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Abstract

In this paper, we use the gate condition on two multivalued k-demicontractive map-
pings to approximate a common solution of a finite family of monotone inclusion
problem and fixed point problem in CAT(0) space. Furthermore, we propose a Halpern-
type proximal point algorithm and prove its strong convergence to a common solution
of a finite family of monotone inclusion problems and fixed point problem for two
multivalued k-demicontractive mappings in a complete CAT(0) space. We also applied
our result to the problem of finding a common solution of a finite family of minimiza-
tion problem and fixed point problem in CAT(0) space. Finally, numerical experiments
of our result are presented to further show its applicability.
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1 Introduction

Let (X, d) be a metric space, x, y € X and I = [0, d(x, y)] be an interval. A curve ¢
(or simply a geodesic path) joining x to y is anisometry ¢ : I — X suchthatc(0) = x,
c(d(x,y)) =yandd(c(t),c(t)) = |t — /| forall £, ¢ € I. The image of a geodesic
path is called the geodesic segment, which is denoted by [x, y] whenever it is unique.
We say that a metric space X is a geodesic space if for every pair of points x, y € X,
there is a minimal geodesic from x to y. A geodesic triangle A(x1, x2, x3) in a geodesic
metric space (X, d) consists of three vertices (points in X) with unparameterized
geodesic segment between each pair of vertices. For any geodesic triangle, there is
comparison (Alexandrov) triangle A C R? such that d(x;, x ) = dgpa(x;, x;j) for
i, je{l,2,3}. Ageodesic space X is a CAT(0) space if the distance between arbitrary
pair of points on a geodesic triangle A does not exceed the distance between its pair
corresponding points on its comparison triangle A. If A is a geodesic triangle and A
is its comparison triangle in X, then A is said to satisfy the CAT(0) inequality for all
points x, y of A and x, y of A, if

d(x,y) = dg2 (3, ). (1.1)

Let x, y, z be points in X and yg be the midpoint of the segment [y, z], then the
CAT(0) inequality implies

1 1 1
d*(x, yo) < §d2(x, y) + §d2<x, )= 740, 0, (1.2)

Inequality (1.2) is known as CN inequality of Bruhat and Titus [9]. A geodesic space
X is said to be a CAT(0) space if all geodesic triangles satisfy the CN inequality.
Equivalently, X is called a CAT(0) space if and only if it satisfies the CN inequality.
Examples of CAT(0) spaces includes Hadamard manifold, R-trees [27], pre-Hilbert
space [7], hyperbolic metric [42], Euclidean building [8] and Hilbert ball [19].

Let X be a CAT(0) space and D be a nonempty closed and convex subset of X.
Suppose C B(X) is the family of nonempty closed and bounded subset of X, then the
Hausdorff metric H on C B(X) is defined by

H(A, B) = max{sup d(a, B), sup d(b, A)}, VA, B € CB(X),
acA beB

where dist(a, B) = inf{d(a, b) : b € B}.
Suppose for each x € X, there exists u € D such that

d(x,u) =dist(x, D) =inf{d(x,y) : y € D},

then D is called proximal.

Let T : D — CB(X) be a multivalued mapping. A point x € D is called a fixed
pointof T if x € T'x, and an endpoint of 7" if x is a fixed point of 7 and Tx = {x}. The
set of all fixed points and endpoints of T are denoted by F(T) and E(T') respectively.
A multivalued mapping 7 : X — 2% is called
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(1) L-Lipschitz, if there exists L > 0 such that
H(Tx,Ty) < Ld(x,y), Vx,y € X,

if L = 1, then T is called nonexpansive,
(2) quasi nonexpansive, if F(T) # ) and

H(Tx,p)<dx,p)VxeXand p € F(T),
(3) k-demicontractive, if F(T) # ¢ and there exists k € [0, 1) such that
H*(Tx, p) <d*(x,p) + kd*(x,Tx)Vx,y € X, and p € F(T).

Clearly, nonexpansive multivalued mappings with nonempty fixed point sets are quasi
nonexpansive multivalued mappings. However, quasi nonexpansive multivalued map-
pings are k-demicontractive multivalued mappings. The following example shows that
the converse of this statement is not always true.

Example 1.1 Let X = R be the set of real numbers with the usual metric. Let 7} :
X — 2%, where j € N be defined by

[y, —(j + Dx], if x <0,
Tjx = —(5j+1)
[—(j+1)x,+x] if x > 0.
Clearly, F(T) = {0}. H(T;x, Tj0) = | — (j + 1)x — 0> = (j + 1)?|x — 0|. Hence,

T; is L-Lipschitzian with L = (j + 1)?, for j € Nand T} is not quasi nonexpansive.
Also,

5/+1) |2
d(x, Tj)c)2 = ‘x + %x’

_|6i+6) P
=75

(252 +60j +36)\
= ( = I

and

H*(Tjx, Tj0)* = (j + 1)*|x — O
= |x =0 + (j2 +2j)lx — 0

(25(j% +2))

= x -0+ — =
W =0 S5 60 + 36

d*(x, Tjx).

il . . . (5% 42)) .
Hence, T is k-demicontractive with k = 357460 136 € (0, 1) for j € N.
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16 K.O. Aremu et al.

The application of fixed point theorems of multivalued mappings in CAT(0) spaces
are well known in differential equations, convex optimization, control theory, graph
theory, computer science, biology and economics (see [4,6,17,27,27,47]). In 2012,
Samanmit and Panyanak [46] introduced the gate condition on a multivalued mapping
in R—trees (which is weaker than endpoint condition) as follows: Let x ¢ D, a unique
point y, is called the gate of x in D if

d(x,z) =d(x, yx) +d(yx, 2),

where z € D. A point u is called a key of T if for each x € F(T), x is a gate of
uin Tx. E(T) C F(T) and T satisfies the endpoint condition if E(T) = F(T).
Also, T is said to satisfy the gate condition if 7 has a key in D. They proved strong
convergence theorem of a modified Ishikawa iteration for quasi nonexpansive mul-
tivalued mappings satisfying the gate condition. Phuengrattana [39] also introduced
k-strictly pseudononspreading multivalued mappings in R-trees as follows: Let D be
a nonempty subset of a complete R-tree X. A multivalued mapping 7 : D — CB(D)
is called k-strictly pseudononspreading, if there exists k € [0, 1) such that

Q—kHTx,Ty)> <kd(x,y)> + (1 —k)dist(y, Tx)> + (1 — k) dist(x, Ty)>
+ kdist(x, Tx)* +k dist(y, Ty)>. (1.3)

If T is k-strictly pseudonospreading and has a fixed point p € F(T), then (1.3)
becomes

H(Tx,Tp)* <d(x, p)* + k dist(x, Tx)>.

He also proposed a new two-step Mann-type iterative algorithm to approximate com-
mon fixed point of two k-strictly pseudononspreading mappings and established strong
convergence result using the gate condition. We remark here that approximation of
fixed points of multivalued mappings with respect to Hausdorff metric in CAT(0)
spaces were mostly obtained with the endpoint conditions which are known to be
stronger than the gate conditions (see for example, [11,31,40,45,49,51,52]).

On the other hand, monotone operator theory remains one of the most important
aspects of nonlinear and convex analysis. It plays an essential role in showing existence
of solutions in optimization, variational inequalities, semigroup theory, partial differ-
ential equations and evolution equation (see [18,29,55] and other references therein).
Finding the solutions of the following nonlinear stationary problem

x € D(A) such that 0 € A(x), (1.4)

where A is a monotone operator (to be defined in Sect. 2), remains a problem of interest
in monotone operator theory since many mathematical problems can be modeled as
problem (1.4). The problem (1.4) is called Monotone Inclusion Problem (MIP) and
its solution set is closed and convex [26] which we denote by A~1(0). The MIP can
be applied to solve some well known problems like the minimization problem, equi-
librium problem, variational inequality problem, convex feasibility problems, among
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others (see [13,41]). These problems are better studied with the concept of mono-
tonicity through the subdifferential which is also a monotone operator (see [12]). For
example, the proper convex and lower semicontinuous functional for a minimiza-
tion problem can be characterized by monotonicity of its subdifferential (see [37,44]).
Therefore, the problem of existence and approximation of zeros of monotone operators
is of great importance in mathematics. Several iterative methods have been developed
to solve MIP and other related optimization problems. The Proximal Point Algorithm
(PPA) is one of the most used method for finding solutions of MIP. It was first studied
in Hilbert space by Martinet [35] and was later developed by Rockafellar [43] who
proved that the PPA converges weakly to a zero of a monotone operator. As a result,
several authors have modified the PPA to obtain strong convergence results in Banach
and Hilbert spaces (see for example, [1,2,10,22-24,36,38,48,50,53,54]).

In 2016, Khatibzadeh and Ranjbar [26] generalized and studied the monotone opera-
tors, their resolvents and the PPA in the framework of CAT(0) spaces. They established
some fundamental properties of the resolvent and studied the following PPA to approx-
imate the solutions of (1.4) in CAT(0) spaces:

[%xnxn—l] € A(xy)
(1.5)
x0 € X.

They proved that (1.5) A-converges to a zero of the monotone operator A in a com-
plete CAT(0) space. This development led Heydari et.al. [20] to employ the PPA in
approximating a common zero of a finite family of monotone operators in a complete
CAT(0) space. In the same vein, Ranjbar and Khatibzadeh [41] established strong and
A-convergence results using the Mann-type and Halpern-type PPAs respectively in
complete CAT(0) spaces under some mild conditions. Other authors have also studied
the PPA in CAT(0) spaces (see [13,21,30]).

Motivated by the works of Samanmit and Panyanak [46], Khatibzadeh and Ranjbar
[26], we use the gate condition on two multivalued k-demicontractive mappings to
approximate a common solution of finite family of MIPs and fixed point problem in
CAT(0) spaces. Furthermore, we propose and study a Halpern-type PPA, and prove
its strong convergence to a common solution of a finite family of monotone inclusion
problem and fixed point problems for two multivalued k-demicontractive mappings
in a complete CAT(0) space. We also applied our result to the problem of finding a
common solution of a finite family of minimization problem and fixed point problem
in CAT(0) space. Finally, numerical experiments of our results are presented to further
show its applicability.

The rest of the paper is organized as follows: Sect. 2 is devoted to some preliminaries
and lemmas that are important to our result. In Sect. 3, we give the main theorem and
some consequences of the main theorem. Lastly, in Sect. 4, we give the application of
the main theorem and also present numerical illustrations of our main theorem.
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18 K.O. Aremu et al.

2 Preliminaries

In this section, we state some known and useful results which will be needed in the
proof of our main theorem. In the sequel, we denote strong and A-convergence by
“—” and “—” respectively. We begin with the following definitions.

Definition 2.1 [5] Let X be a CAT(0) space and (a, b) € X x X be denoted by 671)7 and
called a vector in X x X. A quasilinearization map (.,.) : (X x X) x (X x X) - R
is defined by

A 1 5 2 2 2
(ab, c )=§(d (a,d) +d(b,c) —d“(a,c) —d”(b,d)), Va,b,c,deX.
2.1
. - — — — — — - - - —
It is easy to see that (ba, cd) = —(ab, cd), (ab, cd) = (ae, cd) + (eb, cd) and

- — — —
(ab, cd) = (cd, ab) foralla, b,c,d, e € X.
Recall that a geodesic space X is said to satisfy the Cauchy-Schwarz inequality if

- —

(ab, cd) < d(a, b)d(c,d)

forall a, b, c,d € X. Moreover, a geodesically connected space X is a CAT(0) space
if and only if it satisfies the Cauchy-Schwarz inequality (see [16]).

Definition 2.2 (See [25]) Let (X, d) be acomplete CAT(0) spaceand ® : Rx X x X —
C (X, R) be defined by

O, a,b)(x) = t(;l)),a_)x) VteR, a,b,xeX, (2.2)
where C (X, R) is the space of all continuous real-valued functions on X. Let the
pseudometric space (R x X x X, D) be a subspace of the pseudometric space

(Lip(X,R), L) of all real-valued Lipschitz functions. Note that D defines an equiva-
lence relation on (R x X x X), where the equivalence class of (¢, a, ) is

[tab] = {scd : t(ab, X3) = s(cd, )V x, y € X} 2.3)

Then the set X* = {[ta_l;] 2 (t,a,b) € R x X x X} is called a metric space with the
metric D, and the pair (X*, D) is called the dual space of X.

Definition 2.3 Let X be a complete CAT(0) space and X ™ be its dual space. A multi-

valued operator A : X — 2X" with domain D(A) = {x € X : Ax # (} is monotone,
if for all x, y € D(A) with x # y, we have

(x* —y*,3X) 20, V x*eAx, y* € Ay. 2.4)
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Approximation of common solution of finite... 19

The graph of a monotone operator A : X — 2% " is the set
Gr(A) ={(x,x") e X x X*: x* € A(x)}.

A monotone operator A is called a maximal monotone operator if the graph Gr(A) is
not properly contained in the graph of any other monotone operator. It is easy to see
that a monotone operator is maximal if and only if for each (x, x*) € X x X*,

Y —x*X3) >0 V(y,y") € G(A) = x* € A(x). (2.5)

Definition 2.4 (See [26]) Let X be a complete CAT(0) space and X * be its dual space.
The resolvent of a monotone operator A of order A > 0 is the multivalued mapping
J)f‘ : X — 2% defined by

JAx) ={zeX: [%a’] € Az). (2.6)

The multivalued operator A is said to satisfy the range condition if ID)(Jf) = X, for
every A > 0. For examples of monotone operators and their resolvents in complete
CAT(0) spaces, see [13, Section 2 and Section 4]).

Definition 2.5 (See [26]) Let X be a complete CAT(0) space and X* be its dual space.
The Yosida approximation of A is the multivalued mapping A, : X — 2X" defined
by

1
Ap(x) == {[X)Tz)c] ty e Il 2.7)

The following result is due to [26] and it gives the connection between monotone
operators, their resolvents and Yosida approximations, in the framework of CAT(0)
spaces.

Theorem 2.6 Let X be a CAT(0) space and J)‘:‘ be the resolvent of the operator A of
order ). Then

(i) forany s > 0, R(J) C D(A) and F(J*) = A=1(0), where R(J;*) is the range
ofJA,

(i1) IfJ)?l is single-valued then A, is singlevalued, and A, (x) C A(J)f‘ (x)), Vxe
X7

(iii) if A is monotone, then J)f‘ is single-valued and firmly nonexpansive.

Definition 2.7 Let D be a nonempty closed and convex subset of a CAT(0) space X.
The metric projection is a mapping Pp : X — D which assigns to each x € X, the
unique point Ppx € D such that

d(x, Ppx) =inf{d(x,y) : y € D}.
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20 K.O. Aremu et al.

Recall that a mapping T : D — X is firmly nonexpansive (see [26]), if
d*(Tx, Ty) < (TxTy,33) Va.yeX.

Lemma 2.8 [14,16] Let X be a CAT(0) space. Then for all x,y,z € X and all t €
[0, 1], we have

(D) ditx® (1 —1)y,2) <td(x,2) + (1 = 0)d(y, 2),

2) d(tx ® (1 =0y, 2) <td*(x,2) + (1 = 0d>(y,2) —1(1 = )d>(x, y),

3) d*(z, tx ® (1 — 1)y) < 2d?(z,x) + (1 — )2d*(z, y) + 2t(1 — 1)(Z%, ).
Lemma 2.9 [34] Let X be a complete CAT(0) space with a convex metric and V., W
be bounded gated subsets of X. Then,

d(Py(u), Py (u)) < H(V, W),

forany u € X, where Py (u), Pw(u) are respectively the unique nearest points to u
inVv, W.

Lemma 2.10 [32] Every bounded sequence in a complete CAT(0) space has a A-
convergent subsequence.

Lemma 2.11 [25] Let X be a complete CAT(0) space, {x, } be a bounded sequence in X

and x € X. Then {x,} A-converges to x if and only if lim sup(m, )TJ)C) <0VyelX.
n—oo

Lemma 2.12 [14] Let D be a nonempty convex subset of a CAT(0) space X, x € X
andu € D. Then u = Ppx if and only if(u_))c, )71)4) <O0forally € D

Lemma 2.13 [15] Let X be a complete CAT(0) space and T : X — X be a nonex-
pansive mapping. Then T is A-demiclosed.

Lemma 2.14 [56] Let {a,} be a sequence of non-negative real numbers satisfying
ant1 < (I —ap)ay +apdy + vp, n >0,

where {a,}, {8,} and {y,} satisfy the following conditions:
(i) {en} C [0, 1], 2020, = 00,

(i) lim sup,, _, o 8n < 0,

(iii) yn = 0(n > 0), T2 qyn < 0.

Then lim,_ o a, = 0.

Lemma 2.15 [33] Let {a,} be a sequence of real numbers such that there exists a
subsequence {n} of {n} with an; < an;+1Vj € N. Then there exists a nondecreasing
sequence {my} C N such that my — oo and the following properties are satisfied by
all (sufficiently large) numbers k € N:

Amy < Amy+1 and ag < apy11.

In fact, mpy = max{i <k :a; < aj4+1}.
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3 Main results

Lemma3.1 Let X be a complete CAT(0) space and X* be its dual space. Let
A1, As, ... A o X — 2% be multivalued monotone operators satisfying the range
condition and S, T : D — CB(X) be two L-Lipschitzian demicontractive mappings
with coefficients Ay and ,y respectively and ). = max{Ai, A2}. Suppose S and T
satisfy the gate condition hy, hy are the keys of S and T respectively. Assume that
I = FSNFT)N ﬂle A;I(O) # O and for arbitrary points u, x1 € X, the
sequence {x,} is generated iteratively by

U, = lfnk o J,fnk" 60---0 Jlfn‘ (apu @ (1 — ay)xy),
Yn = Buity & (1 — By, 3.1

X1 =Sy @ (1 = 8p)zn, n =1,

where v, is a gate of h1 € Su,,, z, is a gate of hy € Typ, {a,}, {By} and {6,} are
sequences in [0, 1] satisfying the following condition:

(CH) 0<Bn,dn=1—2.
Then, {x,} is bounded.

Proof Let p € I',then0 € A;x fori € {1,2,...,k}. Putw, = ayu® (1 —a,)x, and
let

wh=Jhwim for iefl,2,... k),

where \If,? = wy,, for all n € N. Then \D,’j = uy, for all n > 1. we obtain from (2.6)
that

1 —T .
[—\If;lw,g* ] € A; (W), for ie{l,2.... k).
I’Ln

Thus, by the monotonicity of A;, fori € {1, 2, ..., k}, we have
1 —— —
0< <[—\IJ,’1\IJ,’Z_1] —0, p\y,’,>.
Mn
This implies by quasilinearization that
0<d’(W, ', p)—d* (W), p) —d* (¥}, ¥, 1). (3.2)

By summing up the inequality in (3.2), from i = 1 to k, we get
k
0<d* (W), p) —d* (k. p)— > d* (W), wih). (33)
i=1
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22 K.O. Aremu et al.

Hence, we obtain from Lemma 2.8 that

d*(uy, p) < d*(wy, p)
= d*(au & (1 — ay)xn, p)
< a,d®(u, p) + (1 — a,)d*(xy, p). (3.4)

Since S is Aj-demicontractive, we have from Lemma 2.9 and (3.1) that

d*(yn, p) = d*((1 = Bty ® Buvn, p)
< (1= B)d*(un, p) + Bud*(Wn, p) — Bu(1 — Bn)d*(un, vy)
< (1 = B)d*(un, p) + Pud®(Psu, (h1), Psp(h1)) — Bu(1 — Bu)d*(un, vn)
< (1= B)d*(un, p) + B H*(Sun, Sp) — Bu(1 — B)d* (un, vy)
< (1 = Bu)d* (un, p) + Bu(d* (un, p) + Madist* (up, Suy))
— Bu(1 = Bu)d* (. vp)
= d*(up, p) — Bu(1 = Bu — A1)d* (un, vp). (3.5)

Thus,

d* (g1, p) = d>((1 = 8,)¥n ® 8uzn, P)
< (1= 8)d*(yn. p) + 82d*(zn, P) — 80 (1 — 8,)d* (Y, 2n)
< (1 = 8)d*(yn, p) + 82d*(Pry, (h2), Pry(h2))
—8n(1 = 8,)d* (Y, 7n)
< (1= 8)d*(yn. p) + 84 H*(Tyy, Tp) — 8,(1 — 8,)d* (V. 2n)
< (1= 8)d*(yn. p) + 8(d*(yn. p) + Aadist* (yu, Tyn))
— 8, (1 = 8,)d*(Vu, z)
=d*(yn, p) — 8n(1 — 8 — 22)d* (Yn, 7n)
< d*(un, p) — Bu(1 — By — 2)d* (. vy)
— 8, (1 = 8, — A2)d> (Y, zn)- (3.6)

Thus, we have

d*(xui1, p) < d*(un, p)
< apd®*(u, p) + (1 — ay)d*(xn, p)

< max [dz(u, p),d*(x,, P)}

< max [dz(u,p),dz(xl,p)]. (3.7)

This implies that {d?(x,, p)} is bounded and hence {x,} is bounded. Consequently,
{un}, {yn}, {vs} and {z,,} are bounded. 0
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Approximation of common solution of finite... 23

Theorem 3.2 Let X be a complete CAT(0) space and X* be its dual. Let Ay, Ay, ...,
A+ X — 2% be multivalued monotone operators satisfying the range condition
and S, T : D — CB(X) be two L-Lipschitzian demicontractive mappings with
coefficients A1 and Ly respectively and . = max{A1, Az}. Suppose S and T satisfy
the gate condition hy, hy are the keys of S and T respectively. Assume that I' :=
FS)NFT)N ﬂle Al._l(O) = () and for arbitrary points u, x| € X, the sequence
{x,} is generated iteratively by (3.1) where v, is a gate of hy € Suy, z, is a gate
of hy € Tyy, {an}, {Bn} and {8,} are sequences in [0, 1] satisfying the following
conditions:

(C1) 0<Bp,dp = 1—2,
(C2) liminf, s s, > 0,
(C3) limy— o0y = 0and y ;2 oty = +00.

Then, {x,} converges strongly to p = Pru, where Pr is the metric projection of X
onto I'.

Proof Let p = Pru, then from (3.6) and Lemma 2.8, we have

d* (g1, p) < d*(n, p) — Bu(1 = By — A1)d> (i, va) — 80 (1 = 84 — 22)d* (Y. 2n)
< d*(anu @ (1 — at)xp, p) — Bu(1 = By — A1)d* (un, V)
—8u(1 = 8, — 22)d*(yn, 2n)
< ayd*(u, p) + (1 — a)d* (xp. p) + 2000 (1 — ) (P, X p)
— Bu(1 = B — A1)d* (uy, vn)
— 8, (1 = 8, — 22)d* (Y, Zn). (3.8)

We now divide the rest of the proof into two cases.

Case I: Assume that {d?(x,, p)} is monotonically decreasing. Then {d?(x,, p)} con-
verges and

d*(xn, p) —d*(xni1, p) > 0 as n— oo.
Therefore from (3.8), we obtain that

Bu(l — By — ADd? (i, vy) + 8, (1 — 8,
— 32)d*(¥n, 70) < @ (d*(u, p) — d*(xn, P)) + d*(xn, p) — d*(Xns1, P)
+ 20, (1 — o) (p, Xnp) — 0 as n — oo.

From0 <a < B, §, <b <1 — A, we have

lim d?(uy,vy) =0 and  lim d*(yn, zn) = 0. (3.9)
n—o00 n—0oo

Hence
dist(uy,, Su,) <d(u,,z,) = 0, as n— oo. (3.10)
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24 K. O. Aremu et al.

Observe that
A, up) < Bud(up, uy) + (1 — B)d(y,, uy) — 0, as n— oo. (3.11)
Since T is L-Lipschitzian, then

dist(uy, Tuy) < dist(u,, Ty,) + H(Tyy,, Tuy)
< d(un, zn) + Ld(yn, u,)
< d(un, yn) +d(yn, zn) + Ld(yn, un)
= (1 + L)d(un, yu) +d(yn, zn)-

Therefore, from (3.9) and (3.11), we have

lim dist(u,, Tu,) = 0. (3.12)
n—o0o

From (3.3) and (3.6), we obtain

k
Y &P, i) < dAw), x) — dX (W, p)
i=1

= d*(wy, x) — d*(u, p)
< ayd*(u, p) + (1 — ay)d*(xn, p) — d*(xnt1, p) — 0,
as n — oQ.

Therefore
nli)n;od(\llfl, wi-hy=0, iefl,2,---,k}. (3.13)
By using the triangle inequality of d, we obtain
nIEIOIO d(un, wy) =0. (3.14)
Note that
d(wy, x,) < apd(u, x,) + (1 —ap)d(x,, x,) = 0, as n— oo,
then
d(uy, x,) < d(u,, w,) +dwy, x,) > 0, as n — oo. (3.15)
Also
d(zp, xp) < d(zn, yn) +d(Yn, un) +d(up, x,) > 0, as n— o0
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and
d(Xpt1,2n) = (1 = 8,)d(Yn, 2n) + 80d (2, 20) — 0, as n — oo.
Thus
d(Xp+1, Xp) < dXp41,2n) +d(zn, xn) = 0, as n — oo. (3.16)

Since {x,} is bounded, there exists a subsequence {x,;} of {x,} such that x,, —~g. By
(2.7), the Yosida approximation of A; foreachi € {1, 2, ..., k}, we have

=
Ai Wil = [M—\y,‘l\p,’, |
n

Since lim inf u, > 0, we obtain from (3.13) that lim A; ,, lIJ,"f1 =0.
n—0o0 n—0oo

Let (a1, a2) € G(A;) foreachi € {1,2,...,k}, by the maximal monotonicity of
A;, we have
, —
(a2 — A 1, VT Wiag) > 0. (3.17)

Replacing n by n; in (3.17) and taking the limit as j — oo, we obtain that
(a2, qa1) = 0.

Hence, by maximal monotonicity of A;, we obtain that g € AFI(O) for each i €
{1,2,...,k}. Therefore, g € Ni_, A;1(0).

Furthermore, since d(up;, x,;) — 0 asn — oo and S, T' are demiclosed at zero,
it follows from (3.10) and (3.12) that ¢ € F(S) and g € F(T) respectively. Hence,
g e F(SNFT)NAOX, A70).

Next, we show that lim supnﬁoo(u_))c, m) < 0. Choose a subsequence {x,, } of
{x,,} such that

lim sup(up, X, p) = Hm (Up, Xn, p).-
n—00 k— 00

Since x,,—g, it follows from Lemma 2.12 that

lim sup(up, X, p) = lim {(up, X, p)
n— 00 J—)OO

(up, qp) <O. (3.18)

We now show that {x,} converges to p. From (3.8), we obtain
d*(ni1, p) < (1= a)d* (5, p) + 0 (21 — ) (P, Xy p) +d*(u, p)). (3.19)
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Using Lemma 2.12 in (3.19) and from (3.18), we conclude that d(x,,x) — 0 as
n — oo. Therefore, {x,} converges strongly to p = Pru.

Case II: Suppose there exists a subsequence {n;} of {n} such that dz(xnj, p) <
(d?(x, j+1, p) foralli € N. Then, by Lemma 2.15, there exists a subsequence {my} C
N such that my — 00, d?(xp,, p) < d*(Xm+1, p), for all k € N. Following similar
process as in Case I, we obtain

Lim d(up,, Sum,) = im d(uy,, Tuy,) = im d(xp,41, Xn,) =0,
k— o0 k— 00 k— 00
and

lim sup(ip, X, p) < 0. (3.20)

k— 00

From (3.7) and Lemma 2.8, we obtain

d*(tmy 1. p) < d* (. p)
< dz(ampu ® (1 — am)Xmy, P)
<oy d*(u, p) + (1 = o) *d* Gy, p)
420, (1 = Q) (UD, Xomg P)- (3.21)

Since dz(xmk, p) < dz(xmkH, p), then we have

0 < d* (X1, p) — d* (X, P)
< a2, d*(u, p) + (1 — &y )d* s P)

+ 20, (1 = e )4 X ) = d* Com. )
Therefore
d* Gomys P) < @ d(ut, p) + 2(1 = &) (P, X D) (3.22)
Since o, — 0 as k — o0, it follows from (3.20) and (3.22) that
nlingo d(xm,, p) =0.
Consequently, we obtain
d(Xm+1, p) = d(xmyt1, Xmy) +d (X, p) —> 0, as n — oo.

By Lemma 2.15, we have

d(xy, p) <d&xm+1, p) = 0, as n— oo.

This implies that {x,} converges strongly to p € I'. This completes the proof. O
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By setting k = 1, in Theorem 3.2, we obtain the following result:

Corollary 3.3 Let X be a complete CAT(0) space and X* be its dual. Let A : X — 2%
be multivalued monotone operator satisfying the range condition and S, T : D —
CB(X) be two L-Lipschitzian demicontractive mappings with coefficients 11 and A
respectively and ). = max{\, Az}. Suppose S and T satisfy the gate condition hy, hy
are the keys of S and T respectively. Assume thatT := F(S)NF(T)N ﬂle Alfl 0) #
() and for arbitrary points u, x| € X, the sequence {x,} is generated iteratively by

Up = J,ﬁl(anu @ (1 —ay)xn),
Yn = Buttyn ® (1 — Bp)vn, (3.23)
Xpt1 =8yn @ (1 = 8)zn, n =1,

where v, is the gate of hy € Suy, z, is the gate of hy € Tu,, {a,}, {Bn} and {8,} are
sequences in [0, 1] satisfying the following conditions:

CH O0<Bu,6p=1—2,

(C2) liminf u, > 0,
n— 00

(C3) lim oy =0and Y ;2 oty = +00.
n—oo

Then, {x,} converges strongly to p = Pru, where Pr is the metric projection onto T'.

By setting S and T to be quasi nonexpansive mappings in Theorem 3.2, we obtain the
following result:

Corollary 3.4 Let X be a complete CAT(0) space and X* be its dual. Let Ay, As, ...,
Ar : X — 2% be multivalued monotone operators satisfying the range condition and
S, T : D — CB(X) be two L-Lipschitzian quasi nonexpansive mappings. Suppose S
and T satisfy the gate condition hy, hy are the keys of S and T respectively. Assume
thatT' .= F(S)N F(T)N ﬂle Al._l(O) %+ O and for arbitrary points u, x1 € X, the
sequence {x,} is generated iteratively by

U, = JA,," o J,fnk" o---0 J[}nl (apu ® (1 — ay)xp),

Yn = Bty ® (1 — Bp)vn, (3.24)
X1 =Sy @ (1 = 8p)zn, n =1,

(3.24) where v, is the gate of hy € Su,, z, is the gate of hy € Ty, {a,}, {Bn} and
{8,} are sequences in [0, 1] satisfying the following conditions:

ChHO<a<pB,,8,<b<l,
(C2) liminf u, > 0,
n— o0

(C3) ,11Lngo o, =0and Y ;2| ap = +00.

Then, {x,} converges strongly to p = Pru, where Pr is the metric projection onto T'.

@ Springer



28 K.O. Aremu et al.

4 Applications and numerical example

It is well known that subdifferential of proper, convex and lower semicontinuous
functions is maximal monotone in Hilbert spaces and satisfies the range conditions. In
the sequel, we approximate a minimizer of a proper, convex and lower semicontinuous
function in complete CAT(0) spaces.

Definition 4.1 Let X be a complete CAT(0) space and X™* be its dual space. Let f :
X — (—00, 400] be a proper, convex and lower semicontinous function with efficient
domain D(f) = {x : f(x) < 400}, then the subdifferential of f is the multivalued
function 3 f : X — 2X" defined by

9 (x) = x* e X' f() - f(x) = (x*,XZ); Yz e D(f);

@, otherwise.

Theorem 4.2 [25] Let f : X (—o00, +00] be a proper, lower semicontinuous and convex
function on a complete CAT(0) space X with dual X*, then

(1) f attains its minimum at x € X if and only if 0 € 9 f (x),
(i) of : X — 2X is a monotone operator,
(iii) for any y € X and o > 0, there exists a unique point x € X such that [axy]
€ 0f(x), thatis, D(J)') = X, ¥ % > 0.

In 2013, Badak [3] introduced the PPA in CAT(0) space as follows:

! d? 4.1
2)\,1 ()’»xn)i|7 ( . )

Xp4+1 = arg min |:f(u) @
ueX
for n € N, where A, > 0 such that 220:1 Ay = 0o. He obtained a A-convergence
result of (4.1) to a minimizer of f.

Proposition 4.3 [26] Let f : X — (—00, 400] be a proper, convex and lower semi-
continuous function on complete CAT(0) space X and X* be its dual space. Then

af . L,
Jy —argmln[f(z)EB—d (z,x)], VA>0andx € X.
zeX 2\

The following result is an application of Theorem 3.2 to obtain a common solution of
a finite family of proper, convex and lower semicontinuous functions and fixed points
of two demicontractive multivalued mappings.

Theorem 4.4 Let X be a complete CAT(0) space and X* be its dual. Let f1, f2, ..., fx :
X — (—00, 00] be proper, convex and lower semicontinuous functions. Let S, T :
D — CB(D) be two L-Lipschitzian demicontractive mappings with coefficients 11
and Ml such that A = max{\, A2}. Suppose S and T satisfy the gate condition.
Let hy, hy be keys of S and T respectively. Assume that I' := F(S) N F(T) N
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ﬂle arg mi}r(l fi(y) # @ and for arbitrary points u, x| € X, the sequence {x,} is
ye

generated iteratively by

wn = I 0 1 oo 10 @uu @ (1 — o)),
Yn = Bty ® (1 — Bp)vy, 4.2)
Xnt1 = 8uyn ® (1 — 8p)zn,

where v, is the gate of h1 € Suy, 7, is a gate of hy € Tyy, {on}, {Bn} and {8,} are
sequences in [0, 1]. Suppose the following conditions are satisfied:

(CH 0<Bp,6p <1 -4,
(C2) liminf 1, > 0,
n—0oo

(C3) nli)rréo o, =0and Y 02| ap = +00.
Then, {x,} converges strongly to p = Pru, where Pr is the metric projection onto I'.
Proof By setting d f; = A; in Theorem 3.2, the proof follows. O

Next, we give a numerical example in (R?, ||.||2) (where R? is the Euclidean plane)
to illustrate the applicability of our main result.

Example 4.5 Let N = 2 in Theorem 3.2, then fori = 1, we define A : R? - R? by
Ap(x) = (x1 +x2, x2 — x1).
Then A1 is a monotone operator.

Recall that [t;l)a] =t(b—a),forallr € Randa, b € R? (see [25]). Using this, we
have for each x € R? that

1
T, =z, =iz = x= Ut Az
n

= 7=+ p, A1) 'x.

Hence, we compute the resolvent of A as follows:
10 e ) [
]1 — + n n
Hn ) <|:O 1i| |:_IL}1 MUn X2
-1
_ |1+ Hn X1
—tn 1+ X2

_ 1 L+ pn —ua || x1
142w, + 2#% Hn L+ pp | [ X2
i <(1 + Un)xX1 — pnx2  pHpx1 + (1 + Mn)XZ)
14 2un +2p2 7 1420, +2u2
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Thus,

(o) = ((1 + )Xt — paxa  pax1 + (1 +Mn)x2>
U+ 2u +2p2 7 142 +203 )

Now, for i =2, let A; : R> — R? be defined by
Az(x) = (x2, —x1).

So that by the same argument as in above, we obtain

2 () = <x1 — UnX2 X2 +Mnx1>
an 1+/“L% ’ 1+/¢L% :

Thus fori = 1, 2, we obtain

2 1

JMn(JMn'x)

=<<1+un uAx1 = Qun + p2)x2  Quua + pp)x1 + (1 + pn — u,%)xz)
A+ p2) A+ 2, +202) 7 A+ 21+ 20, +2p2)

Let S, T : X — 2%, be defined as in Example 1.1:
for j = 1, we have

¢ _ |I=8x 2] ifx <0,
T [—2x, —gx] if x >0,

Similarly, for j = 10, we have

[— x,—11x] ifx <0,
T, =
[— llx ——x] ifx >0,

Then S and T are A (respectively Ap)- demicontractive mappings with A1 = % and
3000 _4n+1 1
A2 = 336 respectively. Take &, = 100n +9, Bn = m, o, = and Hn = 7 then
conditions C1 to C3 in Theorem 3.2 are satisfied.
Hence, for u, x; € R2, our Algorithm (3.1) becomes:
Uy, = J[?nl o J,fnz(%u + "n;lxl),
_ 1 100n+99
Yn = ToomgnUn T 1003:+1)U"’ (4.3)

_ 4n+l 96n+8
Xn+1 = T00n39Yn T Toomgons 1 = 1.
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1.2 : : . : : . 3 . : ! :
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Iteration number (n) Iteration number (n)

Fig. 1 Errors versus Iteration numbers(n): Case 1 (a) (top left); Case 1 (b) (top right); Case 2 (a) (bottom
left); Case 2 (b) (bottom right)

Casel

(a) Take x; = (0.5, DT andu = (-5, 10)T.
(b) Take x; = (2, 5)7T and u = (5, 10)7.

Case 11

(@) Takex; = 2, )T, u=q, HT.
(b) Take x; = (=2, 3)T, u= (2, 5.

Mathlab version R2017a is used to obtain the graphs of errors against number of
iterations.

Remark 4.6 Using different choices of the initial vectors x; and u (that is, Case 1-
Case 2), we have the above numerical results (Figure 1). We see that the error values
converge to 0, suggesting that by choosing arbitrary starting points, the sequence {x,}
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converges to the common zero of A;, i = 1,2, which is also a common fixed point
of Sand T.

5 Conclusion

The gate condition which is weaker than the endpoint condition (commonly used
by many authors in this direction), was used to establish the strong convergence of
an Halpern-type proximal point algorithm to a common solution of a finite family
of monotone inclusion problems and a common fixed point of two L-Lipschitzian
demicontractive multivalued mappings in the frame work CAT(0) spaces. Furthermore,
the obtained result (that is Theorem 3.2) was applied to solve minimization problems
in CAT(0) spaces, and numerical experiments of the obtained result were given to
further show its applicability.

Acknowledgements The authors thank the anonymous referee for valuable and useful suggestions and
comments which led to the great improvement of the paper.
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