvk =uk — ,Bktk. Hence

(1= AITV" =" < 11 = BTV — (1 = Bv*|
= u* — o = Be(t* — b))
< b = oK)+ Bl = ok
< llu® = xF) + Belle® — K+ (1 + Bt — oF.

Combining this fact with (27), (28), and (31), we receive in the limit that

lim || TvF —oF|| = 0. (32)
k—o00

By Lemma 4, {y*} is bounded, consequently {z*} is bounded. From Lemma 3, {w*}
is bounded. In view of ( 30) yields

lim f(z5, x5) = lim [og |1l = 0. (33)
k—o00 k— 00
We have

0= f(" 2 = &5 A —noxd +my®
< (=) & x5 + e fEE 5,

so, we get from (19) that

FEE Ry = il f & ) — £ Y0
w
> z—ﬂk”xk — M2
Pk
Combining with (33) one has
lim neflx* — y* > =0. (34)
k—o00

Next, we show that any weak accumulation point of {x¥} belongs to S. Indeed, suppose
that {x%} ¢ {x¥} and x* — pasi — oo.
From (34) we get
Tim g, x4 = Y411 = 0. (35)
11— 00
We now consider two distinct cases:

Case 1. limsup;_, o nx; > 0.
Without loss of generality, we may assume that there exists 7 > 0 such that n;, >
1, Yi > ip, use this fact and from (35), one has

lim [|x% — yki|| = 0. (36)
1—> 00
Remember that x¥ — p, together with (36), it implies that y% — pasi — oo.
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From assertation (i) of Lemma 7 we get
o Lf (ML y) — FR, YR = (f = YRy — Ry vy e C
Hence

o LF R y) = F R yR] > —|lxk — yhiy — R (37)

Letting i — 00, by jointly weak continuity of f and (36), we obtain in the limit from
(37) that

Sfp,y)— f(p,p) =0.
So

f(p.y) =0, VyeC,

which means that p is a solution of EP(C, f).

Case 2. lim; o ng; = 0.

From the boundedness of { ¥}, without loss of generality we may assume that yhi ~
asi — oo.

Replacing y by x* in (i) of Lemma 7 we get

R 1 . .
ok, yky < —p—kuykl — xk2, (38)

i

In the other hand, by the Armijo linesearch rule (19), for my, — 1, we have

[ ) .
S yk — k2 (39)

PR — pEmal Y < o
Pk

i

Combining with (38) we get

) ) 1 ) ) 2 ) _ ) ) _ )
f(xkuy"»s—p—klly"’ —xM? < ;mz"“’"h Uoykiy — f(hma =t ckiy),

i

(40)
According to the algorithm, we have 5"~ = (1 — y™—lyxki 4y =1 yki,
ki =1 0 and x% converges weakly to p, y%i converges weakly to ¥, it implies

that Zki-mk =1 pasi — oo. Beside that {illyk" — x*i||2} is bounded, without loss
of generality, we may assume that lim;_, # [|yki — xki |

the limit from (40) that

exists. Hence, we get in

i S 2 _
f(p, 3 <— lim —|y" —x%)2 < = f(p, 7).
i—+00 Py, 2

Therefore, f(p, ¥) = 0and lim; _, 4 ||yki —xki 2

that p is a solution of EP(C, f).

= 0. By the Case 1, itis immediate
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In addition, from (31) and (32), we have v — p and lim;_, » || Tv% — v%i || = 0. By
Lemma 6, I — T is demiclosed at zero, we get Tp = p,i.e., p € Fix(T).

Hence p € S.

Now, we set x* = Pg(x8). From (24) one has,

e — xS < Ilx* = x8], k. (41)

We get from Lemma 2 that x¥ converges strongly to x*. Combining with (27) we also
have that u* converges strongly to x*. The proof is completed. O

An example and preliminary computational results. To illustrate the proposed algo-
rithms, we consider a problem when the bifunction f and the mapping 7 are given as
follows

fx,y) = Px+Qy+n'(y—x),
Tx=+U)"'x,

where P = (pij)uxn, Q = (Gij)nxn, U = (Ujj)nxn are n X n symmetric positive
semidefinite matrices such that P — Q is also positive semidefinite and » € R".
The bifunction f has the form of the one arising from a Nash-Cournot oligopolistic
electricity market equilibrium model [6] and that f is convex in y, Lipschitz-type
continuous with constants L| = L, = %llP — QJ|, and the positive semidefinition
of P — Q implies that f is monotone [26]. It is clear that the set of fixed points of
mapping 7 is the solution set of the equation Ux = 0. In order to ensure that the
intersection of the solution set of EP(C, f) and the fixed points of the mapping 7T is
nonempty, we futher assume that the constraint set C contains the original, » = 0, and
U is a diagonal matrix such that u;; > 0, forall i € Iy and u;; = 0, forall i ¢ Iy, for
some index set Ip C {1,2,...,n —1,n}.

We tested the proposed algorithms for this example in which C is the box C =
H?zl[—lo, 10], P, Q, U are matrices of the form AT A with A = (@ij)nxn being
randomly generated in the interval [—5, 5], starting point x¢ is randomly generated
in [—10, 10] and the parameters: o = By = %, o =1 — klﬁ, Br = % + klﬁ, and
Pk = % in Algorithm 1; 7 = 0.98, u = 0.4, px = 0.5, yx = 1 in Algorithm 2.

We implement Algorithms 1 and 2 for this problem in Matlab R2013 running
on a Desktop with Intel(R) Core(TM) 2Duo CPU E8400 3 GHz, and 3 GB RAM.
To terminate the algorithms, we use the stopping criteria [|x*T! — x| < € with a
tolerance € = 0.01.

The computation results on Algorithms 1 and 2 are reported in Tables 1 and 2
respectively, where

N.P: the number of the tested problems;
average times: the average CPU-computation times (in s);
average iteration: the average number of iterations.

From the computed results reported in these tables, we can see that the computational
time by Algorithm 1 is less than that by Algorithm 2, probably due to Lipschitz type
condition of bifunction f and the parameters py is defined by f in each problem.
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Table 1 Results computed with

Algorithm 1 N.P Size (n) Average times Average iterations
10 5 23.2484 826
10 10 34.7438 1445
10 20 87.1016 2346
10 30 157.5781 2715
10 50 255.4578 3839
iz;;(l;ifhmstuhs computed with N.P Size (n) Average times Average iterations
10 5 38.5938 904
10 10 106.3172 2242
10 20 163.1266 3050
10 30 250.9313 3001
10 50 359.1094 3592

5 Conclusion

We have introduced two iterative methods for finding a common point of the solution
set of a pseudomonotone equilibrium problem and the set of fixed points of a symmetric
generalized hybrid mapping in a real Hilbert space. The basic iteration used in this
paper is the extragradient iteration with or without the incorporation of a linesearch
procedure. The strong convergence of the iterates has been obtained.
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