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Abstract

In this paper we investigate the 2d-model for a thin plate 2, := @ x €I of R having
two components: a circular stiff layer F; and its complement the soft matrix M, with
ELZ as a ratio between their respective elasticity coefficients. We prove that the limit
model is associated to a nonlocal system involving Kirchoff-Love displacements in
the layer and we exhibit a corrector for the displacements in the initial cylindrical
structure of R3.
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1 Introduction, notations and setting of the problem

The aim of this work is the study of the asymptotic behavior of the solutions of the
linearized system of elasticity posed in a cylindrical domain Q; := w x &I of R3
which is the configuration domain of a composite material. The material is made up
of two components with high contrast: the first one F, representing the stiff part of the
material has an elasticity tensor with coefficients of order 1. The second component
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M, (the soft material) surrounds the first one and the coefficients of its elasticity tensor
are of order 2.

Under an appropriate assumption on the volumes forces, we aim to approximate the
behavior of the displacements and that of the associated tensors as the small parameter
¢ tends to zero. Hence the present work may be viewed as the 3d — 2d version of the
study addressed in [14] where the 3d — 1d reduction of dimension problem was
considered as well as the homogenization of a e-periodic fibered medium inducing
a local 3d — 1d reduction of dimension. It was proved in [14] that the homogenized
problem in a such setting is a copy of the one-dimensional problem obtained in the
3d — 1d study. Although one can also consider here the ¢-periodic homogenization
problem of a medium containing % cells which are the translates of €2, in such a way
that the homogenization process leads to a local 3d — 2d reduction of dimension, for
the sake of brevity we restrict ourselves to the 3d —2d reduction of dimension problem
arising in the single composite structure €2.. We consider the critical case where the
ratio between the elasticity coefficients of the two components is equal to gLZ but other
scalings may be considered as pointed out in [14], see also [11,16].

On the other hand, we deal with general elasticity tensors including anisotropic
materials, see also [4,8,13,15]. Several studies on composite materials with hight
contrast between their components have been performed during the last years, see
for instance [3,5-7,10-13]. The founding work studying media with high contrasting
properties is the reference [2]. It is known that for this kind of materials, the limit
problem has in general a different structure than the starting problem. In particular,
nonlocal phenomena can appear at the limit. We show here that the limit problem
obtained after reduction of dimension 3d — 2d is indeed a nonlocal problem. Theorem
3.2 below, which gives the limit problem, shows that the displacements in the circular
layer F are essentially of Kirchov-Love type and the associated equation may be
obtained from system (29) by choosing z = 0; but to determine the limit displacements
in the structure, another equation related to the matrix M (the outside of the layer) is
necessary. That equation is obtained by choosing # = v = 0 in (29). This nonlocal
phenomenon is emphasized in Theorem 3.4 which gives the limit of the average of the
displacements % in the three-dimensional structure €2.. In particular convergences
(33) and (34) show clearly that the limit displacements are determined after solving
the two equations posed in F and in M respectively.

In terms of correctors, our result shows that the transversal displacements u¢, behave
as iy + €vy + z4 while the horizontal displacements u§ behave as u3 + e2v3 + £z3.

We now make more precise the notations we will use throughout the paper.

A vector x in R3 is denoted by x = (x', x3) where x3 denotes the vertical coordinate.

Latin indices will usually range from 1 to 3 and Greek ones take values in {1, 2}; the
3

summation convention applies whenever indices are repeated. We write 9; = -
2 . .

and 9;; = ﬁ The gradient with respect to x and x’ are denoted by V and V’
i0Xj

respectively.
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A 2D model for a highly heterogeneous plate 1189

Given any ¢ € (D’ (2))3, we denote the strain of ¢ by E¢ := symV¢ =
1 (Ve + V¢T). We shall also use the following matrices notations

Vo <3a¢ﬂ 83¢,3>’
0a P3| 0303
Bp ( (E¢)ap (Eqs)ag) |
(E¢)a3 | (EQ)33
Let  C R? be an open, bounded, simply connected set with Lipschitz boundary
do. Letl := (=3, .7 = (5.5, 0<r <3 Q:=0oxL F:=o0x],
M := w x (I\J), where J denotes the closure of J. According to Remark 1.1 below,
physically we can think of €2 as the reference configuration of a rescaled thin plate €2,
reinforced by the layer F, while its complement, the matrix M., is occupied by a soft
material. For every ¢ > 0 we denote the diagonal matrix whose entries are 1, 1 and

¢ by R® := diag(l, 1, &), then the scaled gradient V¢¢ and the scaled strain E¢ are
defined respectively by

~ - dupp | 1030
Ve = (RE)“'Ve (RS = , 1
¢ :=(R") ¢ (R%) (%8,14538%33(153 (1)

(EQ)ap | L (EP)as
L (B6)as| £ @Dz )

We are now in position to state the problem.
Let A € L°°(R2) be a symmetric fourth-order tensor field. We assume that A fulfills
the following assumptions:

and

E°¢p :=symVi¢p = ( ()

Ajjir = Ajirg = Agij, a.e.in Q, 3)
iC > 0, Aijklgkléfz‘j > Cgijéj-ij» VE € ]Rg S.t. éT = g

We shall assume that the plate is clamped at the lateral boundary of €2 and subjected
to body forces f € L?(Q2; R?), we thus set

H () :={ue H(R) :u=0 ondw xI}.

Consider the displacement field #® solution of the following system:

u® € H(Q), ¥¢ € H} (Q),

/(XF +52XM> AFS (u).E ($)dx =/ fodx. @)
Q Q

By virtue of the assumptions on the tensor A and the body forces F', forevery ¢ > 0,
the problem (4) admits a unique solution by the Lax-Milgram Theorem.
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1190 A. Boughammoura et al.

Remark 1.1 As in [9], the homothety along the vertical axis defined by ré(x) :=
(x’, ex3) transforms Q, F and M respectively into Q. := w x ¢l, F, := w x &J
and M, .= w X ¢ (I\j). Then, the problem (4) is the variational version in the fixed
reference configuration 2 of the elasticity problem (6) below posed in the variable
thin domain . Indeed, for any v :  —> R? we define 0 : Q, —> R by

B, ex3) = ((Rs)_lv ° (rf)—l) W, ex3) = (v (x), Lv3 (1)) . (5)
In addition
Vi =Hvo ()", Ed=Evo ()"
With these new unknowns, the problem (4) may be rewritten as

0° € H (), Yo € H} (Q),

[ (e + 2 aB@)8@0x = [ g ©
Qe Qe

where H} () :={u € H' (2R :u =0 ondwxel}, A® := Ao(r®)~!, f&=
R f o (r®)~!. Thus, the components of the loads are

o= (fao 0 a0 097h). )

We study the behavior as ¢ — 0 of the sequence {u®}, solution of (4), through the
forthcoming steps. That behavior will be described through Theorem 3.2 and then we
will deduce the behavior of the sequence ¢ solution of (6) in Theorem 3.4.

2 A priori estimates

First, we shall recall a rescaled Korn’s inequality proved in [1]

181225, = €& (1813, + 19812, ) - Vo € HECP), ®)
where

HIE(F) = {u eH' (F;RY) :u=0 on dw x J}

and = (R®)"'v o (r¥)~!. As a consequence, we deduce

1B 012 ) = Co2 (IR ™ 0l gy + 19501y ) - Yo € HEF). 9)
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A 2D model for a highly heterogeneous plate 1191

On the other hand, repeating the same arguments used in [14, Lemma 4.4], the fol-
lowing inequality holds true

(V50122 ) + 1B 0122y, ) = CIV 02y, Yo € HE@L (10)
For v € H} (Q) we set v’ := (v1, v2), V'V := (8ﬁva)a,ﬂ=1’2 and
Fe(v) := /(XF + 82XM) AE®v.Efvdx. (11)
Q

By using the ellipticity assumption (3) we obtain, for allv € H LI(SZ)

Fe)=C (||E€v||izm - sanSvniz(M)) > CllEV] 2y = CllvlG gy (12)

where the last inequality follows from the Korn’s inequality. Furthermore, by virtue
of (9) and (10) one has

Fe(v) > Ce? (||VEv||iz(F) + ||E8v||iz(M)) > CIVoullagy,  (13)
From (13), one has for ¢ small enough,
Fo) 2 Ce (LIV w31y, + Fl0s03130)) 2 CIVOSID2 gy (14)
By means of the Poincaré’s inequality, one has
Fe @) = Cllvsliyyi g, (15)
Likewise, it holds that
Few) = C (sZHV’v/niz(M) + ||azv’||iz(M)) > Cll03V' 172y (16)
From the following Poincaré’s type inequality
112200y = € (113205 + 1850 B4, )
(16) and (12), we get the following inequality
Fe@) = CI' 7204 (17)
It follows from (15) and (17) that
fs(v) 2 C <||v3||§11(M) + ”v/”iz(w;Hl(l\j))) . (18)
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1192 A. Boughammoura et al.

As an immediate consequence of the previous inequalities, the following apriori esti-
mates hold true.

Theorem 2.1 Let u, be the solution of problem (4). Then

Sl;P (||”8||H1(F) + leVeusll 2 py + ||E8u8||L2(F)) =C, (19)
sup (H3 s oy + 108 21003y + 18907 2y ) = (20)
in particular
sgp(uu‘;nm(g) + lug 2@ miay + 1Vl 2) <Coa=1,2. (21)
Proof

Taking ¢ = u® in the problem (4), we derive
Fe®) < 1 fll 2 llull 20
while from (12), (15) and (17) we find
FeW®) > Cllull2(q)-
Thus

sup Fe(u®) < C.
&

Therefore, making use of (12)-(13) and then (13)—(18) we deduce (19) and (20)
respectively.

3 Convergence results
We first define the following functional spaces:
Hi1(Q) = [u € HN Q) : (Bu)iz =0,i = 1,2, 3}

which is the space of Kirchhoff-Love displacements on €2; it can be characterized also
as

Hi1 ()= {u eHL(@). 3(ga: 83) € Hi (@) x H}(@): tta = 8o = X303, 43 = 831
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A 2D model for a highly heterogeneous plate 1193

for the sake of brevity we set i := Hg (S2),
2 1) ,
V= {v el (a); H (J)) :][vi(x/, Ndt =0,ae.x ew,i = 1,2,3} ,
J
3
Z.— {z cr1? (a); Hnll(I)) .z =0,aeinF,i=1,2, 3} :
where H) (1) := {I/f e H\(1) : /1//(t)dt = o} )
I

The following lemma is concerned with some convergence results.

Lemma 3.1 There exists (u,v,z) € U x V X Z, such that up to a subsequence, we
have

U, —uy + 7o in L*(w; H'(1)), u§—u3 in H(Q),

(Eu)gg| 030

Ul g (— ) e in LAY,
03V, | 0303
0 |93z

eE Ut xu— | )y in L2(2)33.
50324 | 0323

Proof

Step 1: convergence of (u%),.

From estimate (19) which implies that 1, is bounded in H 1(F) and from estimate
(20) which implies that u}, is bounded in Lz(a); H'(I \J)) fora =1, 2, we conclude
that there exist uo, € H' () such that for a subsequence

uf—ttg in H'(F),  (B°u)ap xr—(Eu)ap xr in L*(F). (22)

On the other hand, from (21) we get that up to a subsequence,

{ ué—iig in L*(w; H' (1)), (23)

u§—us in H(Q).

Moreover, due to the estimate || %8314‘3 I 2@ = C which is a consequence of (21), we
have

du§ — 0in L*(Q)
in such a way that
ozuz = 0.
Thus, there exists g3 € H(} (w) such that

uz(x) = g3(x’) fora.e. x € Q. (24)
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1194 A. Boughammoura et al.

Comparing the first convergences in (22) and (23), we derive the equality
g =Uy inF. (25)
On the other hand, using (19) we infer
(Bu)a3—(Eil)a3 in L*(F).
Since
(Bu)i3 — 0in L2(F),
we are led to
(e, u3) € Hg L (F).

By definition of the space Hg (F), the component u3 belongs to Hg(a)), so that
equality (24) implies that g3 € HO2 (w). Hence, there exist g, € HO1 (w) fora =1, 2,
such that

fia(¥) = ga(x)) = x38283(x"), u3(x) = g3(x") fora.e.x € F.

For a.e. x € 2, we set

U (x) 1= g (x') — x30,83(x") € H} (Q),
20/(x) = ilg (x) — uq (x) € L*(w; H' (D),

so that z, = 0, a.e.in F as seen from (25) and u = (uy, u3) € U and
Ul —uy + 7o, in L*(w; H'(1)).

Step 2: convergence of (E°u®),.
To identify the limit of the sequence (E°u®);3xr, we introduce the following

sequences:

X3
il = fl Loqub(x', tdt, (26)
2

e .1 ¢ e 1 ¢ ~E
Uy 1= Uy iy —]g(gua + i8,) dx3,
(27)
1 ¢ 1 e
V3 1= £—2M3 — | 8—2M3d)63.
Obviously, on has

93vf, = 2(Eu)a3,

1
83v§ S—Z(Eu8)33.
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A 2D model for a highly heterogeneous plate 1195

Since %(EMS)O[:; and aiz(Eue)33 are bounded in L2(F), due to (19), and v¢ := (v, v3)
has mean-value zero with respect to x3, the sequence v® is bounded in L*(w; H,,l1 a3,

where H! (J) := {1// e H'()) :][1//(t)dt = o} )
J

Therefore there exists some v € L%(w; H,i, (3))3 such that
vi—=vin L3 (w; H} (1))
In particular, one has v € V,
(B u")o3 X F— 3 03va xr in L3(Q),
and
(B°u®)33 xp—d3v3 xr in L*().

As a consequence, one obtains the following convergence

(BEu)ap | 4830,
e (e | xe in L@,
503y | 0303

where (u,v) e U x V.

We now seek for the limit of the sequence eE*u® x ;. To that aim, we consider the
following sequence

£ = i — /(ug ) dxs,
1
25 = 1uf§ - /gugdxg. (28)
1

where ¢ is defined by (26). Since

3325, = 2(Eu’)a3, (29)
0325 = (Bu)33. (30)

Due to (21), 2(Eu®)43 and %(Eu8)33 are bounded in L2(2) with mean-value zero with
respect to x3; hence the sequence z° is bounded in L*(w; H,}l (I))3. Therefore there
exists some 2 € L (w; Hn]1 ()3, such that

ZF—%in L*(w; Hy (D)’
We claim that z, = z,. Indeed,

d3ul,—d3ugy + 3324 in L2(Q)
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1196 A. Boughammoura et al.

and
9325 — 0324 in L2(RQ).
But
D325 = d3u, 4 dgul— Uy + 9324 + dusz in L2(Q).
Thus

032 = By + 0324 + qu3.
Since u € U, we have
03Ue + dquz =0,
and therefore
03%q = 032¢ 1.€. 2o (X) = 2o (x) + c(x'), a.e. x € Q.
In particular
Z4(x) =c(x), ae.x e F
since
Ze(x) =0, ae.x € F.
On the other hand one has by virtue of (20),
£ = 0in L*(F).
Hence
c(x)=0, ae.xeF
and therefore
Za(X) = zo(x), a.e. x € Q.

This proves our claim.
Finally, from (29) and (30) we deduce that

(B U ) a3 X — 30320 xm» €(E u)33 0 — (E2)33xu in LA(R),

where z3 1= Z3.
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A 2D model for a highly heterogeneous plate 1197

Moreover, since euf, — 0 in L>(M), we get e(Eu®)opxm—0 in L%(Q). We
conclude that

0 |103z4

SE U ypy— ( ) xu in L2(9)%73.

1
503za| 0323

This ends the proof of Lemma 3.1.
In the following theorem, we state our main result.

Theorem 3.2 There exists (u,v,z) € U x V x Z, such that the sequence of solution
u® of the problem (4) fulfills the following strong convergences

u(‘i —> Uy + Zo strongly in Lz(w; Hl(I)), u§ — u3 strongly in HI(Q),

(Eu) l831)
Eulxp — (aﬁu xF strongly in L2(€2)**3,

1
5030y | 0303

0 m 2 3x3
xm strongly in L7(£2)°*°,

8EEMSXM —>
—13 Za| 032
5032« | 0343

where the limit (u, v, 7) is the unique solution of the problem

(u,v,2) eUxVxZ, Vu,v,2) eld xV x Z,
(Eu)ap| 3030 (Ei)op| 1030

/A(x) | aﬂ‘z “1. | _aﬂ‘z _a XFdx

Q 383110[ ‘ 331)3 5331)0[ ‘ 831)3

0 |13z, 0 |13z, (31)
+fA<x)( o )(1 e )dex
Q =

1 - -
50324 | 0323 703Za| 9323

—

= [ (fu o+ 7 + foii3 ).

Q
Proof We first prove the convergence of the sequence of energies to the energy asso-
ciated to the limit problem, assuming that the limit problem is the system (31). To that
aim we will use the weak convergences proved in Lemma 3.1. We follow the argument
already used in [14, Proof of Theorem 3.1].

Choosing (u, v,7) = (u, v, z) in (31) and passing to the limit thanks to Lemma
3.1, we get

lim (XF +82XM) AEf (u®).Ef ubdx = lim/ fuldx
e—=0Jo e=0Jq

= /Q<fa (g + za) + f3u3)dx

=/ (AEF.Epxr + AEy.Eyxm) dx,
Q
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1198 A. Boughammoura et al.

(Eut)op l331)05 0 183205
EF = ] ) EM = 1 .
583 Vg | 0303 5 03Z¢| 0323

Using the equivalence of the norms

where

L*(Q) 3 E —> / AE.Edx,L*(Q) > E —> f E.Edx
Q Q

we deduce that
lim | O+ exa) B @) o) = IXFEF + xmEmll 2 -

Hence the strong convergence of the tensor sequences is proved. Now, by using the
last strong convergence together with the following Korn’s inequality

||E£(u‘5) ||L2(F) > ”E(ué) ”LZ(F) = C ||u£||L2(F) ’

we deduce that u® is a Cauchy sequence in H'(F).
On the other hand, using (9) and (10) one has

1B U2y = €22 (IR ) + 19501

and
(VW gy + IE N2y, ) = IV U -

Hence, e V¥u®is also a Cauchy sequence in L?(2). It remains to prove that uf, and us
are two Cauchy sequences in Lz(a); HY1)) and HY (M) respectively. To that aim, it
suffices to use (18) to obtain

2
H (XF + 8XM) Es(ué) ||L2(§2) = fs(ue) > C (”u‘;”?‘II(M) + ||u3”i2(w;[.11(1\j)))

then we can argue as previously to complete the proof. O

We now prove that the limit problem is nothing but the system (31).
We choose a test function ¢° in (4) in the following form

{ ¢§=L_la+81_}a +ZO{ (32)

¢S = itz + 203 + 623
where (i1,0,2) € U x D (w; H,L(J))3 X {D(w; H,i,(l))3 :z=0, ae.x € F} .
Since, from the definition of I/, one has (Eu);3 = 0, for alli = 1, 2, 3, an elementary

calculation shows that
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A 2D model for a highly heterogeneous plate 1199

(B %)ap = (Eil)ap + £(ED)ap + (EDap.
2B ¢*)a3 = 300 + £0503 + 10370 + aZ3,
(E°¢®)33 = (EV)33 + 1 (ED)33.

Using the following strong convergences

(Bit)ap | 50374

E° G xp —> ( ) xF in L2(2)%3,

l —-
5032
B 9° o —> =) o in L2(2)%73,
1 - -
583201 83Z3

1030 | 0303
0

we can pass to the limit in (4) as € goes to zero to get (31) thanks to the density of
D (w; H,}Z(J))3 and iz € D (w; H,,L(I))3 1zi=0,ae.xeF,i=12, 3} inV and
Z respectively.

Remark 3.3 The space U x V x Z is a Hilbert space for the following norm

3

2

I v, DI = Y [ Edap [0 + D (150 2gqy + 1052001320, |
a,p=1.2 i=1

Therefore, using the Lax-Milgram Theorem we obtain the well-posedness of the limit
problem (31) since the tensor A is coercive by virtue of (3) and f € L2(; R3).

We now turn back to the sequence of solutions of problem (6) to derive the following
theorem from Theorem 3.2.

Theorem 3.4 Let (u,v,z) € U X V X Z be the solution of the problem (31). Let
(Et)ap| 50300 0 |3032a
Er = ) , Eym = ] .
53311,1 03v3 533201 0323

Then the sequence of solutions tif of the problem (6) fulfills the following convergences

£ Eifdx3 —> f;Epdx3, in L2 (w; R3%3),

fg(I\J)Eﬁgd)Q — ][I\JEMdX3 in Lz(a); R3X3), (33)
fsl lgdxs — Uy (x') = J[I (Ug + o) dx3, in L (w),
£,y ei§dxs — u3(x') in L? (o),
Moreover, U, may be written as
Ug(x) = ][uadxs + mg(X’)][ Fux', x3)dxs +m2(x), (34)
I \J

where mQ and m% are given by
mg (x) :=/ 2o (', x3)dx3, m(x)) :=/ Z0 (', x3)dx3,
nJ IJ
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1200 A. Boughammoura et al.

00

and z°, 7% are respectively the solutions of the following problems

0 eL°° (a), 20) {ze(H (I\))*:z=0o0n0dJ}

8 z 032
A(x) 1 ; ‘2 = Za(xs)dx% (35)
50320 ‘ 9329 583Za 9323

VzeZ a.e.in w,

ez

1 00 1q =

5032 0 |5032
o) () -

332 ‘3323 533&1 0323 (36)
/ <f<x(x) ][ fa(x)dx3) Za(x)dx,
INJ

Vz e Z.

Proof

The convergences (33) follow from the corresponding convergences stated in The-
orem 3.2 by the change of variables (5).

Let us prove for instance the third convergence arising in (33) by the use of the first
convergence arising in Theorem 3.2. Setting y3 = ex3 for x3 € I and bearing in mind
that 1 is defined according to (5) by u’, (x’, x3) = a°(x’, ex3) for (x", x3) € w x I
and that the length of the interval I is equal to 1, we get thanks to the Cauchy-Schwarz
inequality (with respect to x3)

/I][ g (x', y3)dy3 —][(ua(x/,m) + 24 (x', x3)dx3|2dx’
w Jel 1

Z/w :

dx’' (37)
< f /IMZ(X’,xa) — (g (X', x3) + 20 (X', x3))|Pdx3dx" — 0.

_wl

/(ui(x’, x3) — (ue (x', x3) + 2o (x, xz)))dx3
1

To prove (34), we first notice that one can derive the following equation satisfied
by z4 by choosing # = v = 0in (31),

%83&1 0 ‘%33205 xadx
9323 103%a| 0323 (38)

z€eZ, YVze Z,

0
/ A(x)( 1
Q §a3Z01

= / faZadx.
Q

Taking advantage from the linearity of (38), one can check easily by a uniqueness
argument that z,, may be identified as zo, = z + z2 where z), and z2 are solutions of
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A 2D model for a highly heterogeneous plate 1201

(38) but with right hand sides defined respectively by

Ja(x)dx3 and <fa(x) - fa(x)dxz).
I\J I\J

By linearity and using once again a uniqueness argument, we conclude that

zl,=< fa(x)dxg) zo and 75 =z
I\J

where z° and 7% are the solutions of (35) and (36) respectively. Hence, U, defined
in the third convergence (33) may be written as (34). This completes the proof of
Theorem 3.4.
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