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Abstract If a group G is ‘restricted’ modulo its hypercentre, then to what extent
does G have an equally restricted normal subgroup L with G/L hypercentral? We
consider these questions where restricted means finite-7, Chernikov, locally finite-r,
polycyclic or polycyclic-by-finite.
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1 Introduction

For any group G denote its centre by ¢1(G) and its hypercentre by £(G). If 7 is a
positive integer, say t = IT primes p pe(”), let e(¢) denote the maximum of the e(p) (so
e(1) = 0) and h(¢) the sum of all the e(p). Set a(¢) = [e(¢)/2] + 1, where [r] denotes
the integer part of a real number r, and set b(r) = t“+D/2_Obviously b(r) < 1@,
The following variant of theorems of Schur and Baer was essentially proved by de
Falco et al. [2].

Theorem A (cf. [2,5]) Let G be a group with G /¢ (G) finite of order t. Then G has a
normal subgroup L with G /L hypercentral and with L of finite order dividing t¢)+!
and at most b(t)t.
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de Falco et al. [2] gives no specific bounds. The later paper [5] by Kurdachenko et
al. contains two proofs of Theorem A, one shorter with no bounds and one with just
a bound for | L| slightly larger than b(¢)t.

There are variants of the classical Schur and Baer theorems where finite is replaced
by notions like Chernikov, polycyclic or locally finite, see [7], especially Page 115.
Here we consider corresponding questions in the context of Theorem A. The following
is the main result of this paper.

Theorem B Let G be a group with G /¢ (G) a Chernikov group. Then G has a normal
Chernikov subgroup L with G /L hypercentral.

A minor variation to our proof of Theorem B gives yet another short proof of
Theorem A. In fact we prove Theorem A with rather better bounds than those stated
above, but with bounds less briefly explained. Let Z be a central subgroup of a group
G of finite index dividing 7. Then (Schur’s theorem) the order |G’| of the derived
subgroup of G is finite and in fact boundedly so (e.g. the easy proof of [11] 1.18,
yields that log|G'| < (r — )2 + 1. Given ¢ define the integers c(t) and d(¢) as
follows: c(¢) is the least integer such that for any G and Z as above (but with fixed 7),
|G’| divides ¢) and d (¢) is the least integer with |G’| < d(t). Notice that if s divides
t,thenc(s) < c(t) andd(s) < d(t). By Theorem 1 of [12] we have c(¢) < [e(t)/2]+1
and d(r) < r®®O+D/2 Hence Theorem A follows from the following.

Theorem C Let G be a group with Z = ¢(G) of finite index in G dividing t. Then G
has a normal subgroup L with G /L hypercentral and with L of finite order dividing
t“OF and at most d (t)t.

Wiegold [13] has a different type of bound for d (). Assume ¢ > 1, let g be the least
integer to divide ¢ and set t’ = log,t and t” = [t']; clearly e(r) < h(r) <t" <t' <1t.
Then Wiegold proves that d(t) < t@=1/2 1n fact one can do a little better than this
(see [12] Theorems 2 and 3), namely that c¢(r) < [¢”/2] and d(r) < t@"=D/2 ynless
t = p°q or pg® with p > ¢ primes and ¢ > 1 when ¢(¢) < [t"/2] + 1. Further if
t = pg® withe > 2 orif t = pq with p® > ¢°t!, then d(r) < +"~1/2. With the
exceptional t = p°q (e.g. t = 6) we have of course Wiegold’s bound d () < t@=D/2,

The obvious analogues of Theorem B, with Chernikov replaced by polycyclic or
polycyclic-by-finite, are false, see Example 1 below. We do however have the following
easier result.

Theorem D Let G be a group with G /¢ (G) a locally finite  -group for some set w of
primes (e.g. 7 the set of all primes). Then G has a locally finite, normal 1 -subgroup
L with G/L hypercentral.

Casolo, Dardano and Rinauro in their recent paper [1] prove the corresponding
result to Theorem A in the context of Hall’s theorem. Specifically they prove the
following.

Theorem E (see[1] Theorem A) Let L be a finite normal subgroup of the group G such
that G/ L is hypercentral. Then the index (G:¢ (G)) is finite and divides | Aut L|.|¢1 (L)].
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Simple examples show that the corresponding statements are false with finite
replaced by Chernikov, polycyclic, polycyclic-by-finite, or locally finite, see Exam-
ples 2, 3 and 4 below. Theorem E is a very easy consequence of our final theorem.

Theorem F Let A be a finite abelian normal subgroup of the group G and let H
be a normal subgroup of G in Cg(A) and containing A. Suppose every finite image
of G/Cg(H) is nilpotent. Then (H/A) N ¢(G/A) = A(H N ¢(G))/A; that is, if ¢
denotes the natural projection of G onto G/ A, then Hp N ¢ (Gp) = (H N {(G))o.

Whenever we have A < K < H note that (K/A) N ¢(G/A) = A(K N¢(G))/A.
To derive Theorem E from Theorem F, set H = Cg(L) and A = HNL.Clearly H/A
is G-isomorphic to HL/L < G/L, which is hypercentral. Consequently H/A <
{(G/A). Also L < Cg(H), so G/Cg(H) is hypercentral. Then Theorem F implies
that H < A.¢(G). Clearly (G : H) divides |AutL|. Therefore (G : ¢(G)) divides
|[AutL].|Al.

2 Proof of the Theorems

Lemma 1 Let V be a finite elementary abelian p-group and G a nilpotent subgroup
of AutV. Then as G-module V.= Vi & Vo @ --- ® V,, where for each i the G-
composition factors of V; are all G-isomorphic. In particular if V as G-module has a
non-trivial factor centralized by G, then V has a non-zero element fixed by G and a
non-trivial image centralized by G.

To obtain such a decomposition of V, see [10] 7.15. Note that the hypothesis
there that the field F is algebraically closed is only used to ensure that the Jordan
decomposition of each g in G takes place in GL(n, F). If g € G has finite order,
then trivially g, and g4 lie in (g), so here, as H is finite, we can dispense with the
algebraic closure hypothesis. (Actually it suffices just to have F perfect, e.g. see [9]
3.1.6, which of course automatically covers the F = G F(p) case.)

Remark Suppose G is a nilpotent group and V a finite G-module such that V =
[V, G].If g is prime, Lemma 1 shows that V /¢ V has no trivial G-composition factors.
Thus nor does any G-image of V /¢ V ; in particular nor does any ¢’ V /¢’ T!V . Applying
this for every ¢ dividing the order of V shows that V itself has no trivial G-composition
factors.

As well as {(G) = Uy>0lw(G), the hypercentre of G we consider yG =
ﬁwzoyw“ G, the hypocentre G; here w runs over the ordinals, {¢,,(G)} is the upper
central series of G and {yw+1(G)} is the lower central series of G. Let k > 0 and
t > 1 be integers. If (G : §(G)) = t, then clearly {(G) = Ciyer)(G). Also
by Baer’s theorem ly**t1G| is finite (see [8] 14.5.1), so G/yG is nilpotent. Then
G/yG.tr(G) is nilpotent of order dividing 7, so G/y G is nilpotent of class at most
k+e(t) and yG = y*T¢®O+1G. Suppose instead that |y*T1G| = d. Clearly then
yG = ykTe@+1(G). Also the upper central series of G intersected with y**+1G has
length at most e(d) and (G)/(¢(G) N y**1G) embeds into G/y*T1G as a G-group
and hence has G-central height at most k. Therefore {(G!) = Cxye)(G). The above
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might seem rather pedantic, but one needs to be slightly careful in dealing with y G
for infinite groups G. We use these remarks below.

We now start on the proofs of Theorem B and, indirectly, Theorem C. Thus below
G denotes a group with G/¢(G) a Chernikov group. Set Z = ¢(G) and I" = yG.

Suppose first that G is finite and that (G : Z) divides . Now G/Cg(Z) stabilizes
the upper central series of G and hence is nilpotent. Therefore I' < Cg(Z), 'NZ <
ci(I), (I' : I'NZ) divides  and | I'’| divides 1) and is at most d(r). Set V. = I"/T".
Clearly I" centralizes V, so G/Cg (V) is nilpotent. By the Remarks above V has no
trivial G-composition factors, so ' Z < I''. Thus (I" : I'’) divides t. Therefore |I”|
divides r“O+1 and is at most d (¢)z.

Now suppose that G is finitely generated. Again we have r = (G : Z) finite. Also G
is polycyclic-by-finite, so there exists an integer k with ¢, (G) = Z. By Baer’s theorem
y**1G is finite, so I' < y**+1G is finite and G/ I is nilpotent. Now G is residually
finite. Hence there is a normal subgroup N of G of finite index with ' N N = (1).
Clearly ZN/N < ¢(G/N)and I' = I'N/N = y(G/N). By the finite case we
have that |I"| divides r“@+! and is at most d(r)r. Also by the finite case we have
[l Z]<I'NN=(l)andI'NZ<TI'NI'N=T".

The Proof of Theorem B. Suppose X < Y are finitely generated subgroups of G.
Clearly y X < yY,soL = Uxy X isanormal subgroup of G. By the finitely generated
case above we have that [y X, XN Z] = (1) and yX N Z < (y X)'; further X/y X is
nilpotent. If x € L and z € Z, there exists an X withx € yX and z € X N Z. Then
[x, z] = 1 and hence [L, Z] = (1). Also

LNZ=Ux(yXNZ) <Ux(yX) =L

Now G/L is locally nilpotent since each X/y X is nilpotent and locally nilpotent
Chernikov groups are hypercentral. Hence G/LZ and G /L are hypercentral. Further
L/(LNZ)isChernikovand LNZ < ¢(L). Therefore L’ is Chernikov by Polovickii’s
theorem (see [7] 4.23). Consequently L is Chernikov. The proof is complete. O

The Proof of Theorem C. Here we have (G : Z) dividing ¢. Let X be a finitely gener-
ated subgroup of G with XZ = G. By the finitely generated case we have that X /y X
is nilpotent and that |y X| divides 1@+ and is at most d(r)r. Choose X so that |y X|
is maximal. If Y is any finitely generated subgroup of G containing X, then y X < yY
since [y X, X] = y X. By the maximal choice of X we have y X = y Y. This is for all
such Y and consequently L = y X is normal in G. If ¥ is the natural map of G onto
G/L, then X is nilpotent and Gy = X.Zy. Consequently G is hypercentral.
The proof is complete. O

Comments on the above proofs. Notice that in general, unlike the finitely generated
case, in Theorem C we cannot prove that y G is finite; just consider the infinite locally
dihedral 2-group. However, since L = yX = [y X, X],so L = [L, G] < yG and
G/yG is hypercentral. Further L is actually the hypercentral residual of G and in
particular L is fully invariant in G.

A similar remark applies to Theorem B. If A = @;>(a;) is free abelian of infinite
rank and x € AutA is given by a;x = a;_1 + a; for all i (with ap = 0), then the split
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extension G of A by (x) is hypercentral and yet yG = A is not Chernikov. Suppose
o = ch(G), the central height of G, and 8 = ch(G/L). Assuming (G : Z) = t,
if e = e(t), then B < o + e. On the other hand if |L| = d and if f = e(d), then
a < f + B, soif either of & and g is infinite, they bothareand @ < f < o +e.

Let k > 0 and r > 1 be integers. Suppose G is a group with (G : & (G)) finite.
By Baer’s theorem y**1G is finite. More precisely there exists an integer-valued
function 7 (k, 1) such that if (G : ¢ (G)) divides ¢, then |y**1 G| divides 1**- 9. For
set (0, ) = 1 and (via Schur’s theorem) set (1, ) = c(¢). Suppose k > 2 and
ly*(G).t1(G)/t1(G)| divides s. Then by [8] 14.5.2, or more precisely by its proof,
ly*¥+1G| divides (st)?*(1-sD+1 Thus we can define 7 (k, 1) inductively on k by setting

tk, ) = (t(k — 1, 1) + D@2t (, st) + 1) for s = F*k=LD-

The above implies (cf. [1] Proposition 3) that if (G : {x(G)) = t, then the order of
y2*+1G divides a power of r whose exponent is bounded by a function of ¢ only,
namely it divides max{r¢®+1, (7.0} For as we saw above G/y G is nilpotent of
class at most k+e(1), soif k > e(r), then |y 21 G| = |y G|, which divides )+ ! and
if k < e(t), then |y2k+lG| divides t72-¢®-1 since t(k, t) is an increasing function
of k.

Lemma 2 Let G be a w-torsion-free group for w some set of primes. If G/¢(G) is a
locally finite -group, then G = ¢{(G).

Proof If X is a finitely generated subgroup of G, then X is nilpotent-by-finite, { (X) =
Zx (X) for some finite k and X/ (X) is a finite w-group. Hence y*1(X) is also a
finite 7w -group (e.g. [7] Page 115 or use the above). But G is m-torsion-free; therefore
yk+1 (X) = (1) and so G is locally nilpotent. But then ¢(G) is mw-isolated in G (see
[4] 4.8b). Therefore {(G) = G. (Alternatively, if T is the maximal periodic normal
subgroup of G, then T is a w’-group, so T < ¢(G) and ¢(G/T) is isolated in G/ T
by [6] 2.3.91); thus again {(G) = G.) O

The Proof of Theorem D. Let X < Y be finitely generated subgroups of G. Then
X /¢(X) is a finite r-group, so by Theorem C there exists a finite normal 77 -subgroup
Lx of G with X /L x hypercentral and hence nilpotent. Clearly we may choose L x so
that X/Lx is w-torsion-free. Then Ly = X N Ly.Set L = Ux L. Then L is alocally
finite, normal 7 -subgroup of G with G/L m-torsion-free and locally nilpotent. By the
lemma above G/L is hypercentral.

Example 1 1f G/¢(G) ispolycyclic, there is no need for G to be (polycyclic-by-finite)-
by-hypercentral.

Let A be a divisible abelian 2-group of rank 2. Then AutrA = GL(2, Z3). Let
H = (x, h) < GL(2, Z»); here x # 1 permutes the standard basis of (Z2)® and
h = diag(k, k=') where k € 1 + 2Z> < Z» has infinite order. Set A; = {a € A :
la] <2/} fori =0,1,2,....Then [A;, h] < A;j_; foralli > 0; also AY = A; and
[A;, 2x] < A;_1. Further H is infinite dihedral, so ¢; (H) = (1).

Let G = H A be the split extension of A by H. Then {(G) = Aand G/{(G) = H
is polycyclic. Suppose T is any polycyclic-by-finite normal subgroup of G. Then
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T N A < A, for some i. If m is a positive integer with 2™ € T, then h"" stabilizes the
series (1) < A; < Ay <--- < A; < A and hence ™" centralizes A for some n > 1
(e.g. [11] 1.21), contradicting & of infinite order. Consequently H N T = (1) and so
G/ T cannot be hypercentral.

The Proof of Theorem F. Define K by K/A = (H/A) N ¢(G/A). We induct on the
exponent e of A. Suppose first that e = p, a prime and that {(G) = (1). If K > A,
then there exists k € K\A with kA € ¢1(G/A). Then V = (k)A is abelian and
normal in G and clearly [v”, g] = [v, g]? = 1 forall vin V and g in G. Also
V < H,s0G/Cg(V)isanimage of G/Cq(H) and hence is nilpotent. It follows that
V N ¢1(G) # (1), either because VP # (1) or by the Remark above, contradicting
the assumption that {(G) = (1). Thus in this case K = A. Applying this to G/¢{(G)
yields that if A is elementary abelian, then

K/A < (H/A)NA.L(G)/A=AHN(G)/A < K/A.
Now suppose that p is just some prime dividing ¢ and set B = A”. By the case above
(H/A)NE(G/A) = (A/B)(H/B)N¢{(G/B))/(A/B).
Also by induction on e we have (H/B) N ¢(G/B) = B(H N ¢(G))/B. Therefore
(H/A)N¢(G/A) = (A/B)(B(HN¢(G))/B)/(A/B) = A(HN¢(G))/A.

The proof is complete. O

Let L be a finite group of order d. Then any series of subgroups of L has length
at most i (d), the minimal number of generators of L is at most 4 (d) and AutL has
order at most d"). For example, appying this to Theorem E yields that (G : £(G))
is at most d"(@+1,

Assume k > 0 and d > 1 are integers and suppose G is a group with L = y**1G
of order d. Then from Theorem 2 of [3] we have (G : ¢ (G)) < d°, where s =
K + h(d) and r is the rank of AutL. Note that r is bounded by a function of d only;
for example r < h(d)?. Also ¢(G) = Ck+e(d)(G), see Remarks above; consequently
(G : Chte)(G)) < d" DT Thus if k > e(d), then (G : (o (G)) < d" @D+ and if
k < e(d), then (G : tox(G)) < d* for s = r¥ + h(d) < r*®P + h(d) < h(d)>*“@ +
h(d) = u(d) say. We have proved the following (cf. [1] Corollary A"). If |y *T1G| = d,
then (G : 0k (G)) < d"@ for u as above, a function of d only.

Unlike the previous case we need not have that (G : {2 (G)) divides a power of d,
forif G = Sym(3) and k = 1,thend = 3 and (G : {2k (G)) = 6.

For the analogues of Theorem E the results are negative.

Example 2 If G is (infinite cyclic)-by-hypercentral, then G/¢(G) need not be
polycyclic-by-finite.

Let A = Z, B = Z[1/2], g the automorphism b +— —b of B and G the split
extension (g)B. Then A is infinite cyclic and normal in G and G/A is hypercentral,
being an infinite locally dihedral 2-group. Finally if x € G\ B, then x acts fixed-point
freely on B, so (1) = ¢£1(G) = ¢(G). Clearly G is not polycyclic-by-finite.
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Example 3 If G is (locally finite)-by-hypercentral, then G /¢ (G) need not be periodic.
Let G be the wreath product of a cyclic group of prime order p by an infinite cyclic
group. Then G’ is an elementary abelian p-group and yet £ (G) = ¢1(G) = (1).

Example 4 1f G is Chernikov-by-hypercentral, then G/¢(G) need not be Chernikov
or even periodic.

Let G be the split extension of the Priifer p-group P for the odd prime p by the
infinite cyclic group (ab), where a is the inversion automorphism of P and b is an
automorphism of P of infinite order that stabilizes the (only) composition series of P.
Then G’ = P and so is Chernikov, but ¢ (G) = (1), so G/¢(G) is not even periodic.
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