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Abstract

We improve the boundedness of maximal function on the spaces defined by Cho-
quet integrals associated to both Bessel and Riesz capacities. The capacities will be
generalized to functionals as a means of proof.
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1 Introduction

This paper addresses the following boundedness issues.

Theorem 1.1 Let o > O and s,t > 1 be such that as < n, 1/s + 1/t = 1. For any
q > t(n — as)/n and measurable q.e. defined function g, it follows that

/R (M%0)1dC < Clay 5,1, ) /R pledc, (L)

where C(a, s, n, q) is a constant depending only on «, s, n and q.

Theorem 1.2 Let a > O and s,t > 1 be such that as < n, 1/s + 1/t = 1. For any
q > t(n — as)/n and measurable q.e. defined function g, it follows that

f (Me)idc < C(a,s,n,q)f lp|?dc,
Re Rr
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where C(a, s, n, q) is a constant depending only on «, s, n and q.

Related notations are introduced as follows. Denote M'¢(.) and M the local and
global Hardy-Littlewood maximal functions respectively by

leIdy, x eR",

M () (x) = sup

O<r

| B (x)| JB, )

M(p)(x) = sup lo(W|dy, xeR"

r>0 | Br(X)| JB, (x)

for a locally integrable function ¢ on R", the Choquet integrals fR" | - |dC of f that

[ 1fac = [~ ap (i € B < 11 = b,
[ ifde= [ cap, xR 1701 > A,

the Bessel and Riesz capacities Cap,, () and cap, (-) respectively of a set £ C R"
that

Cap, ,(E) = inf{|| f|I}. : f > 0,Go* f > L on E},
Go(x) = F U +1- P 7*?1(x), xeR",
capy  (E) = inf{|| fIl}. : f =0, 1o % f > 1 on E},

Ia(x)z ’ XERna

|x |l’l—0l

where F~! is the inverse Fourier transform in R”. A property holds quasi-everywhere
(g.e.) with respect to Bessel capacity if it holds except on a set £ with Cap,, ((E) = 0,
a similar property with respect to Riesz capacity is defined canonically.

Note that the boundedness is valid for ¢ < 1. A similar result is already obtained in
[6] regarding the case for ¢ > (n — ) /n. Nevertheless, for certain values of o, s, £, n,
one has t(n —as)/n < (n — «)/n, so Theorem 1.1 can be viewed as an improvement
to the boundedness obtained in [6] for certain cases. A similar issue regarding the
boundedness of maximal function associated to Hausdorff content is addressed in [7].

2 A functional generalization of capacities

In what follows, we always assume thate > 0,s,¢ > 1, 1/s + 1/t = 1,n € N, and
that as < n. Furthermore, we denote Cy the class of compactly supported continuous
functions on R" and C§° is the subclass of infinitely differentiable functions of Co.
By LSC we mean the class of lower semi-continuous functions on R”. Let us write
X the characteristic function of a set E C R”. The notation A < B will abbreviate
the inequality that A < CB for some constant C > 0 and A &~ B simply means both
A< Band B S A.
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A functional approach to the boundedness of maximal function 409

Let M be a space equipped with a positive measure v. By a kernel we mean a
nonnegative g on R” x M such that g(-, y) is lower semicontinuous on R” for each
y € M, and g(x, -) is measurable on M for each x € R". Suppose that p is a positive
measure on R” and f is a nonnegative v-measurable function, we define potentials
Gf and é I to be

GF(x) = /M g ) FOAV(Y), x € R
Gu(y) = /R g0 Vdp(, y M.

For any function ¢ on R", we let
Qp={f:feLi1),Gfx) = lp()|' forall x € R"},
then we define C(-) = C,(:) to be
Clo) = int{lIf1I}: : f € ).
Therefore, C(-) is a generalization of the capacity Cy (-) defined by
Cos(E) =inf{||fI}s : f € LL(v),Gf(x) = 1 on E}

for any set E C R". We call C(-) the functional generalization of Cg s(-).

Suppose that Ml = R", g is said to be a radially decreasing convolution kernel
if g(x,y) = go(Jx — y|), where 0 < go € LSC, go is decreasing on [0, 00), and
]01 go(H)t"ldt < oo. For f € L%, (R"), we have G f = g * f. The Bessel G, (-) and
Riesz 1, (-) are radially decreasing convolution kernels. Note that

o0 —n
Gy (x) = (4n)°‘/2r(a/2)/ tTe Tt TIm—, xeR,
0

see [1, Section 1.2.4].

In the sequel, if a statement is stated with C(-) without the subscript g as in C,(-),
then the statement holds for any kernel g. We begin by introducing the following
subadditivity property of C(-).

Proposition 2.1 C(-) is subadditive.

Proof Let H be the set of all nonnegative functions ¢ on R” such that G f (x) > ¢(x)!/*
for some function f € L% (v) with || f{|zsy < 1. We claim that H is convex. Suppose
that 1, 92 € Hand 0 < ¢ < 1, then there are f1, fo € L% (v) such that G f;(x) >
(pj(x)l/s and || fillzsqy < 1 for j = 1,2. It follows by the reverse Minkowski’s
inequality that

(g((Cff + (1 - C)fzs)l/s)(X)>
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410 K. H. Ooi

= (/Mg(x, 0 (/) +d =o) fr)) dv(y))

> ( /M g(x, y) (cfl(y)S)”sdv(w) +( /M g(x, y) ((l—C)fz(y)S)l/st(y)>

=c(@/i)' + U =) (G L(0)
> (co1 + (1 = )@2) (x).

On the other hand, we have

1/s
Iefs + A =)D Y ey = ( /M (ch* + 1 =) () dv(y))

1/s
= (el fills i + (1 = Ol £al))

<+ —e)'/s
= 1.

As aresult, the convexity of H is justified. Subsequently, we claim that
C(p) = inf{c > 0: ¢ € cH}. 2.1

Indeed, assume that ¢ > 0 and ¢/c € 'H, then some f € L% (v) is such that
I fllLsqy < 1 and that Gf > (¢/c)'/*. It follows that G(c'/* f) > ¢!/* and ¢ >
cllfllis = 'S £1I5 = C(¢). Consequently, inf{c > 0 : ¢ € ¢H} > C(p). On

the other hand, assume that f € L% (v) and Gf > @'/$. For any € > 0, we have

G(f/Uf ) +) = (/U s + )" andhence g € (I f s +€)° - H.
It follows that (|| fllzs) + €)° > inf{c > 0 : ¢ € cH} and the arbitrariness of
€ > 0 yields that C(¢) > inf{c > 0 : ¢ € ¢’H}. Therefore, (2.1) is justified and the
subadditivity of C(-) then follows. O

Next, C(-) possesses the outer regularity in the sense that
Proposition 2.2 For any ¢ > 0, it holds C(¢) = inf{C({¥) : ¥ > ¢, ¥ € LSC}.

Proof We assume that C(p) < oo. Let € > 0 be given. There is an f € L% (v) such
that G f > ¢ and that ||f||SLW) < C(p)+e. Wewrite (G /)*)/* = G f, then it follows
by definition of C(-) that C ((Gf)%) < ||f||sx(v) and hence C ((Gf)%) < C(p) + €.
Now we note that G f € LSC (see [1, Proposition 2.3.2]). O

The aforementioned regularity resembles the property of capacity that
Cap,, ((E) = inf{Cap, ((G) : G 2 E, G open}
for any set E C R".

The next three propositions are the generalization of [1, Proposition 2.3.9], [1,
Theorem 2.3.10], and [1, Proposition 2.3.12] respectively, which the proofs are almost
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A functional approach to the boundedness of maximal function 411

identical and hence will be omitted. However, there are much to say about Proposition
2.4.In [1, Theorem 2.3.10], for any subset £ of R" with C, ((E) < oo, there is a
unique capacitary function f¥ of E such that f£ L’ (v) and GrE>1 (Cg.5)-qee.
on £, and

f (fEYdv = Cy 5(E).
M

We also call GfF as the capacitary potential of E. As a generalization, in the
following Proposition 2.4, given any nonnegative ¢, the term f, will serve as the
capacitary function of ¢, and G f,, is then the capacitary potential of ¢ for which
G fp(x) = p(x)'* g.e. and

/ () dv = C(p).
M

Proposition 2.3 For any ¢ > 0, by denoting §(p the closure of Qg in L* (v), it follows
that

Q,=1{f:fel’(v),Gf(x)>px)"/* qe. withrespect to Cg s(-)}.

Proposition 2.4 Let ¢ > 0 and C(¢) < oo, then there is a unique f, € L% (v) such
that G f,(x) > ©()/$ g.e. with respect to Cg 5, and

/ () dv = C(p).
M

Proposition 2.5 If {¢;}7°, is an increasing sequence of nonnegative functions with
¢ = sup @;, then

Clp) = ilifgoc(ﬂl’i)-

As a result of Proposition 2.5, we obtain the Fatou property of C(-) that

c <lim inf(pl-) <liminfC(g;), ¢; > 0. (2.2)
11— 00

11— 00

Proposition 2.5 also resembles the property of capacity that
Capw, (E) = llggo Capa’S(Ei)

for any increasing sequence {E;} of arbitrary subsets of R” with union E.
The following Corollary 2.6 addresses the countably subadditivity of C(-), which
is a direct consequence of the Fatou property of C(-).
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Corollary 2.6 Let ¢; > 0,i = 1,2, ..., it follows that

c <Z so,-> <) Clon.
i=1

i=1

The Fatou property of C(-) also entails the following corollary once we recall the
fact that for any nonnegative ¢ € LSC, there is an increasing sequence {y;} of Cy

such that ¥; (x) 1 ¢(x) pointwise everywhere.

Corollary 2.7 Forany 0 < ¢ € LSC, it holds
Clp) =sup{C(Y) : 0 =y <@, ¥ € Co}.
The above corollary resembles the property of capacity that
Cap,, ;(G) ~ sup{Cap, ((K) : K € G, K compact}

for any open set G.

Theorem 2.8 Assume that g is a radially decreasing kernel, then

Cg (p) ~ / ‘Pdcg,x-
Rn
In particular, we have

Ca, (xE) =~ Cap, ((E),
CIO( (XE) ~ Capa,s(E)

for any set E C R".

Proof First of all, we have the capacitary strong type inequality that

/(.) Cos({x € R" 1 (g f(x))" > ADdA S f s en)»

(see [1, Theorem 7.1.1]) which shows that

/ ¢dCy = / Ces(lx € R" 1 g(x) > ADdi < Clp).
n 0

Furthermore, let us write that

o0

0= D Plpzpuirt):

i=—00
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A functional approach to the boundedness of maximal function 413

By re-examining the proof of [1, Proposition 7.4.1] and combining Corollary 2.6,
we deduce the estimate that

2
Cg (p) <

1 / Cos({x € R" : @(x) > A})dA (2.4)
0

c —

for any fixed constant ¢ > 1. In fact, (2.4) holds regardless of whether g is a radially

decreasing convolution kernel. Therefore, (2.3) is then established. ]
The following proposition characterizes the zeros of C(-).

Proposition 2.9 Let ¢ > 0, then C(¢) = 0 if and only if there is a f € L3 (v) such

that

10, +00]) € (G ) ({+oo)).

Proof First we prove for sufficiency. We have

1
C (X@p1trtood) = 351 My
for any A > 0, it follows that C (X(gf)_u({%o})) = 0 and hence

C (Xp-1((0.00p) =0

We deduce from (2.4) that C(¢) = 0. Note that C(xg) = Cg s(E) for any set
E C R”" and (2.4) holds regardless of whether g is a radially decreasing convolution
kernel.

Now we prove for necessity. Assuming that C(¢) = 0, then we can choose f; €
L%, (v) such that G f; > ¢'/* and that || fi ||}, < 27 fori = 1,2, ... The function

f =72 fisatisfiesthat G f (x) > ), G fi(x) = oo for¢(x) > Oand that || f | zs() <
1. O

Recall that we have the dual definition of the capacity that
Cos (K)'* = sup{u(K) : € A (K), |Gl iy < 1)

for any compact set K € R", 1/s + 1/t = 1, and . (K) is the space of positive
measures on K (see [1, Theorem 2.5.1]). The following Theorem 2.10 corresponds to
the dual definition of C(-) under certain conditions imposed to the kernel g. Throughout
Theorems 2.10 and 2.11 we will assume that M is locally compact and that

g, y) =h(@px,y), xeR' yeM 2.5

for some functions ¢ : R” x M — [0, +00) and & : [0, +00) — (0, +00], where
¢ (F x K) is bounded for any compact sets ' € R", K € M, and 4 is decreasing. If
g(x) = go(|x]) > 0is aradially decreasing convolution kernel, then Ml = R” and we
can simply take & = gp and ¢ (x,y) = |x — y|.
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414 K. H. Ooi

Theorem 2.10 Suppose that the kernel g satisfies the condition (2.5). For any function
@ with compact support supp(e), if

¢ lsupp(e)
is continuous with Mingypp(p) @ > 0, then
N v
Celp) = sup { ( fR w”sdu> L€ AT (supp(@)). IGml ) < 1} :

Proof The following proof is modified from [2, Theorem 6.1]. For any ¢ > 0, let

D) = Co(vr).
M) = sup {/R Yt e A supp). Gkl < 1} ,

then by letting ¢ = ¢!/*, we are to prove that

D) = M.

Let
My = {u € /" (supp(¥)) : /R Y0 = 1} :
and
F={feL i |flrw <1}
We also let
D) = (sup inf / Qf(X)du) ,
F My Jre

and

-1
Mi(y) = (inf supf gf(x)du) .
My F JRre
We claim that
DI = Mi(¥). (2.6)

The sets My, and F are convex. The set M, is vaguely compact by the observation
that 1 (supp(¥/)) < (mingypp(y) 1/;)_1 for u € My and the Banach-Alaoglu Theorem.

@ Springer



A functional approach to the boundedness of maximal function 415

The linearity of the maps

f— Gfxydu,
R”

p— / Gf()dp,
Rn

and the continuity of the second map allow us to invoke Fan’s Minimax Theorem (see
[1, Theorem 2.4.1]), and hence (2.6) follows by the minimax theorem. We are now to
show that

D(y) =Di(y), 2.7)
and
M) = Mi(¥). (2.8)
We begin by showing that
Di(y) = D). (2.9)

We could assume that D(yy) < oo. For any € > 0, there is an fe € L% (v) such
that G fe > ¢ and

||f€||2.v(v) < ID(w) + €.

As a result,

< 1.
L(v)

H Je
(D) + el

For any © € My, we have

o fe v
f 9 ((D(W) n e)“S) L= Dy v o

Thus,

fe -
D) +e€ > (/R" g (W) (X)dM) ,

which implies that D({) + € > D1 (¥), so (2.9) follows. Now we show that

D) <Di(y). (2.10)
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We assume that D () < oo. For any € > 0, there is a f. € F such that

(inf / gfe(X)d/L)_ <Di(W) +e.
Rn

uEMw

Thus,

1< inf G(fe - (D1(¥) + ) x)dp.
ueMy Jrn

Fix an x € supp(¥), and let du = (¥ (x))~'d8y, where d8, is the point mass
measure at x, then fR,, Y (x)du = 1 and hence

1
. 1/s R
L= G(fe- D)+ - o
V(@) < G(fe - D1@) + ) (0).
Since || fellLsoy < 1, we get

D) < | fe - D1W) + )y < D1W) + e,

so (2.10) follows and hence (2.7). We are now to show (2.8). As before, we will
separate the cases to

M) < M), (2.11)
and
M) < Mi(). (2.12)
We note that M (y) > 0 since 0 € F. Assume at the moment that
Mi(¥) < o0, (2.13)
we invoke the dual pair (L?(v), L (v)), then for every € > 0, there is a measure

n € My, satisfying

-1
M) < (SHP/ gf(X)dM> +e
feF JR?

-1
= <sup / f(y)(éu)(y)dv) +€
feF IM

= Gullzl,, +e
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A functional approach to the boundedness of maximal function 417

5 =1
Seto = IIQ’MIIL,(V)/L, we get

M) —e < IGulll,, = /R Y(x)do < M),

so (2.11) follows. Now we justify (2.12). For any u € .# " (supp(y)) with
||Gu||Ls(v) <l,and f € F,seto = (fR,, t/f(x)d,uy1 i, we have

Gf(x)do = /M Go)(3) £ ()dv

.
=< / l/f(x)d,u> / GO f()dv
R~ M

—1
an)
s(/ww(x) u)

by the dual pair (L (v), L*(v)). Therefore,

R)‘l

- Y(x)dv = Mi(y)

which implies (2.12), so (2.8) is established as well.
We now justify (2.13). Assume the contrary that a sequence {u;} € My, is such
that

sup Gf(x)du; — 0.
feF JRY

By the dual pair (L!(v), L%(v)), we get immediately that
IG k1l evy = 0. (2.14)

Denote F = supp(y) and choose a compact set K € M such that v(K) > 0. Let
no > 0 be such that ¢ (x, y) < no forall x € F and y € K, see the notations in (2.5).
We have

Gus) = [ @, 3)dus = ooy (), 5 € K.

then w;(F) < ||§’;u.,~ ||Lz(v)(h(n0)v(K))_1, and hence the sequence {u;(F)} is
bounded. By Banach-Alaoglu Theorem, there exists a subnet {1 j, } converging vaguely
to a measure  and hence fR,, ¥ (x)dpu = 1. On the other hand, we have u j, (F) — 0,
SO fR,, Y (x)du = 0, we get a contradiction, and (2.13) follows. O
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418 K. H. Ooi

By the dual definition of capacity, one obtains the capacitary measure uk e
MT(K) for K such that fX = (Gu*X)'~!, and

nk(K) = / Gufydv = / Gr¥auk = ¢y (K),
M R»

(see [1, Theorem 2.5.3]). The following theorem is a counterpart for the case of C(-),
and we call u, the capacitary measure for ¢.

Theorem 2.11 Suppose that the kernel g satisfies the condition (2.5). For any function
@ with compact support supp(p), if

@lsupp(e)

is continuous with mingppey ¢ > 0, then there is a p, € A * (supp(e)) such that
f(p = (éﬂw)l/(s_l), and

f o' du, = / (Guy)'dv = / G fodpy = Co(9). (2.15)
R M R
Proof Let {u;} be a sequence in .+ (supp(g)) such that ||.C;Mi llz:y =1 and

lim </ wl/sduz) = Ce().
11— 00 n

Since ; (supp(@)) < (Mingypp(p) @) foralli = 1,2, ..., we can assume that {u;}
converges vaguely to a measure . € .# " (supp(¢)), and hence

(/ wl/sdu) = Cy(p).

By [1, Proposition 2.3.2], Gu(y) € LSC on " (supp(p)) for each y € M, it
follows that [|Gullrr(,y < 1, and thus, |G|l rr(y = 1 by Theorem 2.10.

Now we let
s/t
ly = </¢1/3du> I,

then

/M Gry)'dv = IGull ( / ga”fdu) = Cy(9).

On the other hand,

s/t
/ odu, = </ wl/xdu) (/ ¢‘/5du> = Cy(p).
Rn R’l Rn
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A functional approach to the boundedness of maximal function 419

Let f, be the capacitary function for ¢ in Theorem 2.4, so that G f,,(x) > p(x)/s
g.e. with respect to Cg ;. Let

S = {x € supp(e) : Gfp(x) < p(x)'/%}

and K C S be a compact set, then Cq ;(K) = 0. Applying Theorem 2.10 to the
function xg, we have

Cos(K) = (’“‘“’(K)y,

Cp)l/t

and hence py(K) = 0. As § is a Borel set, it follows that u,(S) = 0 and hence
Gfo(x) = @(x)/$ a.e. with respect to M. By Fubini’s theorem and Holder’s inequal-
ity, we have

Cg(¢)=/ o' dp,
R’l
< / Gfodu,
Rn

= [ Gup sy
M

<G uplle ol foll s )
= Cy(@)/"Cy ()"
= Cg((p)-

The equality in Holder’s inequality implies that (f,)* = (éuw)t . O

On the other hand, one may suspect whether we can weaken the g.e. condition in
Proposition 2.3. In fact, for any set E C R", one has

Cap,, (E) = inf | £ 113 .

where the infimum is taken for all f e L’ (R") such that G4 * f(x) > 1 a.e. on some
neighborhood of E (see [1, Corollary 2.6.8]). Before looking at the general case for
C(-), we need the following lemma, which is a simple generalization of [ 1, Proposition
2.6.7].

Lemma 2.12 Suppose that g(x) = go(|x|) is a radially decreasing convolution kernel,
continuous on R" \ {0}, and such that fl =1 g(x)'dx < oo. Assume that there is an
L and a § > 0 such that g satisfies

go(r) < Lgo(2r), O<r <6§. (2.16)

Let f € L5 (R"), 0 < ¢ € LSC, and suppose that g * f(x) > ¢(x) a.e. on an
open set U, then g x f(x) > @(x) everywhere on U.
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420 K. H. Ooi

Proof Without loss of generality, we can assume that g x f(x) > ¢(x) a.e. on a
neighborhood of 0, and prove that g * f(0) > ¢(0). We can also assume that

g* f(0)= /I‘g” g(x) f(x)dx < oo.

Let 0 < a < b and define a weight function n, 5 by

g(x)
Nap(X) = ———, a<|x| <b,
Jii<ix 804y
and n,p(x) = 0 otherwise. We set G(r) = f‘qug(y)dy, it follows that

Jgn Nap(x)dx = logG(b) — log G(a). Since fol g0t ldt < oo, we have
lim,_,o0 G(a) = 0. Forany b > 0, we can choose an a > 0 such that fRn Na.p(X)dx =

1.
For small enough b > 0,

nf 0= [ n@es Hwds = [ Guromsod. @)

By (0)

Fix a p such that 0 < p < 4. Then,
lim 74 *g(y) = lim / Na.b(X)g(y — x)dx = g(y)
a,b—0 a,b—0 Jgn
uniformly for |y| > p, and also
/}R Na,b(X)g(y — x)dx =< go(|y| — b).
Thus, forany 0 < R < oo and € > 0,

lim / Map * Q) f(Y)dy = f g f(ydy,
P=IVISR

a,b—0 p<|y|<R

and

1/t
/|| R(’?a,b * )M f Wy < |l fllLs@n (/H g(y)tdy> <,
Y= y

>R—-b

if R > 0 is large enough.
To estimate 1,5 * g(y) for |y| < p, we observe that if [x — y| < 271y, then
x| = 27" |yl,and |x| = |x — y|. Thus,

/ g(x)gly —x)
|

Nab(x)g(y — x)dx =
/|x—y|<2—‘y| 31271yl i< i 81
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A functional approach to the boundedness of maximal function 421

gy —x)
=127yl Sy j<pumy) 8

<g7'y) /Rn Na,b(X)dx

=g 'y).

<g27'y)

On the other hand,
f mﬁumw—xstg@”wji%ﬁ@Mx=g@”w.
lx—y|=2"1]y]| R"
The assumption (2.16) gives that 1, 5 * g(y) < 2Lg(y) for |y| < 24, and thus
/ (Ma.p &) ) f()dy < ZL/ g fdy <,
[yI=p ly

I=p

if p > 0 is small enough.
We obtain from (2.17) and the lower semi-continuity of ¢ that

0) < liminf [ inf < dy + 2e.
¢(0) min <Bh(0)<p> fpflyng(y)f(y) y

The proposition follows if p — 0 and R — oo. O

As a corollary, we have the following result.

Corollary 2.13 Let g be a kernel satisfying the conditions in Lemma 2.12. For any
0 < ¢ € LSC, it follows that

Colp) = inf [ fII7s,

where the infimum is taken for all f € L%, (R") such that g x f(x) > eV ae.

The proof of Theorem 1.1 will be given independently in Sect. 3 as an application
of the functional generalization of local Riesz capacities. However, if we seek for the
proof of Theorem 1.1 under the range that s > 2 — «/n, one may apply the functional
generalization of Bessel capacities without the technicalities as in Sect. 3 (see Sect. 4
for the remarks). The proof of Theorem 1.2 will be put in the last section.

3 Local Riesz capacities and proof of Theorem 1.1

In this section we will review some background materials about the local Riesz capac-
ities. The following approach is adopted from [8, Section 3.6.1], which is equivalent
to [1, Section 4.4]. As usual, we denote ¢ > 0, s, > 1, 1/s + 1/t = 1,n € N, and
that s < n.
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Let x = xB,0) M =R" xR, and 0 < p < oo. Define the kernel g, on R" x M
by g, (x, (v, 2)) = 27" x(0.)(2) x ((x — ¥)/2). We also define the measure v, on
M by

dz
dvy(y,2) = x0.p)(2)dy X =

If f is a function on M, we see that

p , d
G- [ ([ Irda)E
0 x—yl<z < Z

Besides that, for i € .# T (R"), it follows that

Gon(y,2) = X0.0) @B ().

n—a
We define the local Riesz capacity Rq 5, () by
Ras.p(E) = inf{l| fllLs,) 0 f € LY (). Gpf = 1 on E}
for any set E € R", and the corresponding functional Cr , () is defined by
CR.p(@) = inf{l| fllsqr,) o [ € LL(p), Gpf = ¢!/}

for any ¢ > 0. Subsequently, the nonlinear potential V,f,* is defined by V}f =
gp((gvpﬂ)l/(s_l)) and hence

Vo) = /p (/ (u(Bz(y)))x—l 1 dy) ﬁ’ i
0 l—yl<z n—a Zn—a z

For any compact set K C R”, the capacitary measure X has the properties that

V/’)‘K (x) > 1 q.e. with respect to Ry,5,,(-) on K,

V;fk (x) <1 foreveryx € supp(uK),

and such that

K
uK (K) = /R VIS 4K = Ry (K.

On the other hand, we also define the Wolff potential W,ff by

1
W;,‘(x) — /p (M(Bz(x)))él E’ ¥ e R".
0 Z

n—as
<
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We observe that B,(y) € By, (x) for [x — y| < z, and hence

" P | dz u
VEW S | m(Ban ()T —m—dy =~ W (1),
0 zs-1 o Z L

Besides that, B;(x) € By.(y) for |[x — y| < z by symmetry, then

2 4
w(x)%/” / (M(Bzz(y))> REPR I
r 0 [x—y|<2z LA e Z
Nz( W(Br(y)\ 71 1 dz
2/ / < nia ) i‘l—Otdy _
0 lx—yl<z z z z

/2 a1 dz
> (B (x)) 5T ——— dy?
0

zs—1 a

= W;j/z(x).
Therefore, we obtain the estimate that
W %
Wp/zgvgngp. 3.1

On the other hand, let us recall the inhomogeneous Riesz kernel 1, ,(-) and non-
linear inhomogeneous Riesz potential V[f defined by

Top () = X7 %142

and V,ﬁ‘ = Ia,p((Ia,pu)l/(S_l)) respectively. A Wolff type inequality says that

/ Vitdp ~ / W/’)‘dpa, (3.2)
n Rn
see [8, Theorem 3.6.6]. By an application of Fubini’s theorem, one has

/H Vé‘d,u = fRn (Zy, p0)' dx, 3.3)
then we deduce from (3.3) that

/n Vidp ~ /R V2dp, (3.4)

see the proof of [8, Lemma 3.3.8]. As a consequence, we combine (3.1), (3.2), and
(3.4) to obtain the estimate that

K 2
/n Vi du =~ /ﬂ;n Vp/zd,u
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and hence

/n Vidp ~ /R Vidp. 3.5)

Following the similar reasoning given in the proof of [8, Theorem 3.3.7], we con-
clude by the equivalence in (3.5) that

Ra,s,p(E) ~ Capa,s(E) (3.6)

forany £ C R”.
The equivalence in (3.6) suggests the following fact.

Proposition 3.1 For any ¢ > 0, it holds Cr ,(¢) ~ Cg, (¢).

The proof needs several technical lemmas. First of all, let us address the guasi-
subadditivty of Cr ,(-) as the following shown.

Lemma3.2 Let {B;};>0 be a covering of R" by balls with unit diameter. Let this
covering have a finite multiplicity, depending only on n. It follows that

Cr.p(p) = ZCR,;;((PXB,-)
j=0

for any ¢ > 0.

Proof By subadditivity of C ,(-), we just need to address on

> Crp0xB,) S CR.(9).
jz0

We start with an observation that

C’R,p((p)
= inf{||f||‘2y(vp) feLli(y),G,f = P!/ q.e. with respect to Ry 5, ,(-)}. (3.7)
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We note that by Proposition 2.9 (or simply [1, Proposition 2.3.7]), the term
Gof(x) = G, fT(x) — Gy f 7 (x) is defined and finite q.e. with respect to Ry 5,5 ().
Suppose that G, f(x) > @(x)/* for such an x, then G, fT(x) > e(x)1/5. We also
have || f* s,y < 1 fllLs(,), then (3.7) follows by Propositions 2.3 and 2.4.

Now we pick an f € L®(v) such that G, f > @'/% q.e. asin (3.7). Let O; be the
center of Bj, Op =0, and n; = n(x — O;), where n € C3°(2Bp) and n = 1 on By,
then (G, f)n; > (pl/SXB/. g.e. and hence

D Crp0x5) < D NG FInjyes-

j=0 j=0

Now we appeal to Strichartz formula that

D lunjllyes ~ lulljpes.

Jj=0

(see [4, Theorem 3.1.2]), we obtain

Y Crp@x5,) SN1Go fIyes = 1£ 1350,

j=0
then the result follows by (3.7). O

Lemma 3.3 For any function ¢ with compact support supp(¢) and

diam(supp(¢)) < 1,

if ©lsupp(p) s continuous with mingypp(p) ¢ > 0, then

Cr.o(@) = Sup{</R” wl/sdu) t € AT (supp(@). 1Gpmllzr ) < 1}.

Proof This lemma does not follow immediately by Theorem 2.10 since it is not clear
if the defining kernel satisfies (2.5). We let F' = supp(¢), by re-examining the proof
of Theorem 2.10, one only needs to deduce from (2.14) that the sequence {u ;(F)} is
bounded.

Let {B,4(Og)}k=0 be a covering for R" with finite multiplicity and denote By =
B /4(Oy). Then there is a dimensional constant ¢, such that the setN = {k: BiNF #
(4} has elements no more than c,. As a consequence,

B,
||gpu,||Ls(V)_/ /ﬂ(m( (y))) i ?
/ /(M;(B (y))) y_z
p/2 J By z

k>0
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P . s
> CnZ/ / <M,/(Bk)> dyd—z
p/2 B \ 2" z

k>0

= Cup ) 1B NFY, (3.8)
k=0

where the dimensional constant C,, in (3.8) depends on the multiplicity of {3} ;>0.
Finally, we note that

wi(FY < ey Y wjBN FY* < € L llGpml e,
k>0

so the sequence {u ; (F)} is bounded. O

Proof of Proposition 3.1 Suppose that ¢ is given as in the assumption of Lemma 3.3
and pu € .4 " (supp(¢)). We have

/ (Zo,p1)' dx %/ (Gg * )'dx,
Rn R

see [1, Theorem 3.6.2], then we deduce from (3.3) and (3.5) that

(Gg * 1) dx ~ / V;fdu.
Rn Rn

Keep in mind that Vi = G,((G,p)"/¢~") and

5 t
1ol = fR Vidp,

then Cr ,(¢) =~ Cg, (¢) follows by Theorem 2.10 and Lemma 3.3.
Now we drop the assumption that diam(supp(¢)) < 1. Lemma 3.2 implies

CRo(9) ~ Y Crp(0xB,) ~ Y Ca,(9x8,) ~ Ci, ().
j=0 j=0

Indeed, the last ~ follows by the quasi-additivity of Cg,(-) which the proof is

exactly the same as in Lemma 3.2.
Now we assume that ¢ € Co. Let ¢, = (¢ + n_l)xsupp(w), we get

1
Cr.p(@) < Cr p(¢n) = C,(¢n) S Ca, (@) + o Cap, ;(supp(¢)).

Taking n — oo, we have Cr ,(¢) < Cg, (¢). By symmetry and (3.6), one obtains
Cr.p(®) = Cq, ().
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Now we assume that ¢ € £LSC and pick a0 < ¢ € Cop, so

Cr,p(¥) = Cq, (¢) = Cg,(9).
By Corollary 2.7, one has Cr ,(¢) < Cg, (¢), the other direction follows by sym-
metry.

One can argue by Proposition 2.2 for the general case that ¢ > 0, the result now
follows. 0

In the sequel, for any u € . (R") and p > 0, we denote

M,y () (x) = sup M(Ln(x)), e R".

0<r<p r

Lemma3.4 Let p > 0and x € R". For any compactly supported positive measure [,
it follows that

n—as
Z

P B, = d _as e
/0 (/'L( (X))) ?Z 5 ||M||"(’Y71)M,O(M)(x) n(s—1) (39)

In other words,
Wi S I My )y

Proof Let 0 < § < p be determined later. We write

/P <M<Bz(x>>>s'l dz
0 Zn—ots Z

_/“(M(Bzu)))xllg+/p(u<31(x)>)s—'lg
- 0 Zn—as z s Zn—as Z

=L+ 1.
We have
1
I / s <u(3z<x>>>s1 dz
1= Zs—l -~ 77 -
0 " z
[ wodz
< Mp(p)(x)5T / z5s-T—
0 z
s—1 1 as
= - M () (x)5=T85-T (3.10)
as
On the other hand,
[ 1 dz s —1 a1
L < |plls= TR el =T ——- (3.11)
§ zs1 2 n—as st
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In view of (3.9), we can actually assume that u is supported in B, (x), then

Moy = LD _ 1]
g - pr

If we choose

52( el )
M)

it satisfies that 0 < § < p and

1 as a1
My T8 = 7T s

s—1
then (3.9) follows by routine simplification of (3.10) and (3.11). O

The following proposition addresses the fact that W)’ satisfies the almost Mucken-
houpt local Ay condition.

Proposition 3.5 For0 < 8§ < n(s — 1)/(n — as), and xog € R", it follows that
2 B\ dz B o)\ T 2
M . §— Z M xo 55— Z
MIOC (/O <—anozs ) ?> (X()) 5 (/0 ( —Znias ) ?> .
(3.12)
In other words,
Mo why < wit

Proof Let 0 < r < 1 be fixed. We are to estimate

1 )
1 2 (u(B =T d
I=— f <—“( Z(x))) ) ax<h+ b,
" JB.o) \Jo \ 27 z

where

8

1
1 " (B () \ 7T dz
n=f, (/( ) _) .
) (x0) 0 z Z

8

et /Z(M(Bz(x))>51‘d_z h
g \Jr N2 2 '
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For the integral /1, we can assume that u is supported in By, (xp). By Lemma 3.4,
it suffices to estimate

S(n—as)
M () (x) "6=D dx.

By (x0)

Let p =6(n —as)/(n(s — 1)) < 1, we appeal to the inequality that

b4 1-p
f |F| dx < 1 |E| ”F”Lloc(E)

for any measurable set E € R” with |E| < oo and F € L"*®(E), here L""°(E) is
the weak Lebesgue space on E (see [3, Exercise 1.1.11]). As a consequence,

IS 75T By (o) | P | My )
B(n
<r
(r
1 )
M(B (xo))>“ dz
Z}’l os Z
3 B = ’
3 (/ <u< z(xo))>' _z) ’ G
0 ZI‘L—OtS Z

where we have used the weak type (1, 1) boundedness of M () in (3.13), where

L1

I G (3.13)

1 \¢
u(By(xo))*l)

N

B (-
M) = sup M,

r>0

and note that M, (-) < M(:) forall r > 0.
For the integral I, we observe that B;(x) € Bs.(xp) for x € B,(xp) and z > r,

this gives
2 =+ s
I < n(Ba(x0)) \ =T dz
2 - Zn—ots z
4 L 8
N / (M(Bz(xo))>” dz
2’_ Zl’l—O{X z
B o) \ 7T dz
m{bz (X0 =haz
< (./o (—an ) ?> , (3.15)
then (3.12) follows by combining (3.14) and (3.15). O
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Proof of Theorem 1.1 The result in [6] has tackled the case for ¢ > 1. Therefore, we
assume that 7(n — as)/n < g < 1. Suppose that ¢ is given as in the assumption of
Lemma 3.3. It suffices to prove that

Co, (M) < Cg,, (9,

which in turn is equivalent to

Cr.8(M*p)7) < Cr.1(p9) (3.16)

by Proposition 3.1. Let © = u, be the capacitary measure for ¢ such that V| =
G1((G1)"/6=D) > ¢4/5 and that

Cr.1(p?) =/R Vidu.

By (3.1), we see that ¢/ < WZM and hence M'*¢p < MIOC((Wf)S/q). Using
Proposition 3.5, one obtains (M!*p)4/s < W' provided that

s n(s—1)
— < —’
q n—as

which holds by the assumption that g > ¢(n—as)/n. As aconsequence, (M!)?/5 <
V¢ by (3.1) again. By the definition of Cg g(-) and Wolff’s inequality, we have

CRs (M) < 1Gsiw)" VI, = /R Vydp~ /R Vidp,

so (3.16) follows.
We are now to extend the validity of (3.16) for general ¢ > 0. If we drop that
diam(supp(¢)) < 1, we can argue by Lemma 3.2 that

¢ = Z¢Xsupp(<p)ﬂl3./’
j=0

M () < Z Mo (4 Xsupp(p)nB;)»
Jj=0

where we have used the elementary inequality that (3 japt = > i a? fora; > 0
and 0 < g < 1. Taking Cr 3(-) both sides,

CR,S(MIOC((pq)) = ZCR,S(MIOC(‘PqXsupp(w)ﬁBj))
j=0

S Z Cr.1 (p? Xsupp(w)ﬁB_/)» (3.17)
j=0

@ Springer



A functional approach to the boundedness of maximal function 431

so (3.16) follows by the finite multiplicity of {B;}.

For the case that ¢ € Cp, one can argue as in Proposition 3.1. Now assuming that
¢ € LSC, find a sequence {¢,} of Cy such that ¢, (x) 1 ¢(x), then (3.16) follows by
the Fatou property of C ,(-). The general case that ¢ > 0 can be argued by the outer
regularity of Cr ,(-), the proof is now complete. O

4 Concluding remarks and proof of Theorem 1.2

As a maneuver for the proof of Theorem 1.1, we replace the Choquet integrals
fRn |-|dC with the functionals C(-). In proving Theorem 1.1, the countably subad-
ditivity in (3.17) is crucial. However, the Choquet integral is generally not subadditive
but

/(f—i-g)dCfZ/ de+2/ gdC
R~ R~ n

for f, g > 0, so it fails to be countably subadditive generally. We also use approxi-
mation by outer regularity of C(-) which the Choquet integral seems to be lacking. As
in Proposition 2.11, we are able to switch the functional C(-) to the regular integral
associated to the nonlinear potential and Proposition 3.5 comes into play subsequently,
it is unknown if the Choquet integral can be switched to the form of (2.15).

On the other hand, one has the exact Muckenhoupt local A condition for G, ((G *
w)/6=Dy that

MO (G (a5 O ™V)P) £ (Gat (Ga O (4

for0 <6 < n(s—1)/(n—as)ands > 2—a«/n. Therefore, for the case thats > 2—ou/n,
one may prove Theorem 1.1 without going through the materials regarding local Riesz
capacities, it suffices to replace (3.12) with (4.1) in Proposition 3.5. However, for the
casethats < 2—a/n, (4.1)holds only for0 < § < n/(n—«) and the bound n/(n — )
is simply too crude for our purpose. Meanwhile, Proposition 3.5 holds for any s > 1
with the expected bound. There is no need to obtain the exact Muckenhoupt local A
condition in proving Theorem 1.1 since all the functionals C ,(-) are equivalent for
any p > 0.

A way of proving Theorem 1.2 can be described in few lines. As contrast to the
machinery in Sect. 3, we start with

M = R" x (0, 00),

dz
dv(y,z) =dy x ?,

00 ; d
0re= | ( [ ! (ny_j)dy> dz
0 x—yl<z % z
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One has

R (E) = inf([l 0y : £ € L), Gf = Lon E} % cap,, (E).

The most crucial proposition as contrast to that of (3.12) is the following.

1 8 o L
M / <M(WB_ZOEA))> s— d_Z (x0) S f (M(iz_(iO))) d_Z
0 4 Z 0 Z Z

for0 < 8 < n(s —1)/(n — as), and xg € R". The proof now follows in the same
fashion as Theorem 1.1.

We end this section by giving another remarks about C(-). In [6] we have showed
that

T(@) = inf(fllz : f € L (R"), Ga % f > ¢ qie} & /R 0dC, ¢ =0,

where Z = M[**, 1/s + 1/t = 1, is the Sobolev Multiplier space, and Z’ is the Kthe
dual of Z, see [5] for details. There are some reasons that we do not take Z(-) as a
functional generalization of the capacity. The subadditivity of Z(-) holds apparently,
but it is unclear that Z(-) has the Fatou property as in (2.2). It is also unclear that Z(-)
satisfies the inner or outer regularity. Since Z’ is not reflexive nor uniformly convex
in general, Proposition 2.4 fails to hold for Z(-), neither will do for Theorem 2.11.
In some sense, it is the reflexivity and uniformly convexity of the space L*(R") that
makes C(-) having those specific properties, which Z(-) is lacking. As a consequence,
we will take C(-) rather than Z(-) as the functional generalization of the capacity.
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