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Abstract Let G be a group, Aut (G) and L(G) denote the full automorphisms group
and absolute centre of G, respectively. The automorphism α ∈ Aut (G) is called auto-
central if g−1α(g) ∈ L(G), for all g ∈ G. In the present paper, we investigate the
properties of such automorphisms.
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1 Introduction

Let G be a group and g1, g2 be elements of G, then gg2
1 = g−1

2 g1g2 and [g1, g2] =
g−1

1 gg2
1 = g−1

1 g
ϕg2
1 denote the conjugate of g1 by g2 and the commutator of g1

and g2, respectively, where ϕg2 is the inner automorphism of G. As in Hegarty [4],
if α ∈ Aut (G) and g ∈ G then the autocommutator of g and α is defined to be
[g, α] = g−1gα = g−1α(g).
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258 M. R. R. Moghaddam, H. Safa

Now, using the above notation, one may define

L(G) = {g ∈ G| [g, α] = 1, for all α ∈ Aut (G)},
K (G) = 〈 [g, α]| g ∈ G , α ∈ Aut (G) 〉,

which are called the absolute centre and the autocommutator subgroup of G, respec-
tively [8,4]. Autocommutator subgroup and absolute centre are already studied in
[2,6].

Particularly, if α runs in the set of all inner automorphisms of G, I nn(G), then
the set of all elements g ∈ G such that [g, α] = 1 is the centre, Z(G) of G, and the
subgroup generated by the set of all commutators [g, α] with g ∈ G is the derived
subgroup G ′ of G. One can easily check that the absolute centre is a characteristic
subgroup contained in the centre of G and K (G) is a characteristic subgroup of G
containing the derived subgroup. The automorphism α ∈ Aut (G) is said to be a cen-
tral automorphism, if [g, α] = g−1gα ∈ Z(G), for all g ∈ G. The set of all such
automorphisms is denoted by Autc(G), which is a normal subgroup of Aut(G) ( see
[3] for more detail).

Now, we call α ∈ Aut (G) to be autocentral automorphism, when [g, α] =
g−1gα ∈ L(G), for all g ∈ G. In [4], Hegarty denotes the set of all such autocentral
automorphisms by

V ar(G) = {α ∈ Aut (G)| [g, α] ∈ L(G), for all g ∈ G}.
Clearly, V ar(G) is a normal subgroup of Aut (G) contained in Autc(G). In [4], it
is shown that if G/L(G) is a finite group, then V ar(G) is finite and so Aut (G) and
K (G) are finite.

The properties of Autc(G) are studied by many authors, see for instance [1,3,5]. In
the present article, we study some properties of autocentral automorphisms of a given
group G. We recall that in [3], Franciosi et al. show that if Z(G) is torsion-free and
Z(G)/G ′ ∩ Z(G) is torsion, then Autc(G) acts trivially on Z(G) and it is an abelian
torsion-free group. They also prove that Autc(G) is trivial, when Z(G) is torsion-free
and G/G ′ is torsion. In [5], Jamali et al. proved that Autc(G) ∼= Hom(G/G ′, Z(G)),
if G is a finite group and Z(G) ≤ G ′. Also Adney and Yen [1] have established a
one-to-one correspondence between Autc(G) and Hom(G, Z(G)), provided G is a
purely non-abelian finite group, that is a non-abelian group with no nontrivial abelian
direct factor.

We prove the following results, which give the behavior of the autocentral subgroup,
V ar(G), of an arbitrary group G.

Theorem A Let G be a group with L(G) torsion-free and assume E(G)=[G,CAut (G)

(V ar(G))]. Then

(a) V ar(G) is torsion-free, and
(b) if G/E(G) is torsion, then V ar(G) = 〈1〉.
Theorem B Let G be a group such that L(G) is contained in E(G), then

V ar(G) ∼= Hom(G/E(G), L(G)).
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Some properties of autocentral automorphisms of a group 259

Theorem C Let G be a purely non-abelian finite group, then

V ar(G) ∼= Hom(G, L(G)).

One notes that, in the above theorems if the inner automorphisms to be the full auto-
morphisms group of G or L(G) to be the whole centre of G then we obtain the results
mentioned above in [3,5,1].

2 Autocentral automorphisms of a group

Let G and H be any groups, then Hom(G, H) denotes the set of all homomorphisms
from G into H . Clearly, if H is an abelian group then Hom(G, H) forms a group
under the following operation ( f g)(x) = f (x)g(x), for all f, g ∈ Hom(G, H) and
x ∈ G.

Now, using the notation of the previous section, we have the following useful result.

Proposition 1 If G is a group, L(G) and V ar(G) are as defined before, then
V ar(G) ∼= Hom(G/L(G), L(G)). In particular, V ar(G) is an abelian group.

Proof Define the following map

ψ : V ar(G) −→ Hom(G/L(G), L(G))

α 
−→ α∗

so that α∗ : G/L(G) −→ L(G) and given by α∗(gL(G)) = g−1α(g), for all g ∈ G.
The definition of L(G) implies that, every automorphism of G acts trivially on L(G).
It follows that α∗ is a well-defined homomorphism of G/L(G) into L(G). Clearly, ψ
is well-defined and it is a homomorphism, since for all α1, α2 ∈ V ar(G) and g ∈ G,
we have

(α1α2)
∗(gL(G)) = g−1α1α2(g) = g−1α1(α2(g))

= g−1α1(gg−1α2(g)) = g−1α1(g) α1(g−1α2(g))
= g−1α1(g) g−1α2(g) = α∗

1(gL(G)) α∗
2(gL(G)).

Now, if α∗
1 = α∗

2 then g−1α1(g) = g−1α2(g), for all g ∈ G, which implies that
α1 = α2 and hence ψ is one-to-one. The homomorphism ψ is also surjective, for let
β ∈ Hom(G/L(G), L(G)), then we define the map

α : G −→ G

g 
−→ gβ(gL(G)).

If we show that α is in V ar(G), then it is evident that α∗ = β, which shows that ψ is
an isomorphism and the result holds. On the other hand, as L(G) is contained in the
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centre of G and it is abelian, it follows that Hom(G/L(G), L(G)) is also abelian and
so is V ar(G). Now, it remains to show that α ∈ V ar(G). The properties of α being
well-defined and homomorphism follow easily. The homomorphism α is injective, for
if g ∈ K erα then 1 = α(g) = gβ(gL(G)) and so g−1 = β(gL(G)) ∈ L(G). Thus
gL(G) = 1G/L(G) and so β(gL(G)) is identity, which follows that 1 = α(g) = g. The
mapα is also surjective. Note that I mβ ⊆ I mα , since if l ∈ I mβ then for some g ∈ G,
β(gL(G)) = l ∈ L(G). Now α(l) = lβ(l L(G)) = l and so l ∈ I mα. Using the latter
containment, for every element g ∈ G, we have g = α(g)(β(gL(G)))−1 ∈ I mα,
which implies that G is contained in I mα and hence gives the surjectivity of α. There-
fore, α is an automorphism and the proof is completed. �

The following corollaries may be interested in their own right.

Corollary 1 Let G be a finite p-group, then so is V ar(G).

Proof By the assumption, the subgroup L(G) and hence Hom(G/L(G), L(G)) are
finite p-groups. Now, the result follows by using Proposition 1. �
Corollary 2 Let G be a finite group. Then

(i) if (| G
L(G) |, |L(G)|) = 1 , then V ar(G) = 〈1〉;

(ii) if G
L(G) is abelian and V ar(G) is trivial, then (| G

L(G) |, |L(G)|) = 1.

Proof (i) It is obvious, by Proposition 1.
(ii) Proposition 1 implies that Hom(G/L(G), L(G)) = 〈1〉. Using the funda-

mental theorem of finitely generated abelian groups and the property that
Hom(Cm,Cn) ∼= C(m,n) we obtain (| G

L(G) |, |L(G)|) = 1. �
Remark 1 If G and H are finite groups and H is abelian, then the assumption
Hom(G, H) = 1 does not imply that (|G|, |H |) = 1. For a counter example, take
the alternating group A5, then A5

′ = A5 and Hom(A5
′,C3) = 〈1〉, but (60, 3) �= 1.

Therefore, the assumption of G/L(G) being abelian in part (ii) of Corollary 2 can not
be removed.

3 Proofs of the main theorems

To prove our main theorems we need to construct the subgroup E(G) of the given
group G, which is contained in K (G) and its elements are fixed under each autocentral
automorphism of G. Let

CAut (G)(V ar(G)) = {α ∈ Aut (G)| αβ = βα, ∀β ∈ V ar(G)}

be the centralizer of V ar(G) in Aut (G) and put E(G) = [G,CAut (G)(V ar(G))].
One can easily see that the subgroup E(G) is characteristic in G and containing the
derived subgroup G ′ = [G, I nn(G)]. Note that, L(G) is contained in Z(G) and
every central automorphism commutes with each inner automorphism of G, and so
I nn(G) ≤ CAut (G)(V ar(G)).

The following lemma gives the important property of E(G), while K (G) does not
carry over such a property.
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Some properties of autocentral automorphisms of a group 261

Lemma 1 If G is an arbitrary group, then V ar(G) acts trivially on the subgroup
E(G) of G.

Proof Take an automorphism α ∈ V ar(G) then x−1α(x) ∈ L(G), for all x ∈ G and
so α(x) = xl, for some l ∈ L(G). Now, let β ∈ CAut (G)(V ar(G)) then using the
property of β we have

α([x, β]) = α(x−1β(x)) = α(x)−1αβ(x) = l−1x−1βα(x)
= l−1x−1β(xl) = l−1x−1β(x)β(l) = x−1β(x) = [x, β],

which gives the result. �
Now, we are ready to prove Theorem A.

Proof of Theorem A (a) Clearly Hom(G/L(G), L(G)) is abelian, since L(G) is
abelian. By the assumption, L(G) is a torsion-free group and hence Proposi-
tion 1 gives the result.

(b) We show that α(x) = x , for any α ∈ V ar(G) and all x ∈ G. Since G/E(G) is
torsion, xn ∈ E(G), for some n ∈ N. By Lemma 1, we haveα(x)n = α(xn) = xn

and so x−nα(x)n = 1 and as x−1α(x) ∈ L(G) we have (x−1α(x))n = 1. By the
assumption, L(G) is torsion-free and hence x−1α(x) = 1 that is α(x) = x , for
all α ∈ V ar(G) and x ∈ G. Thus V ar(G) = 〈1〉. �

The following example guaranties the assumption of Theorem A, i.e. there exists an
infinite group with torsion-free absolute centre.

Example 1 Let G be a group with the following presentation

G = 〈x, y| x2n−1 = 1, x y = x2〉,

where n ≥ 2. Clearly the group G is the semidirect product of Z2n−1 by Z, via the
automorphism of order n, given by x 
−→ x2 and y 
−→ y. It is obvious that all
elements of G have the form xi y j such that 1 ≤ i ≤ 2n − 1 and j ∈ Z. Clearly,
Z(G) = 〈yn〉 and G

Z(G)
∼= Z2n−1 � Zn a group of order n(2n − 1).

Now, any automorphism of G must take x to a power of x and y to xi y j for some
1 ≤ i ≤ 2n − 1 and j ∈ {−1, 1}, but j = −1 does not satisfy the relators, so all
the automorphisms of G must be of the form x 
−→ xi and y 
−→ xk y for some
1 ≤ i, k ≤ 2n − 1, for which (i, 2n − 1) = 1. Then every automorphism must take yn

to (xk y)n = yn , and hence all the automorphisms must fix Z(G) = 〈yn〉, point-wise.
Therefore L(G) = Z(G) and so L(G) is torsion-free.

Remark 2 Using Theorem A in the above example, it follows that V ar(G) is torsion-
free. On the other hand, the main theorem of Hegarty in [4] implies that V ar(G) is
finite, therefore V ar(G) = Autc(G) = 〈1〉. One notes that the converse of part (b) in
Theorem A is not true in general, because E(G) = K (G) = 〈x〉 and so G/E(G) can
not be torsion.
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Proof of Theorem B We first show that V ar(G) ∼= Hom( G
E(G)L(G) , L(G)). Consider

the map

ϕ : V ar(G) −→ Hom(
G

E(G)L(G)
, L(G))

α 
−→ α,

such that α : G
E(G)L(G) −→ L(G) given by α(gE(G)L(G)) = g−1α(g), for all

g ∈ G. Clearly, α is a well-defined homomorphism, since for all g1 and g2 in G, if
g1 E(G)L(G) = g2 E(G)L(G) then g1

−1g2 ∈ E(G)L(G). By the definition of L(G)
and Lemma 1, α(g1

−1g2) = g1
−1g2 and so g1

−1α(g1) = g2
−1α(g2). On the other

hand, α is a homomorphism, for

α(g1 E(G)L(G)g2 E(G)L(G)) = α(g1g2 E(G)L(G))
= (g1g2)

−1α(g1g2)

= g2
−1g1

−1α(g1)α(g2)

= g1
−1α(g1) g2

−1α(g2)

= α(g1 E(G)L(G)) α(g2 E(G)L(G)).

Clearly, the map ϕ is a well-defined monomorphism. It is also surjective, since for
every β ∈ Hom( G

E(G)L(G) , L(G)), consider the map

α : G −→ G

g 
−→ g β(gE(G)L(G)).

We show that α is in V ar(G). Clearly, α a well-defined homomorphism and it is
also an injective map, for if k ∈ K erα then 1 = α(k) = k β(k E(G)L(G)) and so
k−1 = β(k E(G)L(G)) ∈ L(G) ≤ E(G)L(G), which implies that 1 = α(k) = k and
so K erα = 〈1〉. To prove that α is surjective, we show that I mβ ⊆ I mα. If l ∈ I mβ,
then β(gE(G)L(G)) = l ∈ L(G), for some g ∈ G. Since L(G) ≤ E(G)L(G),
we have α(l) = l β(l E(G)L(G)) = l and hence l ∈ I mα. Now, for any element
g ∈ G, g = α(g) β(gE(G)L(G))−1 ∈ I mα, which implies that G = I mα, and
hence α is surjective. Therefore, α is an automorphism in V ar(G) and so α = β,
which shows that ϕ is an automorphism. Using the isomorphism ϕ, it is obvious that if
L(G) ≤ E(G), then V ar(G) ∼= Hom(G/E(G), L(G)), which completes the proof.

�

The following result gives a description of the centralizer of the centre of G in
V ar(G).

Proposition 2 Let G be a group, then

CV ar(G)(Z(G)) ∼= Hom

(
G

E(G)Z(G)
, L(G)

)
.
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Some properties of autocentral automorphisms of a group 263

Proof Consider the map

σ : CV ar(G)(Z(G)) −→ Hom

(
G

E(G)Z(G)
, L(G)

)

f 
−→ σ f ,

such that

σ f : G

E(G)Z(G)
−→ L(G)

x E(G)Z(G) 
−→ x−1 f (x).

Clearly by Lemma 1, the autocentral automorphism f fixes every element of E(G)
and since f ∈ CV ar(G)(Z(G)), it also fixes every element of the centre of G, which
guarantees the well-defined property of σ f . The rest of the proof is similar to the proof
of Theorem B. �
Proof of Theorem C We consider the map

σ : V ar(G) −→ Hom(G, L(G))

f 
−→ σ f ,

so that

σ f : G −→ L(G)

g 
−→ g−1 f (g).

Clearly, σ f is a well-defined homomorphism and hence σ f ∈ Hom(G, L(G)). One
can easily check that the map σ is well-defined and monomorphism. It is surjective,
for if h ∈ Hom(G, L(G)) then the map f : G −→ G given by f (g) = gh(g) is an
endomorphism of G, and also g−1 f (g) = h(g) ∈ L(G) ≤ Z(G), which implies that
f is a central endomorphism and hence f is a normal endomorphism, that is f com-
mutes with every inner automorphism of G [7]. Clearly, the finite group G satisfies
the maximal and minimal conditions properties for its normal subgroups. Now, since
f is a normal endomorphism, it implies that I m f is normal in G. It is easy to see that
f n is also a normal endomorphism and hence I m f n is a normal subgroup of G, for
all n ≥ 1. Thus the following two series terminate.

K er f ≤ K er f 2 ≤ · · · ,
I m f ≥ I m f 2 ≥ · · · .

Hence, there exists r ∈ N such that

K er f r = K er f r+1 = · · · = I,

I m f r = I m f r+1 = · · · = K .
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264 M. R. R. Moghaddam, H. Safa

Now, we show that G = I K . For every element g ∈ G, f r (g) ∈ I m f r = I m f 2r

and so f r (g) = f 2r (h), for some h ∈ G. Therefore f r (g) = f r ( f r (h)) which
implies that ( f r (h))−1g ∈ K er f r = K , that is g ∈ I K and hence G = I K . Clearly,
I ∩ K = 〈1〉 and therefore G = I × K , that is to say

G = K er f r × I m f r .

Clearly, K er f r is abelian, as K er f n ≤ Z(G), for all n ∈ N. By the assumption, G
is purely non-abelian and hence K er f r = 〈1〉, which implies that K er f = 〈1〉. This
shows that f is injective and I m f r = G, which follows that I m f = G, that is f is
surjective and hence f ∈ V ar(G). Clearly σ( f ) = σ f = h, which implies that σ is
surjective and so

V ar(G) ∼= Hom(G, L(G)).

�
Acknowledgments We wish to thank Professor Marian Deaconescu for his useful suggestions and also
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