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Abstract  This paper is concerned with two-machine no-wait flow shop scheduling
problems in which the actual processing time of each job is a proportional function of
its starting time and each machine may have non-availability intervals. The objective is
to minimize the makespan. We assume that the non-availability intervals are imposed
on only one machine. Moreover, the number of non-availability intervals, the start time
and end time of each interval are known in advance. We show that the problem with a
single non-availability interval is NP-hard in the ordinary sense and the problem with
an arbitrary number of non-availability intervals is NP-hard in the strong sense.

Keywords Scheduling - Flow shop - Deteriorating jobs - Makespan

1 Introduction

The common assumptions in the classical scheduling problems are that the processing
times of jobs are constant and the machines are available at all the time. However,
there are many situations where machines are with availability constraints and the
processing time of the job may be subject to change due to job deterioration.

Scheduling with deteriorating jobs was introduced by Browne and Yechiali [2].
Since then, scheduling problems with time-dependent processing times have received
increasing attention, see for example [1,3,6,8,9,12,14-16,19,20].

In many realistic situations, machines may be unavailable for processing jobs after
a breakdown or during a preventive maintenance activity. Two cases are usually con-
sidered for scheduling problem with availability constraints. If a job cannot be finished
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before the next down period of a machine and the job can continue after the machine
becomes available again, it is called resumable. On the other hand, it is called non-
resumable if the job has to restart rather than continue. Lee [13] studied the two-
machine flow shop scheduling with the resumable assumption and an availability
constraint imposed on only one machine. He developed a dynamic programming
algorithm and heuristic algorithms to solve the problem. Espinouse et al. [5] con-
sidered the two-machine no-wait flow shop scheduling with availability constraints.
They showed that the problem with resumable assumption is NP-hard in the ordinary
sense. Wang and Cheng [17] studied the same problem and provided two heuristic
algorithms. Cheng and Liu [4] considered two-machine no-wait flow shop scheduling
with availability constraints. No-wait means that each job must be processed from
start to finish, without any interruption on or between machines. They presented a
polynomial time approximation scheme for the problem.

There are also a few studies on scheduling with deteriorating jobs and machine
availability constraints. Ji et al. [10] considered the problem of scheduling deterio-
rating jobs on a single machine with an availability constraint. The objectives are to
minimize the makespan and the total completion time. They showed that both prob-
lems with nonresumable assumption are NP-hard in the ordinary sense and presented
dynamic programming algorithms. Gawiejnowicz [7] studied single machine sched-
uling problems with deteriorating jobs and availability constraints. He proved that
these problems with nonresumable assumption are NP-hard in the ordinary sense or
in the strong sense, depending on the number of non-availability periods. Wu and Lee
[18] considered single machine scheduling with deteriorating jobs and an availability
constraint. They showed that the makespan minimization problem with resumable
assumption can be solved by transformation of it into 0-1 integer programming prob-
lem.

In this paper we consider two-machine no-wait flow shop scheduling under resum-
able assumption with deteriorating jobs and machine availability constraints.

2 Notation and preliminaries

We first introduce the notation used in the sequel.

to > 0: the common starting time of the machines;
M, M>: machine 1 and machine 2;

J1, ..., Jy: the set of deteriorating jobs to be processed;

«; j: deterioration rate for J; on M;(i = 1,2),; ; > Ofor1 < j < n and
1<i<2;

I, = (s4.1)(q = 1,...,m): non-availability intervals, i.e., M (or M) is

unavailable from s, to #,, where m is a positive integer;

m = [Juy, Ji215 - - - » Jinpl: a schedule, where Jpjj is the jth job in 7;
Cj(): completion time of J; on M3 in 7;

Cmax (7r): makespan of .

In our problem, we assume that (1) all jobs have to be processed continuously
without waiting between consecutive machines, (2) the non-availability intervals are
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known in advance and one machine is always available, (3) jobs are resumable, i.e.,
if a job cannot be finished before the non-availability interval of a machine then the
job can continue after the machine becomes available again, (4) the actual processing
time of a deteriorating job J; on M; is p; j = «; jt, where t > 1 is the starting time
of Jj, (5) all parameters are positive integers.

Adopting the notation introduced by [13], we denote the problem by F2|a;;t,
no-wait,r — a(M;)|Cnax, 1.€., to minimize the makespan in a two-machine no-wait
flow shop under resumable assumption with deteriorating jobs and availability con-
straints imposed on M;, here r — a in the second field denotes resumable availability
constraints.

3 A single non-availability interval

In this section, the first main result derived is presented. The following lemma will be
used in the sequel.

Lemma 1 ([14]) For the single machine scheduling problem 1|ajt|Cmax, if 7 =
[J111, J121s - - -5 a1l the starting time of job Ji1) is to, then makespan is

n
Cmax (1) = 1o H(l + o).
=1

Theorem 1 The problem F2|a;t,no-wait,r — a(M3)|Cmax With a single non-
availability interval is NP-hard in the ordinary sense.

Proof We show the result by reducing the Subset Product problem (SP), which is
NP-hard in the ordinary sense [11], to our problem in polynomial time. An instance /
of the Subset Product problem can be formulated as follows.

Given a finite set S = {1, 2, ..., k}, asize x; € ZT foreach j € S, and a positive
integer A, does there exist a subset 7 C S such that the product of the sizes of the
elements in 7 satisfies [ [ ;. x; = A?

Weset D = [] jesXj = AB. Without loss of generality, it can be assumed that
min{A, B} > max{x;} and x; > 2 forevery j € § (since element j € S withx; =1
will not affect the product of any subset).

For any given instance I of the SP, we construct the corresponding instance I of
F2|ajt, no-wait, r — a(M3)|Cnax as follows:

The common starting time of machines: 0 < 7o < min{A, B}.

Number of jobs: n = k + 1.

Jobs’ deterioration rates: @1,; = x; — lL,ap; = 1,1 < j < n—liay, =
A-—1l,ap, =1

non-availability interval: I = (2fpA, o A?).

Threshold: G = 2y A”B.

Obviously, the reduction can be done in polynomial time. Now we prove that the
instance [ has a solution if and only if the instance // has a solution.
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If 7 has a solution, there exists a subset 7 C S such that [] jer Xj = A. Denote
by Jr(Js\r), the set of jobs corresponding to the elements of set 7(S \ 7). As a
result, a schedule 7 = [Jr, Ju, Js\r] is obtained, we denote the last job in Js\r as
Ji, k€ {1,2,...,n — 1}. From Lemma 1 the makespan is

Coax =10 [ G+ pA+arn) [ A+a )0 +ean
Jjedr JieJds\r

=21)A’B =G.

Hence, instance I has a solution.

Conversely, if II has a solution, there exists a schedule 7 such that Cpx (1) < G.
Since [1}_;(1 + a1 ;) = A’Band az j = 1,1 < j < n, equality Cpax(7) = G =
2to A2 B must hold. Hence, all jobs are processed without idle time on M| from f.
Suppose 7 = [Jr, Ju, Ts\r] where T is a subset of S.

Since there is no-wait constraint and the deterioration rates are integers, then start-
ing times and completion times on both machines are integers. From this it follows
that there cannot be idle time on Mj, no job can start on M, during the interval
[2t0A + 1, tgA% — 1]. Hence, there must exist one job which starts at or before 9 A
and finishes at or after 7oA2 on M, and this is job J,. By the no idle and no-wait
constraints, job J, must start exactly at foA and finish at 7 A% on M. We assume the
lastjobis Jx, k € {1,2,...,n—1}. Note that o ; = 1 and Cppax (1) = G = 210A*B,
job Ji must start at time 10AZB on Ma, i.e., the completion time of job J; on M
is 10AZB. Based on the above discussion, the starting time of job J, on M is 1A,
and there exist two time intervals [fg, foA] and [toAz, toAZB] on M, such that jobs
J1, J2, ..., Ji are processed in these intervals. Denote by 7 the set of jobs processed
in time interval [fg, f9oA] on M1, we have

H (I+oa;) = H)Cj < A.

J.,'EJT jeT

If HJ,-GJT(I + a1,j) < A, then there is idle time between jobs in Jr and J, and
[1;e 75, (1+a1,j) > B.Therefore, Crax () > 10 A? 1), eq5, At ) +azi) >

2t9A?B. Hence [1);e7, (1 +@2,j) =[ljer xj = A, and we get a solution for I (see
Fig. 1). o

Theorem 2 The problem F2|a;t, no-wait,r — a(M1)|Cnax with a single non-avail-
ability interval is NP-hard in the ordinary sense.

M| Jr JIn TIs\T

]\{2 c.. I Jn .
to2tox[1] toA ZtoA tOAA 2toA toALB ZtoA‘)‘B

Fig. 1 Example schedule in proof of Theorem 1
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M, SR A |

]\42 Jn—l jT Jn jS\T
to 2t0 2toA 2t0AB ztoABZV

Fig. 2 Example schedule in proof of Theorem 2

Proof Similar to the proof for Theorem 1, we can show the result by reducing the SP
problem to our problem. The instance used is as follows:

e The common starting time of machines: 0 < 79 < min{A, B}.

e Number of jobs: n = k + 2.

e Jobs’ deterioration rates: 1 ; = l,azj = x; — 1,1 < j <n—2;a1,-1=0,
ap-1=lLa,=10,=B-—1.

e non-availability interval: I = (219A, 10AB).

e Threshold: G = 1pAB2.

A schedule which corresponds to Subset Product problem is shown in Fig. 2. We
omit the detailed proof here. O

4 An arbitrary number of non-availability intervals

In this section we consider the problem with an arbitrary number of non-availability
intervals.

Theorem 3 The problem F2|a;t, no-wait, r —a(M>)|Cmax with an arbitrary number
of non-availability intervals is NP-hard in the strong sense.

Proof We show the result by reducing the 4-Product problem (4-P), which is NP-hard
in the strong sense, to our problem in polynomial time. An instance / of the 4-P can
be formulated as follows.

Given D € QT, afinite set N = {1, 2, ..., 4k} for some natural number k, a size

1 1
yj € QT and D5 < y; < D3 foreach j € N ljenyi = DF, does there exist
disjoint subsets N1, Na, ..., Ni such that Uf‘lez = N and the product of the sizes

of the elements in N; satisfies HjeNl yj=Dforl <l <k?

Without loss of generality, we assume that y; > 2 forevery j € N.

For any given instance I of the 4-P, we construct the corresponding instance /I of
F2|ait, no-wait, r — a(M3)|Cpax as follows:

e The common starting time of machines: 0 < 7y < min{A, B}.

e Number of jobs: n = 5k — 1.

e Jobs’ deterioration rates: oy j = y; — lLap; =1,1 < j <4dk;ay; = D — 1,
ay;j=1,4k+1<j=<n.

e non-availability intervals: I, = QtgD*7 ! 1yD%1),1 < g < k.

e Threshold: G = 219D ~1.
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Mll In1 I J4k+1‘ InN2 ]J41c+2 ‘ I Jn [ INk l
o L[ Tl T ol T [ ] []a]
to toD 2toD toD? 2toD® toD* toD2k=2  ¢D?k-1 D2k

Fig. 3 Example schedule in proof of Theorem 3

Obviously, the reduction can be done in polynomial time. Now we prove that the

instance [ has a solution if and only if the instance /I has a solution.

If I has a solution, there exists disjoint subsets N1, N3, ..., Ni such that U;‘ZINI
yj = D for1l <[ < k. Denote by Jn,,1 < | < k, the set
jobs corresponding to the elements of set N;. We can construct a schedule &

N and HjeN,

(TN Jakt1, TNy s Jakt15 -+ -5 Jn, TN, ] (see Fig. 3). We denote the last job in Jy,

as Jy,ke{l,2,...,n}.
From Lemma 1, the makespan is

Cox =10 [] A+ pd+earaws) [] A+a)
JjEJNl JjEJNz

Otar ] G+ +aan)
]jEij

k n
=0 |[] [] O+ep || [T d+epn|d+en

I=1J;edy, j=4k+1

k
=D [T T a0 +e2)p

=1 JjEle

k
= 2t()Dk71 H H yj

I=1 jeN;
=2t,D* 1 = G.

Hence, instance /I has a solution.

Conversely, if II has a solution, there exists a schedule 7 such that Cpx(7) < G.
Since H'}zl(l +a1;)=D*landay; = 1,1 < j < n, equality Crnax(7) =
G = 2t D**~" must hold. Hence, all jobs are processed without idle time on M from
to. Similar to the analysis in the proof of Theorem 1, there must exist jobs that start at
or before s, = t()D2‘f_1 and finish at or after ¢, = toqu, 1<qg<k—1)onMp,

respectively. Noting thatay j = D—1, (4k+1 < j <n), Jax+1, Jak42, ..., J, must
start exactly at moment s, = toqu -1 (1 < g <k —1)on M. For convenience,
we can also assume that Ja41 starts at #9D, Jar4o starts at toD3, ..., Jy—1 starts at

toDZk_5 and J, starts at toD2k_3 on M.
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5] [T A ffTfA] Joonl] = }:’?%}{D“'D
Mo[Jo [Twi [T [Ive [ Jarsz | | I

to 2t 2to D 2t D? 2to D® 2to D 2t002*—3 29 D2k=2 ¢, D2k-1

Fig. 4 Example schedule in proof of Theorem 4

Since there is no-wait constraint and o j = 1(4k +1 < j < n), then Jyjy, starts
at toqu_l(q =1,2,...,k— 1) and finishes at toD2‘1 on M.

From Chax () = G = 210D*~1 there are k time intervals on M; : [fo, toD],
[toD?, 10D, ..., [toD* 2, toD?*17. The jobs Ji, Ja, ..., Ja must be processed in
these intervals. Denote by Jy, the set of jobs processed in time interval
(10D =2, 1oD¥~"(1 < I < k) on M. Since [[{%, (1 + a2 j) = D*([Tjen ¥j = D)
and all sets of jobs are disjoint, we have

[] +ep=]]vi=D

Jjedn, JEN;
for 1 <[ < k. Hence we get a solution for / (see Fig. 3). O

When the availability constraint is only imposed on M and M5 is always available,
we have a similar result.

Theorem 4 The problem F2|a;t, no-wait, r —a(M1)|Cmax with an arbitrary number
of non-availability intervals is NP-hard in the strong sense.

Proof Similar to the proof for Theorem 3, we can show the result by reducing the
4-Product problem to our problem. The instance used is as follows:

e The common starting time of machines: 0 < 7o < min{A, B}.

e Number of jobs: n = 5k.

Jobs’ deterioration rates: oty j = 1,00 ; = y; — 1,1 < j <dk;ayj =1, 00 =
D—-1,4k+1<j<n—-—1lLa1,=0,00,=1.

non-availability intervals: I, = 2toD* !, 1oD*),1 < g <k — 1.

e Threshold: G = 2tgD?*~1.

A schedule which corresponds to the 4-Product problem is shown in Fig. 4. We
omit the detailed proof here. O

5 Conclusions

We considered two-machine no-wait flow shop scheduling to minimize the make-
span with deteriorating jobs and machine availability constraints. We assumed that
the actual processing time of the job is a simple linear increasing function of its start-
ing time and the non-availability intervals are imposed on only one machine. For
the resumable model, we have shown that the problem with a single non-availability
interval is NP-hard in the ordinary sense and the problem with an arbitrary number
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of non-availability intervals is NP-hard in the strong sense, respectively. These results
still hold for both non-availability intervals on first machine and second machine.
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