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Abstract

In this paper, it is shown how a combination of approximate symmetries of a nonlinear
wave equation with small dissipations and singularity analysis provides exact analytic
solutions. We perform the analysis using the Lie symmetry algebra of this equation
and identify the conjugacy classes of the one-dimensional subalgebras of this Lie
algebra. We show that the subalgebra classification of the integro-differential form of
the nonlinear wave equation is much larger than the one obtained from the original
wave equation. A systematic use of the symmetry reduction method allows us to find
new invariant solutions of this wave equation.

Keywords Symmetry reduction method - Approximate symmetries - Wave equation -
Small dissipation

Mathematics Subject Classification 35160 - 20F40

1 Introduction

A systematic computational method for constructing an approximate symmetry group
for a given system of partial differential equations (PDEs) has been extensively devel-
oped by many authors, see e.g. [1-3]. A broad review of recent developments in this
subject can be found in such books as Bluman and Kumei [4], Olver [5], Sattinger
and Weaver [6], Rozdestvenskii and Janenko [7] and Baikov et al. [8,9]. Recently,
Ruggieri and Speciale [10] determined the Lie algebras of approximate symmetries of
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nonlinear wave equations admitting a small perturbative dissipation. They discussed
the generators of four different versions of the system of equations associated with the
nonlinear wave equation

ur = [f @yl ey

where u(t, x) is a function of ¢ and x. They considered the following second-order
PDE with a small dissipative term:

U = [f(”)ux]x +e[A@)urlyy (2)

where ¢ << 1 is a small parameter and f and A are smooth functions of u. If we
suppose that the function u(#, x) can be written as

u(t, x, &) = uo(t, x) + euy (¢, x) + O(&?), 3)

where ug and u are smooth functions of 7 and x, then Eq. (2) becomes the following
two equations:

o, — f(uo)uoxx — f (o) (uox)* =0, 4)

and

urgr — f@o)ur e — f @ouoxxter — 2f (woluo yurx — f (o) (uo.x)ur
2" (uo) (o x)* 10, — X (oo xxtto,r — 23 (o)t xtto,xr — A(u0)tto xxr = 0. (5)

The Lie symmetry algebra of Eqs. (4) and (5) was identified for three separate cases
[10]:

1, sy,
() : f(uo) = foe?™, Ai(ug) = roe »
(D) fo) = foluo+q)P. Wuo) = ol +q) 7~ ©)
(I11): f(uo) = foluo+q) "3, Aluo) = ro(uo +q) "3

In addition, Eq. (1) is equivalent to the following integro-differential system of equa-
tions:

u; — vy =0,

u
v — (/ f(s)ds + 8A(u)vx> =0. (7
X
In the paper [10], two different cases of Eq. (7) were considered:

1 1+s
(V)1 fluo) = foe?™, Aug) = rge 7

i s ®)
(V): f(uo) = foluo +q)7, A(ug) =ro(uo+q) 7

-1

and their Lie symmetry algebras were identified. The objectives of this work are
the following. For each of the five cases listed in Egs. (6) and (8), we identify the
classification of the one-dimensional subalgebras of the Lie symmetry algebra into
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conjugacy classes under the action of the associated Lie group. That is, we obtain
a list of representative subalgebras of each Lie symmetry algebra £ such that each
one-dimensional subalgebra of £ is conjugate to one and only one element of the
list. In order to obtain these classifications, we make use of the results obtained by J.
Patera and P. Winternitz in [11]. For cases (/) and (/ I), we identify the Lie symmetry
subalgebra as 2A, from the list of Lie algebras of dimension 4 found in [11]. For
case (I11), we first express the Lie symmetry subalgebra as a direct sum of two
algebras, one of which is the three-dimensional algebra A3 g = su (1, 1) foundin [11].
The Goursat method of twisted and non-twisted subalgebras is used to complete the
classification [12]. Next, we make a systematic use of the symmetry reduction method
to generate invariant solutions corresponding to the above-mentioned subalgebras. We
then perform a subalgebra classification for the integro-differential Eq. (7) and give two
examples of symmetry reductions for this case. We provide a physical interpretation
of the obtained results.

2 Subalgebra classification and invariant solutions

Tuo 540
2.1 The case where f(ug) = foe? ° and A(ug) = Age ?

1 Lis
We first consider the case where f(ug) = foe?" and A(ug) = rge 7 “°, where fo,
Lo, p and s are constants and p 7 0. For this case, Eqgs. (4) and (5) become

1 fo L
ug uo 2
uo,rr — foe? "ugxx — —e? " (up ) =0, 9
P
and
1 fo 1 2fo 1 fo 1
ug uo uo uQ 2
Ut — foe? uixx — —eP U xxt] — ——eP Ul x — el " (uox) Ul
P P P
2
1+ Ibs 145\ 1+
— A0 ( e " (ug ) o, — Ao e ug yyuo,
p 14
1+s Its Its
— 240 ( e 7 ug cug — roe P g xxe = 0. (10)
p

The Lie algebra of infinitesimal symmetries of Egs. (9) and (10) is spanned by the
four generators [10]

X1=10, Xo=0x, X3=10 +x0x —u1dy,

(11)
X4 =x0y +2p0y, + 25u10y,.

This Lie algebra is isomorphic to the algebra 2A, given in Table II of [11]. The list of
conjugacy classes includes the following one-dimensional subalgebras:
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{Xl}v {X4}7 {XZ}v {X3 +CZX4}, {X4_X3+8X2}7
(X1 +eXo}l, {Xi+eXa}),
where a € R, a # 0 and ¢ = 1. We proceed to use the symmetry reduction method

to reduce the system of equations using each subalgebra given in the list (12).
1. For the subalgebra { X1}, we obtain the stationary solution

12)

C3

up(x) = plnjx + C1| + Ca, Lt](x)=x+cl

+ Ca, 13)

where C1, Ca, C3 and Cy are constants. This is a singular logarithmic solution with
one simple pole.
2. For the subalgebra { X4}, we obtain a dissipative solution of the form

up(t,x) =F@)+2plnx, ui(t,x) = xsz(t), (14)

where the functions F'(¢) and G (¢) are given by the quadratures

dF
/ 1 =11, (15)
e(4p?foe?” + Ko)'/?

for F' and

G = u/\/4b(s F1)2s + l)/e%F[fo(bF F o)+ hoserE @p2 foer ' + Ko)/2\dFd1,

(16)
where K, b and ¢ are constants and = 1. Therefore,

it x) = xzsu/\/4b(s F1)2s + l)/e%F[fo(bF F o)+ oeer F(@dp2 foer T + Ko)\/21dFdt.
17)
The gradient catastrophe occurs for the derivatives of the solution (17) when F =
pln (—JT‘}O). In this case, shock waves may occur.
3. For the subalgebra {X»}, we obtain the trivial linear (in ¢) solution

uo(t) = Cit + C», ui(t) = Cst + Cy (18)
where C1, C», C3 and Cy4 are constants.

4. For the subalgebra {X3 + a X4}, Eqs. (9) and (10) reduce to the system of third-
order ordinary differential equations (ODE)

(@+1)(a+2)EF; + (a+ 1)2&* Fee — 2ap — foe%FFgg - %eiF(Fg)Z =0, (19)
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and
Q2as — 1)(2as —2)G — (a + 1)(4as —a — HEGs + (a + 1)?E%Gese
1r 1 2 1 2
— foe?" | Ges + ;FSEG + ;FgGg + F(Fs) G

(Fe)* + (a + )& Fx Fie

N Aro(l +S)e%p |:(a + (1 +S)§(Fg)3 B

2ap(1 + )
p p

—2apFee +2(a + 1)(Fg)2 +2(a + DEF: Fgg]
+0e' 7 T [2a + D Fee + (@ + DEFeee] =0, (20)
where we have the self-similar symmetry variable £ = x¢~%~!, and the functions
uo= F(&)+2apInt and u; = > 1G(&). (21)

Equations (19) and (20) do not possess the Painlevé property. For the special case of

the subalgebra where a = —1, we obtain the singular logarithmic solution:
FE)=2pl < ! $+C> (22)
=<spn| —— 0]}
Vv Jo

where Cy is a constant. The function G satisfies the single second-order linear differ-
ential equation

—foA2Gege — 4/ foAGs —2G + (25 + 1)(25 +2)G

Ao(1+5)A20F) 1 4p2 (2(1 + 1
EESTSL] Py EES MR PR
p A 1o Jo
where A = ﬁé + Cop. In the specific case where Ao = 0, we obtain the explicit
solutions
G =£4C1 + C2In¢) (24)
in the case where s = —3/4 and
G = CiE'" + G (25)
where

—3+/9—-42-(2 1(2s +2
ry— v [2—@2s+ D(2s +2)] 26)
2
in the case where s # —3/4. The functions G in Egs. (24) and (25) correspond

respectively to the solutions
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1
up =2pln (—xt_“_1 + C()) + 2apInt,

 Jo 27)
Ml — t2u.&'71(xt7(171)73/4(cl + CZ ln (xtfafl))
and |
ugp =2pln (—xt“l + C()) +2aplnt,
A fo (28)
Ml — t2as—l(cl(xt—a—l)r+ + Cz(xt_a_l)r_).
Solutions (27) and (28) involve damping.
5. For the subalgebra {X4 — X3 + ¢X»}, we get
wo=FE) —2plnt, u =t"2""'G(), (29)

where we have the symmetry variable £ = x + ¢ In¢. Here, F satisfies the nonlinear
equation
1 fo L
Feg = —— [ P (Fe)* +eFe — 2p] (30)
1= foer

and G satisfies

(1 — foe%F> Gee — <8(4S +3) + ﬂel’ Fg) Ge

((2s +1)(2s +2) — @eFFFg):g - %eﬂF(Fg)z) G

—/\0[<]:S> B () (ng—2p)+<1:s>elfFF§§(ng—2p)

1 Lis Lis
+28< —;S)e ; FFgFgg + ¢ce ; FFSS{| =0. 31D

In the specific case where Ag = 0 and fy = 0, we obtain the explicit solution

uy = Ki1e® +2epx + Ko,

U = K3e(2s+1)xt(2s+1)(£71) + K4e(2s+2)xt(2s+1)(efl)ts. (32)
Solution (32) involves damping terms in the case when ¢ = —1. Otherwise, for e = 1,
this solution may contain unbounded terms.
6. For the subalgebra {X| + €X>}, we have the travelling wave solution
uo =uo(§),  ur =ui(é), (33)

where £ = x —et. Here, ug can be determined implicitly by the transcendental equation

1
uy — f—OeFMO = Ko + K. (34)
p
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In the case where Ay = 0, u; satisfies the second-order ODE

2 fo

1 1 K
(1 - foel’uo) Ulge — 76””0 0

T Ulg
1— foer™

1 35
f() Ly KOfOePM0+K§ (35)
— —er _— uy =

1 2
P P (1 - foeﬁuo)

which is linear in u; if ug # —p In (fo).
7. For the subalgebra {X| + £X4}, we obtain the center wave solution

ug = F(§) +2ept, u; = e**'G(§), (36)

where the symmetry variable is £ = xe™*', F satisfies the ODE
2 Y fo 1F 2
EFs + & Fee — foer Fes — ¢ (Fg)* =0, (37)
which does not possess the Painlevé property, while G satisfies the ODE
1 2fp 1L
(52 - foepF) Gee + ((1 —45)& — ﬁe!’FFg> Ge
p
1 1
+ (4s2 - EeEFFgg - igePF(Fg)z) G
p p
s 1+s5)\° 2s(1 +s 1+
+ hoge ” F[( 5 ) E(Fe) — %(Fs)z +3 <T> §Fg Fee

— 25FFge + EFg§§j| =0. (38)

In the case where Ag = 0 and s = %ﬁ, we obtain the periodic damping solution

u():plnx—l—spt—glnfo,

. 7 7 (39)
up = Q2est e [Cl cos (%_xe_”) + C, sin (%xe‘”)} )

1 1+s
2.2 The case where f(ug) = fo(up + q)? and A(up) = Ao(up + q)%_1

1 Its
Next, we consider the case where f(uo) = fo(uo+¢q)? and A(ug) = Ao(uo+gq) » I
where fy, Ao, p, g and s are constants with p # 0. For this case, Eqgs. (4) and (5)
become

1 fo 1 2
uo,;r — fo(uo +q) P uo xx — ;(uo +q)7 (uox)" =0, (40)
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and

Y Jo 1 2 fo 1.
Ul — SJo(uo + Q)pul,xx - ;(MO +q)? uog,xxu1 — 7('40 +q)? uo,xU1,x

I
_fo (_ _ 1) (o + )7 (o)1
p \p

1+ I+s e
-0 ( 5 — ]) (T — 2) (uo+q) » 3(MO,X)ZMO,I

I+s Its o
—AQ (T - 1) (wo+q) P “ugxxUo,

N I+s _»
—2Ao T L) (uo+q) 7 “uoxuox:
Ls g
—Mo(uo+q) *» UQ,xxt = 0. (41)

The Lie algebra of infinitesimal symmetries of Egs. (40) and (41) is spanned by the
four generators [10]

X1 =0, Xo=0,, X3=10;+x0x —uioy,

(42)
X4 =x0x +2p(uo + q)uy + 25110y, .

This Lie algebra is isomorphic to the algebra 2A, given in Table II of [11]. The list of
conjugacy classes includes the one-dimensional subalgebras:

{X1},  {Xa}, (X2}, {Xs+aXs}, {(X4—X3+eXa}, 43)
{X1+eXa}, {X1+eXa},

where a € R, a # 0 and ¢ = £1. We obtain solutions of the equations by symmetry
reduction using the different subalgebras in the list (43).
8. For the subalgebra {X}, we obtain the explicit stationary solution

((p+ (K x +C)>p”+1
uyg = -9,

)4 (44)
VPri VPry
u; = B1(Kx +C) 1 + By(Kx + C) r+1 |
where
-1 1 —p)?
p\/_ n (I—-p) 44
P . P , (45)

and Bj, By, K and C are constants. This solution involves a combination of powers
of x and is unbounded.
9. For the subalgebra {X>}, we obtain the trivial linear (in #) solution
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ug = Cit + Cp, u; = Cst + Cy, (46)

where C1, C», C3 and Cy4 are constants. 10.
For the subalgebra {X4}, we obtain

uo = xPE(t) —q, w1 =x>G(), (47)

where 2
F= (EJ%@ — t0)> , (48)

and G satisfies the linear second-order ODE

G — fods® + 65 +2)(ey/folt — 10) 3G
+ 2h0ey/ fop(ds? 4+ 65 +2)(e/ fot —10) >3 = 0. (49)

The function F involves damping if p > 0. In the specific case where 1o = 0,7 =0
and either s = —2 ors = %, we obtain G = C1t3 + Czt’z, so the solution is

ug = x2° (8\/%(1 — to))_zp —q, up = x* (Clt3 + C2t72> . (50)

In the specific case where Ag = 0, fp = 0 and either s = 1 or s = —%, we obtain
G = C1t* + Cyt 73, so the solution is

1o = x2P (5\/%(1‘ - to))_zp g up =% (C1t4 n Czt_3) .6

These solutions involve combinations of powers of x and #, and each solution admits
a pole and is unbounded for large values of x.
11. For the subalgebra { X3 + a X4}, we get

up =t1*PFE) —q,  up =1*"71GE), (52)

(a+ 1%
it

and G = Rézs , where R is a constant. Here, the following conditions have to be
satisfied:

where the self-similar invariant has the form & = xt~%~!, with F = g2r

(1) a@+2)2p+1) =0

(53)
(2) —2aQas®+4s>+3as+6s+a+2)+4rp(1+3s+257) =0
Equation (52) leads to the following two solutions. In the case where a = —2 and
s = —%, we have the solution
(—1)?P <x)2p R (54)
un = — —dq, uy = —.
0 7\ q =7
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In the case where a = —2 and s = —1, we have the solution
(=1)2P /x\2p Rt
=" (;> —q. =5 (55)

Both solutions admit poles at r = 0 and at x = 0. Also, for large values of x, the
solutions become unbounded.
12. For the subalgebra {X4 — X3 + ¢X>3}, we get
— +—2p =251

with symmetry variable £ = x + ¢In¢. Here, F satisfies the ODE
1 1
(1= foFF) Fes = LF37 (R = ep + D+ 2pCp + DF =0, 67

which does not possess the Painlevé property. In the case where p = —%, we obtain
the implicitly-defined function

I (A 7 fo (A—¢eF ! A—¢F _ 58
—eln( _8)+E< 7 +sn( 7 >>—$—§o- (58)

The equation for G(£) in this case becomes

(1= foF %) Gee + (—4se = 3e + 4/ F *F: ) G
+ ((2s + 1)@ +2) + 2foF 3 Fee — 6f0F_4(Fg)2) G

— A0(2s +3)(2s + HF 2 (Fe)? [F + eFs |+ ho(2s + 3)F > 4 F [F + e F ]
+ 24025 + 3)F >4 F; [Fy + eFeg | — MoF 7 [Feg + eFegg | = 0. (59)

If we further suppose that Ay = 0 and fy = 0, we obtain the explicit solution

uy = &‘At_zp _St—Zp—le—axeaéo —q, up = Cleklxtakl—Zs—l +C2€A2xt8)”2_23_1,
(60)
Where des + 36+ 1 des + 3¢ — 1
ES & ES & —
1= —2 s 2= ) . (61)

In the case where p > 0, we obtain a damping solution.
13. For the subalgebra {X| + ¢ X5}, we have the travelling wave solution

uo =uo(§),  ur =uié), (62)

where & = x — ¢t is the symmetry variable. Here, u( satisfies
1 Jo 1
(1= oo + )7 Juoge = o + )7 o) (63)
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and u satisfies
(1 — fo(uo + q)%) Ulge — %(uo + q)%_luo,gul,s
- % [(uo + )7 o ee + (% - 1) (uo + q)fl’z(uo,s)z} 1
+8A0[ (1 :s — 1) <]% - 2) (uo —1—41)%73(%,;3)3

I+ Lis o Ls g
+3 T —1)wo+q) ? “uosuoes + Wmo+q) 7 upgge | =0. (64)

In the case where 1o = 0, we obtain the explicit solution

_ 1
~ (fo)?

uo -9, (65)

while 1 = u (&) is an arbitrary function of £. Since u1 () is arbitrary, we can choose,
for example, the Jacobi elliptic function

ui(t,x) =cn ((1 + cosh (arctan (c(x — sz‘))))_1 ,k) , 0< K< 1. (66)

It should be noted that if the modulus k of the elliptic function is such that 0 < k<1,
then it has one real and one purely imaginary period. If the argument of the cn function
is real, then —1 < u; < 1. This represents a travelling bump solution.

14. For the subalgebra {X| + ¢ X4}, we obtain

w=x’FE —q, w=x"GE), (67)
where the symmetry variable is £ = Inx — et and F satisfies the ODE

1 1_ 1 1
(1= foF?) Fee - %F FO)? = oF P (4p +3)Fe =2p@p+ D foF 77 =0,

(68)
which does not possess the Painlevé property, and G satisfies the coupled ODE

(1- foF%) Ges — <f0(4s _DF7 + %F%” (2pF + F§)> G
_ <2s(2s 0 fFT 4+ B p 0pF 4 R
P
Jfi

1_
+ ;OFP "[2p@p — F + (4p — 1) Fs + Fit]

1 1_
+ fo (_ _ 1) Fr2 [4p2F2 +4pFF: + (Fg)z] )G
P \p
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1 1 Ibs
+8A0|:< :S — 1) < ;S —2> F7 R (4p2F2+4pFFg: +(F§)2>

1+ Its o
+ 5 —1)F7? "F:(2pQ2p— DF 4+ (4p — D) F; + Fg)

+2 (1 ts — 1> F%72 (2pF+ FS) (Zng + Fgé)

p
Lbs g
+Fr (2p(2p—1)F5+(4p—1)F55—|—F§55):| =0. (69)
In the case where p = —% and 1o = 0, we obtain the explicit solution
45 + 65 +2
uo=xPfo—q, ui =Kox>* e, wherer = ﬁ (70)
4s 4+ 3

In the case where er < 0, this is a damping solution.

2.3 The case where f(ug) = fo(ug + q)_g and A(ug) = Ao(ug + q)‘g

We now consider the case where f(ug) = fo(uo + q)_% and A(ug) = ro(ug + q)_% R
where fo, Ao and g are constants. This corresponds to the special instance of the

previous case (in Sect. 2.2) in which p = —% ands = —%. For this case, Egs. (4) and
(5) become
_4 4 _1 2
uo,re — foluo +q) 3uoxx + gfo(uo +q) 3 (uox)” =0, (71)
and

_4 4 _7 8 _7
ut,e — folwo +q) 3utxx + gfo(uo +q) 3ugxur + gfo(uo + ) 3ug Ui x
28 10 5 28 10 5
- gfo(uo +q) 3 (uox)"ur — ?)»o(uo +q)” 3 (uo,x)uo,
4 _7 8 _7
+ gko(uo +g) " 3ug xxuo,; + g?»o(uo +q) " 3uUp x U0, xt
_4
—Xo(uo+q) 3ug xxr = 0. (72)

The Lie algebra of infinitesimal symmetries of Egs. (71) and (72) is spanned by the
five generators [10]

X1=0, Xo=0y, X3=10+x0x —u10y,,

3 3
X4 =x0y — 5(”0 +q)0yy — Eulaula X5 = x?8y — 3x(uo + q)duy — 3x11 3y,
(73)
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This Lie algebra is the direct sum
{X3 — X4, X1} ® {X4, X2, X5}, (74)

where {X4, X2, X5} is isomorphic to the three-dimensional algebra A3 g = su(l1, 1)
given in Table I of [11]. The classification of A3 g was found in [11] and, in this paper,
the Goursat method of twisted and non-twisted subalgebras is used to obtain the list
of conjugacy classes for the complete Lie symmetry algebra. The one-dimensional
subalgebras of the Lie algebra can be classified as follows:

{X3—X4},  {Xu}, (X2}, (X4}, {Xo—Xs},
(X3 — X4 +eXo}, {Xz+aXs), {X3—Xs+aXz— X5}, (75)
{Xi+eXo}, {Xi+eX4), {Xi+e(X2— X3,

wherea € R, a # 0and ¢ = £1. We obtain the following solutions through symmetry

reduction.
15. For the subalgebra {X3 — X4}, we obtain the power function solution

3 1
t\? 12
o <_> —q, w1 =, (76)
X

for the case where fi = 1 and Ag = 0. For small values of x, the function becomes
unbounded. A second solution, obtained by making the hypothesis F' = Cox?, is

[SI[%)

X )

—q, up =12 | Cix 2 + Cox 2 —
X

3/t % | 3+ /L:& _3_ /10 69
_ f4& 5 3
uy = fO (—) 2

1
280 f;
(77
which constitutes a combination of monomial power functions. For both large and
small values of x, the solution (77) becomes unbounded.
16. For the subalgebra {X4}, we get the solution

1 5 1

Cit2 Cat?lnt 3k t2 3k t2
W= — 4 2 2 Q=) - 22 g, (78)

X2 X2 32f01 X2 16f01 X2

where u is a center wave in the sense given in [7, p. 101] and u is singular in # when
t=0.
17. For the subalgebra {X;}, we obtain the linear trivial solution in ¢
ug=Cit+C,  up = Cst + Cy, (79)

where C1, C», C3 and Cy4 are constants.

@ Springer



522 A. M. Grundland, A. J. Hariton

18. For the subalgebra {X;}, we have the stationary solution #y = ug(x) and
u1 = ui(x) (i.e. ug and u; are functions of x only), where ug satisfies the equation

o)
u = —0 80
0,xx 3(uo + ) (80)
and u satisfies the equation
4 n 8 28 (toe)? &1
u = ————uUg xxU ——Uo Ul — —— (U uj.
1,xx 3(u0 + q) 0,xxU1 3(u0 + q) 0,xU1,x 9(u0 + C])2 0,x 1

For the specific case when ¢ = 0, the solution of Eq. (80) is expressed in terms of the
Gaussian quadrature

2.2
/e_?uoduo =k(x — x9), (82)

and Eq. (81) becomes the second-order ODE
4k 1
Ul xx = BRI T <2u1,x — —ke§“3u1> , (83)
3ug ug

where k is a constant.
19. For the subalgebra { X, — X5}, we get

wo=(1—x)3F(0) —q, w1 =(—x)"3G(0), (84)

where the functions F and G of ¢ satisty the equations
Fu=3foF 73 =0, (85)

and . A
G+ foF 3G+ MF 3F, =0. (86)

In the case where Ao = 0, looking for solutions of the type F = At%, G = Bt’, we
obtain the solution

wo = (1—x) 2@ f)¥*32 g, uy=(1—x>)"2Bi"/2, where B € R. (87)
This solution involves a separation of the variables x and ¢. The solution becomes

unbounded when x tends to 1.
20. For the subalgebra {X3 — X4 + ¢X»}, we get

w=11FE) —q. u =12GE), (88)

where the functions F' and G of the symmetry variable £ = x — ¢Int satisfy the
equations

_4 4 _1 2 3
(1- foF 3)F§g+§foF $(Fe)” = 2eF; + TF =0, (89)
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and

_4 8 1
(l—f()F 3)Ggg+§f0F 3F:Ge
(2R - B2 -6
3707 T g J0n T Ty
- 2 2, 28 3, 1 2
+AF 3 —gF(Fg) +?8(Fg)* +§F Fee — 4eFFeFeg + eF Feee | = 0.
(90)

Here, F(£) is the function which satisfies Abel’s equation of the second kind
m+2eF)n =1, 91)

where F and n obey the constraints
—4/3 3 2 9 2/3
n=n() = Fe (1 — foF ) —26F, and ¢ =SP4 o (92)

Solution (88) is given in the composed form (92) where G is determined by the ODE
(90).
21. For the subalgebra {X3 4+ a X4}, we obtain

_3a+2

w=1"3FE —q, w =1t GE), (93)

where F and G are functions of the self-similar symmetry variable & = xt~“~!. Here,
F satisfies the equation

4 4
(@+ 1% = foF %) Fee + 5 oF 5 (Fo)? 4+2(a + D2a + DE Fy

n 3a(3a +2)F _

2 0. (94)

In the case where Ay = 0 and either a = 0 or a = —2, the function

F=fia+n et 95)

is a solution with damping of Eq. (94). Substituting the function (95) and any arbitrary
function G (&) of the symmetry variable £ = xt~*~! into (93), we obtain a solution
of the system consisting of Egs. (71) and (72) of the form

3a+2

3 k 3 3
wo=flla+ ) ix" 1 —gq,  u =17 GE), (96)
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where G is an arbitrary function of £ = xt~% 1. Since G (&) is arbitrary, we can

choose
tan &

(3 +tan?§)?

G§) =

s

and we obtain the solution

T

( Vot >§ f#tan(xt_“_])
w=\—7—71=-1 —4 uy
(3 + tan? (xz—a—1))2

(a+ Dx -

o7)

(98)

This solution is finite everywhere except for t = 0. It represents a damping solution

with various factors of ¢.

22. For the subalgebra {X| + ¢X»}, we obtain the travelling wave solution

ug =uo), ur=ui),

where we have £ = x — et. Here, u( satisfies the equation
_4 4 _1 ’
(1 — foluo +q) 3) uo gz + gfo(uo +q) 3(upe)” =0,
and u satisfies

4 8 1
(1 — fo(uo + 6])_3) uige + gfo(uo +q) uoeu g

4 _7 28 _ 10 2
+ fo g(uo+q) 3uo,ss—3(uo+q) 3 (uo,e)” | u

28 _10 3
+Xo 38(uo+q) 3 (uo,¢)

_1 _4
—4e(ug +q) 3up,guoce +e(uo +q)" 3 Mo,sss)
=0.

Equation (100) can be solved implicitly through the quadrature

/ al =5 —¢
In (1= folwo +)77)

3
The quadrature (102) admits a discontinuity where ug = f; — g.
23. For the subalgebra {X| + ¢ X4}, we get

w=x"1FE) —q. 1w =x1GE),
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where we have the symmetry variable £ =t — elnx, x > 0. Here, F and G satisfy

the equations
_4 4 _1 , 3 _1
(1= foF 5) Fee + 3 F 5 (Fe)> = SRoF 5 =0,
and
_4 8 _1
<l—foF 3)G,§g+§f0F §FeGe
4 _1 28 _10 , 1 _4
+ gfoF 3Fss—3foF SE) T+ b6
) 28 10 3 7 4
tho| g F ke — G F 3 (F) +4F 3 FeFeg — F73Fge | =0,

respectively. Equation (104) can be solved implicitly through the quadrature

2(foF i -1)
/ dF =t —&, KeR
3\/(f0)2F—% + foFi+K

The quadrature (106) admits a discontinuity where

_ 7 7\ ?
F:( K+ VK 4(f0)> .

2 fo
24. For the subalgebra {X| 4 (X2 — X5)}, we have
2 _3 2 _3
up=x"—-1)"2F¢)—q, ur=&"-1D"2G¢),
where we have the symmetry variable
£E=cr + U (2!
=¢ —1In .
2 x+1

Here, F and G satisfy the equations

_4 4 1.5 _1
(1—f0F 3)F55+§f0F 3(F:§-) —3foF 3 =0,
and
_4 8 _1
(1= f0F %) Gee + S foF ~# FGe

4 1 28 _1o 5 _4
T (FF 3 — G b S (F)" + foF 3 ) G

(104)

(105)

(106)

(107)

(108)

(109)

(110)

4 28 10 3 _7 _4
+hoe( P73 Fe = TF 5 (Fe) +4F S FeFeg — F™3 Fege ) = 0. (1)
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Equation (110) can be solved implicitly through the quadrature

4

F73 -1

f f‘)i; ——dF=t—&, KeR (112)
3\/(f0)2F S+ foF3+K

The quadrature (112) admits a discontinuity where

3

_ 2 _ 3\ 2

Fo (ZKEVES 407 ) (113)
2 fo

25. For the subalgebra { X3 — X4 +a (X, — X5)}, we consider the case where a = %

We obtain the solution in factored form
wo=x—-DTF& —q, wm=&-D7x+D7'GE., (114)

where the rational symmetry variable is § = t(x — 1)(x + 1)~!. Here, F satisfies the
equation

(1 - 4f0§2F’%> Fee + 1?6fo§2F*%(Fg)2 — 8ok F3F; = 0. (115)

A particular solution is
E
F=21fig3, (116)
In the case where Ao = 0 and a = %, substituting the function (116) and any arbitrary
function G (&) of the symmetry variable £ = ¢(x — 1)(x + 1)~ into (114) yields a
solution of the system consisting of Egs. (71) and (72)

3
uo(t, x) =22 fl i (x — ) 2(x + 1)"2 — q. (117)

Since G () is arbitrary, we can choose

G(£) = Atanh (g:/go), (118)
and we obtain the solution
it = (2T Y
rE G- he+y) T

_ 1
ul(t,x):A(x—1)_2(x+1)_1tanh<t(x D+ 1) C), (119)

V2

where ¢ € R. This solution represents a kink with damping.
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3 Subalgebra classification and solutions for the integro-differential
case

The system (7) given by the equations

U — vy =0

vy — </~u f(s)ds + sk(u)vx) =0 (120)

is the potential system for Eq. (2) in the sense that its compatibility condition is given
by Eq. (2). Here, we have

u(t, x, &) = uo(t, x)+eui(t, x\)+O(>) and v(t,x, &) = vo(r, x)+evi(t, x)+O(?)

(121)
The approximate Lie algebra of infinitesimal symmetries of Eq. (120) is spanned by
the five generators [10]

Xl:als X2:a)ﬁ X3:avos X4=av1’

(122)
X5 =10; +x0y — w10y, — v10y,

For two specific cases of f(u¢p) and A(uq), we also have an additional generator Xe.
Specifically:
— For the case where f(ug) = foe'®/P and A(ug) = roe!!T9%0/P we have X¢ =
X0y +2p0y, 4+ v00yy 4 25u10,, + (25 + 1)v10y,
— For the case where f(ug) = fo(uo+ q)117 and A(ug) = Ao(ug + q)%_l, we have
Xo = x5 +2p(uo + q)duy + 2p + Dvoduy + 25118, + (25 + D1y,

For both cases, we obtain a classification of 63 conjugacy classes of one-dimensional
subalgebras, which we list in the Appendix.

3.1 The case where f(ug) = foe“o’P and A(ug) = Age'1t9)4o/P

Here, fo, Ao, p and s are constants. In this case, we have the additional symmetry
generator
X6 = x0y +2p0y, + vy, + 25u10,, + (25 + 1)v10y, (123)

Performing a symmetry reduction corresponding to the subalgebra {Xg}, we obtain
the solution

x2s+l

2s + 1

uo=F(@)+2plnx, wvy=xF, u=x>H(@), v = H, (124)

where
dF

[ —=—
4p2 foer + K

=t—1 (125)
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and H (¢) satisfies the linear ODE

F Mo(1 Ibs F
H,t+foep(—4s2—6s—2)H—Me 7 Fap? 4 foer + K@ps+2p) =0
p

(126)
In the case where Ay = 0 and K = 0, we obtain
F==2pIn (Voo = 1), (127)
and Eq. (126) becomes the ODE
)
Hy + fo (—4s2 — 65 — 2) [—2p In (w/fo(to — t)):l H=0, (128)
which is a Sturm-Liouville type equation. Therefore, we obtain the singular solution
2
wo(t, x) = —2pn (a/f()(to — t)) +2phnx,  vo(0) = pt,
0 —
251 (129)
2s
t,x) =x"H(), t,x) = H,
ui(t,x) =x"H(r) vi(t, x) it

where H satisfies (128).

3.2 The case where f(ug) = fo(up + q):lJ and A(ug) = Ao(ug + q)%‘1

Here, fo, Ao, p, g and s are constants. In this case, we have the additional symmetry
generator

Xe =x0y +2pug + q)0uy + 2p + Dvody, + 25110y, + (25 + D19y,  (130)

Performing a symmetry reduction corresponding to the subalgebra {Xg}, we obtain
the solution

2p+1 2541
2p X 2s X
ug=x"F(t)—gq, U():mFt, uy =x"H(t), Ul:2s+1 f
(131)
where
2 1
/\/ P —dF =1 —1 (132)
2fop4p? —2p+ F ™

and H (¢) satisfies the equation

1
Hy — fo <2s(2s —D4+2Q2p—-1)+8s+4p (— — 1)) FrH
P

—m[(l s 1) (ﬂ —2) @p?) + (ﬂ - 1) @p)2p— 1)
)4 )4 )4
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2 (% - 1) (4p>) + 2p)2p - 1>]Flf“ﬂ =0 (133)

In the specific case where p = %, s = —% and #9 = 0, we obtain the following explicit
solution in factored form:

uo(t,x) = x? | — 3 <l>_q vo (7 x)zﬂ £<l>
’ fo) \t ’ ’ 2+ 1\ o \i2)°

3
V2 2 hox 212
ur(t, x) = Cpt""x® 4 Cor"2x® 4 222077 (134)
2(fo —2)
3

2s5+1 2 j)\.l‘

v1(t, x) = * Cﬂ']l‘rli] + C27‘2tr27] + —\/_fo 0

25 + 1 2(fo—2)

where r| = % (1 + /14 }—5’) andr, = % (1 -1+ ;—2) The solution (134) admits

a discontinuity in vy for small values of ¢ since r, — 1 < 0.

4 Concluding remarks

In this paper, the approximate symmetry analysis of a nonlinear wave equation with
small dissipation has been performed. Based on the Lie symmetry approach, we deter-
mined subalgebras of dimension one and reduced the perturbed system of PDEs to
systems of ODEs. These ODEs could often be explicitly integrated in terms of known
functions or at least their singularity structure could be investigated using well-known
methods. In particular, for ODEs of second and third order, it is possible to determine
whether they are of the Painlevé type (i.e. whether all of their critical points are fixed
and independent of the initial data). This approach has achieved a systematic classifi-
cation of equations and invariant solutions from the group-theoretical point of view.
Solutions obtained included elementary solutions (constant and algebraic solutions
involving one or two simple poles), combinations of monomial powers of x and ¢,
solutions admitting damping and going to zero for large values of ¢, trigonometric and
hyperbolic functions, doubly periodic solutions which can be expressed in terms of
Jacobi elliptic functions, singular periodic solutions and solutions given by quadra-
tures. In some cases, singular solutions represent static structures with quantities which
define the given power in terms of the symmetry variable. Some of these singularities
develop from a point into a line. A natural question that may be asked is what physical
insight is obtained from such exact analytic particular solutions. A partial answer is
that they allow us to observe qualitative behavior that may be difficult to detect numer-
ically, especially in the case of doubly periodic solutions. Stable solutions could be
observed and may provide a starting point for perturbative calculations. This analysis
can be applied to more general hydrodynamic systems admitting dissipation terms
like viscosity and could lead to some new understanding of the problem of solving the
Navier—Stokes system through the use of approximate symmetries.

@ Springer



530 A. M. Grundland, A. J. Hariton

Acknowledgements AMG’s work was supported by a research grant from NSERC of Canada. AJTH wishes
to thank the Mathematical Physics Laboratory of the Centre de Recherches Mathématiques, Université de
Montréal, for the opportunity to participate in this research.

Compliance with ethical standards
Conflicts of interest The authors declare that they have no conflict of interest.

Appendix: subalgebra classification for the integro-differential case

The Lie symmetry subalgebra for the integro-differential case given in Sect. 3 can be
written as the semi-direct sum

L =1{Xs5,Xe} D {X1, X2, X3, X4} (135)

The algebra {X5, X¢} is Abelian and its subalgebra classification is given by

{0},  {Xs},  {Xe¢}, {Xs+aXe}a#0), {Xs,Xe} (136)

Using the method of splitting and non-splitting subalgebras as given in [12], we clas-
sify the one-dimensional subalgebras of the semi-direct sum (135). A basis element
for each one-dimensional invariant subalgebra of £ is transformed by the Baker-
Campbell-Hausdorff formula in order to determine which other invariant subalgebras
it is conjugate to. For instance, if we consider the subalgebra X = {X} and take an
arbitrary element of the group generated by L, e¥, where Y is the generator

Y=aX1+BXo+yX3+6Xa+¢Xs+1nXe (137)
we obtain
CZ
eYX1e—Y=X1—§X1+7—...=g—4“x1 (138)

so the subalgebra {X} is conjugate only to itself. Applying this procedure to the
other one-dimensional invariant subalgebras of £, we obtain the following list of 63
one-dimensional subalgebras.

The following list constitutes the classification of the one-dimensional subalgebras
of the symmetry Lie algebra for both cases of Eq. (120) (where the symbol X¢ rep-
resents the symmetry generator (123) or the symmetry generator (130) respectively)
into conjugacy classes.
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Li={X1}, Lr={X2}, L3={X1+eXa}, La=(X3}, L5={X3+eX1},
Lo ={X3+eXa}, L7={X3s+eX1+aXa}, Lg={X4},Lo={Xs+eX1},
Lio={Xs+eXo}, L ={Xs+eXi1+aXs}, Lin={Xs+eX3},
L3 ={X4+eX3+aX1}, Lia={X4+eX3+aXo},
Lis ={X4+eX3+aX| +bXs},
Lis={Xs}, Li1={Xs+eX1}, Lig={Xs5+eX2}, Lio={Xs5+¢eX|+aXo},
Lo0={Xs+¢eX3}, Lo ={Xs+eXs+aX1}, Ln={Xs5+eX3+aXa},
Loz ={X5+eX3+aX+bXa}, Loa={Xs+eXa}, Lo5s={Xs5+eXs+aXy},
Lo = {X5+eXq+aXs}, Ly ={Xs5s+eXs+aX|+bX>},
Log = {Xs5+ X4 +aXz},
Lrg={X5+eXy+aX3+bX1}, L30=1{Xs5+eX4+aX3+bXs},
L31={Xs+eXa+aXs+bXo+cXi1}, L ={Xe}, L33 ={Xe6+ X1},
L3s ={Xe+eXa}, L35 ={Xe¢+eXi+aXa}, L36={Xe+eX3},
L37 ={Xe+eX3+aX1}, L3z={Xe+eX3+aXs},
L39 = {Xe + X3 +aXi + bXa},
Lao ={Xe+eXa}, La1 ={(Xe¢+eXs+aX1}, La={Xe+eXs+aXa)},
Li3 ={X¢+eXg+aXi +bXy}, Lags={Xe¢+eXs+aXs),
Lys ={Xe+eXs+aX3+bX1}, Las={Xe+eXs+aX3+bX>},
L7 ={Xe+eXq +aX3+bX| +cXa}, Lug={Xs5+aXe),
La9 = {Xs5+aXe+ X1},
Lso ={Xs+aXe+eXa}, Ls1={Xs+aXe+eX|+bXs},
Lso = {Xs5+aXe + X3},
Ls3 ={Xs+aXe+eX3+bX1}, Lsa={Xs5+aXe+eX3+bXo},
Lss ={Xs+aXe+eXs+bX| +cXa)l, Ls¢={Xs5+aXe+eXyq),
Ls7 ={Xs+aXe+eX4+bX1}, Lsg={Xs5+aXe+eXs+DbXs},
Lso = (X5 +aXe+eXa+bX1 +cXa}, Loo={X5+aXe+eXa+bX3},
L1 ={Xs+aXe+eXs+bX3s+cX1), Lo ={Xs5s+aXe¢+eXs+bX35+cXs},
Le3 = {Xs+aXe+eXs+bX3+cX| +dXo},

The subalgebra structure of the integro-differential case is far more extensive than that
of the three cases analyzed in Sect. 2.
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