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Abstract

We continue our previous study on the sub-shock formation in a binary mixture of gases
(Ruggeri in Phys. Fluids 34: 066116, 2022) by considering the dissipation due to the
bulk viscosity in both constituents. We use the model of a mixture of gases proposed
by T. Arima, T. Ruggeri, M. Sugiyama, and S. Taniguchi (Arima in Rend. Lincei
Mat. Appl. 28: 495, 2017). For prescribed values of the mass ratio of the constituents
and the degrees of freedom of molecules, we classify the regions depending on the
concentration and the Mach number for which the sub-shock may exist inside the shock
profile of one or both constituents or not. Furthermore, we perform for some mixtures
of gas numerical calculations of the profile, showing the role of the dissipation with
respect to the Eulerian gases. As we expect, the shock profile is more regularized,
and in the case that it exists sub-shocks, the amplitude of the sub-shock is reduced
compared to those of non-dissipative gases.

Keywords Shock structure - Polyatomic gases - Dynamic pressure - Sub-shock
formation - Bulk viscosity
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1 Introduction

In a recent paper [1], we considered a binary mixture of gases in which the single
constituents are non-dissipative gases (Eulerian gases) and we have studied the shock-
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structure profile. In particular, we have classified all possible regions of concentration
and Mach number for which we can have sub-shocks formation. This paper aims to
obtain results in a more realistic case where single constituents have dissipation. More
specifically, we consider polyatomic gases in which the bulk viscosity is dominant,
and we can neglect the shear viscosity and heat conductivity. For this kind of mixture,
we use the simple model in the framework of Rational Extended Thermodynamics
(RET) proposed by Arima, Ruggeri, Sugiyama, and Taniguchi [2] (see also [3]).

The main aim of this paper is to give a study to evaluate dissipation’s effects
by comparing the profile of shock waves and sub-shocks with the ones obtained in
a mixture of Eulerian fluids for some possible kinds of mixtures and some Mach
numbers.

2 Model of a binary mixture of RETg gases

In [4-6], a hyperbolic model for a single fluid with 6 fields (RET¢) was proposed
in the framework of RET, considering only the dynamical pressure as a dissipative
mechanism and the shear viscosity and the heat conductivity are neglected. This sim-
plified theory preserves the main physical properties of the more complex theory of
14 variables [7], in particular when the bulk viscosity plays a more important role
than the shear viscosity and the heat conductivity. This situation is observed in many
gases. In fact, the usefulness of the RET¢ theory is shown through the analysis of the
ultrasonic sounds in a hydrogen gas [8] and the shock structure in a carbon dioxide
gas [9, 10] (see the book [11] for more details).

Starting from this model, in the paper [2], a model for a mixture in which each
component is this kind of gas was proposed. In the case of a binary mixture and
one-space dimension reads:!
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U In [2] the production terms ] and @ differ from the present one by a factor 2. The present choice is
better to compare with previous results in the case of Eulerian gases.
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where the quantities with suffix « (= 1, 2) represent the corresponding quantities
for the constituent «: py, Vo, P, €, and Iy are, respectively, the mass density, the
velocity, the pressure, the specific internal energy, and the dynamical non-equilibrium
pressure. On the right-hand side, 7, is the relaxation time for the dynamic pressure
and the production terms, 114, €4, and @, represent the production terms evaluated for
zero velocity due to the interchange of the momentum, the energy, and the momentum
flux, respectively with the condition: m = —my, é; = —é;, @2 = —&; in such way
for the the whole mixture is conserved mass, momentum and energy.

We consider a mixture of rarefied polyatomic gases described by the following
thermal and caloric equations of state:

pot:pak_BTav 8(1:&]{_37‘01: (2)
My 2 my
where Ty, kp, mq, and Dy are, respectively, the temperature, the Boltzmann constant,
the mass of a molecule, and the degrees of freedom of a molecule. In the present
analysis, we consider polytropic gases in which the specific heat is independent of the
temperature, and therefore the degrees of freedom of a molecule D,, is a constant. We
recall that the ratio of the specific heats y, is related to D, by the relation:

_ Dy+2
Yo = —p—

The production terms are determined by the entropy principle in [2] and are given:

my=ynAn, e =2000 4+ k), &1 =2k + ¢111)

with
~ Il I1
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T D1 2 D2
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|

where ¥11 > 0 and the matrix

011 « . .. .
1o is positive definite.
K11 11

Here, uy, = vy — v is the diffusion velocity, where v is the mixture velocity v =
% Zi:l 0aVe and p is the total mass density p = Z(i:] Oa-
By taking sum of (1), we have the following equivalent system

J dpv
dp  dpv

=0,
ot 0x
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where the total pressure p, the global specific internal energy ¢, the global dynamic
pressure I, the deviatoric part of the global shear stress o, the global heat flux ¢, and
anew quantity Q are given by [2]:

2
p = Zpa:
a=1

2 2
1 1
PE = PEin+ 5 Y Pally: Eint = — ) Pufa;
a=1 pot:l
2
o 2N 2 2pe
3oz=1 o 3 :
5 “4)
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2

q = Z (“paué + Pala + Do + Hot) Uy,
2 (1 5

0= Z {Epaug + 5 (pa + Hoc)} Ug.

It is noticeable that there appear in the system (3) global shear stress and global heat
flux due to the presence of the diffusion velocity even if we neglect these dissipative
quantities in the field equations for each constituent.
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The system (3) with (2) and (4) is a hyperbolic system of 8 scalar equations in
1-dim for the 8 components of the fields U, namely, the total mass density, the mixture
velocity, the global internal energy or an average temperature, the global dynamic
pressure, and the corresponding variables for the species 1.

In equilibrium in which 77 = 75 = T the global pressure and the internal intrinsic
energy can be written in the form

kB D kB
P ="2pT. pey) =2 )
provided that we introduce [12]
1 c 1—c¢ m m
—=—+( ), D(c)=c ()D1+(1— )LDL (6)

m mi mo

with m and D being the average mass, and a sort of average degrees of freedom D
of molecules, respectively, and ¢ (0 < ¢ < 1) being the concentration related to the
mass densities:

p1=pc, p2=pd—0c).

The associate equilibrium subsystem of (3), according to the definition given in
[13], is given by the conservation laws (3)12,3,5 where we put the equilibrium values
vi =v2 =v,T1 =T, =T, and I} = I = 0 in which the production terms in
(3)4.6,7.8 vanishing:

ap  dpv
at + ax
0 a

Ity _
ot ax 7
apv d O

P 2 (o0? <E>)=0
o ' ox (pv tp '

3 (1 (1
o <zpv +p8ff;)>+a{(2pv + pein +p(E)) }=0,

with p® and & given in (5). The equilibrium subsystem is of course the same as
the Eulerian mixture.

)

3 Characteristic velocities in equlibrium
The characteristic velocities for a single fluid with RET¢ were evaluated in [6] and

as the left-hand side of the system (1) are two blocks of single fluids, we have the
following characteristic velocities in an equilibrium state in which v{ = v, = v and
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5k S5k
v— 2B v— [22B 7y (with multiplicity 4),
3my 3 mo
5k S5k
v+ = =5 T, v+, /= 2Br
3my 3my
while the characteristic velocities of the equilibrium subsystem (7) are

[k [k
v— yZBT, v (twice), v+ y;BT,

D+2

D

where

From now we consider the positive eigenvalues with respect to the rest frame of the
fluid and introduce the characteristic velocities in an equilibrium state for constituents

1 and 2
5kB 5kB
M=v+ [=——T, A=v+ |——T (8)
3my 3my

and the characteristic velocities of the equilibrium subsystem

- k
Ar=v+ y—B
m

T. ©)
We notice that the expressions of the characteristic velocities of the full system are
independent of the ratio of specific heat of the constituents y, while the ones of the
equilibrium subsystem depend on y. This is a peculiar property of the system of RETg
according to a general theorem given in [14].
We consider the first species the one for which m| < mj and we call u the ratio of
the masses of the constituents defined by

mj
n=—, 0</L§1,
my

and with this choice A» < A holds.

The subcharacteristic conditions for convexity argument according to a theorem in
[13] hold and we have:

ifk].
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Now we need to evaluate for the following if A is greater or less than A,. It is easy,
taking into account (8) and (9), to prove the following result:

Statement1 - Forany 1 <y, <5/3, and 1 < y» < 5/3,

case A): If u < u* =3y1/5¢€]0,1[, there exists a ¢* €10, 1[ such that:
for 0 <c<c*, A<t <A
for ¢* <c<1, A <hi<Xi (10)
where c*is solution of . = A, ie. y/m =5/(3ma);

case B): If u>pu*, then iy <Xt <Ay foranycel0,1[.

4 Shock-structure solution

The shock structure is a traveling wave solution, depending on a single variable ¢ =
x — st with s being the velocity of the shock wave,

U= U(p), 0 =x — st

with constant equilibrium boundary conditions at infinity:

lim U = U,

Iim U= Ul.
@—>+00 p—>—00

We call the state Ug as the unperturbed state and the state Uy as the perturbed state,
respectively. Hereafter, the quantities with the subscript O represent the quantities
evaluated in the unperturbed state, and the quantities with subscript I represent the
ones evaluated in the perturbed state.

We can choose without loss of generality the unperturbed velocity vop = 0. The
equilibrium states are:

£0 L1
vo=0 U
Ty T
Iy =0 My=0
Yo = (P1)o = copo U= (D1 = c1po1 (i

(v1)o=vo=0 (v =

(T1)o =To (=T

(M) =0 (M) =0

As is well known the perturbed equilibrium state is connected with the unperturbed
one through the Rankine-Hugoniot equation of the equilibrium sub-system (7), and
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therefore we have:

(+DoMg —_ Do(Mg—1)
= , = a ,
A= Do+ M2 ' Do+ DM
_ (Do + MD){(2 + Do)M§ — 1} . (12)
- (Do + 1M} ’
1 = co.
Here the unperturbed Mach number M is defined as usual by
S — Vo
My = ; (13)
aop

with ag being the sound velocity in the unperturbed state:

kp Do+ 2
ap = ,[yo—To, Yo = ,
mo Dy

and Dy being the degrees of freedom of a molecule in the unperturbed state Dy =
D(cp) (see (6)2), while mg = m(cp) being the equilibrium average mass of the mixture
(see (6)1).

Note that relations between mixture state variables pr, vy, Tt and pq, ug, Ty, cor-
respond to the solution of the usual Rankine-Hugoniot relations between the state
variables at the shock wave for a single fluid for the system of Euler equations. It is
also noticeable that the concentration is the same in both equilibrium states, ¢ = ¢y,
and in the sequel it will be termed equilibrium concentration, without special regard to
upstream or downstream state. Finally, downstream equilibrium can be regarded as a
one-parameter family of states parametrized by the Mach number (i.e., shock velocity:
see (17)), Ur = Up(Up, Mp). In this way, the Mach number is naturally introduced in
the model through the boundary conditions.

5 Sub-shocks formation

We consider the shock family bifurcating from the trivial zero shock solution obtained
as s = Ag. The Lax condition [15] gives the admissibility conditions as <S5 <A,
which can be equivalently expressed as My > 1.

According to the theorem in [16], the non-existence of the smooth shock structure
is proved when the shock velocity is greater than the maximum characteristic velocity
in the unperturbed state. Therefore in the present case, see (10) we have the following

Statement2 — A continuous C' shock-structure solution cannot exist for a binary
mixture of gases in which each constituent has a bulk viscosity when the shock
velocity satisfies
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s > Ao, (14)

i.e. a shock structure with velocity s greater than Ao has a sub-shock inside.

To know if other sub-shock can exist, we recall the observation that a sub-shock can
arise when s meets an eigenvalue X [17]. Now, as we do not know the analytical expres-
sion of the eigenvalues along the shock-structure solution, we focus on the eigenvalues
in the two equilibrium states. In the unperturbed state Uy, all the eigenvalues A are
constant values, while in the perturbed equilibrium one Uy, all Aj are functions of s.
Taking into account that for s = o we have the null shock and therefore A;(Ao) = Ao.
When s increases, for the genuine non-linearity, all A1(s) are increasing functions of
s. As a consequence, the only candidates in the state Uy to meet s are the eigenvalues
that are in the unperturbed state Uy less than %0, while s can meet in the state Uy all
the eigenvalues greater of A.

Therefore taking into account the inequalities between the eigenvalues given in (10)
we can have:

Statement3 - Forany 1 < y; < 5/3, and 1 < y» < 5/3, there may exist a
sub-shock before the maximum characteristic velocity in the unperturbed state,
according with:

case A): If n <3y1/5, and

when 0 < co < c*, for s > Ay,

15
when ¢* < co < 1, for s > s*, solution of Apy(s*) =s*, =

case B): If n > 3y1/5, for s > Ay forany co€]0,1].
Remark 1 - These conditions are necessary but not sufficient for the existence of the

sub-shock. In fact, there are cases in which the singularity is not verified due to an
indeterminate form 0/0. For more precise details, see the reference [1].

Using dimensionless variables the condition (14) of Statement 2, taking into account
(8), (11), (13) and (6), becomes:

M M A0 SmoDy 5Dy
> = —_— = =
07T 3m1(Do+2)  \ 3(Do +2){co + (I — o)}

in which we are sure that there is a subshock in the shock profile of species 1.
While the conditions (15) of Statement 3 becomes in the case A) for 0 < ¢g < c*,
My > M3, with M3, being the solution of

M2I(M§k09 €0, l’l’) = Mik()’ (16)
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Fig. 1 Different regions in the 2.0
plane (cg, My) of possible [ (Eulen)
sub-shocks. D1 =5, Dy =7, 181M1o 20 -
and 1 = 0.4. The dotted curves '
are the ones of a mixture of
Eulerian gases. The circles 1.64™ M
represent the parameters adopted o Mi%“~lﬁr) 8 9 10 20
for numerical calculations < e Siii
shown in Sec. 6 141 >
5 oii < 6 1
1.24 Mao Ol ;
3 4 T
1,047 2 . . .
0.00 0.25 0.50 0.75 1.00
Co

where we have indicates M1 = As1/ap. By inserting the Rankine-Hugoniot conditions
(12), we obtain

wyy = P0G =D \/5DO(D0+M§){(2+DO)M§ — 1} mo

(Do + HMo 3(Do+2)(Do + D2MZ  m2

and we obtain the solution of (16):

ME = Do{5mqg + 3(Dg + 2)m»}
207V (D + 2)(5Dgmg — 3ma)

For ¢* < ¢p < 1 we may have a subshock if

Mo > M _@_ SmqoDyg _ 5Dou
0T T T\ 3maDo+2)  \3(Do +2) {co+ (A —con}’

In the case B) of Statement 3 have a subshock for My > Mjp and may have a subshock
for My > M»g. In both cases A) and B), the existence of the sub-shock is concerned
the shock profile of species 2.

The topology of regions depends on M3, that for some values of u < p* can have
an asymptote or can intersect M. The complete analysis will be an object of a future
paper. In the present analysis, we consider only the case A) with © = 0.4 and we omit
also the case B). Our aim is mainly to compare in this case the behavior of the shock
structure with the one in which the constituents are Eulerian gases. Using the results
in the paper [1], we also depict the corresponding curves predicted by the Eulerian
theory as M ](gmer) and M;éEUIer), and we can have the following regions described in
Fig. 1.

According to (15), for case A), it is sure that no sub-shock arises when My < My
for0 < ¢o < ¢*and My < M3, forc* < ¢y < 1, and that a sub-shock for constituent 1
emerges when My > Mo. However, it is not sure whether a sub-shock for constituent
2 appears or not when My > Mo or My > Mj,. The possibility of the sub-shock
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Table 1 Summary of the . (Euler) (Euler)
possibility of the sub-shock Region S 52 Si )
formation for the classified
regions in the plane (co, M) ! No No No Maybe
shown in Fig. 1. The symbols S| 2 No No No No
and Sy represent the sub-shock 3 No Maybe No No
for constituent 1 and the
sub-shock for constituent 2, 4 No No No No
respectively. The corresponding 5 No Maybe No Maybe
conclusions for a binary mixture ¢ No Maybe Yes No
of Eulerian gas are also shown in 7 No No Yes No
the last columns
8 No Maybe Yes Maybe
9 Yes Maybe Yes Maybe
10 Yes Maybe Yes No
11 Yes No Yes No

formation is summarized in Table 1. In this table, "Maybe" indicates that the condition
is only necessary but not sufficient for the sub-shock existence (see Remark 1).

6 Numerical analysis

In this section, we perform numerical calculations for obtaining the shock-structure
solutions to compare the solutions obtained by the RET¢ mixture theory with the ones
by the Eulerian mixture of gas and to verify in the uncertain cases if sub-shocks arise.
For this purpose, we solve the Riemann problem for the PDE system (1) instead of
solving the ODE system. This strategy is based on the conjecture proposed by Ruggeri
and coworkers about the large-time behavior of the Riemann problem with or without
structure [18, 19] for a system of balance laws [20-22] — following an idea of Liu [23].
According to the conjecture, the solution of the Riemann problem of the whole system
converges to the corresponding shock structure for a large time if the Riemann initial
data correspond to a shock family S of the equilibrium subsystem. This strategy allows
us to use the Riemann solvers [24] for numerical calculations of the shock structure
with or without sub-shocks, and it has been validated in several shock phenomena [1,
3,20, 22, 25-27].

In the present analysis, by adopting the Uniformly accurate Central Scheme of order
2 (UCS2) [28], we perform numerical calculations on the shock structure obtained after
a long time for the Riemann problem consisting of two equilibrium states Uy and Uy
satisfying (11) at x = 0. For convenience, we introduce the following dimensionless
variables scaled by the quantities evaluated in the unperturbed state and an arbitrary
characteristic time for numerical computations #,:

~ N v A T . I1

,0=£, V= —, TZT’ H:T’
Lo ao 0 ,O()m—oT()

. 10 . x .t . T

¢ = , X = , t=—, T=—,
fcag fcap I I
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1.30

1.25

1.20

1.15
A58

1.10

0.25
0.20
- 0.15
0.10
1.05 0.05
1.00 0.00

0.9
590 100 110 120 130 140 90 100 110 120 130 140 90 100 110 120 130 140
X X X

Fig. 2 Profiles of the dimensionless global mass density, mixture velocity, and average temperature at
7 = 100 (Solid curves). Dy =5,Dy =7, =04,cy = 0.25 and My = 1.15. These parameters lie
in the region 3 and are indicated by circle No. i in Fig. 1. The temporal and spatial numerical meshes are
Af = 0.005 and AX = 0.04. The theoretical predictions by the theory of a mixture of Eulerian gases are
also shown (dashed curves)

0.5
0.4
0.3
0.2
0.1
0.0

5 120 125 130 135 140 145 115 120 125 130 135 140 145 115 120 125 130 135 140 145
X X X

Fig. 3 Profiles of the dimensionless global mass density, mixture velocity, and average temperature at
f = 100 (Solid curves). Dy =5,Dy =71 =04, cy = 0.25 and My = 1.3. These parameters lie in
the region 5 and are indicated by circle No. ii in Fig. 1. The temporal and spatial numerical meshes are
Af = 0.0025 and A% = 0.02. The theoretical predictions by the theory of a mixture of Eulerian gases are
also shown (dashed curves)

b=y, b=—1 4y k=" b=—1" . (a7
= 1, 0=——=0u, k=——=kKku, ¢=——">0%i,
LoTo 'OO%TOZ Om_iTOz ,()()m—l;TO2

where 7 is an average (non-equilibrium) temperature proposed in [29] in an implicit
way:

pgint = p1€1(p1, T) + p2e2(p2, T) = p1e1(p1, T1) + p262(p2, T2).

In the present analysis, we adopt the following parameters; D; = 5, Dy = 7,
uw = 04, 1@ =0 =ik =02, (]3 = 03,7 = 1,and 7, = 2. We compare the
profiles of global quantities predicted by a mixture of RET¢ and Eulerian gases for
My = 1.15, 1.3, 1.47 in Figs.2 — 4, respectively. The parameters correspond to the
ones by circles i - iii shown in Fig.1 and lie in the regions 3, 5, and 8 where the
sub-shock formation for constituent 2 is unclear as summarized in Table 1.

Figure 2 shows that the thickness of the shock structure predicted by the RETq
theory is larger than the one predicted by the Eulerian theory. Moreover, although
only the shock-structure solution of the RET¢ theory becomes in principle singular
for My = 1.15, we notice that both the RET¢ and Eulerian theories predict continuous
shock structure as shown in Fig. 2. These results show the effect of the dissipation
makes the shock structure broader and smoother. Similarly, Fig. 3 shows the profiles
for My = 1.3 where the parameter lies in the region 5 in which the sub-shock for
constituent 2 may exist for both the RETg and the Eulerian theories. It is confirmed
that the Eulerian theory predicts the sub-shock formation while the RETg theory does
not.

@ Springer



Shock structure and sub-shocks formations in polyatomic gases S273

0.8 1.30
‘ 1.254
06 1.20
o 04 A 115
02 1.10
: 1.05
0.0 1.00
135 140 145 150 155 135 140 145 150 155 0935 Ti0 145 130 155
X X X

Fig. 4 Profiles of the dimensionless global mass density, mixture velocity, and average temperature at
f = 100 (Solid curves). Dy =5, Dy =7, u = 0.4, ¢y = 0.25, and My = 1.47. These parameters lie in
the region 8 and are indicated by circle No. iii in Fig. 1. The temporal and spatial numerical meshes are
Af = 0.0025 and A% = 0.02. The theoretical predictions by the theory of a mixture of Eulerian gases are
also shown (dashed curves)

Lastly, we show the profiles for My = 1.47 in Fig.4, which corresponds to the
region 8. Only the Eulerian theory predicts the multiple sub-shocks, and the RETg
theory predicts only-one sub-shock. It is emphasized that the amplitude of the sub-
shock predicted by the RETg theory is smaller than the one predicted by the Eulerian
theory due to the effect of the dissipation, namely, the dynamic pressure.
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