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Abstract

In this paper, we extend the results of Brézis and Willem (J Funct Anal 255:2286-2298,
2008) to the equation with single or double weighted critical exponents, including
Hardy—Sobolev, Sobolev and Hénon—Sobolev exponents. More precisely, we establish
the existence or nonexistence of equation with different coefficient which has an
important impact.

Keywords Nonexistence - Existence - Weighted critical exponents

Mathematics Subject Classification Primary: 35A01 - 35A15 - 35A24 - 35J61

1 Introduction

In this paper we consider the following equation

x|\ u ()2 )2 -
—Au+h(| =)= = |x|* > @72y x|%2|u|> @2y in B,
wth|—=) sz =x"lul + x| ul 11

u € Hy,(B),

where N > 3,01 > ap > —2,2%(o;) = %,i =1,2ueR B:={xeRN:
|x| < 1} is the unit ball in RV, H(}’r (B) is the completion of C§%.(B) with the norm
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1
2
||u||=(f |w|2dx) ,
B

where C&‘;(B) is the set of radial functions in C§°(B). Let
LP(B;|x|%) = {u : B — R : uis measurable, / |x|%|u|Pdx < oo}
B

be the weighted Lebesgue space with the norm

1

>
lullLr B;|xje) = (/ lealulde> 1= p<oo
B
It holds that
Hy,(B) = LP(B: |x|%) (12)

with o > —2 is continuous for all 1 < p < 2*(x) := % and it is compact for

all 1 < p < 2*(a), see [20,21]. The compact embedding of (1.2) for « > 0 was first
proved in [17]. In [23,24] we have confirmed that 2*(«) is exactly the upper critical
exponent of the embedding (1.2) by proving that there is no embedding from Hol’ +(B)
into L?P(B; |x|%) forany p > 2*(«) and (1.2) is not compact as p = 2*(«). Itis known
that 2* () is Hardy (resp.,Hardy—Sobolev, Sobolev) critical exponent as « = —2(resp.,
-2 <a <0,a =0),see [11,23]. In [23,24], we named 2*(«) as Hénon—-Sobolev
critical exponent for @ > 0 due to Hénon [14] first raised a semilinear elliptic model
involving |x|* with o > 0. Therefore there are two critical terms in (1.1).
For oy = 0and u = 0, (1.1) reduces as

X'\ u 24(0)-2,
—Au—l—h(T ﬁzlul uin B,
u=20 on dB.

(1.3)

%) /\L2 := a(x) < 0, (1.3) has been treated extensively since the
great work [5] of Brézis and Nirenberg. In [4], Brézis raised seven open problems and
the fourth one read as

Q4. Assume a(x) > 0 on B. Find conditions on a(x) (hopefully a necessary and
sufficient condition!) which guarantee that (1.3) has a solution.

In [18], Passaseo gave a partial answer to Q4. Under some conditions on a(x),
Passaseo proved the existence of positive solutions (1.3). In [6,7], Brézis and Peletier

studied (1.3) with N = 3 and

For the case of & (

K
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They proved the existence and non-existence of solutions based on different region of
value A. In [8], Brézis and Willem studied Q4 for the case of N > 3 with more general
assumptions on /. In the present paper we will extend the results of Brézis and Willem
to the equation (1.1) with one or two weighted critical exponents. For other related
works we refer to [3] with unbounded domain R, to [1] with ball or annular domain,
to [16] with p-Laplacian and to [24] with multiple weighted critical exponents.

In Sect. 2 we consider the non-existence of solutions of (1.1) applying the ODE
theory. In Sect. 3 we are interested in the existence results of (1.1) with single weighted
critical exponent (u = 0).

2 Nonexistence

In this section, we are interested in (1.1) with multiple Hénon—Sobolev critical expo-
nents as o1 > op > (0. We will prove the nonexistence of solutions of (1.1) with
different value A, the methods depend on the ODE theory.

We assume that

(hy)) h e Lﬁfc and r2h(r) isnondecreasingon [0, 1].
It follows from (hy) that lir? rzh(r) = h(17) exists. The function (1.4) satisfies (hy).
r—1-

Theorem 2.1 Assume that h satisfies (hy). Then (1.1) has only the trivial solution in

each of the following cases:
O A=1ifp<0;
(ii) there exists \* = A*(h) € (0, 1) and A > A* if u > 0.

Next we consider the following equation

{ —Au+ h(|xDu = |x|@uF @2y 4 p)x|*2|u|> @) =2y in B, @)

u € Hy,(B).
Assume
(hp) h e L0, 1) and r2h(r) isnondecreasingon (0, §) forsome § € (0, 1).

We remark that the function (1.4) also satisfies (h).

Theorem 2.2 For u > 0and $§ € (0, 1), there exists K| = K{(8, ay, az, N) > 0 such
that, if h satisfies (hy) and ||h||co < K1, then (2.1) has only trivial solution.

For N = 3, a sharper conclusion will be obtained.

Theorem 2.3 Assume N = 3, uw > 0 and h € L°°(0,1). There exists K| =
Ki(ay, a2, N) > 0 such that if |h||co < K1 then (2.1) has only trivial solution.

Remark 2.4 For the case @y = = 0 in Theorem 2.3, the conclusion has been proved
by Brézis and Willem in [8]. In addition, when ¢y = u = 0, N = 3, h = —A and
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1430 C.Wang, J. Su

0<A< ”TZ, Brézis and Nirenberg first prove the solution # = 0 of (2.1) in [5]. In
[24], we extend the results of Brézis and Nirenberg to the case of o) > 0.

Now we begin to prove Theorems 2.1-2.3. We follow some arguments in [8] with
modifications.

Under (hy), for @y > ap > 0 and A > 0, by Brézis-Kato theorem and Sobolev
embedding theorem we have a fact that any a solution u of (1.1) must satisfy u €
C!(B), furthermore, u € L®(B).

Set u(r) := u(|x|) with r = |x|. Then (1.1) can be reset as

N —1 * *
{ —u" — . u'+h (%) %:r“‘1 | @02y 2w @72y re(0, 1), 2.2)
u'(0) =u(l) =0.

Applying the classical Emden transformation
N2
u(r) =e z 'w(), t=—Inr, 2.3)

then (2.2) can be reduced as

p o, (N —2)? 25 () =2 2% (o) —2
—uw’ St Hy(Ow = w0 4 w020, >0, 4
w(0) =0
with
2-N, ,
[w()| < e 2 " lullLos), |w (@)l
2N, (N =2 _
<ez '( > lullLoo(B) + e t”u/”LD“(B)): (2.5)
where

By (2.5), we see that

lim w() =0, lim w'(r) =0. (2.6)
— 00 11— 00
Let
f=—1InA. @7

Lemma 2.5 Let h satisfy (hy) and let w : [0, 00) — R be a solution of (2.4). Then

7%
w' (0)? < —2f H,(Hw(Ow ()dt + h(1)Hw®)?, 0<i <1.  (2.8)
0
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The existence or nonexistence of solutions for some... 1431

Proof Multiplying (2.4) by w’ and integrating on (0, 00), using (2.6), we get

1 o

E(w’(O))2 + / H;, (Hw(H)w'(t)dt = 0. (2.9)

0
Now we decompose the integral interval of second term of (2.9) as
o0 I o0
[ H,(Hww'dt = / H,(Hww'dt + / H,(Hww'dt. (2.10)
0 0 Iy

Integration by parts, we obtain

00 , B _l N ) l 00 )
Hy(ww'dt = = Hy () w(t)? = 5 w()?d(Hy (). (2.11)
28

178

It follows from (h;) and (2.7) that H) () is non-increasing on (f, c0) and H(t;r) =
h(17). Thus

o0
1
f Hyww'dt > —Eh(l_)w(t)\)z. (2.12)
1,
Combining with (2.9), (2.10) and (2.12), we obtain the desired conclusion that
1,
w' (0)? < —2f Hy (Hw(®w' (t)dt +h(17)w(n)?.
0

The proof is complete. O

Lemma 2.6 ([8, Lemma 2.2]) Assume A > 0, B > 0, L > 0 and w € Cl([O, L))
satisfies w(0) = 0,

t
w () < A? + 232/ lww'|ds for 0 <7 < L.

0

Then
A Bt ’ Bt
|w(t)|§E(e —1) lw' ()| < Ae”’, for0<t<L.

Lemma 2.7 Assume (hy) and > 0. Then for % <A<land0 <t <t,anya
solution w : [0, 00) — R of (2.4) satisfies

lw(n)| < Cilw’(o)l (e —1), (2.13)
0

[w' ()] < [w'(0)]e", (2.14)
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1432 C.Wang, J. Su

where

—7)2 2
co = sup (% +r2|h(r)|)

1<r<2

Proof By (2.4) we obtain that

/t2 /02 t
w'(1) :w()+fw/w//ds
2 2 0

w/(0)2 +fz (N—2)2 /+h e—S e—ZSww/ J
= —_—ww —_— S
2 o 4 Py 2
t
_/ @2 s / w2 @2 ds
0

w'(0)* (N=22 2| (e /
2 +/0 |: 5 e h( . >H lw(s)w'(s)|ds.

For% <A<landO <t <t,, we have

e—S e—t)‘ eO
IS ,— | C[1,2).
) [x x] 1.2

It follows that
t
w' (1) < w'(0)> + 26‘(2)./ lww’|dx,
0

where

1

N —2)? 2

co = sup (—( ) +r2|h(r)|>
1<r<2 4

Applying Lemma 2.6 with A = |w/(0)| and B = c(, we obtain (2.13) and (2.14). O

Proof of Theorem 2.1 For A > 1, u < 0. Multiplying (1.1) by Z,N: | xia‘r’—)’j and inte-
grating on B, we obtain

N -2 N -2 * "
0= —/ |Vu|2dx — _/ |x|a1|u|2 (@) g +M|x|a2|u|2 (ozz)) dx

2
du|?

do+ N [ n (P 12d

fa 0+3/B< ) (2.15)

1 x|
i=1
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The existence or nonexistence of solutions for some... 1433

Since u satisfies
/ |Vul? + / h (U) —dx = / [ u > @V dx 4 u/ x[*2u|? @ dx,
B B A B B
(2.16)
it follows from (2.15) and (2.16) that

L0 s pe (5) 53,

du |’
on

Since

PI A =N WA 1 Ix|
h=)+-= —h (=) = =(s%h(s)), s=—,
(A)szlaxi (x) SERE), 5=

i=

it follows from (h;) that u = 0.
For A < 1 and u > 0. We may assume » < A < 1. The inequality (2.8) from
Lemma 2.5 implies that

173
w'(0)* <2 / |H () lw(@®)||w()]dt + h(17)w () (2.17)
0
Inserting (2.13) and (2.14) from Lemma 2.7 into (2.17), we have
w'(0)? < w'(0)’°K (M), (2.18)

where

ecot

|e°°’|dt+h(1 )— (e‘w—l)z.

&) 0

178
K1) = 2c /
0

Itis obvious thats, | Oand K(X) — OasA 1 1. It follows that there exists A* € (%, 1)
such that K(A) < 1 as A* < A < 1. Using this fact, the inequality (2.18) leads to
w’(0) = 0 for A* < A < 1. By the uniqueness of the Cauchy problem, we complete
the proof. O

Proof of Theorem 2.2 We will argue in the same way as proving Theorem 2.1. Let
u e HOI’ ,(B) beasolution of (2.1). Using the same transformation (2.3), (2.1) becomes

2
—w’ (1) + %w(r} +h(e™) e w(r)

= [w(®)> 2w (@) + plw®)|F O 2w(), >0,
w(0) =0,

(2.19)
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1434 C.Wang, J. Su

Then w satisfies (2.5). Set H (1) = e > h(e™") and T5 = — In §. Multiplying equation
(2.19) by w’ and integrating on (0, c0), we deduce that

%(w’(O))2 + /OO H(Hw()w'(1)dt = 0. (2.20)
0

Rewriting

Ts

/oo HOww ()dt = H@w@w' (t)dt + /OO H®w@w' (t)dt. (2.21)
0 Ts

Integrating by parts, we obtain
o0

H®w)w (t)dt = —%H(T;’)w(Tg)z — %/w w(t)>d(H (1)).

Ts Ts

By (hy), we see that H(¢) is non-increasing on (75, co) and H(T;r) = 82h(57).
Hence

o0
1
Hww'dt > —582h(8_)w(T5)2. (2.22)
Ts

It follows from (2.20), (2.21), (2.22) that
Ts
(w'(0)% < =2 f Hw®w' @)dt + h(87)8>w(Ts)?. (2.23)
0

The estimates (2.13) and (2.14) are still valid on (0, Ts) with

N —2)? :

Combining with (2.23) and (2.13), (2.14), we deduce that

2 (5 . 82
w' (0> < w (02 ||hlleo | = [ (€ = De'dt + (e —1)* |, (2.25)
co Jo o
Hence there exists K > 0 such that w'(0) = 0 as ||h]|c < K. O

Proof of Theorem 2.3 Similar with the proofs of Theorem 2.1 and Theorem 2.2, we
have

w'(0)* < 2/0 |H®Ollw®]lw'(@®)]dz.
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The existence or nonexistence of solutions for some... 1435

Notice that in (2.24) co = (1 + lIAllo)'/ for N = 3 so that co € (1/2, 1) when
|1l is small. Therefore

|H ()| < |[hlle™, |w(t)] <

/
0
O g, s (o) < o @)1
co

and then
rn2 2 * aco—yt
w (0)” < —w O 1o e~ 07 dt.
co 0

Using the fact that ¢y < 1, the conclusion of theorem is proved. O

3 Existence forthe caseof £ =0

In this section we prove the existence of nontrivial solutions for the case 4 = 0 in
(1.1). We reformulate (1.1) as follows by setting « := o1,

lx[) u 2 (@)=2,, -
—Au+h|=)= = |x[*u>® B
u—+ <)\ 2 [x]% |ue]| u in B, G.1)

u € Hy,(B),

where N > 3, a > —2,2%(x) = % is the Hardy—Sobolev or Sobolev or Hénon—

Sobolev critical exponent. The potential & satisfies
(h3) & :[0,00) — [0, 00) is such that 4 #~ 0 on a set of positive measure and

h e L (0, 00), sV 7, (3.2)
1
lim AN -2 /A h(s)sV~\ds = 0. (3.3)
A—0 0

We remark that h € LN/2([0, 00), sV ~1) satisfies (3.2), and (3.3) if limy_, o0 $2A(s) =
0. Hence the function

1

h(s) = ——
(s) T

satisfies (3.2) and (3.3). We will prove the following theorem.

Theorem 3.1 Assume that h satisfies (h3) and o > —2. Then there exists Ao > 0 such
that (3.1) has a nonnegative solution for 0 < A < Ag.

Remark 3.2 Since h > 0, it is not possible to prove the existence of solutions of (3.1)
by the global minimization as in [5,24], the main difficulty is to estimate the energy
level of quotient is less than some number, which guarantee the holds of local (PS)..
For o = 0 and h € LV/2([0, 00), sV~ !ds), the existence of positive solutions was
obtained by Passaseo in [18] using the constrained minimization and in [8], Brézis
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1436 C.Wang, J. Su

and Willem obtain the nontrivial solution under (h3). Theorem 3.1 extends the result
in [8] to the case o > —2.

Remark 3.3 In Theorem 3.1 a positive solution can be obtained via strong maximum
principle if (3.2) is replaced by

h e L.([0, 00), sV 1.

loc

The approach for proving Theorem 3.1 is from [8] and [16]. Define the manifolds
['(B) = {u € Hy,(B): /B X% u)> @dx = 1},
rRY) = {u e DM2RV) /RN x| %> @Ddx = 1} ,

and the functionals for A > 0,

x|\ u?
0. (1) = /RN |Vul?dx + h (7 pdx, u e DM2(RY),
| x|

, ue LZO®Y; x|,
A+ x|

Y () = /}R a (D[l @dx, - a(|x]) =

where
DIP®Y) = {ue D2®Y) : wisradial], Jull 2 = Va2,

L¥@OM®RN; x|%) = {u :RY > R: is measurable, / x| % u* @dx < oo} .
RN

Under (h3), the functional ¢; is well defined but not necessarily finite on Drl’z(IR{N ).
We will prove

EA = inf {(p)\(u) L ue F(B), 1/&(14) > %}

is a critical value of ¢|r(p). We shall estimate the values

1
;. = inf {mu) L u € T(B), Ya(u) = 5} ,

I

N =

Y = inf {(pl(u) cu e TRY), yi(u) =
Consider the weighted critical equation

(3.4)

—Au = |x[%uZ @1 4 > 0inRY,
u € DFRY)
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The existence or nonexistence of solutions for some... 1437

with @ > —2. By [12,13,15], we have the following key result.
Theorem 3.4 Let o > —2. It holds that

2
/RN [Vul>dx > S, (/RN x| ul? (“)dx) , ue DM RY). (3.5)

The best constant Sy can be achieved uniquely (up to dilations) by
C(a, N)
N=2"

_ C(oz,N):[(N—i—oz)(N—Z)]% (3.6)
(1+|x|2+a)2-Tx

Ug(x) =
and Uy, is the unique (up to dilations) solution of (3.4) and
2+a
oy THEE) \ T
Tra T ()

Se = (N +a)(N —2)<

We give some remarks. For « = 0, Theorem 3.4 was proved by Aubin[2], Talenti[22]
and Sy was the best Sobolev constant on D,l’z(]RN)(see [22]). For —2 < o < O,
Theorem 3.4 was established by Ghoussoub and Yuan [11], Lieb[15], and S, was
named as the best Hardy—Sobolev constant on D}’Z(RN )(see [10]). As a > 0, these
results could be found in [12,13,15] and S, was named in [24] as the best Hénon—
Sobolev constant.

The corresponding energy functional of (3.1) is defined as

@(u):l/ |Vu|>dx+h ¥ ﬁdx— ! /|x|"‘|u|2*(°‘)dx, u € H} . (B).
2 B A A2 2% (o) B "

We define

1 1 .
W(u) = —/ |Vu|?dx — f Ix]%|u)® @dx.
2 RN 2*(0[) RN

Lemma3.5 Ifu,—u in D2 (RY), then
o 2*(a)—2 o 2*(a)—2 ay12%(@)=2,, : 1,2 ;mp Ny *
n n n n .
| Jeen | up — x| up — ul (n — u)—|x|"u| uin (D, 7 (R™))

Proof The proof is similar with the argument in [9, Lemma 3.3]. Denote w, = u,, — u.
We have

1 70210, = el 272, | < @400 = 1) (] + ) @72 [

ForT > 0and ¢ € C&Or (RV), applying the Holder inequality and (3.5),

2*(a)—2 2*(a)—2
| G R e A P
[x|>T
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1438 C.Wang, J. Su

2%(@)—2 2*(@)—2

* 2% () « 2%(a)
<c ( / et 2 <“>dx> + ( / el u? (‘“dx)
[x[>T |x|>T
_1 _1
* 2*(04) * 2*(0()
x ( / x| ue]? “’”dx) ( / 1%l ‘”dx)
[x|>T |x|>T

i
* 2*(@)
< Cliglpr2 </ o |ue]? W’dx) .
|x|>T

Similarly, we get that

1
* * W
[ (20 gas] < clole ([ e @an) ™
|x|>T " Ix|>T

Therefore, for any € > 0, there exists 7 > 0 such that, for any ¢ € Cgf’r (RN ), it holds

2%(a)—2 2*(a)—2 2%()—-2
‘/ (1100 2200, — e a2, = 1@ 2 gdx | < ellgl pra
|x|>T

Applying [26, Proposition 5.4.7]. We obtain on By with By := {x € RV, |x| < T}
that

/ X% w, [* @ 2w, 0dx — 0,
lx|<T

/ 1| (i[> O 20 0dx — x| u> @O 2updx.
[x|<T [x|<T
Hence
[ (b O = el P, ) g
[x|<T
— |x|°‘|u|2*(°‘)72u<pdx.
[x|<T

The proof is complete. O

Theorem 3.6 Let {v,} C Drl’z(RN) be a (PS). sequence of 'V, i.e.
W(v,) = ¢, W(vy) — 0 in (DL2RY))*,

Then, passing subsequence if necessary, there exist a finite sequence (WO, ul u?, ...,

uk) Drl’z(]RN) of solutions for
—Au = |x|*u* @2y on RN
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The existence or nonexistence of solutions for some... 1439

and k sequences {\} C Ry such that A, — 0 or co and

k

0 SN i
U, — U Z(A")2u<ki>‘

n

D}?
k
2 i 12
loalipe = D'l
i=0

k
W(vn) =) W) +o(l).

i=0

Proof 1t is easy to see that {v,} is bounded in D}’Z(RN ). Passing if necessary to a
subsequence, we assume that v,—u° in D}'*(RV) and v, (x) — u°(x) a.e. on RV,
By Lemma 3.5, we have that W' (u%) = 0. Set v} := v, — u". Then {v]} satisfies

. . 2 12 0,2
i lim v — v = ||u ,
) dim (Ial2,e = Ipl2,2) = 112,

i) W) > ¢ — W), 3.7
iii) W'(v)) — 0 in (D}'Z(RN))*.

Ifv! — 0in L2@ RN, |x|*), then it follows from ¥’ (v}) — 0in (D}**(RY))* that

v,lz — Oin D}’Z(RN ) and the proof is complete. Assume that there exists 0 < § <
N+a

(%“) ** Such that for all n large,

2%(a0)
/ |x|* v,i dx > 6.
RN

Defining the Levy concentration function

On(r) := / x|
B, (0)

It follows from Q, (0) = Oand Q,(0c0) > § that there exists a sequence {k,ﬁ } C (0, 00)
such that

1 2%(ar)
dx.

Uy

s = / 1%} 2 @dx.
B,1(0)

N-2
We denote u,ll (x) := (A,ll)T v,ll (A,llx) and assume that u,ll converges weakly to ul in
D,l’z(RN ) and converges u! a.e. on RY. We claim that u' # 0. Otherwise, suppose
that u! = 0. We note that
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1440 C.Wang, J. Su

5:/ 1x %017 @ =/ x| Ju} 12 @ dx. (3.8)
BA}I(O) B

By the Riesz-Fréchet representation theorem, there exists f,, € D,l’z(]RN ) such that

<qﬂ(v;), w> - A;N Vf,Vwdx, ¥ w e DM2(RV),

Then g, (x) := (A,L)%fn()»;x) satisfies
(W by, w) = fRN Vg,Vwdx, Y w e DMRY), (3.9)
/ |Vg,|2dx = / IV ful?dx = o(1). (3.10)
RN RN

Taking v € C(‘)’j (R™) such that supp v € B and the measure of supp v is small enough.
By Holder inequality and (3.5), we get

2%(er)
/ lv|?|x]|® u,ll dx
supp v

2
§Sa_1/ dx(/ [x|% |u
supp v supp v

Hence, combining with u,ll — 0in LZ(B), (3.9) and (3.10), we have
2
/ dx = / |v|2 ‘Vu,ll
supp v supp v
_ f Vulv (|v|2 u,§> dx + o(1)
supp v

= / Vg,V (|v|2u,11> dx
supp v

2* (@)
+/ x| |u} lv|2dx + o(1)
supp v
1ot 1
<8, N+ \% (vun)

supp v
2 /
< —
supp v

2% (@)—2

* o
1 2*(a) 2% (a)
dx

n

V(vu;)

2
V(vul) dx + o(1)

2
dx + o(1)

2
dx + o(1).

\Y% (vu,ll)
Thus we get Vu,ll — 0in L%(B,) with0 < r < 1 and by (3.5) we obtain u,ﬁ — 0 in
LZ*(“)(Br; |x|%). Using the radial lemma(see [19]), it is easy to see that u,‘Z — 0in

Lz*("‘)(Br’l; |x|%), where B, | := {x € R¥ : 0 < r < |x| < 1}. Furthermore “;11 -0
in L2*@ (B, |x|*), this contradicts to (3.8). Therefore u' # 0.
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We claim that A} — 0 or co. Assume that A} — koo With 0 < ke < 00. Since
u' # 0, then there exists a ball Bg such that u' # 0 in Bg. On one hand, by locally
compact embedding, we deduce that

/ |M}l|2dx — lu'2dx > 0. (3.11)
Br Bgr

On the other hand, using the facts that 0 < k5 < 00 and v,ll—\O in DL2(RY), we
have

/ lup|*dx = ()»,ll)_2/ lv}2dx — 0,
Br

RA}

a contradiction with (3.11). Thus A,ll — 0 or oo. It follows from (3.7) that W/ (u') = 0.
Combining with Lemma 3.5, the sequence

2(0) = vl (x) — Gy ! (%)

satisfies

2

Up

i)
i) W) =c— v’ —wuh) +o(1),

iii) /() = 0iin (D}ﬂ(RN ))*.

2
_ 2 002 o dy2
b2~ ||Un||Dr1,2 llu ||Dr1,2 flu ||Dr1,2 +o(1),

For any a nontrivial critical point u of W, using (3.5), we have
-
* * () *
So (/ x| |ul? <“>dx> < / |Vu|?dx = / Ix|%|u)> @dx.
RN RN RN

2+O{ N+a
V() > ——— S5 . 3.12
(u) = SN 1) e (3.12)

Thus

Iterating the above procedure, we can construct the sequence {u'}, {A’}, {u! }. But the
inequality (3.12) implies that only a finite number of iterations is allowed. O

Lemma 3.7 Under the assumption (h3), for any A > 0, we have S, < T < Y;.

Proof 1t is obvious that S, < Y. Assume that S, = Y. Then there exists a sequence
{u,} € T(RYN) satisfying

/ |Vun > dx + h(|x))|up|?dx — Sy as n — oo,
RN
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* 1
/ ar(|x)) x| un|* @dx = -, (3.13)
RN 2
f X% i > @dx = 1. (3.14)
RN

By the definition of S, in Theorem 3.4, the nonnegativity of 4 implies

f |Vin|2dx — S, / X% un ¥ @dx = 1.
RN RN

Define
Sup) = / |Vu,|>dx.
RN

Applying the Ekeland principle(see [25, Theorem 8.5]), there exists Palas-Smale
sequence for S}r ®Y) at the level S, i.e., there exist {8,} C Ry and i1, C D1 2(RN)
such that as n — oo

lin — unllyr2 — 0, (3.15)
S(iin) = Sqr —Adiy — Blx|*1itn|* @2, — 0in (DF2RY))*. (3.16)

It follows that

Bn = Sa» (3.17)
2 +Ol N+a
‘D(Un) msﬂa s \IJ/(UH) — O, (318)

where v, := B, F-2 (“) *ii,. From (3.18), itis easy to see that {v,, } is bounded in D (RN),
passing to a subsequence such that v,—v° in D (RN ). It follows from Theorem 3.6

that there exist k functions v!, v2, ..., vf € D}’Z(RN) and k sequences {)\fq} C Ry
satisfying

— AV = x| P @ 2y in RN (3.19)

fori =0,1,...,k, Al — 0 or oo and

24+« o
W (v,) = x|* v 1 @dx + o(1 3.20
(v0) = 2(N+)Z/|||| W, (3.20)
L Z 1071512 (3.21)
i=0

0. (3.22)

pl?

b= =30 (1) T ()

i=1
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Multiplying the equation (3.19) by (v')* and (v')~, combining with (3.5) and the
uniqueness of solution of (3.4), forany i = 0, 1, ..., k, one of the following cases
holds:

/ |V 2dx = / x| [F @dx = 0,
RN RN
) . Nta
/ |Vvl|2dx — / |x|a|vl|2 (Ol)dx — Sa2+a ,
RN RN
) . Neta
/ |V |2dx = / x| P @dx > 28577
RN RN

If v # 0, then it follows from (3.18) and (3.20) that k = 0. By (3.21), we get that
1

v, — v¥in D,]’Z(RN) and then u,, — u := S(f*z*(“) v # 0. By (3.15) and the first
limit in (3.16), we get that S, is arrived at u. The key Theorem 3.4 implies that u« is
positive. Combining with assumption 2 # 0, we obtain a contradiction as

S, </ IVul?> + h(|x)|ul>dx = S,.
]RN

If v9 = 0, then it follows from (3.18) and (3.20) thatk = 0, 1.
(i) The case of k = 0. By (3.20), (3.21) and (3.15), we have u,, — 0 in D}’Z(RN)
and this contradicts to the fact that

/N 1x|% ) @dx = 1.
R

(ii) The case of k = 1. We distinguish the cases A, — 0 and A} — oco. Define

WEY 1 X
wy(x) :=(,) 2 v )

(ii-1) As )L,ll — 0. It follows from (3.13), (3.15) and (3.17) that

2 e (1
f ar(|xD1x|% v, [ @dx = 5% (—+o(1)>.
RN 2
However
/ ar(IxD)|x|% v, > @dx = / ar(JxDlx[* [w, > @dx 4 o(1) (by (3.22))
RN RN

- / a1 0L xD x|l )P @dx + o(1)
RN
=o(1),

where using the fact that lim,— o a1 ()»,]1 |x]) = 0 a.e. on RN and Lebesgue Theorem.
Hence we get a contradiction.
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(ii-2) As A} — oco. We have

5% (% +o<1>) =/ ar (DI | va | @dx (by (3.13), (3.15) and (3.17))
RN

- / ar(|x]) x| w, > @dx + o(1) (by (3.22))
RN

=f ar(xDlxf® |31 ! <11)
RN )\n

N /n; ay Oy lx D Ix | ()7 @dx + o(1)

2%(a0)
dx + o(1)

= / |x|°‘|v1(x)|2*("‘)dx + o(1) (byLebesgueTheorem)
RN

zf X% wn (0))* @dx + o(1) (by (3.13), (3.15) and (3.17))
RN

= /R el (0 @dx + o(1)

N+ta

= S (14 0(1)) (by(3.14)., (3.15))

where using the fact that lim,,_, o a; (A,lllxl) = 1 a.e. on RV This leads to a contra-
diction. Therefore S, < Y.

Finally, taking u € T'(B) such that ¥, (u) = 1 and set v; (x) := "7 u(hx) if
x| < 1 and v; (x) = 0 for |x| > 1. Since

1
Y1) = Y (u) = 3 01(v;) = @ (),

/|x|“|vx|2*(“’dx=/ Yl @dy = 1,
RN {lyl<1}

it follows from the definitions of Y and Y; that T < Y. O

Theorem 3.8 Assume (h3) and ). > 0. Let {v,} C H(}’r(B) be a (PS). sequence of P,
ie.

®(v,) = ¢, ' (v)) > 0 in (Hy,(B)*.

Then, passing subsequence if necessary, there exist a solution v e H(} +(B) of 3.1),
a finite sequence {u', u?, ... u*} C D,1’2(RN) of solutions for

—Au = |x|*u* @2y on RV
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and k sequences {\,} C Ry such that A, — 0 and

— 0,
p)?

k
0 N
R (H)‘

i=1

k
2 0 i 12
loall” = llv7] + E 11125
r
i=1

k
D(v,) = ) + Y W) +o(l).
i=1

Proof The proof is similar with Theorem 3.6, but there need to make modify and we
give a sketch proof. The boundedness of {v, } in Hol’r (B) is obvious and which implies

there exists a subsequence such that v,—v%in HO1 ~(B) and v, (x) — vw9(x) a.e.on B.

Combining with (h3) and Lemma 3.5, it is obvious that ®'(vg) = 0 and v,i =, =
satisfies

D tim (Ival? = luf?) = 1001,

n—oo
i Wl) = ¢ — dO), (3.23)
iii) W'(v}) — 0 in (H] ,(B))*.

If v,i — 0in L¥@(B, |x|*), then the proof is complete. Otherwise we assume that

/ x|} 2 @dx > 8
B

N+a
for some 0 < § < (%“) e Defining the Levy concentration function

On(r) == / x| o) [ @dx.
B, (0)

Since Q,(0) = 0 and Q,(1) > §, there exists a sequence {)»,11} C (0, 1) such that

§ = / X% v} @y,
B,1(0)

We assume that u,ﬁ (x) = ()\,IZ)NT&Un ()»,llx) converges weakly to ul in D}’Z(RN)
and a.e. on RV, Using the Riesz-Fréchet representation theorem, Holder inequality,
inequality (3.5) and the radial lemma(see [ 19]), we can prove that u! # 0. Setk}l — A(l).

If 3} > 0, since v} —0in H] , (B), we get ul—0in D> (RV), this is impossible. If
)L}l — 0, from (3.23), then we have ¥/ (u!) = 0. The sequence
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V200 = vh(x) — ()T u! (m)
satisfies

Dol = loall® = 10017 = 1,2 + 0(1)
i) W) =c—¢") — W' +o(l),
iii) ¥'(v) — 0in (D2 (RY))*.

Similar with Theorem 3.6, there exists a finite number of sequence such that the
conclusions of theorem hold. O

Lemma 3.9 Assume (h3). Then for any A > 0, we have S, < %, and

lim 3 = S,. (3.24)

A—0F

Proof (1) We first prove S, < X, using a similar argument as in Lemma 3.7. Assume
that S, = X, then there exists a sequence {u,} C I'(B) satisfying

/|wn|2+h(| ') — lupPdx — Sa.

/ a3 (e D 2 @
B

/ 1% up > @dx = 1.
B

’

N =

Since & is nonnegative and A > 0, we get

/ \Vun |2 dx — S, f X% un)? @dx = 1.
B B

Let

1 1 "
¢>(u)=—/ VuPdx - f|x|“f|u|2 @
2 Jp 2*(a) Jp
and
S(uy) :=/ |Vun|2dx.
B

Applying the Ekeland principle(see [25, Theorem 8.5]), there exists a (PS) sequence
for S|F(B) at the level Sy, i.e. there exist {8,} C Ry and &, C HO ,(B) such that

lliy — uy|l > 0asn — oo,
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S(in) = Sau —Aiiy — Bulx|® |ty @21, — 0in (Hy,(B))*.

2%(@)—2 ~
Set v, 1= B, - it,, then

ﬁl’l - SO(?
¢ (vy) —

N+a
2 to 2+ot

m , ¢ (v) = 0.

It is easy to see that {v, } is bounded in Hol, ,(B), passing to a subsequence, that v —v°

in Hol,r(B). Using Theorem 3.8 with 4 = 0, there exist k functions vl 02, vk e
D)}?(RN) such that

_Avi — |x|a|vi|2*(a)—2vi in RN,

fori =0,1,...,k,

k
0 i _ 24a / 2%()
() =9V )+l§=1‘1’(v)+0(1) N 1) @) - E lx|“vf |2 @dx. (3.25)

Multiplying the equation by (v')*, (v/)~ and using (3.5), foranyi =0, 1, ..., k, one
of the following cases holds:

/ | [’ P @ dx = 0,
RN
. Nto
/ |x|O(|,Ul|2 (O()dx — Sa2+a ,
RN

NA4a
/ Ix|*v' P @dx > 28577 .
RN

Similar with the arguments of Lemma 3.7, the case of v¥ # 0 is impossible, so v° = 0
and k = 0, 1. When k = 0, we have u,, — 0 in H(}’r(B) and this is impossible since

[g 1x*|un|* @dx = 1.1f k = 1 and A} — 0. Then

N+a

Nie /] *
S <§+o<1)) < / a (1) 1x [ [, |* @ dx
B

= [ @l o P @+ o)
B A

n

<crl40) =0,
where C > 0 is a constant. This leads to a contradiction. Therefore S, < X;.
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(2) Now we prove the limit (3.24). Lete > Oandu € I'(B) N Cgfr (B) be such that

/ |Vul’dx < Sy + €.
B

By (h3) we have

lim | & (M) Y dx=o0.
r—0t Jp A A

Hence we obtain
lim @, (1) =/ |Vu’dx < Sy + €.
A—0F B

Since lim; _, o+ ¥ (u) =1 > % there exists § > 0 such that for0 < A < §,

So < Zp < 8y +e€.
Therefore lim; _, o+ X) = Sg- O
Proof of Theorem 3.1 By Lemma 3.7 and Lemma 3.9, there exists § > 0 such that

Sg < Xy < min{T,Z%Sa} <Y, VO<A<$. (3.26)

Since X, < T, by Ekeland variational principle(see [25, Theorem 8.5]), there exists
a Palais-Smale sequence for ¢, |r(p) at the level ;. Namely, there exists a sequence
{u,} C T'(B) and {6,,} C R such that

X u * .
@3(up) = T, —Auy, +h (%) 7; — Oplx|*(un |* 20, — 0 in (Hy . (B))*.

It follows from u,, € I'(B) that ¢(u,) — 6,, — 0 and 6, — X;,. Now define

1
2% (a)—2
Ve =6, 7 u,.

Then

1 2 1 )
@ (vn) = —/ Ian|2+h<m> '”"2' dx — — / | o |2 @ dx
2y rA 2(@) Jp (3.27)

N 24+« 5 N
2N +a) *
—Av, +h (%) % — |x[¥v, |2 @20, — 0'in (H], (B))*. (3.28)
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The relation (3.26) implies that

2 N+o 2 N+a 2 N+o
e gann 249 gand ZHe oa (3.29)
2(N + ) 2(N + ) N+«

According to Theorem 3.8, we get the following decomposition:

k

2+Ol *
1) Y == A |2 @y 1,
(vn) (v)+2(N+a) ;:1 /RN 2 ]* Jw; | x +o(1)

k
loall® = 0l + 3 w2, (3.30)
i=1
where w; € D}2(RV) is the solutions of
— Aw = [x|%w> @2y inRY (3.31)
and v € H(}’V(B) satisfies
[x[ v *()—
—Av+h (T 3= Ix|%v]? @2y, (3.32)
Hence
24+« Nio
=" yie, 3.33
2(N +a) * G339

k
24+« p
(DU +— f x“w-z(“)dx
(v) 2(N+a)§ |

Multiplying the equation (3.31) by w;’, w; and using (3.5), forany i =0, 1,...,k,

one of the following cases holds:

wi =0 = / Ix|%wi > @dx =0, (3.34)
RN
. Nta
w; has a constant sign and / x| wi]> @Pdx = S, (3.35)
RN
. Nto
w; changes a sign and / Ix|%w; | @dx > 2877 . (3.36)
RN
Similarly we have
v=0 = d) =0, (3.37)
. 2t i
v has a constant sign and ®(v) > ———S; ™, (3.38)
2(N + )
| 2ta

v changes a sign and & (v) > WSQ o (3.39)
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It follows from (3.29) and (3.33) that the only possible case is (3.34) together (3.38).
Combining with (3.30), we know v, — v in HOIJ(B). By (3.27) and (3.38), vis a

Nta
constant sign solution and @ (v) = 2(21\;“4‘3‘“) h) )\2“‘ , moreover by structure of (3.32), we
can obtain the nonnegative solution v. O
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