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Abstract The dynamic soil-tunnel interaction is studied by

the model of a rigid tunnel embedded in layered half-space,

which is simplified as a single soil layer on elastic bedrock to

the excitation of P- and SV-waves. The indirect boundary

element method is used, combinedwith the Green’s function

of distributed loads acting on inclined lines. It is shown that

the dynamic characteristics of soil-tunnel interaction in

layered half-space are different much from that in homoge-

neous half-space, and that the mechanism of soil-tunnel

interaction is also different much from that of soil-founda-

tion-superstructure interaction. For oblique incidence, the

tunnel response for in-plane incident SV-waves is com-

pletely different from that for incident SH-waves, while the

tunnel response for vertically incident SV-wave is very

similar to that of vertically incident SH-wave.

Keywords Underground tunnel � Layered half-space � P-
wave and SV-wave � Indirect boundary element method �
Soil-tunnel interaction � Site dynamic characteristics

1 Introduction

Dynamic soil-structure interaction (SSI) is an interdisci-

plinary field involving in the knowledge of soil and structural

dynamics, earthquake engineering, and geophysics. Most

studies on this problem mainly focus on soil-superstructure

interaction, using a model of a rigid foundation with or

without a building on it. For example, the classic solutions of

a semi-circular rigid foundation with a shear wall on it were

obtained by a kind of analytical method (Luco 1969; Trifu-

nac 1972). More recently, the influences of site dynamic

characteristics on SSIwere studied separately using the same

model in elastic layered half-space (Liang et al. 2013a, b) by

indirect boundary element method.

The scholars have already obtained the solutions of

dynamic responses of underground tunnel by analytical

methods (Lee and Trifunac 1979) or numerical methods

(Luco and De Barros 1994; De Barros and Luco 1994) for

several decades. However, the interaction between soil and

underground structure, although as an important part of

soil-structure interaction, are rarely studied up to now, only

Hatzigeorgiou and Beskos (2010) compared damage evo-

lution between lined tunnel and soil cavity to study the

interaction between an underground runnel and the sur-

rounding soil. Parvanova et al. (2014) analyzed the surface

displacement and stress distribution along tunnel circum-

ference to study respectively the interaction between one

tunnel or twin tunnels and local topography.

In a companion paper (Fu J, Liang J and Qin L (2015).

Dynamic soil-tunnel interaction in layered half-space for

incident plane SH waves. In review, cited as ‘‘(Fu et al.

2015)’’ in the following for convenience), the influence of

site dynamic characteristics on soil-tunnel interaction is

already studied by the model of a rigid tunnel embedded in

layered half-space to the excitation of SH-waves, and the

main milestones and methods on dynamic responses of

underground tunnel are reviewed in the introduction. In this

paper, the problem is continuously discussed using the same

model to the excitation of P- and SV-waves, by indirect

boundary element method combined with Green’s functions
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of distributed loads acting on inclined lines (Wolf 1985). The

further study on soil-tunnel interaction to incident surface

waves is our work in the future.

2 Methodology

2.1 Model

In Fig. 1, an underground lined tunnel is completely rigid

and infinitely long, with outer radius of a, the inner radius of

b, the mass ofM0, and mass density of q0, also its embedded

depth from ground surface to the center is d. It is bonded

tightly to the surrounding soil at interfaceCwithout slippage.

The layered half-space is simplified to a single soil layer with

thicknessD over bedrock. Both the soil layer and bedrock are

elastic, homogeneous, and isotropic medium. The material

parameters of the bedrock are characterized by shear-wave

velocity bR, mass density qR, Poisson ratio mR, and damping

ratio nR, while the material parameters of the soil layer are

characterized by shear-wave velocity bL, mass density qL,
Poisson ratio mL, and damping ratio nL. The plane P-waves or
SV-waves are incident from depth D0 with horizontal inci-

dent angle h, circular frequency x, and unit amplitude.

In order to use indirect boundary element method

(IBEM) to solve the problem, the layered half-space should

be divided into sub-layers, with the boundary C of the

tunnel divided into N elements of straight lines meanwhile,

and it is better to make all elements the same length in

order that IBEM can perform best. Also, as the Green’s

functions used in this paper are distributed line loads in

horizontally layered half-space, the elements should be

symmetrical about z-axis.

2.2 Impedance function

In order to apply IBEM, a set of fictitious horizontal loads

qje
ixt and vertical loads rje

ixt (j = 1, 2, …, N) which

compose the fictitious load vector

P ¼ q1; q2; . . .; qN ; r1; r2; . . .; rN½ �T ð1Þ

is imposed onto every element as Fig. 2, with time factor

eixt is omitted hereafter. The values of these loads are all

unknowns which should be determined by boundary con-

dition that the tunnel produces the rigid displacement to the

excitation of these loads.

For in-plane excitation, the rigid displacement of the

tunnel is D = [Dx, au, Dz]
T, with Dx and Dz being the

horizontal and vertical displacements, and u being the

rotational angle about its center, respectively. So on

boundary C, the no slippage assumption gives

Uðx; zÞ ¼ 1 �z=a 0

0 x=a 1

� � Dx

au

Dz

2
64

3
75 ¼ Xðx; zÞD x; zð Þ 2 C

ð2Þ

Symbol U(x, z) is a two-dimensional vector whose ele-

ments represent the horizontal and vertical displacement at

the point (x, z), respectively.

Under the excitation of fictitious loads, the displace-

ments at the point (x, z) belonging to lth element Cl can

also be represented by

Uðx; zÞ ¼ ghðx; zÞP x; zð Þ 2 Cl ð3Þ

in which ghðx; zÞ is a 2 9 2N matrix of displacement

Green’s functions

Fig. 1 Cross-section of an infinitely long tunnel (with rigid lining)

embedded in layered half-space simplified as a single soil layer on

elastic bedrock

Fig. 2 Green’s functions of horizontally and vertically loads dis-

tributed on an inclined line
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with glj
h and glj

v are the horizontal and vertical displace-

ments at the point (x, z) of lth element when a unit dis-

tributed load pj or rj is imposed onto jth element (Wolf

1985).

If it is assumed that

P ¼ KD ð5Þ

the symbol K is a 2N 9 3 matrix, with its three columns

being the values of fictitious loads when the tunnel moves

with unit horizontal displacement Dx, unit rotation arc-

length au, and unit vertical displacement Dz, respectively.

Introducing Eqs. (3) and (5) into (2) gives

guðx; zÞK ¼ Xðx; zÞ x; zð Þ 2 Cl: ð6Þ

For each column of K and X(x, z), every point on

boundary C determines a set of 2 9 2N equations like

Eq. (6), and if N target points on boundary C are chosen

(usually one target point from one element in order that

IBEM can perform best), there comes a set of

2N 9 2N equations, from which this column of K can be

solved.

Then, the traction at the point (x, z) of lth element is

Tðx; zÞ ¼ gtðx; zÞKD x; zð Þ 2 Cl ð7Þ

in which Tðx; zÞ is a two-dimensional vector whose ele-

ments represent horizontal and vertical tractions at the

point (x, z), respectively, and gt is a 2 9 2N matrix of

traction Green’s functions

with Plj and Hlj are the horizontal and vertical traction at

the point (x, z) when a unit load pj or rj is imposed onto jth

element (Wolf 1985), and exl and ezl are the unit normal

vector in x-direction and z-direction of lth element.

Finally, the force vector F = [Fx, M/a, Fz]
T, with Fx, M,

and Fz being the total horizontal force, rotational moment,

and vertical force imposed on the tunnel, is obtained by

integral with respect to the tractions along C

F ¼
Z
C
Xðx; zÞTTdS: ð9Þ

Introducing Eq. (7) into (9) gives the desired relationship

between tunnel displacement and the force imposed on it

F ¼ KD ð10Þ

So impedance function matrix of the tunnel is

K ¼
Z
C
Xðx; zÞTgtKdS ð11Þ

and its form is as follows

K ¼ b2LqL

KHH KHM 0

KMH KMM 0

0 0 KVV

2
4

3
5 ð12Þ

in which KHH, KMM, KVV, KMH, and KHM being the

horizontal, rotational, vertical, and two-coupling

impedance functions, respectively, with KMH = KHM.

Taking KHH for example, it is convenient to write the

impedance function as

KHH ¼ kHH þ i
xa
bL

cHH ð13Þ

with i ¼
ffiffiffiffiffiffiffi
�1

p
.

2.3 Tunnel response

Effective input motion D is the tunnel displacement under

harmonic-wave excitation, and it can be decomposed into

two parts (Luco and Wong 1987)

D ¼ D1 þ D2 ð14Þ

in which D1 corresponds to the tunnel displacement when

its mass M0 is not taken into account (Luco 1986)

D1 ¼ K�1

Z
C

gtKT Uf ðx; zÞ �Xðx; zÞT Tf ðx; zÞ
h i

dS ð15Þ

with Uf ðx; zÞ and Tf ðx; zÞ are two-dimensional vectors,

corresponding to the displacements and tractions in two

directions of free-field response, respectively. Symbol D2 is

the additional displacement caused by inertia force

F = [Fx, M/a, Fz]
T, with FTx, MT, and FTz being the

horizontal force, rotational moment, and vertical force

caused by tunnel mass, respectively, and based on the

ghðx; zÞ ¼ ghl1ðp1Þ ghl2ðp2Þ . . . ghlNðpNÞ ghl1ðr1Þ ghl2ðr2Þ . . . ghlNðrNÞ
gvl1ðp1Þ gvl2ðp2Þ . . . gvlNðpNÞ gvl1ðr1Þ gvl2ðr2Þ . . . gvlNðrNÞ

� �
ð4Þ

gt ¼
Pl1ðp1Þ Pl2ðp2Þ . . . PlNðpNÞ Pl1ðr1Þ Pl2ðr2Þ . . . PlNðrNÞ
Hl1ðp1Þ Hl2ðp2Þ . . . HlNðpNÞ Hl1ðr1Þ Hl2ðr2Þ . . . HlNðrNÞ

� �

Plj ¼ exlðgrxljÞ þ ezlðgsljÞ
Hlj ¼ ezlðgrzljÞ þ exlðgsljÞ

ð8Þ
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concept of impedance functions, the additional

displacement is solved by

D2 ¼ K�1FT : ð16Þ

bFig. 3 Spectrum of tunnel impedance functions (d/a = 2,

qR = qL = 2000 kg/m3, mR = mL = 0.25, damping ratio nR = 0.05

and nL = 0.02 for layered half-space, and nR = nL = 0.05 for

homogeneous half-space). a bR/bL = 2. b bR/bL = 3. c bR/bL = 5.

d bR/bL = ?

Fig. 4 Spectrum of tunnel displacements in homogeneous half-space and layered half-space with bedrock stiffness bR/bL = 2 (d/a = 2,

qR = qL = 2000 kg/m3, mR = mL = 0.25, q0 = 2500 kg/m3, M0/Ms = 1/4, D0/a = 8, damping ratio nR = 0.05 and nL = 0.02 for layered half-

space, nR = nL = 0.05 for homogeneous half-space). a P-wave. b SV-wave. c SH-wave (Fu et al. 2015)
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For a rigid body

FT ¼ x2M0D

¼ x2

M0 0 0

0 I0=a
2 0

0 0 M0

2
64

3
75D ð17Þ

with I0 being the rotational inertia with respect to tunnel

center. Introducing Eqs. (16) and (17) into (14) gives the

final solution of tunnel displacement

D ¼ I � x2K�1M0

� ��1
D1 ð18Þ

As the amplitude of incident wave is assumed to be unit

1, the tunnel displacements Dx, au, and Dz are all dimen-

sionless, in fact they represent the amplification factor of

incident excitation.

3 Numerical results and analysis

3.1 Impedance function

Figure 3 is the impedance function of tunnel in frequency

domain of homogeneous half-space and layered half-space.

The embedded depth of the tunnel is d/a = 2. The parame-

ters of homogeneous half-space are qR = qL = 2000 kg/

m3, mR = mL = 0.25, and nR = nL = 0.05. While the

parameters of layered half-space are qR = qL = 2000 kg/

m3, mR = mL = 0.25, nR = 0.05, nL = 0.02, with the shear-

wave velocity ratio of the soil layer to the bedrock (‘‘bedrock

stiffness’’ for short) varyingwith four valuesbR/bL = 2, 3, 5,

and?, and the ratio of the soil-layer thickness to the tunnel

radius (‘‘soil-layer thickness’’ for short in the following)

varying with three values D/a = 4, 6, and 8, so the tunnel is

completely embedded within the soil layer in order to be

convenient to analyze the site effect on tunnel response.

The impedance functions of homogeneous half-space

are vibrating functions and the impedance functions of

layered half-space vibrate around that of homogeneous

half-space, because the layered half-space involves the

dynamic characteristics of site while homogeneous half-

space cannot reflect these characteristics. When the bed-

rock stiffness bR/bL increases, the influence of the site

dynamic characteristics also increase in the way that the

vibrating period of impedance functions keeps invariable,

and the shape of the curves is such as that the curves are

multiplied by a factor in y-axis.

3.2 Tunnel response

Figure 4a and b are the spectrum of tunnel horizontal

displacement Dx, rotational-arc au, and vertical displace-

ment Dz in homogeneous half-space and layered half-space

with bedrock stiffness bR/bL = 2 for incident P-wave and

SV-wave, respectively. The mass density of the tunnel is

q0 = 2500 kg/m3, and the dimensionless tunnel mass is

M0/Ms = 1/4 with Ms being the mass of soil replaced by

the tunnel. The incident P- and SV-wave comes from D0/
a = 8 for all sites with four incident angle h = 5�, 30�,
60�, and 90�, and the parameters of the half-space are the

same as that in Fig. 3. The tunnel displacement spectrum

for incident SH-wave is also plotted in Fig. 4c (Fu et al.

2015) for comparison, there is only out-of-plane transla-

tional displacement Dj j in this condition.

For oblique incidence, the spectrum of in-plane dis-

placements is more complicated than that of incident SH-

wave, especially for small incident angle (h = 5� and 30�).
Also, the displacements in layered half-space increase with

incident angle increasing for incident SH-waves, while this

is not the fact for in-plane excitation. For vertical incidence

(h = 90�), the symmetry of the tunnel gives that

DP
x ¼ auP ¼ DSV

z ¼ 0, it is also noticed that the tunnel

displacements in layered half-space are larger than those in

homogeneous half-space.

The tunnel displacement spectrum of homogeneous

half-space is much smoother than that of layered half-

space; also, there is an evident peak for layered half-space

on the spectrum of translational displacements Dx and Dz

for large incident angle (h = 60� and 90�), while the peak

does not exist for homogeneous half-space. This is because

the site dynamic characteristics introduce much influence

on tunnel response of layered half-space, while the

homogeneous half-space does not involve these charac-

teristics. It is noticed that there is also a peak on the

spectrum of Dx for incident SV-wave with small angle

(h = 5� and 30�), but there is no interest in this peak which

does not reflect the site dynamic characteristics.

Figure 5a and b are the spectra of tunnel translational

displacement in homogeneous half-space and layered half-

space for vertically incident P-wave (Dz) and SV-wave

(Dx), respectively. The dimensionless tunnel mass is M0/

Ms = 0, 1/4, 1/2, with other parameters the same as those

in Figs. 3 and 4. For comparison, the tunnel displacement

spectrum for vertical incident SH-wave is also plotted in

Fig. 5c (Fu et al. 2015). It is noticed that for both incident

P-wave and SV-wave, the peak value becomes larger with

soil-layer thickness increasing, which is similar to incident

bFig. 5 Spectrum of tunnel displacement in homogeneous half-space

and layered half-space for vertical incidence (h = 5�, d/a = 2,

qR = qL = 2000 kg/m3, mR = mL = 0.25, q0 = 2500 kg/m3, D0/
a = 8, damping ratio nR = 0.05 and nL = 0.02 for layered half-

space, nR = nL = 0.05 for homogeneous half-space). a Tunnel

displacement |Dz| for vertically incident P-wave. b Tunnel displace-

ment |Dx| for vertically incident SV-wave. c Tunnel out-of-plane

displacement for vertically incident SH-wave (Fu et al. 2015)
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SH-waves because the path the incident wave propagates

and amplifies is longer in thicker soil layer (Fu et al. 2015).

The tunnel mass have little influence on tunnel dis-

placement spectrum for both incident P-wave and SV-wave

as the condition of incident SH-wave because the tunnel

mass itself is small. It can be concluded that the kinematic

interaction also overwhelmingly dominates for in-plane

excitation, and the inertia interaction can hardly have

influence on soil-tunnel interaction.

For free-field ground motion to vertically incident P-

wave, the frequencies for which interference produces

maximum response of the soil layer are (‘‘resonant fre-

quencies’’ for short)

xa ¼
ð2j� 1ÞpaL

2D
j ¼ 1; 2; 3. . .ð Þ: ð19Þ

So D/a = 4 corresponds to xaa/bL = 0.68, 2.04, 3.40,

…, D/a = 6 corresponds to xaa/bL = 0.45, 1.36, 2.27, …,

D/a = 8 corresponds to xaa/bL = 0.34, 1.02, 1.70, … and

so on. It is observed that the peak frequency of tunnel

displacement evidently becomes lower with soil-layer

thickness increasing, and it is lower than the first resonant

frequency xa of free-field response for bR/bL = 2, while

higher than xa for bR/bL = 3, 5 and ?. Nevertheless, the

difference between the peak frequency of tunnel displace-

ment and xa is not large. While for free-field ground

motion to incident SV-wave, the resonant frequencies of

the soil layer are

xb ¼
ð2j� 1ÞpbL

2D
j ¼ 1; 2; 3. . .ð Þ: ð20Þ

So D/a = 4 corresponds to xba/bL = 0.39, 1.18, 1.96,

…, D/a = 6 corresponds to xba/bL = 0.26, 0.79, 1.31, …,

D/a = 8 corresponds to xba/bL = 0.20, 0.59, 0.98, … and

so on. The peak frequency of tunnel displacement also

becomes lower with soil-layer thickness increasing as inci-

dent P-wave, but it is lower than the first resonant frequency

xb of free-field response for all bedrock stiffness, and the

difference between the peak frequency of tunnel response

and xb is not large either. Moreover, it is noticed that the

peak frequency of tunnel response for both incident P-wave

and SV-wave becomes lower with bedrock stiffness

decreasing (there exists abnormal case for bR/bL = ? to

incident P-wave), but this phenomenon is not evident.

While in the papers by Liang et al. (2013a, b) studying

the soil-foundation-superstructure interaction, although the

foundation is also assumed to be completely rigid, the

difference between the peak frequency of foundation dis-

placement spectrum and the resonant frequency of free-

field response is much larger, and the variation of bedrock

stiffness can have more evident influence on the peak

frequency of foundation displacement. This is because the

soil-tunnel interaction is dominated by kinematic interac-

tion, which can be influenced only by site dynamic char-

acteristics, so the dynamic characteristics of tunnel

response are similar to site dynamic characteristics; while

the dynamic characteristics of foundation response are also

influenced strongly by superstructure dynamic character-

istics, and the system mass is large with the inertia inter-

action also introducing much influence on foundation

response, so the dynamic characteristics of foundation

response are different much from site dynamic

characteristics.

It is also noticed that although the spectra shapes of

oblique incident SV-wave differ much from that of oblique

incident SH-wave in Fig. 4, the two spectra of vertical

incidence is very similar to each other, especially for peak

value and peak frequency. This is because the dynamic

characteristics of underground tunnel can be influenced

only by the site characteristics. As the free-field response

for vertically incident SV-wave is exactly identical to that

of vertically incident SH-wave, the two spectra of tunnel

displacement for vertical incidence are similar to each

other; while as the free-field ground motion for obliquely

incident SV-wave and SH-wave is essentially different, the

two spectra of tunnel displacement for oblique incidence

are also different much just as the spectrum of free-field

response. Nevertheless, in Liang et al. (2013a, b), even for

vertically incident SV-wave and SH-wave, the displace-

ment spectrum of rigid foundation still holds much dif-

ference. This is because the foundation displacement

spectrum can be influenced by both the site characteristics

and the superstructure characteristics. As the dynamic

characteristics of superstructure of in-plane direction are

different from that of out-of-plane direction, the two

spectra of foundation displacement holds little similarities

although the site characteristics for vertically incident SV-

and SH-wave are identical. In conclusion, the mechanism

of soil-tunnel interaction which is a rigid system, is totally

different from that of soil-foundation-superstructure inter-

action which is a flexible system.

3.3 Analysis in time domain

The similarity of tunnel response to vertically incident SV-

wave and SH-wave can further be justified in time domain.

Figure 6 is the tunnel response in time domain for

bFig. 6 Time history (left) and response spectrum (right) of tunnel

acceleration for vertically incident El Centro wave with peak

acceleration of 0.1 g in homogeneous half-space (a) and in layered

half-space of D = 20 m (b), D = 30 m (c), and D = 40 m (d) (pa-
rameters: a = 5 m, b = 4 m, d = 10 m, D0 = 40 m, q0 = 2500 kg/

m3; for homogeneous half-space qR = qL = 2000 kg/m3,

mR = mL = 0.25, bR = bL = 250 m/s, for layered half-space

qR = qL = 2000 kg/m3, mR = mL = 0.25, nR = 0.05, nL = 0.02,

bL = 250 m/s, bR = 500 m/s)
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vertically incident El Centro wave with peak ground

acceleration of 0.1 g as SV-wave and SH-wave (Fu et al.

2015). The left part of each sub-figure is the time history of

tunnel acceleration with x-axis being the time history by

interval 0.02 s and y-axis being the acceleration of 1 g; the

right part is the response spectrum of tunnel acceleration

with x-axis being the period and y-axis being the maximum

acceleration of 1 g. In this section, the outer radius of the

tunnel is a = 5 m, the inner radius is b = 4 m, the

embedded depth is d = 10 m, and the mass density is

q0 = 2500 kg/m3. The vertical incident SV-wave or SH-

wave all come from depth D0 = 40 m. For homogeneous

half-space (a), the shear-wave velocity is 250 m/s, the mass

density is 2000 kg/m3, and the damping ratio is 0.05. For

layered half-space, the soil-layer thickness is D = 20 m

(b), 30 m (c), and 40 m (d), which corresponds to D/a = 4,

6, and 8, respectively. The soil layer is of shear-wave

velocity bL = 250 m/s, mass density qL = 2000 kg/m3,

and damping ratio nL = 0.02; the bedrock is of

bR = 500 m/s, qR = 2000 kg/m3, and nR = 0.05. It is

observed that in time domain, the tunnel responses for

vertically incident SV-wave and SH-wave are more similar

than that in frequency domain—they are nearly identical.

4 Conclusions

The spectrum of tunnel impedance function of layered half-

space vibrates around that of homogeneous half-space; the

mechanism of dynamic soil-tunnel interaction in layered

half-space is different much from that in homogeneous

half-space, and the former is larger than the latter. This is

because the layered half-space involves the site dynamic

characteristics while the homogeneous half-space cannot

reflect these characteristics.

The mechanism of dynamic soil-tunnel interaction is

different much from that of dynamic soil-foundation-su-

perstructure interaction, because the soil-tunnel interaction

is dominated by kinematic interaction, so the dynamic

characteristics of tunnel response are similar to site

dynamic characteristics, while for soil-foundation-super-

structure interaction, the foundation response can be

influenced by both site dynamic characteristics, and

superstructure dynamic characteristics which can be rep-

resented by inertia interaction, so the difference of the peak

frequency of foundation response to the resonant frequency

of the free-field response is much larger than that of tunnel

response to the resonant frequency of the free-field

response in soil-foundation-superstructure interaction.

For oblique incidence, the tunnel response for in-plane

incident waves is completely different from that for inci-

dent SH-waves, especially for small incident angle; while

the tunnel response for vertically incident SV-wave is very

similar to that of vertically incident SH-wave, because the

tunnel response is influenced strongly by the site dynamic

characteristics which are identical for vertically incident

SV-wave and SH-wave, while differ much for oblique

incidence.
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