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analytical model using nonlinear Butler-Volmer expression
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Abstract
In this study, a new analytical model of solid oxide fuel cell (SOFC) anode is derived base on nonlinear BV equation. The error of
the analytical solution is analyzed in detail. The effect of microstructure parameters and operation conditions on electrochemical
performance is investigated. Results show that the analytical solution can obtain relatively good agreement with the numerical
solution. As the overpotential increases, relative error quickly decreases. Using the nonlinear BV equation is important for
obtaining more accurate prediction results. Due to the existence of an impossible zone in the composition of Ni-YSZ anode,
TPB density cannot reach to peak value when the porosity is 0.15 or 0.20. Temperature and H2 molar fraction have a more
remarkable effect on active thickness than total overpotential. When concentration overpotential cannot be neglected, our
analytical solution may cause big error and cannot be used to quantitative prediction.
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Introduction

Solid oxide fuel cells (SOFCs) can efficiently convert chem-
ical energy into electrical energy directly. They consist of
anode, electrolyte, and cathode layers, forming a sandwich
structure. The anode of an SOFC consists of three phases:
Ni, YSZ, and pore phases. H2 diffuses within the pores, and
electrons and oxygen ions transfer within the Ni and YSZ
phases, respectively. At the three-phase boundary (TPB), an
electrochemical reaction occurs, generating reaction current
and mass sources. The performance of SOFC is directly de-
cided by the mass transfer, charge transfer, and electrochem-
ical reaction in porous electrodes. Therefore, many models,
including numerical [1, 2] and analytical models [3, 4], have
been built to disclose the inner coupling mechanism of SOFC.

Numerical models can provide detailed distributions of
physical fields, while analytical models can help to understand
the native of physicochemical phenomena and reveal the
mechanism of complex physical phenomena by direct

analytical expressions. However, the nonlinear exponential
terms in the BV equation make it difficult to obtain an analyt-
ical expression of overpotential. In the case of small
overpotential, the BV equation can be simplified by lineariz-
ing the exponent items, leading to an analytical solution of
overpotential [3]. Kenjo et al. [4] obtained the analytical so-
lution of the Pt/ZrO2 cathode of high-temperature SOFCs,
while the BV equation is approximated by a linear function.
Then, Costamagna et al. [3] derived an analytical model using
linearly approximated BV equation and analyzed the effect of
microstructure parameters based on random particle packing
model. However, linearizing BV equation under small current
density or overpotential does not give a picture of electrode
function at median and large overpotentials. Kulikovsky [5]
derived analytical solutions for the cases of low and high
current density regimes of SOFC anode operation without
considering the concentration loss of electrodes. In the inter-
mediate region, analytical solution had not been obtained, and
a “patching” function is used to connect two analytical solu-
tions. Thus, the functional relationship between current den-
sity and overpotential is expressed as different functions,
which is inconvenient to use. Bao et al. [6] solved
overpotential equations using perturbation method. They ob-
tained approximate (asymptotic) solutions under the assump-
tion that the perturbation parameter is sufficiently large or
small. The solution is rather complex, and its applicability is
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limited by the magnitude of the perturbation parameter closely
related to the square of the electrode thickness. Recently, they
have obtained an approximately analytical solution of a wide
range of SOFC operations, including high current density and
thin electrode by using linear translation and power law ap-
proaches [7]. However, using the power function to approxi-
mate the exponent function changes the physical meaning of
original equations. Recently, Miyawaki et al. [8] derived a
piecewise semianalytical expression of overpotential and ac-
tive thickness for high and low overpotential cases, while the
gap between numerical and analytical solutions is relatively
large.

Microstructure of the electrode closely related with elec-
trode performance [9, 10], analytical model can be used to
quickly obtain the performance of reconstructed microstruc-
tures [11] or synthetic microstructures [12]. One way to inves-
tigate the relation between the microstructure and the perfor-
mance is the random particle packing model together with
percolation theory. Costamagna et al. [3] firstly investigated
the composition and ratio of particle size on electrode perfor-
mance. Farhad et al. [13, 14] used the random particle packing
model to study the effect of the microstructure parameters,
including the porosity, thickness, particle-size ratio, and par-
ticle size, on the electrochemical performance. However, these
studies used a single particle size and did not consider the
distribution of different particle sizes. Zhang et al. [12] further
developed the particle packing model by introducing particle
size distribution. Chen et al. [15] also derived a multi-phase
mixed model which regards particles with different size as
multiple phases. All these studies are beneficial for the opti-
mizing electrode performance. Particle packing model only
considers the binary solid particles, and then, pore phase has
been considered separately. Particle packing model can be
safely applied to SOFC cathode, like LSM-YSZ cathode.
However, when the model is applied to Ni-YSZ anode, the
coupling of the three-phase volume fractions of the anode
should be considered, because experimental study [16]
showed that volume fractions of three phases are dependent
because most pores of anode are formed by the conversion of
NiO to Ni at a reduction process. So predicted microstructure
parameters should be different when the coupling of three
phase volume fractions is considered.

On the basis of the author’s knowledge, the analytical so-
lutions in the references are usually based on linearly approx-
imating BV equation. Some analytical solutions are complex
piecewise functions for different cases, which are inconve-
nient to use. In this work, we report a new analytical model
based on the nonlinear BV equation. The derivation process is
simple, and the solution is accurate enough. The model is
validated by comparing with experimental data. The error
source of the analytical model is analyzed in detail. The par-
ticle packing model is used to analyze the effect of microstruc-
ture parameters on anode performance, such as specific area

resistance and active thickness. The effects of initial porosity
and porosity of anode are investigated based on the experi-
mental result. Then, the effect of operation conditions is ana-
lyzed through the analytical expressions of area resistance and
active thickness. This study is helpful for the simulation and
design of SOFCs.

Mathematical model of a SOFC anode

Figure 1 shows the working principle diagram of a SOFC
anode. Charges (electron and ion) and mass transfers occur
mainly along the anode thickness direction. Anode contains
three phases: Ni, YSZ, and pore. Solid phase can be regarded
as a composite material stacked by Ni and YSZ particles ran-
domly. The gaps between the particles form the pore phase.
Fuel transfers in the pore phase, oxygen ion transfers in the
YSZ phase, and electron transfers in the Ni phase. Substances
(H2 and H2O) in channel diffuse into the anode via the anode–
channel interface, providing reactant for electrochemistry re-
action. O2− of the electrolyte diffuses into the anode via the
anode–electrolyte interface under the driving force of the ion
potential difference. The intersection of the three phases is
TPB line (black line in the enlarged view) where electrochem-
ical reaction occurs under the driving force of activation
overpotential, generating electrons and consuming O2−.
Generated electrons diffuse to anode–channel interface under
the driving force of the electron potential difference, forming
current. The electron potential at channel–anode interface is
equal to total overpotential ηtot. The ion potential at channel–
electrolyte interface is equal to zero.

Activation overpotential

The analytical solution can be obtained under some assump-
tions. The diffusivity of H2 is large, so the concentration loss is
very low and commonly negligible. We assume that the con-
centration overpotential is zero; this assumption has been used
by many studies [4–7, 17] to decouple mass transfer and elec-
trochemical reaction. The electronic conductivity in the Ni
phase is extremely high; hence, we assume that electron po-
tential is constant.

Along the positive direction from the anode–channel inter-
face to the anode–electrolyte interface (x coordinate), the
charge transfer in two phases is described using ohm’s law,
Eq. (1), in which σio

eff and σel
eff are effective electrical ion and

electron conductivities, respectively. Equation (2) describes
the relationship among electron conductor potential φel, ion
conductor potential φio, and activation overpotential ηact.
Substituting Eq. (2) into Eq. (1), we can obtain Eq. (3).

−σeff
io

d2φio

dx2
¼ σeff

el

d2φel

dx2
¼ i ð1Þ
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ηact ¼ φel−φio ð2Þ

−σeff
io

d2φio

dx2
¼ −σeff

io

d2 φel−ηactð Þ
dx2

¼ σeff
io

d2ηact
dx2

¼ i ð3Þ

The BV equation can be expressed as Eq. (4), where i0 is
exchange current density per unit TPB length and ltpb is TPB
density [8]. Equation (5) is modified exchange current density
model, where pH2

is the partial pressure of H2. Equation (6) is
the original exchange current density model. The original ex-
change current density model come from the study of Kanno
et al. [18] who fitted the Bieberle et al.’s [19] and Boer’s [20]
experimental data and then obtained the two models. Both the
models caused relative big errors in predicting electrode per-
formance. Boer’s model shows weaker dependence on steam
partial pressure than the experimental data, and the depen-
dence on steam partial pressure is somewhat improved by
the Bieberle et al.’s model. The exponent of pH2O in
Bieberle et al.’s exchange current density i0 is preferred than
the Boer’s model. [18], but a relative big discrepancy between
simulation and experiment results still exists. In this study, we
use Bieberle et al.’s model. In order to make the prediction
results consistent with the experimental data in Model valida-
tion, we only adjusted one parameter to reduce the changes to
the original model. We select to tune the exponent of pH2

because the exponent of pH2O, 0.67, in the Eq. (6) is preferred
[18]. The exponent of pH2

has been tune to 0.04 from original
0.11 to enhance the dependence of the original model on fuel
composition. The comparison between the modified and orig-
inal i0 models is shown in Model validation.

A correction coefficient χ is introduced to correct the asym-
metrical charge transfer coefficients in the nonlinear terms, that
is, α and β. If α is equal to β, then χ is one. If α is not equal to
β, then χ is less than one and can be evaluated using the inte-
gral approach method, Eq. (6). Let ηact be between 0 and 0.3 V
because ηact of the anode is usually lower than 0.3 V (an
overestimated value). For α = 2 and β = 1 in this study, χ =
0.998 is obtained. The corrected Eq. (4) is still nonlinear.

i ¼ i0ltpb exp
αFηact
RT

� �
−exp

−βFηact
RT

� �� �
¼ i0ltpb exp aηactð Þ−exp −bηactð Þ½ �≈2i0ltpbχsinh aηactð Þ

ð4Þ

i0 ¼ 0:0013p0:04H2
p0:67H2O

exp
−84900
RT

� �
ð5Þ

i0 ¼ 0:0013p0:11H2
p0:67H2O

exp
−84900
RT

� �
ð6Þ

χ ¼ ∫0:30 exp aηactð Þ−exp −bηactð Þ
2 ∫0:30 sinh aηactð Þ

¼
e0:3a−1

a
þ e−0:3b−1

b
2

a
cosh 0:3að Þ−1ð Þ

ð7Þ

For an anode-supported SOFC, the anode thickness is
much thicker than active thickness. Thus, boundary can be
easily defined. At the anode–channel interface, x = 0, the
gradient of ηact is zero because the gradient of the ionic poten-
tial is zero, and ηact is zero because no reaction current occurs.
At the anode–electrolyte interface, x = l, the ionic potential is
zero. These boundary conditions can be expressed as Eqs. (8)
and (9).

dηact
dx x¼0 ¼ 0; ηactj jx¼0 ¼ 0 ð8Þ

ηactjx¼l ¼ φel−φioð Þ x¼l ¼ φel;bulk−0
� ��� ��

x¼l ¼ ηtot ð9Þ

Dimensionless equation is helpful for understanding the
essence of physical phenomena. Using Eq. (10) to
nondimensionalize Eq. (3) and boundary conditions (8) and
(9), we have control equation (11) and boundary conditions
(12) and (13).

η*act ¼ aηact; X ¼ x=l ð10Þ
d2η*act
dX 2 ¼ ξsinh η*act

� �
; ξ ¼ 2a

i0ltpbχ
σeff
io

l2 ð11Þ

Fig. 1 The working principle diagram of a SOFC anode
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dη*act
dX X¼0 ¼ 0; η*act

�� ��
X¼0

¼ 0 ð12Þ

η*act
��
X¼1

¼ aηtot ¼ m ð13Þ

In accordance with Eq. (11), we can obtain:

2
dη*act
dX

d2η*act
dX 2 ¼ 2ξsinh η*act

� � dη*act
dX

ð14Þ

When the boundary condition is applied to X = 0, Eq. (15)
can be obtained. Given the gradient of η*act is positive in the
anode, Eq. (16) can be obtained.

dη*act
dX

� �2

¼ 2ξcosh η*act
� �

C1; C1 ¼ −2ξ ð15Þ

dη*act
dX

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ξ cosh η*actð Þ−1ð Þ

q
ð16Þ

Equation (16) can be rewritten as:

dX
dη*act

¼ 1

2
ffiffiffi
ξ

p
sinh

η*act
2

� � η*act≠0; 0 < X ≤1
� �

ð17Þ

Equation (17) is integrated, and we have Eq. (18):

X−1 ¼ ∫
η*act

m

1

2
ffiffiffi
ξ

p
sinh

η*act
2

� � dη*act

¼ 1ffiffiffi
ξ

p ln
eη

*
act=2−1

eη*act=2 þ 1
−ln

em=2−1
em=2 þ 1

 !
ð18Þ

A constant f is defined in Eq. (19), and Eq. (18) can be
written as Eq. (20) or (21), which are the functions of dimen-
sionless activation overpotential and coordinate.

f ¼ em=2−1
em=2 þ 1

ð19Þ

X ¼ 1ffiffiffi
ξ

p ln
eη

*
act=2−1

eη*act=2 þ 1
−ln f

 !
þ 1 η*act≠0

� � ð20Þ

η*act Xð Þ ¼ 2ln
2

1− f e
ffiffi
ξ

p
X−1ð Þ

−1

 !
0 < X ≤1ð Þ ð21Þ

Output current density

Using I to denote the output current density of the anode, then,
we have Eq. (22), where I* is the dimensionless output current
density.

I ¼ ∫
l

0
idx ¼ ∫

l

0
2i0ltpbχsinh aηactð Þdx

¼ 2i0ltpbχl ∫
1

0
sinh η*act

� �
dX ¼ 2i0ltpbχlI* ð22Þ

The dimensionless output current density can be obtained as:

I* ¼ ∫
1

0
sinh η*act

� �
dX ¼ 1

ξ
∫
1

0

d2η*act
dX 2 dX ¼ 1

ξ

dη*act
dX

X¼1
X¼0 ¼

1

ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ξ cosh η*actð Þ−1ð Þ

q����
����
X¼1

X¼0

¼ 1

ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ξ cosh 0ð Þ−1ð Þ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ξ cosh mð Þ−1ð Þ

p
 �
¼ −1ffiffiffi

ξ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cosh mð Þ−1ð Þ

p
ð23Þ

Then, the area specific resistance of anode can be defined as:

AR ¼ ηtot
I

¼
ffiffiffi
ξ

p
ηtot

2i0ltpbχl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cosh mð Þ−1ð Þp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
2i0ltpbσeff

io χ

r
ηtotffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 cosh mð Þ−1ð Þp ð24Þ

Active thickness

In the anode, electrochemical reaction occurs at a thin zone in
the vicinity of the anode–electrolyte interface. Evaluating the
active thickness of electrochemical reaction is helpful for the
anode design, especially the anode function layer. Equation
(25) is used to define the active thickness, where the dimen-
sionless overpotential becomes 10% of its value at the anode–
electrolyte interface. Using δ∗ to denote the dimensionless
active thickness that can be evaluated by Eq. (26), real active
thickness is denoted as δ, δ = δ∗l and can be evaluated by Eq.
(27). It can be found that δ is the function of total
overpotential, temperature, exchange current density, TPB
density, and effective ionic conductivity.

η*act 1−δ
*� � ¼ 0:1η*act 1ð Þ ð25Þ

δ* ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

RTσeffio
2αFi0ltpbχl2

s
ln

exp m=2ð Þ−1
exp m=2ð Þ þ 1

−ln
exp 0:1m=2ð Þ−1
exp 0:1m=2ð Þ þ 1

� �
ð26Þ

δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RTσeff

io

2αFi0ltpbχ

s
ln

exp m=2ð Þ−1
exp m=2ð Þ þ 1

−ln
exp 0:1m=2ð Þ−1
exp 0:1m=2ð Þ þ 1

� �

ð27Þ

Anode effective properties

Microstructure parameters in the above equations are evaluat-
ed by random particles packing model, together with percola-
tion theory. The equations of random packing model are listed
in Appendix 1. In the random packing systems, active TPBs
are formed by the contacts of percolating Ni particles and YSZ
particles. The active TPB density ltpb (m·m–3) is determined as
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Eq. (28), where nt is the number density of all particles (total
number of particles per unit volume) and θc (30

o) is the contact
angle between the Ni and YSZ particle. di is the diameter of
particle i. Pi is the percolation probability of i phase. γ is the
size ratio of YSZ particle to Ni particle (γ = dio/del), and Z is
the average coordination number for random packing systems,
which is 6. nel is the number fraction of Ni. ε denotes the
anode porosity.

ltpb ¼ πsin
θc
2

� �
min dio; delð Þntnelnio ZelZ io

Z
PelPio ð28Þ

nt ¼ 1−ε
π=6d3el nel þ 1−nelð Þγ3ð Þ ð29Þ

The effective conductivity of YSZ phase can be evaluated
by Eq. (30) that considers the effects of the volume fraction,
percolation probability Pio, and tortuosity factor τ of the YSZ
phase, where σio is the intrinsic ion conductivity [21].
Tortuosity factor τ is equal to 8.85 in this study as shown in
Table 1.

σeff
io ¼ 1−εð ÞV io

τ
Pioσio ð30Þ

σio ¼ 3:4� 104exp
−10350

T

� �
ð31Þ

Model validation

The analytical model is validated by comparing with the exper-
imental data of Kishimoto et al. [22] and Kanno et al. [18].
Kishimoto et al. tested the polarization curve of a SOFC anode
with a thickness of 50 μm and reconstruction the microstruc-
ture using FIB-SEM. Kanno et al. tested the polarization curve
of a SOFC anode with a thickness of 22.3 μm. The microstruc-
ture parameters of two anodes are shown in Table 1. Figure 2
shows the comparison between the experiment results and the
predicted results using two different exchange current density
model. It can be found that total overpotential–current density
curves predicted by our model using the modified exchange

density model agree well with the experimental data at median
and high current density, expecially for the data of Kanno et al.
The original exchange current density model causes big errors
at all conditions. Nagasawa and Hanamura [23] used their an-
alytical model to fit the experimental data of six different pat-
terns of anodes. In order to determine certainmodel parameters,
they used the experimental data of Kanno et al. as benchmark
data. If we use Kanno et al.’s experimental data as benchmark
data, it can be found that the main source of the discrepancy in
Fig. 2a is the experimental error. At a current of 500 Am−2, the
relative error is about 30%. After calculation, we found that that
the analytical solution itself causes a relative error of 14% at
500Am−2. This is because our analytical model has a relatively
big error at small current density, which is analyzed in Error of
the analytical solution.

Results and discussion

Error of the analytical solution

In the derivation process of the analytical solution, concentration
loss is neglected, and a correction coefficient χ is introduced to
approximately treat the asymmetrical charge transfer coeffi-
cients α and β. So the analytical may cause error under extreme
conditions. Evaluating the accuracy and error source of analyt-
ical solution is important for engineering application.A coupling
1D numerical model is built and solved in COMSOL5.4, and its
results can be regard as right solution for comparison. Appendix
2 shows the equations of 1D numerical model. The model con-
siders the mass and electron transfer resistances. Substance con-
centration is coupled with electrochemical reaction rate.

Firstly, two kinds of BV equation (Eq. (4)) are used to
compare one with same values of charge transfer coefficient
α and β and another with different values. For the SOFC
anode in this study, α = 2 and β = 1 are used, while it is more
common that α = β = 1 in other studies [13, 24, 25]. Figure 3a
shows the current density–overpotential curves of α = 2 and β
= 1 predicted by analytical and numerical solutions under the
same conditions. It can be find that current density

Table 1 The experimental
parameters used in the study Parameter Kishimoto et al. [22] Kanno et al. [18] Unit

Total pressure 1.01325 × 105 1.01325 × 105 Pa
H2 molar fraction 0.97 0.97 –
H2O molar fraction 0.03 0.03 –
Volume fraction of Ni 0.253 0.243 –
Volume fraction of YSZ 0.251 0.270 –
Volume fraction of Pore 0.496 0.487 –
Tortuosity factor of Ni 6.91 12 –
Tortuosity factor of YSZ 8.85 8.00 –
Tortuosity factor of pore 1.74 2.25 –
TPB density 2.49 × 1012 2.11 × 1012 m·m–3

Anode thickness 50 22.3 μm
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monotonely increases with overpotential. From low
overpotential to high overpotential (0–0.3 V), the analytical
solution obtains good agreement with the numerical solution.
The relative error of two models, defined aserror = (Ianalitical −
Inumerical)/Ianalitical × 100%, exponentially decreases with the
increasing of the overpotential. Under a small overpotential,
such as 0.01 V, the relative error is big, about 16%. But the
relative error is quickly reduced to less than 10% at 0.05 V.

Figure 3b shows the current density–overpotential curves
of α = 1 and β = 1 predicted by two models under same
conditions. The results of the two models are in good agree-
ment. The relative error varies from positive to negative when
overpotential increases. At high current density, the current
densities predicted by 1D numerical solution is slightly higher
than those predicted by the analytical solution. For analytical
model, a constant exchange current density and zero concen-
tration loss are used, so the consumption of H2 cannot affect
the current density. While for 1D numerical model, the con-
sumption of H2 will increase the concentration loss on the one
hand, leading to a decrease in current density. But on the other
hand, it will increase the exchange current density, leading to
an increase in current density. This is the opposite effect.
Because the H2 consuming has a more significant effect on
the exchange current density than concentration loss, relative
error is negative at a high current density. The maximun rel-
ative errors in Fig. 3b are lower than 2% and are much less
than 17% in Fig. 3a, which implies that the main error source
of the analytical solution is the approximate treatment of the
asymmetrical charge transfer coefficient in Eq. (4).

Another problem is the difference between the analytical
solutions based on nonlinear and linear BV equations, respec-
tively. Paola Costamagna et al. [3] obtained an analytical solu-
tion after linearly approximating the exponent terms of the BV
equation. They use current density I as boundary condition, but

our analytical solution uses overpotential as boundary condi-
tion, so I and ηtot are firstly obtained using the 1D numerical
model and then were applied on two analytical solutions, re-
spectively. Appendix 3 shows the analytical solution of Paola
Costamagna et al. expressed as the symbols of this study. Same
exchange current density i0 and TPB density ltpb are used for
comparison in this study as shown in Appendix 3. Figure 3c
shows the comparison of predicted activation overpotentials.
Paola Costamagna et al. used symmetrical charge transfer co-
efficients, so we set α = β = 1 to compare. It can be found that
the solution of Paola Costamagna et al. predicts too high acti-
vation overpotential and causes big error under a high current
density of I = 3125 A m−2, while our analytical solution only
causes small error. Therefore, using the nonlinear BV equation
is significantly important, and our analytical model is more
accurate and is suitable for wider working conditions.

Overpotential of different thicknesses of anodes

Above analysis shows that the main error source of the ana-
lytical solution is the approximate treatment of the asymmet-
rical charge transfer coefficients. In the following, α = 2 and β
= 1 are still used because the BV equation has been validated
by experiment. The analytical solution is derived under the
assumptions that the anode is thick enough and the concentra-
tion overpotential can be neglected at the same time. For some
conditions, such as extremely high current density or too thick
anode, concentration overpotential cannot be neglected, and
therefore, our analytical solution will cause big error and can-
not be used to quantitative forecast.

Figure 4 shows the overpotentials and activation
overpotentials of 400 and 30-μm-thick anodes predicted by
analytical solution and 1D numerical solution. The parameters
of twomodels are same. In Fig. 4a and c, it can be found that the

Fig. 2 Comparison of experimental data and the analytical solution: (a) comparing with the experimental data of Kishimoto et al. [22]; (b) comparing
with the experimental data of Kanno et al. [18]
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analytical solution presents a good agreement with the numer-
ical solution. At 0.05 V, relative errors are about 15% and 7%
for 400 and 30-μm-thick anodes, respectively, indicating that
analytical solution causes smaller error for thin electrode. But as
the overpotential increases, relative errors quickly decrease.

As the Fig. 4b shows, the activation overpotentials predict-
ed by two models agree well although at high overpotential of
0.21 V. The active zone predicted by the analytical solution
almost completely overlap with that of numerical solution,
implying that our analytical expression of active thickness is
credible. The main difference is that at X = 1, analytical solu-
tion predicts higher overpotential because it has not consid-
ered concentration loss. For 30-μm thick anode in Fig. 4d,
concentration loss is very small, but there is also a small gap
at 0.6 < X < 0.8, which is caused by the approximate treatment
of asymmetrical charge transfer coefficients. When the total
overpotential varies from 0.09 to 0.21 V, the gap decreases in
accordance with the decrease of relative error in Fig. 4c.

Effect of microstructure parameters on anode

Above analysis shows that analytical solution can predict the
overpotential and activation overpotential of anode well.

Therefore, the analytical expressions of AR and activation
thickness can be used to predict the electrochemical perfor-
mance of anode. AR and activation thickness are two impor-
tant indexes in electrode design and optimization. Initial po-
rosity ε0 and porosity ε significantly affect both indexes. In
this section, the effects of ε0 and ε are investigated by particle
packing model combined with experimental observation. In
the particle packing model, ε is an independent parameter that
has no effect on volume fraction of electron or ion conducting
phase in solid,which is reasonable for cathode like LSM-YSZ
cathode. However, for a Ni-YSZ anode, ε is dependent with
the volume fractions of Ni and YSZ.WhenNiO converts to Ni
at reduction process, new pores can be formed. These pores
with the addition of initial pores of NiO-YSZ anode form the
final pore phase. Mori et al. [16] measured the porosity of
anodes of different Ni contents after reduction. All oxide an-
ode samples (NiO-YSZ) have a very low initial porosity, 0.01
to 0.04. When these samples are reduced, new pores are gen-
erated in the samples. We fitted the experimental data with an
initial porosity of 0.031. Then, the volume fractions of three
phases under different porosities can be obtained by the fitting
equation as Fig. 5a shows. When porosity increases, Ni con-
tent in solid also increases, and YSZ content decreases. It can

Fig. 3 (a) Current density–overpotential curves when α = 2 and β = 1; (b) current density–overpotential curves when α = β = 1; (c) activation
overpotentials predicted by two models
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be found that most pores are formed by the reduction of NiO.
ε0 must be bigger than 0, and thus, the gray zone in Fig. 5a is
impossible. When ε is small, the variation range of Vel is
narrow. Figure 5b shows the effect of the volume fraction of
the Ni on anode TPB density under different porosities. When
ε = 0.15 and 0.20, TPB densities cannot reach to peak value
because of the impossible zone. As the increase of ε, the
variation range of Vel also increases. When ε = 0.25, TPB
density reaches to maximum at Vel = 0.5, but when Vel =
0.15, TPB density reaches to maximum at Vel≈0.2.

Figure 5c and d show the TPB density and area specific
resistance AR of different initial porosities. It can be found that
percolation range is affected by the initial porosity ε0. As the ε0
increases, the maximum TPB density decreases. When porosity
is between 0.2 and 0.25, the anode with initial porosity of 0.100
has a high AR, and the anode with initial porosity of 0.150 is not
percolating, so an initial porosity of 0.031 is more advantaging.
When porosity ε is between 0.25 and 0.30,AR is very low for the
anode with initial porosity of 0.100. When porosity ε is 0.30 to
0.35, an initial porosity of 0.150 is more advantaging. Minimum
AR increases with the increase of ε0 due to the decrease of TPB

density. However, minimum AR of different ε0 are closing.
Therefore, in the following analysis, ε0 = 0.031 is used.

Figure 6a shows the effect of porosity on the TPB density. It
can be found that TPB density firstly increases and then de-
creases with the increase of porosity. When porosity is 0.24
(Vel = 0.5), TPB density reaches the maximum. When particles
(with γ = 1) become smaller from 1.6 to 0.4 μm, TPB density
increases largely because total number density nt increases with
reducing particle size. Additionally, due to the coupling of vol-
ume fractions of three phases, the curves in Fig. 6a are asymmet-
ric, which is more outstanding when γ is 0.5 and 2. When γ is
0.5, smaller particles (0.4 μm and 0.8 μm) are mixed, which
make total number density and TPB density higher. When γ is
2, big particles (1.6 μm and 0.8 μm) are mixed, so total number
density and TPB density are low. For a common porosity (0.2 to
0.4), TPB density changes largely with porosity and particle size.
When TPB density is larger than 1 μm−2, particle size must be
smaller than 1.6 μm. Figure 6b shows the effects of porosity on
effective ion conductivity. The change of effective ion conduc-
tivity is monotonous and almost linear. As the porosity increases,
the content and percolation possibility of YSZ phase

Fig. 4 (a) Overpotentials of a 400-μm-thick anode; (b) activation overpotentials of a 400-μm-thick anode; (c) overpotentials of a 30-μm-thick anode;
(d) activation overpotentials of a 30-μm-thick anode
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monotonously reduce. When YSZ and Ni particles size are the
same (γ = 1), effective ion conductivity is independent with the
particle size because percolation possibility is unchanged, which
shows that YSZ content dominates the ion conductivity.

Figure 6c shows the effects of porosity on area specific
resistance AR. It can be found that the curves are also asym-
metric because contents of Ni and YSZ are not equal at dif-
ferent porosities. At the vicinity of percolation threshold, AR
increases quickly, which should be avoided. For γ = 2, AR is
very high due to low TPB density and low effective ion con-
ductivity, and the range with low AR is narrow. For different
particle size, reasonable porosity zone is different. For γ = 1,
reasonable porosity zone is 0.2 to 0.25, and the zone will
become narrow when particle size increases. For γ = 0.5, the
reasonable porosity zone is 0.25 to 0.3.

Figure 6d shows the effect of porosity on active thickness.

According to Eq. (26),δ∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σeff
io =ltpb

q
, active thickness is inde-

pendent of anode thickness l based on the assumption that the

anode is sufficiently thick. As the figure shows, at the vicinity
of the left percolation porosity, active thickness rises rapidly
due to the quick reduce of TPB density. As the porosity in-
creases, active thickness decreases monotonously, although
TPB density increases firstly and then decreases, implying
that active thickness is dominated by effective ion conductiv-
ity. At the vicinity of right percolation porosity, both σeff

io and
ltpb decrease at same rate with porosity increasing, which
makes active thickness almost unchanging.

Effect of operation condition

Operation condition also affects the area specific resistance and
active thickness. Figure 7a shows the effect of temperature on
AR. Increasing temperature not only increases effective ion
conductivity but also increases exchange current density.

Acco rd ing to Eq . (24 ) , we have AR∝ σeff
io i0

� �−1=2
.

Temperature largely affects i0σeff
io because T appears at the

Fig. 5 (a) Porosity as a function of Ni content; (b) effect of Ni content on TPB density of anode; (c) effect of initial porosity on TPB density of anode; (d)
effect of initial porosity on area specific resistance of anode
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exponent term. So increasing temperature extremely reduces
the polarization resistance of the electrode. When temperature
is higher than 800 °C, the change of AR with temperature is
slight. When temperature is lower than 800 °C, AR quickly
increases with reducing temperature, and thus, optimizing mi-
crostructure is extremely important for low-temperature SOFC.

Figure 7b shows the effect of temperature on active thick-
nesses. For comparison, we add the solution of Miyawaki
et al. [8]. Miyawaki et al. gave a piecewise function of active
thickness in accordance with the magnitude of the total
overpotential. As figure shows, our solutions fall in between
the solutions of Miyawaki et al., which implies that our ana-
lytical expression of active thickness is accurate, but with a
simpler function. It can be found that the active thickness
increases with temperature, which is consistent with results
of studies [26, 27] and contrary with the result of Zheng

et al. [25]. In Eq. (27), δ∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tσeff

io =i0
q

, and thus,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tσeff

io =i0
q

is

the independent variable of active thickness, and other param-
eters can be regarded as constants. Then, active thickness is
mainly affected by temperature, ion diffusion, and

electrochemical reaction rate. When the temperature in-
creases, the ionic conductivity σeff

io increases and enables ions
to transfer further from the anode–electrolyte interface, in-
creasing the active thickness. High temperature enhances the
exchange current density i0, and high i0 causes high electro-
chemical reaction rate. Consequently, substantial ions are con-
sumed in the active zone, which reduces the active thickness.
T appears at the exponent terms of the expressions of σeff

io and

i0 (Eqs. (29) and (5)), and the effect of T on
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σeff
io =i0

q
is weak

in accordance with our evaluation. Thus, the effect of temper-
ature on active thickness is dominated by T0.5, which agrees
with the profile of curves in Fig. 7b. Due to there are different
equations in literatures to describe the effect of T on i0 and

σeff
io ,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σeff
io =i0

q
sometimes decreases as T increases, resulting

in a decrease in active thickness as T increases.
Figure 7c shows the effect of H2 molar fraction on AR.

It can be found that increasing H2 molar fraction increases
AR. H2 molar fraction affects the exchange current density
and then affects AR. AR ∝ i0

−1/2. At low temperature, such

Fig. 6 (a) Effect of porosity on the TPB density; (b) effect of porosity on effective ion conductivity; (c) the effect of porosity on area specific resistance;
(d) effect of porosity on active thickness
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as 700 °C, the change of AR with H2 molar fraction is
more outstanding. At 900 °C, increasing H2 molar frac-
tion slightly increases AR. Figure 7d shows the effect of
H2 molar fraction on active thickness. Active thickness is

thicker at a higher H2 molar fraction, which is consistent
with the results of studies [25–27]. From Eq. (27), H2

molar fraction is related only to the exchange current den-
sity i0. An increase in H2 molar fraction decreases the

Fig. 7 (a)Area specific resistance at different temperatures; (b) active
thicknesses at different temperatures; (c) area specific resistance at
different H2 molar fractions; (d) active thicknesses at different H2 molar

fractions; (e) area specific resistance at different overpotentials; (f) active
thicknesses at different overpotentials
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reaction rate, resulting in reducing ion consumption rate.
Then, the ions can diffuse further, resulting in an increase
in active thickness.

Figure 7e shows the effect of total overpotential on AR.
It shows that AR slightly decreases with the increase of
total overpotential, which indicates that main polarization
loss is ohmic loss. At low temperature, the effect of
overpotential on AR is more outstanding. In Fig. 7f, high
overpotential can reduce active thickness, but this effect is
negligible. Although the ions can diffuse further under
high overpotential, high reaction rate also increases the
consumption rate of ions, which counteracts the increase
in active thickness.

Conclusions

In this study, a new analytical model of SOFC anode is
derived base on nonlinear BV equation. Simple analyt-
ical solutions of activation overpotential, current density,
area specific resistance, and active thickness are obtain-
ed. The analytical solution is validated by comparing
with the experimental data. The results of analytical
solution are compared with the 1D numerical solution
and other researchers’ solutions. The error of analytical
solution is analyzed in detail. The effect of microstruc-
ture parameters and operation conditions on electro-
chemical performance is investigated. Following conclu-
sions can be obtained:

The analytical solution can obtain relatively good agree-
ment with the numerical solution. The main error source of
the analytical solution is the approximate treatment of the
asymmetrical charge transfer coefficient. As the overpotential
increases, relative error quickly decreases. Using nonlinear
BV equation is significantly important, and our analytical
model is more accurate when compared with the analytical
model using a linear BV equation. The analytical solution
causes smaller error for a thinner electrode. When concentra-
tion overpotential cannot be neglected, our analytical solution
may cause big error and cannot be used to quantitative
forecast.

Due to the coupling of volume fractions of three
phases, when the porosity is 0.15 or 0.20, TPB densities
cannot reach to peak value. The minimum area specific
resistance slightly increases with the increase of initial
porosity. Because area specific resistance is proportional

to σeff
io i0

� �−1=2
, increasing temperature extremely reduces

the polarization resistance of the electrode. Active thick-

ness is proportional to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tσeff

io =i0
q

. Temperature and H2

molar fraction have a more remarkable effect on active
thickness than the overpotential.

Funding This work is supported by the National Natural Science
Foundation of China [grant numbers 51776172, 51737011].

Appendix 1: Random packing model

Random packing of binary spherical particles, together with
percolation theory, has been applied to calculate microstruc-
ture parameters of electrodes by several researchers [14,
28–31]. The coordination numbers (number of contacts with
other particles) for electron conductor (Ni) and ion conductor
(YSZ) particles are denoted by Zel and Zio, respectively, and
can be evaluated using Eqs. (32) and (33).

Zel ¼ 3þ Z−3
nel þ 1−nelð Þγ2 ð32Þ

Z io ¼ 3þ Z−3ð Þγ2
nel þ 1−nelð Þγ2 ð33Þ

The number fraction nel can be obtained with volume frac-
tion of Ni phase in solid, Vel, as:

nel ¼ γ3V el

1−Vel þ γ3V el
ð34Þ

The coordination number between i-phase particle and j-
phase particle is Zi–j, given as Eqs. (35)–(37).

Zel‐io ¼ nio
ZelZ io

Z
ð35Þ

Zel‐el ¼ Znel
nel þ 1−nelð Þγ2 ð36Þ

Z io‐io ¼ Znio
nio þ 1−nioð Þγ−2 ð37Þ

For Ni-YSZ anode, only percolated Ni and YSZ phases are
useful. The percolation probability of i-phase is given by Pi
[29]:

Pel ¼ 1−
4:236−Zel−el

2:472

� �2:5
" #0:4

; ð38Þ

Pio ¼ 1−
4:236−Z io−io

2:472

� �2:5
" #0:4:

ð39Þ

Appendix 2: Control equations of 1D
numerical model

1D numerical model has no approximation and considers the
coupling of mass and charge transfers and electrochemical
reaction. Charge transfer is defined as Eq. (40), where i is
the reaction current per unit volume.
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−σeff
io

d2φio

dx2
¼ σeff

el

d2φel

dx2
¼ i ð40Þ

The electrical chemistry reaction rate is defined as Eq. (41),
where ltpb is the TPB density.

i ¼ i0ltpb exp
αFηact
RT

� �
−exp

−βFηact
RT

� �� �
ð41Þ

Considering the concentration loss ηconc, we have:

ηact ¼ φel−φion−ηconc; ð42Þ

ηconc ¼
RT
2F

ln
pbulkH2

pH2

pH20

pbulkH20

 !
ð43Þ

Mass source term si is proportional to the reaction current
density. Effective diffusivityDeff i is corrected using Eq. (46).
Dij is the binary diffusivity, and DKn,i is the Knudsen diffusiv-
ity [32].

∇ � Di
1

RT
∇pi

� �
¼ si ð44Þ

sH2 ¼ −
i

2F
; sH2O ¼ i

2F
ð45Þ

Deff
i ¼ Vpore

τpore
Di ð46Þ

Di ¼ 1

Dij
þ 1

DKn;i

� �−1

ð47Þ

DKn;i ¼ dp
3

ffiffiffiffiffiffiffiffiffi
8RT
πMi

r
ð48Þ

Dij ¼
3:198� 10−4T1:75

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
�
Mi

þ 1
�
M j

q
pt;bulk við Þ1=3 þ v j

� �1=3h i2 ð49Þ

Appendix 3: Analytical solution using linear
BV equation

Paola Costamagna et al. [3] obtained an analytical solution
after linearly approximating exponent terms of the BV equa-
tion. Neglecting the resistance of electron transfer, we have:

σeff
io

d2ηact
dx2

¼ 2
i0ltpbαF
RT

ηact: ð50Þ

Introducing the dimensionless parameter Γ, the activation
overpotential can be expressed as Eq. (52). Note that we have
neglected the resistance of electron transfer of origin analytical
solution of Paola Costamagna et al.

Γ2 ¼ 2i0ltpbαF
σeff
io RT

l2 ð51Þ

ηact ¼
Il

Γsinh Γð Þσeffio
cosh Γ

x
l


 �
ð52Þ

Nomenclature AR, Area specific resistance, Ω·m−2; di, Diameter of i
phase particle, m; i, Volume current density, A·m−3; i0, Exchange current
density, A·m−3; I, Current density, A·m−2; l, Anode thickness, m; ltpb,
TPB density, m·m−3; nt, Particle number per unit volume; pi, Partial
pressure of gas i, Pa; Pi, Percolation possibility of i phase, –; Vi,
Volume fraction of i phase in solid, –; Zi, Coordination number of i phase
particle; ηtot, Total overpotential, V; φi, Potential in i phase, V; σi

eff,
Effective conductivity of I phase, S·m−1; δ, Active thickness, μm; γ,
The diameter ratio of YSZ to Ni particles, –
Subscript Bulk, Value at anode-channel interface; El, Electron; Io, Ion
Superscript *, Dimensionless variable; Eff, Effective
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