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Abstract We demonstrate that the linear multidimensional assignment problem with
iid random costs is polynomially ε-approximable almost surely (a. s.) via a simple
greedy heuristic, for a broad range of probability distributions of the assignment
costs. Specifically, conditions on discrete and continuous distributions of the cost
coefficients, including distributions with unbounded support, have been established
that guarantee convergence to unity in the a. s. sense of the cost ratio between the
greedy solution and optimal solution. The corresponding convergence rates have been
determined.

Keywords Multidimensional assignment problem · Greedy heuristic ·
Approximability · Convergence almost surely

1 Introduction

The linear multidimensional assignment problem (LMAP) is a higher-dimensional
generalization of the well-known two-dimensional, or linear assignment problem
(LAP) (see, e.g., [1,2]). A graph-theoretic formulation of the LAP of cardinality n
presents it as finding a minimum-cost perfect matching on a balanced bipartite graph
with 2n vertices, provided that the cost of matching is defined as the sum of edge costs.
Similarly, a d-dimensional LMAP of cardinality n can be formulated as finding a per-
fect matching on a balanced d-partite d-uniform hypergraph with dn vertices, such
that the sum of the costs of hyperedges in the matching is minimized (see, among oth-
ers, [3,4] for general references on hypergraphs). If the cost of hyperedge (i1, . . . , id),
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154 P. A. Krokhmal

where i1, . . . , id ∈ {1, . . . , n}, is given by φi1··· id , the mathematical programming
formulation of the LMAP of dimensionality d and cardinality n reads as

min
n∑

i1=1

· · ·
n∑

id=1

φi1··· id xi1··· id

s. t.
n∑

i2=1

· · ·
n∑

id=1

xi1··· id = 1, i1 = 1, . . . , n,

n∑

i1=1

· · ·
n∑

ik−1=1

n∑

ik+1=1

· · ·
n∑

id=1

xi1··· id = 1,
ik = 1, . . . , n,

k = 2, . . . , d − 1,

n∑

i1=1

· · ·
n∑

id−1=1

xi1··· id = 1, id = 1, . . . , n,

xi1··· id ∈ {0, 1}, ik = 1, . . . , n, k = 1, . . . , d,

(1)

where xi1··· id = 1 if the hyperedge (i1, . . . , id) is included in the matching, and
xi1··· id = 0 otherwise. It is easy to see that a feasible solution of (1) is given by

n hyperedges
(

i (r)
1 , . . . , i (r)

d

)
, r = 1, . . . , n, such that in each dimension k the set

{
i (1)
k , . . . , i (n)

k

}
is a permutation of {1, . . . , n}. Hence, problem (1) admits the follow-

ing geometric interpretation: given a d-dimensional matrix � = {φi1···id } ∈ R
nd

, find
such a permutation of its “rows” and “columns” in all dimensions that the sum of the
diagonal elements is minimized, and thus is also known in the literature as “axial”
multidimensional, or multi-index assignment problem.

The LMAP (1) was first introduced by Pierskalla [5], and has found numerous
applications in the areas of data association, image recognition, multi-sensor multi-
target tracking, peer-to-peer satellite refueling, and so on (for a detailed discussion of
the properties and applications of the LMAP, see, for example, [2,6,7]).

In contrast to the LAP that is polynomially solvable, the LMAP with d ≥ 3 is
generally NP-complete, a fact first established by Karp [8] for the three-dimensional
(d = 3) assignment problem (1). For a discussion of approximation properties of the
LMAP (1), see Spieksma [9]; in particular, Crama and Spieksma [10] have shown that
even in the case when costs φi1i2i3 of the 3-dimensional LMAP are decomposable,
i.e., φi1i2i3 = di1i2 + di2i3 + di1i3 , there is no polynomial algorithm that yields an
ε-approximate solution for any ε > 0.

Exact and heuristic algorithms for three- and higher-dimensional LMAPs were
proposed in [11–17], and others. In particular, a number of heuristics for the three-
dimensional LMAP were introduced in Balas and Saltzman [11]; on randomly gen-
erated problems, some of these heuristics yielded solutions very close to optimality
[17]. These observations find a theoretical substantiation in Kravtsov [18], who has
demonstrated that if the assignment costs in (1) are iid random variables from a dis-
crete distribution satisfying certain properties, a simple greedy algorithm produces
asymptotically optimal solutions with high probability, when the cardinality n of the
LMAP (1) increases infinitely.
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On optimality of a polynomial algorithm for random LMAP 155

In this work, we strengthen and generalize the results of [18], by showing that a
greedy algorithm produces ε-approximate solutions of random LMAP almost surely
(a. s.), or, in other words, that the cost of the greedy solution converges strongly to
the optimal cost. Further, we extend the analysis to random LMAPs whose costs are
continuously distributed, including distributions with unbounded support sets.

Results concerning asymptotic optimality of heuristic algorithms on randomly gen-
erated problems are well known in the context of other hard combinatorial optimization
problems, such as the quadratic assignment problem (QAP), which is also known to
be NP-complete and non-approximable (see, among others, [2,19], and references
therein). In the case of random QAP, asymptotic optimality of heuristic solution meth-
ods is a manifestation of the fact that for instances of random QAP large enough,
all its feasible solutions are asymptotically optimal [20]. Moreover, an entire class
of combinatorial optimization problems exists that shares this property with the QAP
[21,22]. The LMAP (1), however, does not belong to this class; recent investigations
of asymptotic behavior of random LMAPs [23,24] entail that only a vanishingly small
fraction the feasible set of a random LMAP is ε-optimal.

2 A greedy algorithm for LMAP with discrete iid random costs

Algorithm 1 describes the greedy heuristic for the LMAP that is in the focus of this
work. The heuristic starts by finding the smallest hyperedge cost of the LMAP (1),
which we denote by φ

i (1)
1 ···i (1)

d
, and then removing from the cost matrix � the cost

elements φ
i1···i (1)

� ···id
for each � ∈ {1, . . . , d}, i.e., the costs of the hyperedges that

are not feasible with respect to the smallest-cost hyperedge (i (1)
1 , . . . , i (1)

d ). Then, the
procedure is repeated, and upon finding the smallest hyperedge cost φ

i (2)
1 ···i (2)

d
in the

Algorithm 1 A greedy heuristic for LMAP (1)

1: input: Cost matrix � =
{
φi1··· id | (i1, . . . , id ) ∈ {1, . . . , n}d

}
∈ R

nd

2: initialize: Z̃n := 0; for each � ∈ {1, . . . , d} define set N� := {1, . . . , n}
3: for k := 1 to n do
4: define a submatrix �(k) ∈ R

(n−k+1)d
of the cost matrix � as

�(k) := {
φi1··· id | (i1, . . . , id ) ∈ N1 × · · · × Nd

}

5: find the smallest element φ
i(k)
1 ··· i(k)

d
of the submatrix �(k):

(
i (k)
1 , . . . , i (k)

d

)
∈ arg min

{
φi1··· id ∈ �(k)

}

6: let Z̃n := Z̃n + φ
i(k)
1 ··· i(k)

d

7: for each � ∈ {1, . . . , d} update the set N� := N�\{i (k)
�

}
8: end for
9: for each k ∈ {1, . . . , n} define x̃

i(k)
1 ··· i(k)

d
:= 1 and x̃i1··· id := 0 for all other (i1, . . . , id )

10: output: A feasible solution x̃i1··· id of LMAP (1) and its cost Z̃n
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156 P. A. Krokhmal

reduced cost array �, the costs of hyperedges that are infeasible with respect to the
hyperedges (i (k)

1 , . . . , i (k)
d ), k = 1, 2, are discarded, and so on. After n steps, n costs

φ
i (k)
1 ···i (k)

d
are obtained, which have the property that for each � = 1, . . . , d the indices

{i (1)
� , . . . , i (n)

� } are all different, i.e., a feasible solution of (1) is found.
Obviously, the described greedy heuristic for LMAP runs in O(nd+1) time. The

next lemma provides a foundation for the subsequent probabilistic analysis of the
greedy heuristic and is a strengthening of the corresponding result in [18].

Lemma 1 Consider a set Sn of cardinality |Sn| = κn whose elements are iid random
variables distributed uniformly over ρn values an < · · · < bn. Assume that ρn and κn

increase with n such that the following series converges:

∑

n

ρne− κn
ρn < ∞.

Then, for n sufficiently large, the set Sn contains the minimum element an almost
surely (a.s.)

Proof To verify the statement of the lemma, it is convenient to think about the set Sn

in terms of randomly distributing |Sn| = κn different objects into ρn boxes. Then,
define An as the event that Sn contains the smallest element an , whence

P{Ān} ≤ P{at least one box is empty} = 1 − P{Bn}, (2)

where Bn is the event that there are no empty boxes, for which it holds (see, e.g., [25]):

P{Bn} =
ρn∑

i=0

(−1)i
(

ρn

i

)(
1 − i

ρn

)κn

.

If ρn and κn increase with n such that the quantity λn = ρne− κn
ρn is bounded,

that it can be shown that each summand in the above sum is asymptotically equal to
(−λn)

i/i !, whereby

P{Bn} → e−λn , n → ∞.

Thus, for n sufficiently large, the probability that the set Sn does not contain the
smallest element an of the distribution can be bounded as

P
{Ān

} ≤ 1 − P{Bn} ≈ 1 − e−λn = λn + O
(
λ2

n

)
.

Since by the conditions of the Lemma,
∑

n λn < ∞, from the Borel–Cantelli
lemma, we immediately have that P{Ān i.o.} = 0 ⇔ P{An ev.} = 1. 	
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On optimality of a polynomial algorithm for random LMAP 157

Assuming that the assignment costs of the LMAP (1) are positive, a feasible solu-
tion with cost Z̃n is an ε-approximation of the optimal cost Z∗

n of LMAP of cardinality
n if it satisfies

Z̃n ≤ Z∗
n(1 + ε). (3)

The next theorem establishes the conditions on the discrete distribution of assign-
ment costs in (1) under which the greedy algorithm delivers an ε-approximation of
the optimal cost of the LMAP, or, more precisely, the ratio of the greedy solution cost
to the optimal cost approaches unity almost surely.

Theorem 1 Consider LMAP (1) with d ≥ 3, n ≥ 2, whose cost coefficients are iid
random variables distributed uniformly over nα values1 an < · · · < bn, where an > 0
and α > 0. Then, there exists a constant M > 0 such that the greedy algorithm
produces a solution with the cost Z̃n, which for sufficiently large n satisfies

Z̃n

Z∗
n

− 1 ≤ M

(
bn

an
− 1

)
nα/d−1 ln1/d n a. s., (4)

where Z∗
n is the optimal cost of the LMAP.

Proof From the description of the greedy heuristic, it follows that the cost of the
feasible solution can be represented as

Z̃n =
n∑

k=1

φ
i (k)
1 ···i (k)

d
=

n∑

k=1

φ̃k, (5)

where each φ̃k is equal to the smallest element of a submatrix �(k):

φ̃k = min
{

a | a ∈ �(k)
}
, k = 1, . . . , n.

In general, the summation in (5) contains terms φ̃k that are either equal to the small-
est element an of the distribution, or exceed it. Let Kn denote the (random) number
of the summands in (5) that are greater than an :

Kn =
∣∣∣
{

k | φ̃k > an

}∣∣∣. (6)

Then, noting that 0 ≤ Kn ≤ n, the optimal cost Z∗
n of the LMAP (1) and the cost

Z̃n returned by the greedy heuristic can be bounded as

nan ≤ Z∗
n ≤ Z̃n ≤ (n − Kn)an + Knbn = nan

(
1 + Kn

n

bn − an

an

)
, (7)

1 Here and in what follows we omit rounding to avoid unnecessary ramifications in exposition.
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from which it is easy to see that Z̃n is an ε-approximate solution of (1) by means of
the approximation inequality (3) as soon as Z̃n ≤ nan(1 + ε). Thus, for some εn > 0
consider

P
{

Z̃n > nan(1 + εn)
} ≤ P{Kn > γnn},

where the inequality follows from (7) provided that γn is chosen as

γn = εn

bn/an − 1
.

Observe that if Kn > γnn holds, then there exists an integer ν ∈ {1, . . . , n} such
that ν > γnn and the corresponding submatrix of � with νd elements does not contain
elements equal to an . Then, from Lemma 1 it follows that for sufficiently large values
of n,

P {Kn > γnn} ≤ P
{

set of size (γnn)d does not contain an

}
≤ nα exp

{
− (γnn)d

nα

}
.

Choosing the parameter εn in the form

εn = (2 + α)1/d
(

bn

an
− 1

)
nα/d−1 ln1/d n,

we have that for values of n large enough,

P {Kn > γnn} ≤ n−2,

whence expression (4) follows by the Borel–Cantelli lemma. 	

Corollary 1.1 If α < d in (4) and the ratio bn/an satisfies

bn

an
= o

(
n1−α/d ln−1/d n

)
, n � 1,

then for sufficiently large n, the greedy cost Z̃n is an ε-approximation of the optimal
cost Z∗

n of random LMAP due to (3) for any ε > 0 almost surely. Put differently, the
cost ratio Z̃n/Z∗

n between greedy and optimal solutions converges to unity a. s., with
the convergence rate given by (4).

Remark 1.1 The intuition behind Lemma 1 and Theorem 1 is that if the elements of
the cost matrix � are drawn at random from a sufficiently small set of values, then at
each step of the greedy heuristic, the submatrix �(k) will contain the smallest element
from that set with sufficiently high probability. This observation can be pressed into
service to address the case when the elements of the cost matrix � of the LMAP (1)
are continuous iid variables, as it is shown next.
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On optimality of a polynomial algorithm for random LMAP 159

3 Greedy heuristic for LMAP with continuous iid costs

In [23,24], it has been demonstrated that if the assignment costs φi1···id in LMAP (1)
are iid random variables with a continuous distribution F , then asymptotic behavior of
the optimal value of random LMAP is controlled by the properties of the distribution
F in the vicinity of the left-end point F−1(0) of the support set of the distribution,
where

F−1(0) = inf {t | F(t) > 0}.

In view of that, we restrict our discussion to continuous distributions F whose
support sets are bounded from above,

F−1(1) < +∞, where F−1(1) = sup {t | F(t) < 1}.

The next theorem generalizes the results of the previous section to continuous
distributions.

Theorem 2 Consider LMAP (1) with d ≥ 3, n ≥ 2, whose cost coefficients are iid
random variables with a continuous distribution F that has a bounded support [a, b],
where a > 0. Then, for any α > 0, there exists a constant M > 0 such that the greedy
algorithm produces a solution with cost Z̃n, which for sufficiently large n satisfies

Z̃n

Z∗
n

− 1 ≤ F−1(n−α)

a
− 1 + Mnα/d−1 ln1/d n a. s., (8)

where Z∗
n is the optimal cost of the LMAP.

Proof For a continuous distribution F on [a, b] ⊂ R, define the sequence {δn(k)}, k =
0, . . . , ρn , as

δn(0) = 0, δn(k) = −a + F−1
(

1

ρn
+ F(a + δn(k − 1))

)
, k = 1, . . . , ρn .

The intervals Ik = (a + δn(k − 1), a + δn(k)], k = 1, . . . , ρn , partition the set
(a, b] into ρn equiprobable “bins”, such that for any F-distributed random variable X

P{a + δn(k − 1) < X ≤ a + δn(k)} = 1

ρn
, k = 1, . . . , ρn .

Then, the elements of the cost matrix � can be labeled with ρn different labels, in
accordance to the “bin” Ik that the corresponding cost element falls into. Obviously,
the labels are independently and identically uniformly distributed. Therefore, taking
into account that the elements of the cost matrix � that fall into bin I1 are less than or
equal to a + δn(1), the cost Z̃n of the greedy solution of the MAP can be bounded as

na ≤ Z∗
n ≤ Z̃n ≤ (n − Kn)(a + δn(1)) + Knb, (9)
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where Kn is equal to the number of summands in the cost Z̃n of the greedy solution
that do not fall into the bin I1 = (a, a + δn(1)]. Then, for any fixed εn > 0 it holds
that

P{Z̃n(�) > na(1 + εn)} ≤ P{(n − Kn)(a + δn(1)) + Knb > na(1 + εn)}
= P {Kn > nγn} ,

where

γn = εn − δn(1)/a

b/a − 1 − δn(1)/a
.

Similarly to the arguments of Theorem 1, Kn > nγn holds provided that there
exists ν ∈ {1, . . . , n} such that ν > nγn and the corresponding submatrix of size νd

does not contain elements from the interval I1, whence

P {Kn > γnn} ≤ ρn exp

{
− (γnn)d

ρn

}
,

Let ρn = nα for some α > 0, then, choosing εn as

εn = F−1(n−α)

a
− 1 +

(
b

a
− F−1(n−α)

a

)
(α + 2)1/dnα/d−1 ln1/d n,

and taking into account that δn(1) = F−1(n−α) − a = o(1), n � 1, we obtain that

P{Kn > γnn} ≤ ρ
−2/α
n = n−2,

which verifies statement (8) of the Theorem by virtue of the Borel–Cantelli lemma.
	


Corollary 2.1 If α < d, it follows from (8) that Z̃n represents an ε-optimal solution
of random LMAP in the sense (3) for any ε > 0, and the cost ratio Z̃n/Z∗

n converges
to unity a. s. It is natural that the value of the parameter α ∈ (0, d) in (8) is selected
based on the properties of F−1 at the origin so as to increase the rate of convergence.
In particular, if in some neighborhood of 0 the inverse F−1 of the distribution F
satisfies for some ν > 0

F−1(u) ≤ a + Luν, L > 0, u → 0+,

then there exists a constant M1 > 0 such that

Z̃n

Z∗
n

− 1 ≤ M1n(1+νd)−1−1 ln1/d n a. s.
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Next, we consider the case of a continuous distribution F with support of the form
(−∞, b], where the following bounds on the optimal cost of random LMAP play a
key role. Namely, as shown in [24], the optimal value Z∗

n of random LMAP with iid
cost coefficients whose distribution has a support unbounded from below, satisfies for
sufficiently large n

nF−1
(

1

nd−1

)
≤ Z∗

n ≤ nF−1
(

3 ln n

nd−1

)
a. s. (10)

Expression (10) entails that when support of F is unbounded from below, F−1(0) =
−∞, one has that Z∗

n < 0 a. s. for large enough n. Note that in this case the approxi-
mation condition (3) takes the form

Z̃n ≤ Z∗
n(1 − ε), ε > 0. (11)

Taking into account (11), the following statement holds regarding the quality of the
greedy solution to a random LMAP (1).

Theorem 3 Consider LMAP (1) with d ≥ 3, n ≥ 2 whose cost coefficients are iid
random variables with continuous distribution F such that F−1(0) = −∞, F−1(1) <

∞. Then, the greedy algorithm produces a solution with cost Z̃n that for sufficiently
large n satisfies

1 − Z̃n

Z∗
n

≤
(

d − 1

n

)1/d

+
F−1

(
1

nd−1

)

F−1
(

3 ln n
nd−1

) − 1 a. s., (12)

where Z∗
n is the optimal cost of the LMAP.

Proof Similarly to the proof of Theorem 2, let us partition the semi-infinite support
(−∞, b] of the distribution F into ρn “bins” (αn(k − 1), αn(k)] such that

P{αn(k − 1) < X ≤ αn(k)} = 1

ρn
, k = 1, . . . , ρn,

where X is F-distributed random variable, and αn(k) is defined as

αn(0) = −∞, αn(k) = F−1
(

F(αn(k − 1)) + 1

ρn

)
, k = 1, . . . , ρn . (13)

Then, similar arguments allow us to construct an upper bound ˜̃Zn on the greedy
cost Z̃n in the form

Z̃n ≤ ˜̃Zn ≡ (n − Kn)F−1(ρ−1
n ) + Kn F−1(1),

where Nk is the number of summands in the greedy cost Z̃n that do not fall into the
first “bin” (−∞, F−1(ρ−1

n )].
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Next, observe that if the optimal cost Z∗
n of the LMAP can be bounded from below

and above, e.g.,

Zn ≤ Z∗
n ≤ Zn,

then, given a fixed ε > 0, the greedy solution cost Z̃n satisfies the approximation
inequality (11) as soon as the upper bound ˜̃Zn satisfies

˜̃Zn − Zn ≤ −εZn .

In view of the bounds (10) on the optimal cost of random LMAP due to [24] that
hold almost surely for large enough n, define

Zn = nF−1
(

1

3ρn ln n

)
, Zn = nF−1

(
1

ρn

)
, where ρn = nd−1

3 ln n
,

and for any fixed εn > 0 consider the probability

P
{˜̃Zn(�) − Zn > −εn Zn

}
= P{Kn > nγn}, (14)

where

γn =
(

F−1
(

1

3ρn ln n

)
− F−1

(
1

ρn

)
(1 + εn)

)(
F−1(1) − F−1

(
1

ρn

))−1

.

Following the arguments of Theorems 1 and 2, it can be shown that for sufficiently
large values of n the probability in (14) satisfies

P{Kn > nγn} ≤ ρn exp

{
− (nγn)d

ρn

}
. (15)

If one selects the parameter εn in the form

εn =
F−1

(
1

3ρn ln n

)

F−1
(
ρ−1

n

) +
⎛

⎝1 − F−1(1)

F−1
(
ρ−1

n

)

⎞

⎠ 1

n
(3ρn ln ρn)1/d − 1

=
(

d − 1

n

)1/d (
1 − ln(3 ln n)

(d − 1) ln n

)1/d

+
F−1

(
1

3ρn ln n

)

F−1
(
ρ−1

n

) − 1,

inequality (15) implies that the probability in (14) is bounded as

P{Kn > nγn} ≤ ρ−2
n ≤ n−2
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On optimality of a polynomial algorithm for random LMAP 163

for all large enough values of n, thereby verifying the estimate (12) of approximation
quality of the greedy solution by means of the Borel–Cantelli lemma. 	

Remark 3.1 In the case when the distribution F is such that

F−1
(

1

nd−1

)/
F−1

(
3 ln n

nd−1

)
→ 1, n → ∞, (16)

Theorem 3 asserts that the solution cost produced by the greedy heuristic is an
ε-approximation of the optimal cost of random LMAP, for any ε > 0. Condition (16)
holds, for instance, for distributions F whose inverse F−1 has a logarithmic singularity
at the origin, i.e., when the following asymptotic representation holds in the vicinity
of 0:

F−1(u) ∼ −c0 lnβ 1

u
, u → 0+ for some c0 > 0, β > 0.

Continuous distributions that satisfy this condition and whose support is bounded
from above include, for instance, exponential distribution on (−∞, 0], truncated nor-
mal distribution on (−∞, b]:

F(t) = et 1(−∞,0](t) + 1(0,∞)(t), F(t) = �(t)

�(b)
1(−∞,b](t) + 1(b,∞)(t),

where �(t) is the standard normal distribution function. Observe that in the case when
the inverse F−1 of the cost distribution F has, for example, a power singularity at the
origin, i.e.,

F−1(u) ∼ −c0u−β, u → 0+, c0, β > 0,

the ratio in (16) is unbounded in n, hence no statement can be inferred from Theorem 3
regarding the quality of the greedy solution in this case.

Remark 3.2 According to [24], the asymptotic behavior of the optimal cost of random
LMAP (1) is determined completely by the properties of the distribution function F
in the vicinity of the left-end point of its support. Nevertheless, the requirement of
boundedness from above of the distribution’s support, F−1(1) < ∞, which is imposed
in Theorems 1, 2, 3, is essential for estimating the quality of the greedy solution, as
it allows one to obtain an upper bound on the cost of the solution produced by the
greedy algorithm.

4 Conclusions

We have demonstrated that a random Linear Multidimensional Assignment Problem,
whose assignment costs are iid random variables is polynomially ε-approximable
almost surely using a simple greedy heuristic, for a broad range of probability distri-
butions of the assignment costs. Specifically, conditions on discrete and continuous
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distributions, including distributions with support unbounded from below, have been
established that guarantee convergence to unity in the a. s. sense of the cost ratio
between the greedy solution and optimal solution. The corresponding convergence
rates have also been established.
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