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Abstract Simplex gradients are widely used in derivative-free optimization. This
article clarifies some of the properties of simplex gradients and presents calculus rules
similar to that of an ordinary gradient. For example, the simplex gradient does not
depend on the order of sample points in the underdetermined and determined cases
but this property is not true in the overdetermined case. Moreover, although the sim-
plex gradient is the gradient of the corresponding linear model in the determined case,
this is not necessarily true in the underdetermined and overdetermined cases. How-
ever, the simplex gradient is the gradient of an alternative linear model that is required
to interpolate the reference data point. Also, the negative of the simplex gradient is a
descent direction for any interpolating linear function in the determined and underde-
termined cases but this is again not necessarily true for the linear regression model in
the overdetermined case. In addition, this article reviews a previously established error
bound for simplex gradients. Finally, this article treats the simplex gradient as a linear
operator and provides formulas for the simplex gradients of products and quotients of
two multivariable functions and a power rule for simplex gradients.

Keywords Simplex gradient - Derivative-free optimization - Black-box

optimization - Linear interpolation and regression - Minimum norm least squares
solution - Moore—Penrose pseudoinverse

1 Introduction

In the fully determined case, a simplex gradient of a function is the gradient of a linear
model that interpolates data points on the surface of the function that corresponds to a
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maximal set of affinely independent points (i.e., a set of points in a simplex). The notion
of a simplex gradient is widely used in derivative-free optimization. For example, it is
used in the analysis of optimization methods for noisy problems that utilize function
values on a sequence of simplices such as Nelder—Mead and implicit filtering (Bortz
and Kelley [2], Kelley [8], Conn et al. [5]). Moreover, Custddio et al. [6] analyzed
sequences of simplex gradients computed for nonsmooth functions in the context of
direct search methods of the directional type such as Generalized Pattern Search (GPS)
(Torczon [12]) and Mesh Adaptive Direct Search (MADS) (Audet and Dennis [1]).
Simplex gradients have also been used to enhance the performance of pattern search by
using them to reorder the objective function evaluations associated with the various poll
directions (Custddio and Vicente [7]). In addition, in the benchmarking of derivative-
free optimization algorithms, the data profile of a solver is defined as the percentage
of problems solved for a given number of simplex gradient estimates (Moré and Wild
[9]). More recently, Regis [10] used underdetermined simplex gradients to develop
an initialization strategy for surrogate-based, high-dimensional expensive black-box
optimization.

The purpose of this article is to clarify some of the properties of the simplex gradient
and present calculus rules similar to that of an ordinary gradient. In particular, the
simplex gradient does not depend on the order of sample points in the underdetermined
and determined cases but this property does not hold in the overdetermined case.
Moreover, as expected, the simplex gradient is the gradient of the corresponding linear
interpolation model in the determined case. However, it is not necessarily the gradient
of the linear model corresponding to the minimum norm least squares solution of
the associated linear system in both the underdetermined and overdetermined cases. It
turns out, though, that the simplex gradient is the gradient of an alternative linear model
that is required to interpolate the reference data point. Also, in the underdetermined
and determined cases, the negative of the simplex gradient with respect to a set of
data points is shown to be a descent direction for any linear model that interpolates
these data points. However, in the overdetermined case, the negative of the simplex
gradient is not necessarily a descent direction for the corresponding linear regression
model. Next, a previously established error bound for simplex gradients is reviewed.
Furthermore, a convenient notation for the simplex gradient is introduced that treats
it as a linear operator and some calculus rules such as product and quotient rules are
proved. Finally, although the simplex gradient does not seem to satisfy a general chain
rule, a power rule for simplex gradients is also proved.

2 Preliminaries
2.1 Definition of a simplex gradient

Throughout this article, f and g are functions from R to R. Let X = (xq, x1, ..., X
be an ordered set of k + 1 points in Rd, where k > 1. Define

fx1) = f(xo)
S(X):=[x; —x0 ... x—x0]l € R”* and §,(X):= : Rk,
fxr) = f(xo)
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The calculus of simplex gradients 847

First, consider the case where X consists of k + 1 affinely independent points (and
s0, k < d). When k = d (the determined case), S(X) is invertible and the simplex
gradient of f with respect to X, denoted by V; f(X), is given by

Vi f(X) = S(X)T8,(X).

When k < d (the underdetermined case), the simplex gradient of f with respect to
X is the minimum 2-norm solution of the linear system

STV f(X) = 84(X),

which is given by V £(X) = S(X)(S(X)TS(X))~187(X). In this case, note that
S(X)T S(X) is symmetric and positive definite (and hence nonsingular) since S(X') has
full (column) rank. Moreover, V; f (X) is a linear combination of x; — xg, ..., Xy — Xo
since Vy f(X) = S(X)v, where v = (S(X)TS(X))718,(X) € R,

Next, let X = (xg, x1, ..., xx) be an ordered set of k + 1 distinct points in R4
that contains a proper subset of d + 1 affinely independent points, and so, k > d (the
overdetermined case). In this case, {[1, xOT], [1, xlT], o1, ka]} contains a subset
of d + 1 linearly independent points and it can be assumed that this subset contains
[1, xOT ]. Hence, X is guaranteed to have a proper subset of d + 1 affinely independent
points that includes xg. This implies that S(X’) has full (row) rank, and so, S(X)S(X)7
is symmetric and positive definite. Now the simplex gradient of f with respect to X
is the least squares solution of the linear system

STV f(X) = 84(X),

which is given by V; f (&) = (S(X)S(X)T)”S(X)Sf(z\,’).

Custddio et al. [6] notes that the definitions of the simplex gradient for the three
cases above can be combined into a single definition by considering a reduced SVD
of S(X)T as shown next.

Definition 1 Let X = (xq, x1, ..., xx) be an ordered set of k + 1 points in R4 where
k > 1. Suppose S(X) has full rank so that rank(S (X)) = min{d, k}. Then the simplex
gradient of f with respect to X is given by

Vi f(X) = V(O SX)TU@) 8,0,

where U (X)X (X)V(X)T is a reduced SVD of S(X)T.
Note that V (X)Z(X)~'U (X)T is areduced SVD of the Moore-Penrose pseudoin-

verse of S(X)7, and so, the simplex gradient of f with respect to X’ can also be
expressed as:

Vi f(X) = (SO)TT8,(X) = (S)HT8,(X),

where AT denotes the Moore—Penrose pseudoinverse of the matrix A.
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848 R. G. Regis

2.2 Linear interpolation and regression

Consider a set X = {xg, x1, ..., xx} of kK + 1 points in RY . If the points in X" are
affinely independent (which implies k < d), then there exists a linear function (an
infinite number if k < d) that interpolates the data points {(xg, f(x0)), (x1, f(x1)),
..., (xx, f(xx))}. More precisely, if m(x) = co + ¢ x, where ¢ = [c1, ..., cq]T,isa
linear polynomial in d variables that interpolates these data points, then

xd o S (x0)
1 x| | e fx)
. = : (1
1oxl ] e J ()

For convenience, define the (k + 1) x (d + 1) interpolation matrix L(&X") and the
column vector F (X)) as follows:

1 xOT S (x0)
1 xlT Sfx1)
LX) :=] . . and F(X) = .
1 ka f(xe)
Equation (1) then becomes
L(X) [CCO} = F(X). )

When k£ > d and L(X) has full (column) rank, Eq. (2) can be solved in a least
squares sense. For convenience, the following definition from Conn, Scheinberg and
Vicente [5] is used below.

Definition 2 Let X = {xq, x1, ..., x;} be a set of k + 1 points in RY. When k = d
(determined case), the set X is said to be poised for linear interpolation in R if L(X)
is nonsingular. When k > d (overdetermined case), the set X" is said to be poised for
linear regression in R? if L(X) has full (column) rank.

If X consists of exactly d + 1 affinely independent points (determined case),
then L(X’) is nonsingular (and so X" is poised for linear interpolation in ]Rd) and

the coefficients of the linear model are given by CCO = L(X)"'F(X). If X con-

sists of k + 1 affinely independent points, where k < d (underdetermined case), then
L(X) has full row rank and the minimum 2-norm solution to Eq. (1) is given by

[CC‘)} = LT LX)~ F(X).Ifk > d and X contains d + 1 affinely inde-

pendent points (overdetermined case), then L(X’) has full column rank (and so X is
poised for linear regression in R) and the least squares solution to Eq. (1) is given
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The calculus of simplex gradients 849

by CCO = (L(X)TLX) L LX)T F(X). As before, Cco = L(X)TF(X) in all
these cases. For a comprehensive treatment of the geometry of sample sets of points
for interpolation (determined and underdetermined cases) and regression (overdeter-
mined case) in the context of derivative-free optimization, the reader is referred to the
papers by Conn, Scheinberg and Vicente ([3,4]) and Scheinberg and Toint [11].

The first proposition below relates poisedness for linear interpolation or regression
with the existence of the simplex gradient in the determined and overdetermined cases.

Proposition 1 Let X = (xq, x1, ..., xx) be an ordered set of k + 1 points in RY with
k > d. Then L(X) has full (column) rank if and only if S(X') has full (row) rank.

Proof Note thatrank(L(X)) = d+1ifand onlyif L(X’) hasd+1 linearly independent
rows. Since the first nonzero row of any matrix can be extended to a maximal set of
linearly independent rows of that matrix, it follows that L(X’) has full (column) rank
if and only if L(X) has d + 1 linearly independent rows that include [1, xOT ], and this
is true if and only if X has a subset of d + 1 affinely independent points that include
xo- This implies that L(X) has full (column) rank if and only if S(X’) has d linearly
independent columns, or equivalently, rank(S(X")) = d. O

The above proposition says that X is poised for linear interpolation or linear regres-
sion (depending on whether k = d ork > d)if and only if the simplex gradient V f (X)
is defined.

3 Basic properties of simplex gradients

When k < d (the determined and underdetermined cases), the following proposition,
which was proved in Regis [10], shows that the simplex gradient V; f(X) does not
depend on the order of the points in X. A slightly different proof from the one in Regis
[10] is included below to make this article self-contained.

Proposition 2 Suppose X = (xq, x1, ..., xk) is an ordered set of k + 1 affinely
independent points in RY, where 1 < k < d. Let o be a permutation of the indices
{0,1,...,k} and let X, = (xa(o), Xo(1)s -+ s xa(k)). Then st(Xa) = st(X).

Proof First, consider the case where «(0) = 0. Then
S(Xy) = [Xa() = %0 -+ Xey — X0l =SX)P and 87X =8 P,
for some permutation matrix P. Now

Vi f (Xa) = S(Xa)(S(Xe)T S(X)) ™85 (Xa)
= S(X)PUSX)P) SX)P) 1 (PT57(X))
=S P(PTS)Tsx)P) P s, (X))
= SX)PP (ST S NPT PTs (X))
= S(X)(SX)TSX) 18, (X) = Vi f(X).
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850 R. G. Regis

The previous argument shows that if the points in X = (xo, x1, ..., xx) are per-
muted except for the reference point xp, then the simplex gradient remains the same.
Next, observe that any permutation of {0, 1, ..., k} that maps O to another element
can be obtained from a permutation that fixes 0 by means of a single transposition.
Hence, it only remains to show that the simplex gradient is preserved by a permutation
of {0, 1, ..., k} that switches 0 and another element while holding the other elements
fixed.

Let o be a permutation of {0, 1, ..., k} such that«(0) = j # 0, a(j) = 0, and that
fixes all other elements. Note that S(Xy) = [Xo(1) —Xw©) --- Xa(k) — X«(0)] canbe
transformed to S(X) = [x; —xo ... xx — xo] by applying a series of elementary
column operations to S(Xy,). To see this, begin by multiplying the jth column of S(&,)
by —1. The resultis also given by S(X,) M, where M is the elementary matrix obtained
by replacing the jth diagonal entry of Iy by —1. Next, foreachi = 1,...,k, i # j,
perform an elementary column operation that consist of adding the jth column of
S(Xy)M to the ith column and storing the result in the latter column. The result is
some permutation of the columns of S(X'), and so,

S(Xy)MEE> ... Ex_1P = S(X),

where P is a permutation matrix and Eq, E», ..., E;_1 are the elementary matrices
obtained by adding the jth column of I to the other columns and storing the results
in those columns.

Let F = ME(E, ... E_1 P.Then S(X,)F = S(&X) and F is nonsingular because
it is the product of nonsingular matrices. Observe that

FT8p(Xy)=(ME\Ey... Ex_1P) 8 p(X)=PTE_| ... ETET M”61 (Xy)=87(X).

Hence,

Vi F(X)=S(X) (ST SX)) 18 (X)=S(X) F ((S(Xe) F)T (S(X)F) )18 7(X)
= S(X)F (FTS(X) T S(X)F)7'87(X)
= S(X) FF' (S(X)"S(X)) " (FT) 715 4(X)

= S(X)(S(Xe) T S(X) 7161 (X)) = Vi f(Xo).
O

When k > d (the overdetermined case), V f (X)) depends on the order of the points
in X as can be seen from the following examples in R and RZ.

Example 1 Consider xo = —1,x; = 0,xp = 1 and suppose f(xg) = 2, f(x1) =
1, f(x2) = 3.Let X = (xq, x1, x2) and consider the permutation of {0, 1, 2} given by

«= (0 : 2)- Then X, = (x1, x2, x0). Note that S(X) and S(X,,) have full rank

and
Vs f(X) = (S(X)SX)T)TIS(X)8 £ (X)

= ([1 2][1 2]T)_1[1 2][‘”:[1/5]
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The calculus of simplex gradients 851

and

Vi@ = ([1 -1][1 —1]T)_1[1 4][?]:[1/2],

and s0, V f(X) # V, f(Xy).

Example 2 Consider xo = [0,0]17,x; = [1,0]7,x, = [0, 117, x3 = [1,2]7 and

suppose f(xo) = 1, f(x1) = 2, f(x2) =0, f(x3) = 1. Let X = (xo, x1, X2, X3)
0123

390 1).ThenXa =

(x3, x2, x0, x1). Note that S(X’) and S(Xy) have full rank and

and consider the permutation of {0, 1, 2, 3} givenby o =

Vs f(X) = (S(X) ST IS8 £ (X)
N EIANEEE 11_7/6
“\|{0o 1 2]||01 2 012‘0_—2/3
and
—1 _1
-1 -1 07[-1 -1 o1]" -1 -1 0
st(x"‘)z([—l -2 —2“—1 -2 —2} ) [—1 -2 —2] 0
_| 453
| -509|

and so, Vs f(X) # Vi f(Xa).

—_—

For convenience, call the first point in the ordered set X the reference point. The
next proposition shows that, when k > d (the overdetermined case), the simplex
gradient is not affected by changing the order of the sample points that are not the
reference point. That is, Vy f(X) depends only on which point in X is used as the
reference point and not on the order of the other sample points. Note that although the
DFO book by Conn et al. [5] and other papers (e.g., Custddio and Vicente [7]) did not
explicitly mention the dependence of the simplex gradient on the reference point, the
notation V; f (xp) in the book and in these other papers suggests that the authors were
aware of this dependence.

Proposition 3 Suppose X = (xo, x1, ..., xx) is an ordered set of k + 1 points in R¢,
with k > d, that contains a proper subset of d + 1 affinely independent points. Let
o be a permutation of the indices {0, 1, ..., k} such that «(0) = 0 and let X, =
(Xa(0)s Xa(1)s - - - » Xa(k)). Then Vs f(Xy) = Vs f(X).

Proof Since «(0) = 0, it follows that

S(Xy) = [Xa() = %0 -+ Xy — X0l =SX)P and 87X =8, ) P,
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for some permutation matrix P. Now

Vs f(Xa) = (S(X)S(Xe)T) 1S (X8 £ (Xo)
= (S(X)PSX)PY )T S(X)P(PT54(X))
= (SX)(PPHSX))'S@X)(PPT)s (X))
= (S()SX)H)TISX)8 £ (X) = Vi f(X).

4 Simplex gradients and linear interpolation and regression models

Next, this section analyzes the relationship between the simplex gradient and the
gradient of the corresponding linear model. When X’ consists of exactly d + 1 affinely
independent points, the following result mentioned in Conn et al. [5] shows that the
simplex gradient V f (X) is the gradient of the unique linear function that interpolates
the points in X" and their function values.

Proposition 4 Let X’ = {xq, x1, ..., x4} be a set of d + 1 affinely independent points
inR? (and so X is poised for linear interpolation in R?).Then V f (X) is the gradient
of the unique linear function that interpolates the data points {(xg, f(x0)), (x1, f(x1)),
vy (xd, fGa))})

Proof Letm(x) = co+ ¢! x, where co € Randc € R4, be the unique linear function
that interpolates the data points {(xo, f(x0)), (x1, f(x1)), ..., (xq, f(x4))}. Then

co+cTxj=f(xj)) for i=0,1,....d. (3)

Subtracting co + ¢’ xg = f (xo) from each of the equations in (3) fori = 1,...,d
gives

cl(xj —x0) = f(xj) — f(xo) for i=1,...,d.
Hence, c satisfies
cT'S(X) = 87(X)", orequivalently, S(X)7c=8;(X).
Since X’ consists of d + 1 affinely independent points, S(X)” is nonsingular and
Vm(x) =c = S(X)T86,(X) = Vy f(X).

O

Next, consider the overdetermined case. Let X = (xg, x1, ..., xx) be an ordered set
of k+ 1 distinct points in R¥ that contains a proper subset of d + 1 affinely independent
points (and so k > d) and let m(x) = ¢y + ¢’ x be the linear regression model for
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The calculus of simplex gradients 853

the data points {(xg, f(x0)), (x1, f(x1)), ..., (xk, f(xx))}. Recall that the gradient
Vm(x) = c is obtained from the least squares solution of

Lox f(x0)
% x.l [CO} _ f(?n) @
N ¢ ;
1 ka S (i)
while the simplex gradient V; f(X) is the least squares solution of
(x1 —x0)" f(x1) = f(xo)
(x2 — x0)" f(x2) = f(x0)
S| Ver@ = : : )
(e — x0)" S xx) — f(xo)

The examples below show that V f (X)) is not necessarily equal to Vm(x) = ¢ in
the overdetermined case. In fact, Example 4 below shows that none of the simplex
gradients V f(X') using all possible reference points have to equal Vm(x) = c.

Example 3 Consider X' and F(X') from Example 1: x9 = —1,x; = 0,x, = 1 and
f(x0) =2, f(x1) =1, f(x2) = 3. Then V; f(X) = [1/5]. Now the coefficients of
the linear regression model m(x) = cg + cT x are given by

<]

(LO)TL) ' LX) F(X)

I -1 1 1 2 )
1 0 1 0 1 0 1 =|: :|
1 1 I 1 1 1 172

Hence, Vim(x) = ¢ = [1/2] # Vi f(X).
Example 4 Consider X and F (X)) from Example 2: xo = [0, 0]7, x; = [1,0]7, x» =
(0,117, x3 = [1,2]" and f(xo) = 1, f(x1) = 2, f(x2) = 0, f(x3) = 1. Then

Vo f(X) = [_75/63

co + ¢! x are given by

. Now the coefficients of the linear regression model m(x) =

[CO} = (LOTL)) L) T FX)

C
—1
1001"T100 100771 4/5
1o 110 110 21 _ | 13710
=1l101 101 101 o~ ey
112 112 112 1
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854 R. G. Regis

Hence, Vm(x) = ¢ = [13/10, =3/5]" # V, f(X).

By similar calculations, the simplex gradients obtained by using xi, x and x3
as reference points are [11/9, —5/917, [3/2, —2/3]7 and [4/3, —5/9]7 , respectively.
Note that none of these simplex gradients are equal to Vm (x) = ¢ = [13/10, —=3/5]7.

The fact that Proposition 4 does not hold for the overdetermined case is not really
surprising considering that Examples 1 and 2 and Proposition 3 showed that V f (X)
depends on which point in X is chosen as the reference point whereas the linear
regression model and its gradient are fixed for a given X" containing a subset of d + 1
affinely independent points.

Finally, in the underdetermined case (k < d), V; f (&) is also not the gradient of
the linear model whose coefficients are the minimum 2-norm solution to Eq. (1) as
can be seen from the following counterexample.

Example 5 Consider xo = [1,0,0]7,x; = [0,1,0]”, x = [0, 0, 117 and suppose
fxo) =2, f(x1) =0, f(x2) = 1. Let X = (x0, x1, x2). Then

Vi f(X) = S(X)(SX)TS(X)) 18 5(X)
—1-1 IS L L A _2 1
=10 10 10 [ ]]z -1
1 0 1 0 1 a 0

On the other hand, the minimum 2-norm solution to Eq. (1) is given by

<]

LT (L)L) FX)

110077 /fT11007 110077 2 gﬁ
=11010 1010|1010 0= 34
1001 1001|1001 1 A

Again, ¢ = [5/4, —3/4,1/41" # V, f(X).

The next proposition shows that, in the underdetermined and determined cases,
—V; f(X) is a descent direction for any linear function that interpolates the points in
X and their function values. In particular, although V; f(X) is not necessarily equal
to the gradient of the linear model corresponding to the minimum 2-norm solution to
Eq. (1) in the underdetermined case, this proposition says that —V; f (X)) is always a
descent direction for this linear model.

Proposition 5 Suppose X = {xo, x1,...,xx} (k < d) is a set of k + 1 affinely inde-
pendent points in R4, If f(x0), f(x1), ..., f(xx) are not all equal, then —V f(X)
is a descent direction for any linear function that interpolates the data points

(x0, f(x0)), (x1, f(x1), - .-, (3, f(xX0)).

Proof Let g(x) = co + ¢’ x be any linear function that interpolates the data points
(xo. f(x0)), (x1. f(x1)), .. (xk, f (), where ¢o € R and ¢ € R. Then co +
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The calculus of simplex gradients 855

cTxj = f(x;) fori =0,1,...,k, and so, ¢’ (xi — x0) = f(x;) — f(xo) fori =
1,..., k. Hence, ¢ S(X) = 87(X)T. Now for any x € R,

—T S (ST SX)) 18 4(X)
= =5, ()T (ST SX) T8, (X).

Ve (=V, f(X)

Since S(X) has full column rank, it follows that S(X)T S(X) and its inverse are
both symmetric and positive definite. Moreover, since not all the f(x;)’s are equal,
it follows that 6 s (X) is not the zero vector. Hence, V g(x)T(=V, f(X)) < 0 for any
x € R4, and so, —Vj f(X) is a descent direction for g(x) = co + ¢! x from any point
x € RY. O

On the other hand, in the overdetermined case, the following example shows that
—V; f(&X) is not always a descent direction for the corresponding linear regression
model.

Example 6 Consider the ordered set of sample points and their function values:
X = (x0,x1,x2) = (0,1,2) and f(x9) = 2, f(x1) = 1, f(x2) = 9/4. Then the
coefficients of the linear regression model m(x) = co + ¢! x are given by

<]

LXTLE) LX) FX)

—1
10717 T10 10771 2 13/8
=11 11 11 1 =[1/8]
12 12 12 9/4

Hence, Vi (x) = ¢ = [1/8]. The simplex gradient is given by
Vs f(X) = (S(X)SX)T) I S(X)8 4 (X)

=([1 2] 2]T)"[1 ﬂ[iﬂ:[—l/lo]

Note that Vm (x)T (=V, (X)) = [1/8]7[1/10] = 1/80 > 0 for any x € R, and
so, —V f(X) is not a descent direction for m(x) from any x € R.

Examples 3, 4 and 5 above showed that the simplex gradient V; f (X) is not necessar-
ily the gradient of the corresponding linear model m (x) = cq+ ¢! x for the data points
X = (xp, x1, ..., x¢) in the underdetermined and overdetermined cases. In particular,
Examples 3 and 4 correct the statement on page 33 of the DFO book by Conn et al. [5]
where it is stated that, in the overdetermined case, Vs f (X)) is also the gradient of the
linear regression model for the data points {(xo, f (x0)), (x1, f(x1)), ..., (xk, f(xx))}.
That statement in the DFO book [5] has also been rephrased in the errata for Theo-
rem 2.13 of the book where it is stated that the simplex gradient is the gradient of the
following alternative linear model:

m(x) = f(x0) + ¢’ (x — x0) = f(x0) + (x — x0) ¢, (©6)
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856 R. G. Regis

where ¢ = [c1, ..., cq]T are the coefficients to be determined. One main difference
between the original linear model m(x) = co + ¢T x and the above alternative linear
model is that the original model has d + 1 coefficients to be determined (co and the
components of ¢) while the alternative model has only d coefficients. Moreover, the
alternative linear model is required to interpolate the reference data point (xg, f(xp)).
The coefficients of the linear model (6) are obtained by finding a minimum norm least
squares solution to the following linear system:

Fxo) + (x1 —x0) e = f(x1)

f(x0) + (xx —x0) e = f(xx)

This linear system is equivalent to:

(x1 — x0)7 S(x1) — f(xo)
(x2 —xo)T f(x2) — f(x0)

. c= ) ,
(xk — x0)” ) — fxo)

which is precisely the linear system that yields the simplex gradient Vy f(X). Thus,
the gradient of the alternative linear model m(x) = f(xo) + ¢ (x = x¢) is indeed the
simplex gradient V; f(X).

5 Error bounds for linear interpolation and regression models

Throughout this section, let X = {xo, x1, ..., x¢} be a set of sample points in R4
and assume that f is continuously differentiable in an open domain €2 containing the
closed ball B(xg, A) = {x € R? : |lx —x¢|| < A}, where A = maxj<j<k ||x;i — xoll.
Further, assume that V f is Lipschitz continuous in € with constant v > 0.

The following result from Conn et al. [5] (Theorem 2.11 in [5]) provides an error
bound for the gradient of the linear interpolation model m(x) = co + ¢! x in the
determined case. Since Vm(x) is identical to the simplex gradient V; f(X) in the
determined case, Proposition 6 also provides an error bound for the simplex gradient.

Proposition 6 Assume that the set X = (xg, X1, ..., xq) C RY s poised for linear
interpolation in RY and suppose that the conditions mentioned above hold. Then the
gradient of the linear interpolation model satisfies, for all points x € B(xg, A), an
error bound of the form

IVf@x) = V@)l < kegA,

where keg = v(1 +d'?||S(X)~T||/2) and S(X) = S(X)/A.

The following proposition extends Theorems 2.11 and 2.13 in Conn et al. [5] (with
the correction from the errata for the book). This result was essentially established in
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[3], [4], and [8] but the statement of the proposition was derived from Custédio and
Vicente [7] and Custddio et al. [6]. This proposition provides an error bound for the
gradient of the alternative linear model m(x) = f (xo) + ¢! (x — xg), which is also the
simplex gradient V; f (&X"). While Theorems 2.11 and 2.13 in [5] cover the determined
and overdetermined cases, respectively, this proposition covers all three cases. The
proof uses the same arguments as in the proofs of Theorems 2.11 and 2.13 in [5] and
is included for completeness.

Proposition 7 Let X = (xq, x1, ..., xXx) be an ordered set of k + 1 points in RY such
that S(X) has full rank and assume that the conditions mentioned above hold. Consider

the alternative minimum norm least squares linear model m(x) = f(xo)+ el (x = x0p)

for the data points {(xq, f(x0)), (x1, f(x1)), ..., (Xk, f(xk))} so that Vim(x) = ¢ =
Vs f(X). Then

IS (V £ (x0) — Vm(x)| < klﬂgA,

where §(X ) = S(X)/A. Moreover, when k > d (determined and overdetermined
cases),

IV £ (x0) — Vimn(x)| < k1/2§||<§(X>T>*||A,

and the gradient of this alternative linear model satisfies, for all points x € B(xg, A),
an error bound of the form

IVf(x) = Vm@)| < kegA,

where kg = v(1 + K'/2(|(S(X)T)]/2).

Proof Define the vector r(X) = [r1(X), ..., (X)]T € Rf by

r(X) 1= ST (VF(xo) —¢) = S(X)TV f(x0) — 87(X)
(x1 —x0) TV f(x0) — (f (x1) — f(x0))

(xk — x0) TV £ (x0) — (f (xx) — f(x0))

By the integral form of the mean value theorem,

1
f(x,->—f<xo>=/0 (i —x0) Vf(xo+1(x; —xo) di. i=1,....k
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From this equation, it follows that fori =1, ..., k,

1 (X)] = |(xi — x0)" V f(x0) — (f(x;) — f(x0))
1 1
=' / (xi — x0) V f (xo)dt — / (xi —x0)T V. f (xo + 1 (x; — x0)) dt
0 0

1
= )/0 (xi —x0)" [V f(x0) — V f(xo +1(x; — x0))] dt

1

< [ =507 19 £ 500 = 9 50+ 163 = 50
1

< [ = w0l 9 7o) = 9 £ 50+ 165 = s

1 1
2
s/ s — xollvlle (i — xo)ll dt = vllx; — xol / ¢ di
0 0

= Sl —xol? < 547
Hence,
lr ()| = (Zk:r-(;\()z)l/z 3 (Z (KAZ)Z)UZ - (k (BA2)2)1/2 B kl/ZKAZ
- i—1 l T\F N2 B 2 T2
Now
IS)T(Vf(x0) — Ol = Ir(X)] < klﬂgﬁ,
and so,

||§(X)T(Vf(x()) —ol < kl/ng‘

Whenk > d, S(X)T has full column rank, and so, (S(X)7)7 is aleftinverse of S(X)7.
In this case,

IV £ (x0) = cll = 1SS T (V f(x0) — o)

< 1SS T (V f(x0) — o)l < k1/2§||(§(X>T>*||A.

Finally, when k > d, note that for all x € B(xg, A),

IVF) =cl = IVFx) =V o)l + IV f(xo) —cll

Voo~ -~ sV
il = xoll + K2 2IS@ A = (v + K 21D I5) A

=
=<

O
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The corollary below provides the error bound for the simplex gradient as stated
in Custddio and Vicente [7] and Custédio et al. [6]. Note that this is essentially the
first part of Proposition 7 stated in terms of the reduced SVD of §(X Y =S A.
Moreover, as in the first part of Proposition 7, the gradient V f is evaluated at xo and
not just at any x € B(xg, A). An error bound involving V f (x) for all x € B(xp, A)
that is similar to the one in Proposition 7 can be obtained when k > d.

Corollary 1 Let X = (xq, x1, .., xk) be an ordered set of k + 1 points in RY such
that S(X) hq:v full Lank. Moreover, assume that the conditions mentioned above hold.
Further, let U(X)Z(X)V(X)T be a reduced SVD of S(X)T = S(X)T /A. Then

17TV £ (o) = Vo O = (K2ZIE 1) A,

where V(X) = I, ifk > d and V(X) = V(X) ifk < d.

Proof From the previous proposition,
1T T (VF0) = Vs fD] = k234,
Since the columns of U (X) are orthonormal, it follows that
IE@V (Y f(x0) = Vs f(X)] = k”ng.

Moreover, since S(X) has full rank, it follows that f)()( ) is nonsingular, and so,

IV (V f(x0) = Vs XD = 12X IE@) V)T (Y f (x0) = Vi [l
< IS NZE@) V)T (Vf(x0) = Vo f(X)]
< k“zgni()c)—luA.

When k > d, V(X )T is an orthogonal matrix, and so,

IV £ (x0) — Vs f(X)] < k“zgni(xr‘nA.

6 The simplex gradient as a linear operator and calculus rules
The purpose of this section is to explore what calculus rules for ordinary gradients also

hold for simplex gradients. It begins with a convenient way of defining the simplex
gradients of a function. As before, f and g are functions from R? to R.
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Definition 3 Let xo € R¢ andlet Y € R?*¥ be a matrix with full rank, i.e., rank(Y) =
min{d, k}. The simplex gradient of f at xo with respect to the matrix Y, denoted by
Vy f(x0), is the minimum 2-norm least-squares solution to the system:

f(-xo + y]) — f(xO)
YT Vy f(x0) = 81y (x0) := ’
f(.X'() + yk) - f(xO)

where yi, ..., yx are the columns of ¥, which can also be expressed as:

Vy f(x0) = YT 81y (x0),

where Y is the Moore-Penrose pseudoinverse of Y.

In the previous definition, Vy f(xg) = Y_T(Sf,y(xo) when k = d, Vy f(xg) =
Y(YTY)~18/y(x0) when k < d, and Vy f(xo) = (YYT)~1Y§,y(xo) when k > d.
Note that Vy f(xo) = Vsf({x0,x0 + y1,...,X0 + yk)), where yi,..., yx are
the columns of Y. Moreover, if ¥ = hl;, where h is a positive constant, then

1
Vy f(xo) = }—18 £,y (x0) is simply the finite-difference gradient of f* at xo with fixed
step size h.
Example 7 Suppose f(x) is a linear function, say f(x) = co + ¢! x, where ¢y € R
and ¢ € RY, and Y € RY*k has full rank. Then, for any x € RY, Vyfx) =
(YT)T(Sf,y(x) = YHTyTe = (vYHTe. Furthermore, if Y is nonsingular, then
Vy f(x) = c for any x € R?.

The following proposition is an immediate consequence of Propositions 2 and 3.

Proposition 8 Let Y € RY*K be a matrix with full rank. Then for any permutation
matrix P € Rk>k,

Vy f(x) = Vp) f(x).

Next, let yo = 0 and let y1, ..., yx be the columns of Y. Furthermore, let « be a
permutation of the indices {0, 1, . . ., k} and define Y, € R¥K 10 be the matrix whose
columns are yu (1) — Ya(0), - - -» Ya(k) — Ya(0)- When k < d (underdetermined and

determined cases only), the simplex gradient has the more general property that for
any x € RY,

Vy f(x) = Vy, f(x + Ya(0))-

The next proposition shows that the simplex gradient is a linear operator on the
space of functions from R? to R.

Proposition 9 Let Y € Rk be a matrix with full rank. Then for any x € R? and for
any constant c,

(@) Vy(f +g)(x) =Vyf(x)+ Vygx), and
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(®) Vy(cf)(x) =cVy fx).
Proof For any x € R?,

(f+a+y) —(f +2)x)
Vy(f +8)x) = YN 84 v(x) =@HT :

(f+8&+y) — (f +8)x)
fx+y)— fx) g(x+y1) —gx)
=HT : + ;
({f(x + ) — f(x)] L(X+yk) g(x)D
= ()T8y @)+ @NH 8 y(x) = Vy f(x) + Vyg(x)
Moreover, for any x € R4 and any constant c,

(cf)(x + 1) — (cf)(x)
Vy(ef)(x) = ¥ 8py(x) = (@ HT :

() x4+ y0) — ()
[f(x ) — )
=c(yHT :

: ] = cVy f(x).
F&x 4y — fx)

O

The next proposition provides a product rule for simplex gradients. For convenience,
diag(ay, ..., ay) denotes a diagonal matrix whose diagonal entries are ay, ..., ai.

Proposition 10 Ler Y € Rk be a matrix with full rank. Then for any x € R?,

Vy(fe)(x) = f(x)Vyg(x) + diag(g(x + y1), ..., g(x + y)Vy f(x).

Proof For any x € R?,

Fx+yDg +y1) — f(x)gk)
Vy(fe)x) = (YN 840 y(x) = (¥ HT :

FO+ 058G + 0 — F)g()
FOt ) — f(x)}

S+ y) — f(x)
gx 4+ y1) —g(x)
g(x + yk) — g(x)
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Since a diagonal matrix commutes with any other matrix (assuming the products
are defined), it follows that

fG+y) = f)
Vy (fg)(x) = diag(g(x + y1), ... g(x + y ) (¥ HT :
fG+y0) = f)
glx +y1) —gx)
+f)xHt :
glx + yr) — g(x)
= diag(g(x + y1), ..., gx + y)Vy f(x) + f(x)Vyg(x).

The next proposition provides a quotient rule for simplex gradients.

Proposition 11 Ler Y € Rk be a matrix with full rank. Then for any x € RY for
which g(x), g(x + y1), ..., g(x 4+ yx) are all nonzero,

(f) o ( 1 1 ) [g(x)VYf(x) - f(x)Vyg(X)}
y | = ) (x) = diag .
g glx +y1) g(x + yr) g(x)

Proof By the previous proposition,

Vy f(x) = Vy (i '8)
8

= diag(g(x + y1), ..., 8(x + ) Vy (g) (x) + (g) (x)Vyg(x).

Solving for Vy ( ) (x) gives

Vy (ﬁ) (x) = diag(g(x + y1), ..., gx + )~ [VYf(X) - (f(( ))) Vyg(X)}

_ diag ( 1 ) [g(X)Vyf(X) - f(X)Vyg(X)]
gx+y) T glx + W) g(x) ’

O

Corollary 2 Let Y € RY** be a matrix with full rank. Then for any x € R? for which
fx), f(x+y1),..., f(x 4+ y) are all nonzero,

1 1
] _ W ...,— )V .
(f)(x) 170 ag(f(x+y1) f(x+yk)) v )

There does not seem to be a general chain rule for simplex gradients. However, it
is possible to derive a version of the power rule for simplex gradients as shown next.
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Proposition 12 Let Y € R?** be a matrix with full rank. Then for any x € R? and
for any positive integer n,

i=1

Vylf@I" = {Z[f(x)]"idiag(f(x F0) e fr yk»“} Vy f ().

Proof Proceed by induction on n. The equation is obviously true for n = 1. Next,
assume that the equation is true for n = ¢ for some integer £ > 1, i.e.,

4
Vylf (0] = [Z[f(x)]‘z"'diag(f(x 1), f+ yk»"—l} Vy f ().

i=1
Now

Vy L1 = Vy (L 01 F(x)
= [f )1 Vy f(x) + diag(f(x + y1)s ..o fx+ v Vy [F 01
= [f )1 Vy £ (x) + diag(f (X + y1)s - .., Fx + )

4
[Z[f(x)]“diag(f(x F s fO yk»f‘} Vy f(x)

i=1

i=1

14
= [[f(x)]‘lk + D L1  diag(f (x + y1), -, Flx+ Yk))i:| Vy f (%)

Replacing i by i — 1 in the previous sum gives

41
Vylf 017! = [[f(x)]ﬂlk + D @I  diag(f (e 4y, fx

=2

+yk>)"—1}vyf<x)

{+1
= [Z[f(x)]“l—fdiag(ﬂx + ), fla+ yk»"—l} Vy f(x)

i=1
Hence, the equation is also true for » = ¢ + 1 and the induction is complete. O

Corollary 3 Let Y € R be a matrix with full rank. Then for any x € R? and any
positive integer n,

n

Vrlfo)l™ = - [Z[f(x)]‘idiag(f(x F 0 fl+ yk»f—”—l] Vy f ().

i=1
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Proof By Corollary 2 and Proposition 12,

1 —1 1 1

v = di s \v4 n
(7or) = gt (o Fa) WU
= —[f)] "diag(f(x + y1), ..., f(x + )"

[Z[f(x)]”‘idiag(f(x + Y0 flx+ yk»"—l} Vy f(x)

i=1

= - [Z[f(x)]idiag(f(x +0, s fr+ yk»"”‘} Vy f(x)

i=1
O

Also, there does not seem to be a chain rule for function composition involving
exponential functions. However, the following proposition gives a rule for the simplex
gradient of an exponential function.

Proposition 13 Ler Y € R?*X be a matrix with full rank. Then for any x € R¢ and
for any positive integer n,

Vyel ™) = ef(x)(YT)T(e‘Sf’Y(X) — Lix1),

where 1«1 is a vector of all 1’s and the exponentiation is taken componentwise.

Proof

oG4 _ pf () o HID—f() _
Vyel ®) = (YT)T — ef(x)(yT)T :
e+ _ pf () ef Gy —fx) _

— e.f(x)(yT)T(e5f.Y(X) — Tix1)-

7 Summary and conclusions

This article clarified some of the properties of simplex gradients that were previously
not explicitly mentioned in the literature. In particular, the simplex gradient was shown
to be independent of the order of the points in the underdetermined and determined
cases but it depends only on which point is used as the reference point in the overde-
termined case. Moreover, although the simplex gradient and the gradient of the cor-
responding linear model are equal in the determined case, this property is not true for
the underdetermined and overdetermined cases. However, the simplex gradient turns
out to be the gradient of an alternative linear model that has one less coefficient than
the original model and that requires interpolation at the reference point. The negative
of the simplex gradient was also shown to be a descent direction for any interpolating
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linear function in the determined and underdetermined cases but this property does not
hold for the overdetermined case. In addition, a previously established error bound for
simplex gradients was reviewed. Finally, calculus rules for simplex gradients (similar
to those for ordinary gradients) were also proved.
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