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Abstract In this paper, the Minty vector variational-like inequality, the Stampacchia
vector variational-like inequality, and the weak formulations of these two inequalities
defined by means of Mordukhovich limiting subdifferentials are introduced and stud-
ied in Asplund spaces. Some relations between the vector variational-like inequal-
ities and vector optimization problems are established by using the properties of
Mordukhovich limiting subdifferentials. An existence theorem of solutions for the
weak Minty vector variational-like inequality is also given.
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1 Introduction

The vector variational inequality was first introduced and studied by Giannessi [11]
in the setting of finite-dimensional Euclidean spaces. Since then, several applications
have been shown to a wide range of problems in various disciplines in the natural and
social sciences. Consequently, vector variational inequalities have been generalized
in various directions, in particular, vector variational-like inequality problems, see
[1,2,4,6,7,10,14,16,18,19,25,26,31] and the references therein. The vector varia-
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tional-like inequalities are closely related to the concept of the invex and pre-invex
functions which generalize the notion of the convexity of functions. As a matter of
fact, the concept of invexity plays the same role in vector variational-like inequal-
ities as the classical convexity plays in vector variational inequalities. The concept
of the invexity was first introduced by Hanson [15]. More recently, the character-
izations and applications for generalized invexity were studied by many authors, see
[13,17,23,27,29,30,32,33,35] and the references therein.

The relation between the vector variational inequality and the smooth vector optimi-
zation problem has been studied by many authors (see, for example, [12,31,34] and the
references therein). Giannessi [ 12] showed the relation between the Minty vector vari-
ational inequality and the differentiable, convex optimization problem. Yang et al. [34]
extended the results of Giannessi [12] for differentiable but pseudoconvex functions.
In addition, Yang and Yang [31] gave some relations between the Minty variational-
like inequalities and the vector optimization problems for differentiable but pseud-
oinvex vector-valued functions. Vector variational-like inequalities and nonsmooth
vector optimization problems have also been studied by many authors (see, for exam-
ple, [1,3,18,19,25] and the references therein). Very recently, Rezaie and Zafarani
[25] showed some relations between the vector variational-like inequalities and vector
optimization problems for nondifferential functions under generalized monotonicity.
Al-Homidan and Ansari [1] studied the relation among the generalized Minty vector
variational-like inequality, generalized Stampacchia vector variational-like inequal-
ity, and vector optimization problem for nondifferential and nonconvex functions. The
main resultsin [1] and [25] were obtained in the setting of Clarke subdifferential. Since
the class of Clarke differential is larger than the class of Mordukhovich subdifferential,
it is necessary to study the vector variational-like inequalities and vector optimizations
problem in the setting of Mordukhovich subdifferential (see [8,9,21,22]).

Motivated and inspired by the work mentioned above, in this paper, we intro-
duce the Minty vector variational-like inequality, Stampacchia vector variational-like
inequality, and the weak formulations of these two inequalities defined by means of
Mordukhovich limiting subdifferentials in Asplund spaces. Some relations between
the vector variational-like inequalities and vector optimization problems are estab-
lished by using the properties of Mordukhovich limiting subdifferentials. We also
present an existence result for the solutions of the weak Minty vector variational-
like inequality. The results presented in this paper generalize some main results in
Al-Homidan and Ansari [1] and Yang and Yang [31].

2 Preliminary results

Throughout this paper X is an Asplund space. A Banach space X is Asplund, or it
has the Asplund property, if every convex continuous function g : U — R defined on
an open convex subset U of X is Fréchet differentiable on a dense subset of U. This
class includes all Banach spaces having Fréchet smooth bump functions (in particular,
spaces with Fréchet smooth renorms, hence, every reflexive space) and spaces with
separable duals, etc. Let X* denote the topological dual of X and (-, -) be the duality
pairing between X and X*. A mapping ¢ : X — Y is Fréchet differentiable at x if
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Vector variational-like inequalities 1515

there exists a linear continuous operator Vg(x) : X — Y, called the Fréchet derivative
of g at x, such that

i g() —g(x) — Vg()(x —x)
m - =
XX llx — x|

0.

Let Q be a nonempty subset of X. Given x € 2 and ¢ > 0, the set of ¢ —normals
to 2 at x is defined by

* —
Ne(x; Q) = {x* e X*:limsupw
P lu — x|l

Ifx ¢ Q,weput](’a (x; ) =@ forall e > 0.
Let x € Q. Then x* € X* is a limiting normal to 2 at x if there are sequences

er 4 0, xx LN X, and x; 25 x* such that xp € Ngk(xk; Q) for all k € N. The
collection of such normals

N (x; ) = lim sup Ng(x; Q)
x—gnf
el0
is the limiting normal cone to 2 at x. Put N(x; Q) = ¢ for x ¢ Q. Note that the

symbol u N x means that u — x with u € Q. The symbol . stands for conver-
gence in weak star topology, and N denotes the set of all natural numbers.

Considering the extended-real-valued function g : X — R = [—o0, +o0],
we say that g is proper if g(x) > —oo for all x € X and its domain, dom
g ={x € X: g(x) < 400} is nonempty. The epigraph of g is defined as

epi g ={(x,a) e X x R:g(x) <a}.
Considering a point x € X with |g (X)| < oo, the set
Ig(x) = {x* € X : (x*, —1) € N((x, g(¥)); epig)}
is the limiting subdifferential of g at x and its elements are limiting subdifferentials

of g at this point. We put dg(x) = @ if |g(x)| = oo.
The Fréchet subdifferential of g at i is defined by

>0

— ) * =
de(®) = 1x* € X* ¢ liminf S Z 80 = . x = 1)
X—>X ”x _x”

g is said to be lower regular at x if ég(i) = adg(x).

For more details about the properties of the above-mentioned results, see
Mordukhovich [21].
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1516 B. Chen, N.-J. Huang

Hereafter, unless otherwise specified, we assume that S € X is a nonempty open
invex set with respect to mapping n : S x § — X. § is said to be an invex set wrt the
mapping n : S x § - X ifx +An(y,x) € Sforall x,y € Sand A € [0, 1]. Suppose
that g : S — R is a Lipschitz continuous function.

Definition 2.1 g is said to be invex wrt 17 on S if for any x, y € S and & € dg(x),
(. n(y, %)) = g(y) — gx).
Definition 2.2 g is said to be preinvex wrt n on § if for any x, y € S and A € [0, 1],
g +an(y, x)) = rg(y) + (1 = A)g(x).

Definition 2.3 9g is said to be monotone wrt n on S if, forany x,y € §,& € 9g(x)
and £ € 9g(y),

&, n(y, x)) + (¢, n(x,y)) <0.

Remark 2.1 It is easy to see that if g is said to invex wrt  on S, then dg is monotone
wrt n on S.

Definition 2.4 A mapping n : S x S — X is said to be skew if, for any x, y € S,
n(x,y) +n(y,x) =0.

Definition 2.5 ([5]) Let x, y be two arbitrary points of S. A set P, is said to be a
closed n-path joining the points x and z = x + 1(y, x) (contained in §) if

P, ={u=x+x(,x): 2 el0,1]}.

Analogously, an open n-path joining the points x and z = x + n(y, x) (contained in
S)is

Pl ={u=x+in(y,x):1e 0, D}
Yang et.al [33] introduced the following Condition A.
Condition A: Let § € X be an invex set wrt  and let g : S — R be a function.

Then,

gy +n(x,y)) <gx),Vx,y €S.

Mohan and Neogy [20] introduced the following Condition C. Condition C: for any
x,y€e S, Ael0,1],

N,y +an(x, y)) = —An(x, y),
N,y +anx,y) =1 -=nx, y).

@ Springer



Vector variational-like inequalities 1517

Remark 2.2 Yang et al. [35] showed that, if n : § x § — X satisfies Condition C,
then

n(y +in(x,y),y) = An(x, y), » € [0, 1].

Lemma 2.1 ([27]) Let g and n satisfy Condition A and Condition C. If g is invex wrt
non S, then g is preinvex wrt  on S.

Lemma 2.2 ([28]) Let x and y be two arbitrary points of S. z = x + n(y, x), g is
lower regular on P, then there exists ¢ € P¢,, & € dg(c),

&, n(y,x)) =gz — gx).

In other words, there exists A € (0, 1), c = x + An(y, x), & € dg(c),

E.n(y,x)) =glx+ny,x)) —gkx).

Lemma 2.3 ([24]) Let S be a nonempty convex subset of a Housdorff topological
vector space X, let K be nonempty compact subset of S, suppose that A, B : S = §
are setvalued mappings satisfying the following conditions:

(A1) Ax C Bx forallx € S;

(A2) Bx is a convex set for all x € S,

(A3) Ax @ forallx € S;

(A4) A7y ={x €8,y € Ax} is an open set for each x € S;

(AS) foreach finite subset N of S, there exists a compact,convex and nonempty subset
Ly of S, such that Ly D N, and Ax N Ly # 0 forall x € Ly\K.

Then there exists a x € BXx.

Let f = (f1,..., f1)) : X — R! be a vector-valued function. In this paper, we
consider the following vector optimization problem:

(VOP)  Minimize f (x) = (fi(x), ..., fi(x)) subjectto x € S,

where f; : S — R(@{ =1, ...,[) are given functions.
A point x € S is said to be an efficient (or Pareto) solution (respectively, weak
efficient solution) of (VOP) if forall y € S,

FO) = FE = (AG) = AE), ..., i) — fil®) ¢ —R'\{0},
(respectively, f(y) — f(X) = (/i) — fi@), ..., fily) — fi(¥)) ¢ —intR',)

where Rﬂ_ is the nonnegative orthant of R’ and 0 is the origin of the nonnegative
orthant.
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3 Minty vector variational-like inequalities
In this section, we consider the following Minty vector variational-like inequality
problem and Stampacchia vector variational-like inequality problem:

(MVVLIP) Find x € S such that, forall y € S and all & € df;(y),i € [ =
{1,...,1},

(& n(y, D) = (E1,0(, D), - &y, D)) & —RL\{O).

(SVVLIP) Find x € S such that, for all y € § there exists & € dfi(x),i € [ =
{1,...,1},

(E.0(y, ) = (EL 0 D), ... EL 0, D) ¢ —R\{0).
Theorem 3.1 Let S be an open invex set wrtn : S x S — X such that any n—path is
contained in S and n is skew and satisfies Condition C. For eachi € I = {1,...,1},
assume that f; : S — R(@{ =1,...,1) is Lipschitz continuous, invex wrt n, lower

regular on S and satisfy Condition A. Then, x € S is a solution of (MVVLIP) if and
only if it is an efficient solution of (VOP).

Proof Let x € S be a solution of (MVVLIP) but not an efficient solution of (VOP).
Then, there exists z € S such that

f@) = f@ = (fiR) = fi®), ..., i) — fi(®) € =R, \{0}. (3.1

Set z(A) := X + An(z, x), for all A € [0, 1]. Since S is invex, z(A) € §, for all
A € [0, 1]. By Lemma 2.1, each f; is preinvex wrt 5. Thus, foreachi =1, ...,1,

Jiz@) = fi(x +An(z, X)) < 2fi(2) + (1 = 1) fi (%)
and so
Ji& +2an(z, X)) = fi(x) < Alfi(2) = fi(X)]
for all & € [0, 1]. In particular, for » = 1 and for each i =1, ..., [, we have
Jix +n(z, %) = fi(X) < fi(2) = fi(¥) (3.2)

By Lemma 2.2, there exist A; € (0,1) and & € 9fi(z(A;)) with z(};) =
X + Ain(z, x) such that, foreachi =1, ...,1

(i, m(z, %)) = fi(x + n(z, X)) — fi(x), (3.3)
It follows from (3.2) and (3.3) that, foreachi =1, ..., 1,

(i n(z, X)) = fi(z) = fi(x), G4
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Suppose that A, ..., A; are all equal. Then by Condition C and Remark 2.2, we
have for all A; € (0, 1), and foreachi =1, ...,1,

(i n(z(ri), X)) = Ai (&, n(z, X)) < 2i(fi(2) — fi(x)) (3.5
By (3.1) and (3.5), we know that it contradicts the fact that the x is a solution of
(MVVLIP).

Consider the case when A1, ... A; are not all equal. Let A # A. Then by (3.4), we
have

(§1.n(z, X)) = fi(z) = /(D) (3.6)

and

(62, n(z, X)) = f2(2) — f2(%) (3.7

Since f1 and f; are invex wrt n, by Remark 2.1, df1 and df> are monotone wrt 7, then
for all

(61— &1, n(z(h1), 2(x2))) = 0, forallfy € 9f1(2(22)). (3-8)

and

(&2 — &2, n(z(X1), 2(A2))) = 0, forallf € 9f2(z(A1)). (3.9)

By Condition C and the Remark 2.2, we have

n(z(A1), z(A2)) = n(x + An(z, X), X + A2n(z, X))
=1 (& +A2n(z, %) + (A1 — A)n(z, %), X + ran(z, X))
=n(¥ +aan(z, X) + B2 (2, X + M, ©), E + Aan(, 5)

= G2z, % + Mn(z, X))
(A1 —A2)n(z, X) (3.10)

If 1 > Ap, then by (3.8) and (3.10), we obtain

(&1 — ¢1,n(z(X1), 2(A2))) = (A1 — A2){&1 — ¢1, (2, X)) = 0

and so

(61, n(z, X)) = (¢1, n(z, X)).

From (3.6), we have
(¢1,n(z, X)) < fiz) — fi(x), forall & € 9f1(z(A2)). (3.11)

@ Springer



1520 B. Chen, N.-J. Huang

If 1 < Ag, then by (3.9) and (3.10), we have
(¢2 = &2, n(z(M1), 2(A2))) = (A1 — A2){&2 — &2, (2, X)) = 0
and so
(E2,0(2. ) = (82, (2, ©)).
From (3.7), we have
(02.1(2, %)) < f22) — fo(¥), forany &3 € 3f2(z(1)). (3.12)
Letting 4 = min(A1, A2), by (3.11), (3.12), we can find & € 3f;(z(1)) such that
(&, n(z X)) < fi) — fi(x), fori=1,2.

Hence, we can find A* € (0, 1) and &* € 9f;(z(A*)) such that A* = min(Ay, - -+, &)
and

(E5,n(z, %)) < fi(z) — fi(x), foreachi=1,...1. (3.13)
By (3.1) and (3.13), we have
(EF 0 D). ... (E 0z, 5)) € =R \(O}.
It follows from Remark 2.2 that
(EF (), D). ... (& 00, D) € =R \{0},

which contradicts the fact that x is a solution of (MVVLIP).
Conversely, suppose that x € S is an efficient solution of (VOP), then

(1) = G, .... i(y) — fi(E) ¢ —R\\{0}, forallyeS.  (3.14)
Since f; is invex wrt 5, we then have
Ein(x, ) = fi(x)— fi(y), forally e S, & €9fi(y).
Because 7 is skew, we get
Eisn(y,x) = fi(y)— fi(x), forally e S,& €9fi (y). (3.15)

By (3.14) and (3.15), we know that x € S is a solution of (MVVLIP). This completes
the proof. O
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Remark 3.1 (i) Theorem 3.1 improves Theorem 3.1 of [1] in the following two
aspects: (a) the space R" is extended to the Asplund space; (b) the Conditions
C(c) of Theorem 3.1 in [1] is removed.
(i) Theorem 3.1 also improves Theorem 3.1 of [31] in the following aspects: (a)
the space R" is extended to the Asplund space; (b) the differential functions f;
are extended to the nondifferential ones.

Theorem 3.2 Let S be an invex set wrtn : S x S — X. Foreachi € I =
{1,...,1}, fi : S— R =1,...,1) is Lipschitz continuous and invex wrt n on S. If
x € Sisasolution of (SVVLIP), then it is an efficient solution of (VOP); Furthermore,
if n is skew, then it is a solution of (MVVLIP).

Proof Suppose that x € S is a solution of (SVVLIP) but not an efficient solution of
(VOP). Then there exists y € S such that

Fr) =G i) = fi (D) € =R {0}

As each f; is invex wrt 1, we have

Ein(y. %) = fi ) = fi (), forall & € 3f; (x)

and so

(ELn (3, D), ..., (&0 (v, 5) € =R\ \ {0} forall & € 9fi (),

which contradicts the fact that x is a solution of (SVVLIP). Furthermore, if ) is skew, by
the proof of Theorem 3.1, we know that it is a solution of (MVVLIP). This completes
the proof. O

4 Weak Minty vector variational-like inequalities

In this section, we consider the following weak Minty vector variational-like
inequalities problem and weak Stampacchia vector variational-like inequalities prob-
lem.

(WMVVLIP) Find x € S such that, forall y € Sand all §; € af; (y),i € [ =
{1,...,1},

E (. O) =& (3.D) . ... (E. 0 (. 5) ¢ —intR],.

(WSVVLIP) Find x € S such that, for all y € S there exists & € df; (x),i € [ =
{1,...,1},

EnGD) = (EL NG E), ..., (&, 0y, %) ¢ —intR,.

Now we show the relation among the sets of solutions of (WMVVLIP) and
(WSVVLIP) and that of the weak efficient solutions of (VOP).
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Theorem 4.1 Let S be an invex set wrtn : S x S — X, n is skew and satisfies
Condition C. Foreachi € I = {1,...,1},fi : S — R(i =1,---,1) is Lipschitz
continuous and invex wrt n on S. Then, x € S is a solution of (WMVVLIP) if and only
if it is a solution of (WSVVLIP).

Proof Let x € S is a solution of (WMVVLIP). For any y € S and ¢ € (0, 1], since S
is invex wrt 1, we have

x():=x+1tn(y,x)€eSs.

As x € S is a solution of (WMVVLIP), there exist &‘f € df; (x (¢)) such that

(el n @), B), ... (8, n(x @), 5)) ¢ —intR.

Hence, by Remark 2.2 and ¢ € (0, 1], we have

((E]tv n (yv )E))v cee (S[tv n ()’,f))) ¢ _lntR{I»

Since f; : § — R(i =1,...,1) is Lipschitz continuous on S, we know that {&/}
is bounded due to Proposition 1.85 in Mordukhovich [21]. Because 1im+ x (1) =X,
t—0

recalling X is Asplund, {Sf } has a subsequence that converges weak™ to some §; €
afi (x) fori =1,...,1. Hence, for any y € S, there exist §; € df; (x),i=1,---,1,
such that

(€10 (. ) ... (&L (9. 9)) ¢ —intR].
This shows that x € § is a solution of (WSVVLIP).

Conversely, suppose that x € § is a solution of (WSVVLIP). Then for any y € S,
there exists & € df; (x),i =1,...,[, such that

(61,0 (1, %)) .y (&1, (v, 8))) & — intR,.

Since each f; is invex wrt 1, by Remark 2.1, we have

(é-l' _glsn(y7-£)> Eo,foranyy € Ss ;i € afl (y)

Hence, forany y € Sand ¢; € 9f; (v),i =1,...,1,

(&L n (D) s (G (v, D)) ¢ — iR,
Thus, x € § is a solution of (WMVVLIP). This completes the proof. O
By Theorems 3.2 and 4.1, we can easily obtain the following theorem which present

the equivalence among the sets of solutions of (WMVVLIP) and (WSVVLIP) and that
of the weak efficient solutions of (VOP).
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Theorem 4.2 Let S be an invex set wrtn : S x S — X, n is skew and satisfies Con-
dition C. For eachi € I = {1,--- 1}, assume that f; - S —- R(i=1,---,1)is
Lipschitz continuous and invex wrt 1 on S. Then, the sets of solutions of (WMVVLIP)
and (WSVVLIP) and that of the weak efficient solutions of (VOP) are equal.

Remark 4.1 Theorem 4.2 extends Theorem 4.1 in [1] from R” to the Asplund space.
Next we present an existence result for the solutions of (WMVVLIP).

Theorem 4.3 Let S be an convex set of X, for each f; : S - Ri=1,---,1)is
Lipschitz continuous and invex wrt n on S, K be a nonempty compact subset of S.
n is affine, skew and continuous about the first variable. Moreover, suppose that for
each finite subset N of S, there exists a compact, convex and nonempty set Ly of S,
such that N C Ly and for all x € LNy\K , there is y € Ly such that there exists

& edf; (v),i=1,---,1satisfying
(1,1 (7 0) oo &0 (9, 0)) € —intRY.
Then (WMVVLIP) has a solution.
Proof Let A, B : S = § be two set-valued mappings defined as follows:
Ax={yeS:3g €afi ). (ELn (0. G (o0) € —intRL ]

Bx={yes:ve € afi @, (G n (). G0 (00 0) € —intRl |

We will show that the set-valued mappings satisfy all the conditions (A1), (A2), (A4),
(AS5) of Lemma 2.3, but B does not have a fixed point. Thus, by the Lemma 2.3, we
know there exists x € S such that Ax = ¢ and so x is a solution of ( WMV VLIP).

First, we show the condition (A1) of Lemma 2.3 holds. Taking x € S,and y € Ax,
then there exists & € df; (), such that

(1.1 (3.%)) ... (&0 (v, X)) € —intR].
As each f; is invex wrt n, for any ¢; € df; (x), we have
(i —¢i,n(y,x) =0
and so
(€11 (3.%)) ... (& n (v, X)) € —intR!,.
Thus, y € Bx.
Now, we show the condition (A2) of Lemma 2.3 holds. Let x € S, y1, y» € Bx

and A € [0, 1]. Foreach & € 9f; (x),

(1.1 (31.2)) + ... (& 0 (y1. X)) € —intRY |
(1.7 (32, %)) ... (&1, 0 (v2. %)) € —intR!,.
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Since 7 is affine about the first variable, for eachi = 1, ..., [, we have

Eion Gyt + A =2) y2,x0)) = A&, n (v, ) + (L= 21) (&, n (2, %) <0

and so

(& n Gy + (=2 y2,0)) .o (ELn yr + (1= 2) y2, 1)) € —intR,.

It follows that Ay; + (1 — A) y» € Bx.
Next, we show the condition (A4) of Lemma 2.3 holds. Let y € S, x, € (A™y)
such that x,, — x. Then x,, ¢ A" 'y. Let & € af; (v),

c

(& (ox)) o (&0 (0. X)) & —intRY,.

Since 7 is skew and continuous about the first variable, we obtain

(&L (X)) ooy (E 1 (0, %)) & — intRY,.

By the hypotheses, condition (A5) of Lemma 2.3 also holds. It follows that B
does not have a fixed point, because otherwise it would exists some x € § such that

& € dfi (x),
(&L n (e, X)), ., (G, (x, X)) € —intR,.

Since 1 is skew, we know that n (x, x) = 0, a contradiction. Thus by Lemma 2.3,
(WMVVLIP) has a solution. This completes the proof. O
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