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Abstract Mathematical modeling of methane-fed anode-
supported micro-tubular solid-oxide fuel cell (MT-SOFC) is
developed. Steam reforming of methane is considered in two
cases of: direct internal reforming (DIR) and gradual internal
reforming (GIR). The polarization curves and temperature
distribution of a cell fed with three variations of fueling (i.e.,
DIR and GIR of methane and pure hydrogen) are compared
with each other. The simulation results are verified through
temperature and performance measurements of a MT-SOFC
sample operating on above three variations of fueling. In DIR
operating condition, a drop in the anode gas temperature at a
short distance after entering the cell takes place which results
in high temperature gradient. In GIR operating condition, the
temperature distribution in axial direction is steadier. The
ohmic loss is lower in the case of pure hydrogen fuel than
internal reforming of methane, but the concentration loss is
lower in methane-fed operating conditions.

Keywords Micro-tubular SOFC . Reforming . Porous
media . Heat transfer . Modeling

Nomenclature
AE
v Reactive surface area per unit volume of electrode

(m2 m−3)
ci Concentration of species: i (mol m−3)
cO2 Oxygen concentration (mol m−3)
cH2 Hydrogen concentration (mol m−3)
cO2;ref Oxygen reference concentration (mol m−3)

cH2;ref Hydrogen reference concentration (mol m−3)
cp Total heat capacity (J kg−1 K−1)
Deff Effective diffusion coefficient (m2 s−1)
EE Apparent activation energy for the electrode

reaction (J mol−1)
F Faraday’s constant (96,487 Cmol−1)
Famb Ambient view factor in radiative heat transfer
Gm Mutual irradiation arriving from other surfaces in

the modeled geometry (W m−2)
hi Enthalpy of species: i (J mol−1)
I Cell average current density (A)
I Unit 3×3 matrix
JEi Electrode normal ionic current flow (A m−2)
JEe Electrode normal electronic current flow (A m−2)
JE0 Electrode reference exchange current density

(A m−2)
JE0;ref Reference temperature current density (A m−2)
NDi Species diffusion vector (mol m−2 s−1)
nCH4 Molar flow rate of the input fuel (mol s−1)
nair Molar flow rate of the input air (mol s−1)
nspecies Normal flux of species (mol m−2 s−1)
P Pressure (Pa)
Pspecies Partial pressure of species (Pa)
Q Volumetric heat generation rate (J m−3)
q Surface heat transfer (J m−3)
R Universal gas constant (8.3143 Jmol−1 K−1)
tErl Reaction layer thickness (m)
T Absolute temperature (K)
Tamb Ambient temperature (K)
Tref Reference temperature for current density (K)
Tg Gaseous phase temperature (K)
Ts Solid-phase temperature (K)
U Velocity vector (m s−1)
Ugas Molar rate of gas consumption (mol s−1)
UFgas Gas utilization factor
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Greek symbols
αE Symmetry factor (lies between 0 and 1)
ΔG0 Standard Gibbs free energy change (J mol−1)
ΔH Hydrogen high heating value (J mol−1)
ε Surface emissivity in radiative heat transfer
εp Porosity
�e Electronic potential (V)
�i Ionic potential (V)
κ Porous layers permeability (m2)
μ Gas mixture viscosity (Pa s)
ρ Gas mixture density (kg m−3)
σ Stefan–Boltzman constant (5.67e–8 Wm−2 K−4)
σe Electronic conductivity (S m−1)
σi Ionic conductivity (S m−1)

Subscripts and Superscripts
E Electrode
C Cathode
A Anode

Introduction

Solid-oxide fuel cells (SOFCs) are known as the most
efficient devices for direct conversion of chemical energy
of various gaseous fuels into electricity. They have several
advantages over other types of fuel cells including
flexibility of fuel used and relatively inexpensive material
due to their high operating temperature [1]. There are two
geometry types for SOFCs: planar-type SOFC and tubular-
type SOFC. The tubular design mitigates the sealing
problem at the elevated working temperature of SOFCs,
but suffers from less effective electric current collection [2].
Micro-tubular solid-oxide fuel cells (MT-SOFC) with
millimeter to sub millimeter diameter, provide an excellent
approach to developing rapid start-up of SOFCs, due to
their high strength, resistance to thermal shocks, and high
power densities especially in small diameters [3]. Consid-
ering MT-SOFC advantages, it is even suggested that the
presumption that the SOFC technology could not meet the
requirements needed by a vehicle power plant (i.e., reduced
size, high power density, and rapid start-up) may be
incorrect [4].

Cost, reliability, and durability are important parameters
in design and commercializing all types of SOFCs [5].
Also, rapid start-up and power density are important
problems in widespread application of SOFCs. In these
respects, sealing, manifold design, optimization of the fuel,
and oxidant flow regimes and electrical connections
comprise basic challenges in making the MT-SOFCs
commercialized [3]. A thorough understanding of thermal
effects of such phenomena as hydrocarbon reforming,
electrochemical reactions, conductive, convective, and

radiative heat transfer are crucial in improving SOFC
durability. SOFCs can stably operate by such fuels as
methanol or methanoic acid which can be easily steam
reformed by the nickel anode at the working elevated
temperature [6]. Recently, there have been increasing
studies on direct operation of SOFC (without a prereformer)
on short-chain hydrocarbons (HC) such as methane (which
is readily available in natural gas) and butane. This reduces
operating cost and entails higher efficiency. The major
challenge of direct reforming of HCs in SOFCs is that
deposit of carbon on the nickel anode particles surface
deteriorates the anode performance as a catalyst for
electrochemical reactions [7].

Supplying enough heat to the methane reforming
reaction and preserving a minimum value of 2 for the
steam to carbon ratio (i.e., molar ratio of steam to atomic
carbon) at the reformer inlet guarantee that the atomic
carbon is not formed in the reactor [8]. There are two
approaches for internal reforming SOFC (IR-SOFC), i.e.,
direct internal reforming SOFC (DIR-SOFC) and indirect
internal reforming SOFC (IIR-SOFC). In the first method,
exothermic electrochemical reaction provides the necessary
heat for endothermic reforming reaction which occurs
simultaneously at the SOFC anode. Therefore, the anode
material for DIR-SOFC should be optimized for both
reactions since it is subjected to poisoning by carbon
deposition from hydrocarbon reforming [9]. In IIR-SOFC,
reforming occurs at a separate place in thermal contact to
SOFC anode, so the problem of carbon deposition is
mitigated. However, problems such as local temperature
reduction which is also magnified due to the mismatch of
the two reaction rates induces high thermal stresses
especially at the reformer inlet [10]. Application of catalyst
with low reforming activity has been proposed as a remedy
for the mismatch of the reaction rates [11]. The combina-
tion of steam reforming and partial oxidation which is
called autothermal reforming results in more even temper-
ature distribution at the reformer since it reduces the
required external heat [12].

Gradual internal reforming (GIR) is another approach for
reduction of temperature gradient in the SOFC anode. In
this method, the mole fraction of steam supplied to methane
input to reformer is not sufficient to accelerate the steam
reforming reaction. Therefore, the steam and heat provided
from electrochemical reaction increase the electrochemical
reaction rate gradually [13,14].

Numerical modeling provides an effective facility to
predict states of the fuel cell operation conditions such as
temperature distributions and partial pressure of gasses.
Temperature distribution, the cell performance, and internal
reforming reaction kinetics are such correlated to each other
that a thorough study on the performance of a MT-SOFC
must comprise all of them. Some researchers developed
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models for DIR in the SOFC anode, e.g., one-dimensional
model with geometry integration and mass transport [15],
models developed to study the effect of various diffusion
formulations on the concentration loss [16], mass transfer,
and electric potential distribution within electrodes and
electrolyte [17]. In these models, it has been assumed that
the reforming reaction occurs at the porous anode and the
electrochemical reaction takes place at the interface
boundary of anode and electrolyte. In models developed
to simulate GIR-SOFC, the necessary hydrogen for elec-
trochemical reaction is generated in situ. So, steam
concentration is a predominant parameter in the reaction
kinetics. Modeling of an electrolyte-supported tubular
SOFC fueled by methane with DIR and GIR operations
and using finite volume method was studied by Klein et al.
[18] to account the experimental results presented by
Georges et al. [14].

The present study proposes a numerical model for an
anode-supported MT-SOFC operating on methane and pure
hydrogen. Two variations are considered for the internal
reforming, i.e., DIR and GIR. The cell performance is
predicted through simultaneous solution of the momentum,
species diffusion, heat transfer, reforming, and electrochemical
equations. The exactness of the developed model in prediction
of temperature field is checked by simple temperature
measurements of manufactured MT-SOFC sample.

Experimental

Cell manufacturing

The MT-SOFC sample which was considered to study the
temperature distribution had the geometry and dimensions
as shown in Fig. 1. The sample diameter was chosen in the
upper limit of MT-SOFCs (i.e., 14.6 mm) in order to
facilitate the installation of four thermocouples at axial
coordinates: 10, 30, 70, and 120 mm as shown in Fig. 2.
The manufacturing process of tested MT-SOFC is summa-
rized in Fig. 3. The nickel-8YSZ cermet supporting tube
was manufactured by slurry method in which a mixture of
40 wt.% nickel oxide (d≤1 μm), 40 wt.% 8YSZ (d≤1 μm)
and 20 wt.% 8YSZ (25 μm≤d≤40 μm) powders were ball
milled for 8 h with an aqueous solution of ethyl vinyl
alcohol and stearic acid. The ball-milled suspension was
poured in a plaster mold to the designed tubular shape.
After drying, the electrolyte layer was produced through dip
coating the green support in a slurry of 8YSZ (8YSZ
powder, d≤1 μm mixed in an aqueous solution of ethyl
vinyl alcohol and stearic acid). After co-sintering the
supporting tube and electrolyte layers in 1,450°C for 6 h,
the cathode layer was produced by solution precursor
plasma spraying technique in which a solution consisting

of lanthanum, strontium, and manganese nitrates to a
proportion resulting La0.8Sr0.2MnO3 was sprayed by an air
atomizer to the high temperature zone of a Plasma
Techniques–Gun F4 which resulted in vaporization of
water content of the nitrates solution, pyrolysis, and
formation of a porous thermally sprayed cathode layer.

Cell testing

The prepared cell was tested in an apparatus which is
depicted in Fig. 2. The input gasses were preheated in heat
exchangers, each were consisted of 60 turns of 4 mm
outside diameter stainless steel pipe, wrapped around
80 mm inner diameter coils. Therefore, the temperature of
fuel and air input to the cell were nearly the same as the
furnace temperature. The temperatures at four points along
the cell were acquired by insertion of chromel–alumel
thermocouples in contact with the cell cathode. The electric
current was collected from the cathode layer by stainless
steel (with chemical composition presented in Table 1)
string (mesh 200) and from inner diameter of the anode by
the same grade of stainless steel spring (1-mm wire
diameter and 5-mm pitch). The wires which were connected
to these collectors also were of the same grade of stainless
steel in order to reduce contact resistance due to oxidation.

Air and methane flow to the cell were metered by
ordinary gas flow meters of the rotameter type. Water was
sprayed to the anode input gas stream in an electrically
preheated chamber to prevent its separation from the stream
which might take place by wetting the tube wall.

All of the experimental data were analyzed to investigate
the effects of metrological uncertainty. The errors of
temperature and voltage measurement systems were directly

Fig. 1 Micro-tubular solid-oxide fuel cell geometry and dimensions
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applicable to the uncertainty analysis. However, to analyze
the effects of gas flow rates and electrical current measure-
ment errors, some sensitivity analyses were performed on
polarization and temperature curves. The results of uncer-
tainty analyses are depicted in graphs of experimental data
considering a coverage factor of 2.

Model description

Geometry

The whole radial section shown in Fig. 1 is considered as
the computational domain for the axial symmetric problem.

The computational domain is bounded by the inner wall of
a surrounding tube in radial direction.

Assumptions

In the electrical model, for the positive cathode, electrolyte
and negative anode (PEN) layers isotropic electrical or ionic
conductivity was considered. As depicted in Fig. 4, due to
large electrical conductivity of the interconnects, ideal
current collection was assumed at the cathode outer and
anode inner boundaries which would imply constant
electrical potentials at those surfaces [19]. The independence
of electric current densities at outer and inner diameters of
the cell from the cylindrical angular coordinate provides the
model with the facility of axial symmetry assumption.

All of the physical models presented in this paper are aimed
at prediction of the steady state operation of the MT-SOFC and
time dependent phenomena are neglected. The gas species
diffusion was expressed by Fick’s law [19]. Also, ideal gas
behavior was assumed for the fuel and air at the operating
temperature of MT-SOFC. Other assumptions are expressed
where the related physical models are explained in the
following sections. The momentum equations for the laminar
flow of ideal gasses are governing in the air and fuel channels
as Navier–Stokes equations [20] and in the porous layers of
anode and cathode as Brinkman’s equations [21]. The species
diffusion equations regulate the air and fuel channels and also
porous cathode and anode layers [22]. The Ohm’s law is

Fig. 3 Manufacturing process of tested MT-SOFC sample

Table 1 Chemical composition of stainless steel current collectors

Fe C Mn P S Si Cr

Bal. 0.14 0.71 0.03 0.01 0.28 12.43

Fig. 2 MT-SOFC testing setup
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solved in the cathode and anode layers to account for the
conservation of electronic charge and in the electrolyte layer
to account for the conservation of ionic charge. The gaseous
phase heat transfer is comprised of diffusive and convective
heat fluxes along with heat conduction in the domain and
heat convection at the boundaries with solid phases [19]. In
the porous solid-phase, heat transfer is consisted of conduc-
tion in the domain and convection and radiation at the
boundaries with gas channels [23]. Aside from the bound-
aries, at the porous subdomains, gaseous and solid-phases
exchange heat with each other which is considered through
volumetric heat input terms with opposite signs [24].

Electrical model

The governing physics and boundary conditions for the
electrical model are summarized in Fig. 4. In the cathode
and anode electrodes, the conservation of electronic charges
is expressed in the form of Ohm’s law as:

r � ðserfeÞ ¼ 0 ð1Þ

Where JAi , JCi , JAe ; and JCe are ionic and electronic
currents in normal directions to the boundaries. For the
electronic Ohm’s law, at the interface of electrolyte with the
electrodes the boundary conditions are:

fe ¼ fi þ VC
rev � hC ð5Þ

fe ¼ fi þ VA
rev þ hA ð6Þ

Where:

VA
rev ¼

ΔG0

2F
� RT

2F
lnð pH2

pH2O
Þ ð7Þ

VC
rev ¼

RT

4F
lnðpO2

p0
Þ ð8Þ

In which, ΔG0 and F denote the standard Gibbs free
energy change and Faraday’s constant, PH2 , PH2O, PO2 , and
P0 denote, hydrogen, water steam, oxygen partial pressures,
and atmospheric pressure, respectively. ηC and ηA denote
activation losses at the cathode and anode reaction zones
(Eqs. 11 and 12).

Electrochemical model

The electrochemical reactions taking place in the cathode
and anode reaction zones are:

O2 þ 4e� ! 2O2� ð9Þ

2H2 þ 2O2� ! 2H2Oþ 4e� ð10Þ
The current densities in the cathode and anode

reaction zones (which are considered the interface of
electrolyte with electrodes) are expressed in the form of
Butler–Volmer equations in a manner similar to that used
by Hussain et al. [25]:

JCe ¼ JC0 A
C
v t

C
rl

cO2

cO2;ref

� �gO2
exp

acncFhc
RT

� �
− exp −

ð1� acÞnCFhC
RT

� �� �

ð11Þ

JAe ¼ JA0A
A
v t

A
rl

cH2

cH2;ref

� �gH2
exp

aAnAFhA
RT

� �
� exp � ð1� aAÞnAFhA

RT

� �� �

ð12Þ
The superscript: E (electrode) denotes C (cathode) or A

(anode), then JEe is the electrode current density, JE0 is the
electrode reference exchange current density which can be
acquired at reference oxygen concentration: cO2;ref and

Fig. 4 The governing equations
and boundary conditions for the
electrical model
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Where σe is electronic conductivity of the cathode or
anode electrode and φe is the electronic potential. In the
electrolyte layer, the conservation of oxygen ion (O2−)
charges is written in the form of Ohm’s law as:

r � ðs irfiÞ ¼ 0 ð2Þ
Where σi is ionic conductivity of the electrolyte layer,

and φi is the ionic potential. For the ionic Ohm’s law, as
depicted in Fig. 4, at the interface of electrolyte with the
electrodes the boundary conditions consist of the equiva-
lence of ionic current flow to electronic current flow in the
direction normal to the boundary:

JCi ¼ JCe ð3Þ

JAi ¼ JAe ð4Þ



reference hydrogen concentration: cH2;ref . cO2 and cH2 are
oxygen and hydrogen molar concentrations, gO2

and gH2

are reaction orders for oxygen reduction and hydrogen
oxidation, respectively. AE

v is reactive surface area per unit
volume which is expressed by Costamagna et al. [26]. tErl is
the reaction layer thickness, αE is the symmetry factor
whose value lies between 0 and 1, nE denotes the number
of electrons participating in the electrochemical reaction
(2 for hydrogen oxidation and 4 for oxygen reduction), R
is the universal gas constant, and T is the absolute
temperature.

With a value of 0.5 for the symmetry factors and reaction
orders, Eqs. 11 and 12 are simplified for the activation
losses as below:

hC ¼ RT

0:5nCF
sinh�1 JCe

2JC0 A
C
v t

C
rl

CO2
CO2 ;ref

� �0:5

2
64

3
75 ð13Þ

hA ¼ RT

0:5nAF
sinh�1 JAe

2JA0 A
A
v t

A
rl

CH2
CH2 ;ref

� �0:5

2
64

3
75 ð14Þ

Which are substituted in Eqs. 5 and 6. For expressing the
temperature dependence of JE0 , predefined Arrhenius
expression is used:

JE0 ¼ JE0;ref exp
�EE

R

1

T
� 1

Tref

� �� �
ð15Þ

Where JE0;ref denotes current density at reference temper-
ature, EE is the apparent activation energy for the electrode
reaction, and Tref is the reference temperature.

Momentum conservation model

In the fuel and air channels momentum conservation is
expressed in the form of Navier–Stokes equations as:

ru:ru ¼ r:½�pIþ mðruþ ðruÞT Þ� ð16Þ
In the porous cathode and anode layers, the momentum

equation is written in the form of Brinkman equations [27]
as:

ðm=kÞu ¼ r:½�pIþ ð1="pÞmðruþ ðruÞT Þ� ð17Þ
Where ρ is the gas mixture density, u the velocity vector,

p the pressure, I the unit 3×3 matrix, μ the gas mixture
viscosity, κ permeability of porous layers, and εp denotes
porosity of these layers. The boundary conditions for the
momentum conservation equations are comprised of volu-

metric flow rates at channels outputs and specified
pressures at channels inputs.

Mass transport

Mass transport in gas channels and porous layers takes
place with convective as well as diffusive fluxes which the
later is explained by the Fick’s law. Therefore, conservation
of mass is expressed as:

r:ð�DeffrciÞ þ u:rci ¼ 0 ð18Þ
Where Deff which denotes the effective diffusion

coefficient is explained by Chan et al. [28], ci is the ith
species concentration. Therefore, equation set (18) consists
of as many equations as number of species.

The boundary conditions for the mass transport model
consist of constant species concentrations at the input to
channels and convective flux at the outputs. At interface of
electrodes with the electrolyte following normal fluxes
exist:

nH2 ¼ � J eA
2F

ð19Þ

nH2O ¼ J eA
2F

ð20Þ

nO2 ¼ � J eC
4F

ð21Þ

Where nH2 , nH2O; and nO2 denote normal molar fluxes of:
H2, H2O; and O2, respectively.

Heat transfer

Heat transfer equation is expressed in the general form:

r:ð�krT þ
X

i
hiNDiÞ ¼ Q� rcpu:rT ð22Þ

Where hi denotes enthalpy of the species: i, NDi is the
diffusive flux vector of species: i, cp is the heat capacity,
and Q is the volumetric heat input. For gaseous phases,
porous electrodes, dense electrolyte, and dense solid gas
distributor, the terms in Eq. 22 are denoted in Table 2. In
this table, the terms Je:rfe and Ji:rfi represent volumet-
ric electrical heating terms, where Je and Ji are electronic
and ionic current density vectors. hvðTs � TgÞ is convec-
tive heat transfer from unit volume of porous electrode
solid phase to diffusive gaseous phase [29]. The term
ð�R1Δh1 þ R2Δh2Þ denotes the cooling effect due to
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methane reforming per unit volume of the porous anode,
as expressed in (Eqs. 27–31).

The boundary conditions of the heat transfer problem
consist of convective heat transfer between solid electrolyte
and diffusive gaseous phase in porous electrodes, between
the solid phase of porous electrodes and gasses flowing in
the channels and between solid gas distributor and fuel gas
flowing in the fuel channel. Also, radiative heat transfer was
considered between the inner wall of anode and gas distributor
and between the cathode outer wall and ambient as:

q ¼ "ðG� sT 4Þ ð23Þ
Where ε is emissivity of the surface, σ is the Stefan–

Boltzman constant, and G is total arriving radiative flux or
irradiation which is expressed as:

G ¼ sTamb
4 ð24Þ

For surface to ambient heat radiation, and:

G ¼ Gm þ FambsT
4
amb ð25Þ

For surface to surface heat radiation [18], Gm is mutual
irradiation arriving from other surfaces in the modeled
geometry, Famb is ambient view factor, and Tamb is the

ambient temperature where in this study was considered as
the furnace temperature.

At the interface of electrolyte and anode, the heat
generation term in W m−2 to account for irreversibility of
electrochemical reactions is expressed as:

q ¼ ΔH

2F
� VC

rev � VA
rev

� 	� �
JAe ð26Þ

Where ΔH is hydrogen high heating value.

Fuel reforming

At the operating temperature of SOFC, methane reforming
is possible at porous nickel-YSZ cermet anode as a catalyst.
The complete reforming reaction is:

CH4 þ 2H2O ! 4H2 þ CO2 ð27Þ
This reaction is comprised of two reactions:

CH4 þ H2O $ 3H2 þ CO ðΔh1 ¼ 206 kJ mol�1Þ ð28Þ

COþ H2O $ H2 þ CO2 ðΔh2 ¼ �41 kJ mol�1Þ ð29Þ

T NDi u Q

Fuel gas Tg �Deffrci u hvðTs � TgÞ � R1Δh1 þ R2Δh2
Air Tg �Deffrci u hv Ts � Tg

� 	
Porous electrode Ts 0 0 hvðTs � TgÞ þ Jerfe
Solid gas distributor Ts 0 0 0

Solid electrolyte Ts 0 0 Jirfi

Table 2 Terms of Eq. 20 in
various phases

Fig. 5 Mesh sensitivity analysis
results
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Reaction of Eq. 28 known as methane steam reforming
(MSR), is highly endothermic and reaction of Eq. 29 known
as water gas shift reaction (WGSR), is a little exothermic.
Molar rate of the MSR reaction in (mol m−2 s−1) is described
by the Arrhenius law [18] as:

RMSR ¼ 63:6� T 2 � exp � 27; 063

T

� �
CH4½ � H2O½ �

� 3:7� 10�14 � T 4 � exp � 232:78

T

� �
CO½ � H2½ �3

ð30Þ

Parameters Values Reference

Operation conditions

Fuel/air utilization factor 0.40/0.17 [35]
Input fuel/air temperature (°C) 800/800

Input cH2O=cCH4 in GIR operation 0.094 [30]

Input cH2O=cCH4 in DIR operation 1.23 [30]
Output fuel/oxygen pressure (bar) 1.013

Cathode/anode

Reference current density (Am−2) 400/1,320 [25]

Apparent activation energy (kJ mol−1) 130/120 [31]

Reference temperature (K) 1073/1073 [31]

Reference concentration (mol m−3) 2.38/10.78 [25]

Electrical conductivity (S m−1) 5,376/71,428 [25]

Thermal conductivity (W m−1 K−1) 6.0/11.0 [32]

Porosity 0.35 [25]

Density (kg m−3) 4,930.0/4,460.0 [32]

AE
v ðm2m�3Þ 80,625 [26]

trlE ðmÞ 20e–6 [26]

Other parameters

Electrolyte ionic conductivity (S m−1) ð1:93e8=TÞ expð�103; 000=RTÞ [33]

Electrolyte thermal conductivity (W m−1 K−1) 2.7 [32]

Deff (m
2 s−1) 0:308 expð�11; 000=TÞ [34]

Thermal conductivity of support (W m−1 K−1) 11.0 [32]

Thermal conductivity of air tube (W m−1 K−1) 11.0 [32]

Thermal emissivity of preheating tube 0.05 [23]

Thermal emissivity of electrodes 0.35 [23]

Table 3 Parameters used in the
simulation

Fig. 6 Polarization curves of
the MT-SOFC for various
fueling methods
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Where [g] denotes the concentration of gas species: g.
Unlike the MSR reaction, WGSR occurs wherever the gas
is present with a molar rate in (Kmol m−3 s−1) as:

RWGSR ¼ 1; 192� T 2 � exp � 12; 509

T

� �
CO½ � H2O½ �

� 6:77� 104 � T 2 � exp � 16; 909

T

� �
CO2½ � H2½ �

ð31Þ
The molar fluxes of species in (mol m−2 s−1) satisfy the

differential equations:

rNCH4 ¼ �AA
v RMSR ð32Þ

rNH2O ¼ �AA
v RMSR � RWGSR ð33Þ

rNCO ¼ AA
v RMSR � RWGSR ð34Þ

rNH2 ¼ 3AA
v RMSR þ RWGSR ð35Þ

rNCO2 ¼ RWGSR ð36Þ
Where Ni denotes molar flux vector of species: i.
In addition to reactions (28) and (29), pyrolysis (Eq. 37)

and Boudouard (Eq. 38) reactions may also take place.

CH4 ! C þ 2H2 ðΔh ¼ 75 kJ mol�1Þ ð37Þ

2CO ! Cþ CO2 ðΔh ¼ �172:6 kJ mol�1Þ ð38Þ

Fig. 8 Numerical results of
radial current density at the
anode-electrolyte interface at
the cell operating voltage
of 0.5 V

Fig. 7 Numerical results of
radial electrical current density
contours at the cell operating
voltage of 0.5 V
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Previous work on methane reforming implied that for
a steam to carbon, STC, ratio larger than 2.0 the
probability of formation of atomic carbon is very low.
However, a high value of STC ratio dilutes the hydrogen
being formed. An analysis of the Gibbs free energy
change of (Eqs. 28–38) denotes that for temperatures
above 1,000 K (750°C) methane has more likely to react
with steam to form hydrogen according to Eq. 28 than
dissociate into atomic carbon and water. This tendency is
enhanced by high concentration of water [8]. Therefore, as
in the present study the operating temperature of the MT-
SOFC is higher than 1,000 K (Eqs. 37 and 38) are
disregarded in the model.

Simulation implementation

Computational technique

The necessary formulations for the models presented in this
paper were supplied to the finite element software package
FEMLAB® [27]. The geometric modeling and meshing were
based on the axial symmetry assumption. The current
collection was assumed to be ideal, so constant electric
potentials of 0 and –DV were specified on cathode outer
surface and anode inner surface at each steady state simulation
run. Electric and ionic current densities, electric potential
distribution, species concentrations, velocity and pressure

Fig. 9 Numerical results of
temperature profile at the
electrolyte mid-thickness of
the MT-SOFC for various
fueling methods

Fig. 10 Numerical results of
temperature contour in pure
hydrogen fueling operation
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fields and temperature distribution were the outputs of the
simulation. The whole domain was discretized by 2,787
elements (2,680 quadrilateral elements and 107 triangular
elements) which observed to be theminimum required number
of elements through some mesh sensitivity verification trial
runs. As shown in Fig. 5, the ratio of output result values for
various element numbers to the values as the number of
elements approaches to: ∞, would approach to unity for an
element number of 2787. In this figure, the domain maximum
temperature (Tmax) and cell maximum radial current density
(Imax) were chosen for mesh sensitivity case study.

Parameters

The parameters used to simulate the MT-SOFC are summa-
rized in Table 3. Geometrical parameters such as porosity and
density are typical of the selected manufacturing process for
PEN layers. Physical parameters such as conductive,

convective, and radiative heat transfer coefficients, gas
diffusion coefficients, and electrochemical parameters are
chosen as common values available in the literature.
Constant values for the electrical conductivities of anode
and cathode layers at the operating temperature range were
considered. Due to the assumption of ideal current collection
which implies low ohmic polarization, the resulting error for
this assumption is negligible. The specified value for the fuel
utilization factor is at the lower limit of common range for
the type of SOFC in a single cell testing condition.

Results and discussion

Electrochemical performance

Steady state analysis of the developed model for the MT-
SOFC with the cell voltage (DV) as a solution parameter

Fig. 11 Numerical results of
temperature profile at electrolyte
mid-thickness of the hydrogen
fueled MT-SOFC at various
cell voltages

Fig. 12 Numerical results of
temperature contour in GIR
fueling operation
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resulted in polarization curves shown in Fig. 6. In these
curves, DV denotes the potential difference between the
ideal cathode and anode current collectors. Also cell
average current density (I) is defined as the total output
current of the cell divided by cell active reaction area. Three
fueling methods were considered as case studies: pure
hydrogen, gradual internal reforming (GIR), and direct
internal reforming (DIR). In GIR fueling method, the molar
ratio of water steam to methane should be less than 0.1
whereas in DIR fueling method this ratio should be at least
1. Therefore, as shown in Table 3, the mole ratio of water
steam to methane at input was chosen as: 0.094 and 1.23
for GIR and DIR fueling, respectively. The slope of
polarization curve for pure hydrogen fueling case is lower
than two other fueling cases. This is firstly due to lower
operating temperature of the cell fueled by methane which
is a consequence of endothermic internal reforming

reaction. Secondly, the partial pressure of hydrogen in the
pure hydrogen fueling operation is higher than two other
cases in spite of more hydrogen content available to the
electrochemical reaction in the methane fueling operations.
This results in higher open circuit voltage as expressed by
Eq. 7 and is apparent from the open circuit voltages of the
polarization curves in Fig. 6. Lower operating temperature
results in higher ohmic resistance of the electrolyte against
ions flow and slower rate of electrochemical energy
conversion. The slope of polarization curve in the case of
DIR is lower than its slope in the case of GIR fueling,
because of higher cooling action when input fuel comprises
more water steam content which entails higher internal
reforming rate.

In order to verify these simulation results, the prepared
MT-SOFC was tested in the set up shown in Fig. 2. The
furnace temperature was fixed to 800°C. This is the value

Fig. 13 Numerical results of
temperature profile at electrolyte
mid-thickness of the MT-SOFC
in GIR fueling operation at
various cell voltages

Fig. 14 Numerical results of
temperature contour in DIR
fueling operation
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which was supplied to the model as input gas temperatures
and ambient temperature in heat convection and radiation.
In all points of the polarization curve nearly constant
utilization factors of 0.4 and 0.17 were established for the
fuel and air, respectively. The adopted fuel utilization factor
is at the lower limit of the common range 0.45–0.85 for
single MT-SOFCs [35]. For setting the considered values of
utilization factors (Eqs. 39–42) were used:

UCH4 ¼ I=ð4FÞ ð39Þ

Uair ¼ I=ð0:21ð4FÞÞ ð40Þ

nCH4 ¼ UCH4=UFCH4 ð41Þ

nair ¼ Uair=UFair ð42Þ

Where UCH4 , Uair denote the molar rates of methane
and air consumption in the electrochemical reaction;
UFCH4 , Uair are utilization factors for methane and air;
and nCH4 , nair denote molar flow rates of input methane
and air respectively. In each cell average current density
during the test, the input gas flow rates were regulated to
satisfy (Eqs. 39–42) for values of 0.4 and 0.17 as the fuel
and air utilization factors. As shown in Fig. 6, there is an
acceptable agreement between the simulation and exper-
imental results. The deviation of experimental points from
a smooth curve like the analytical polarization curve is
due to errors in adjustment of input gasses utilization
factors.

In Figs. 7 and 8, the radial current density distributions
at the condition of 0.5 V cell potential, for the mentioned
fueling methods are compared. In pure hydrogen fueling,
the cell radial current density is maximized nearly at the

Fig. 15 Numerical results of
temperature profile at electrolyte
mid-thickness of the MT-SOFC
in DIR fueling operation at
various cell voltages

Fig. 16 Simulation results of
species concentration in fuel
channel of the MT-SOFC in
hydrogen fueling method
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middle of the cell length. In GIR fueling case, the cell
radial current density, first decreases near z=0 followed by
increment towards the cell exit. The decrease of the cell
radial current density at z=0 in the case of DIR fueling is
more severe followed by an increase in the z direction at a
higher rate compared with GIR fueling. As will be
discussed in the next section, the temperature variation
along the cell length is occurred in a similar form as the radial
current density, so the increment of the radial current density
at high temperature zones, can be attributed to the increase of
the electrolyte ionic conductivity at these zones. Meanwhile
increased current density at these zones, adds to the heat
generation due to irreversibility of the electrochemical
conversion as stated by Eq. 26.

Cell temperature distribution

Temperature profiles at the MT-SOFC electrolyte mid-
thickness, for a cell voltage of: DV=0.5 Vand various types
of fueling (i.e., pure hydrogen, GIR, and DIR) are depicted
in Fig. 9. Again the utilization factors were set to: 0.4 and
0.17 for fuel and air respectively. The characteristic of the
profile curve for pure hydrogen is a maximum value at the
cell middle length. For GIR fueling a gradual rise in the
temperature until a maximum value near the cell output is
perceived. In DIR fueling method the temperature of fuel at
near z=0, is decreased sensibly due to cooling effect of
reforming process, and then it increases until the maximum
value at the cell output.

Fig. 17 Simulation results of
species concentration in fuel
channel of the MT-SOFC
in GIR fueling method

Fig. 18 Simulation results of
species concentration in fuel
channel of the MT-SOFC in
DIR fueling method
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Temperature contour in all the solution subdomains are
depicted in Fig. 10 for pure hydrogen fueling operation. In
this case, heat generated from the irreversible electrochem-
ical reaction causes progressive temperature rise in z
direction until middle of the cell. As shown in Fig. 11,
due to heat convection at MT-SOFC two ends, the
maximum of electrolyte mid-thickness temperature profile
is occurred at middle of the cell for various operating
voltages.

Temperature contour of methane-fed MT-SOFC in GIR
case is depicted in Fig. 12. In Fig. 13, the electrolyte mid-
thickness temperature profiles for various cell voltages
show gradual increases towards the exit of the cell and
without a maximum at the middle. This can be explained by
the endothermic nature of methane reforming reaction which
utilizes the heat generated by electrochemical reaction.

In DIR fueling case, the input fuel contains enough
water content to start the reforming reaction at the cell
entrance. Whereas in the case of GIR fueling type, the
required water steam for the reforming reaction should be
supplied by the electrochemical reaction. Therefore, a
decrease in the input fuel temperature is occurred in the
DIR fueling method as is shown in the temperature contour
of Fig. 14 and electrolyte mid-thickness temperature
profiles of Fig. 15.

Concentration loss

The species concentration profiles along the inner wall of
anode are depicted in (Figs. 16, 17, and 18). For the pure
hydrogen fueling method, hydrogen concentration
decreases in the z direction towards the cell output while
water steam concentration increases in this direction
(Fig. 16). The value of slope of these curves is maximum

at the middle of the cell, where the temperature is
maximum. At the location of maximum temperature, the
electrochemical reaction rate is maximized. Therefore the
rate of species consumption or production is a peak value,
making the rate of the species concentration change with
respect to the z as a maximum.

For the GIR fueling method, the concentration of
hydrogen at the fuel entrance to the cell is negligible, but
it increases gradually in the z direction due to reforming
reaction which takes place in porous Ni-YSZ anode
(Fig. 17). The concentration of methane is decreased
gradually in the z direction due to this reforming reaction.
The reason for gradual change of species in the z direction
is insufficiency of water steam for progression of the
reforming reaction. So, the required water steam is supplied
from the electrochemical reaction of the cell making the
concentration change in the z direction a gradual variation.
Also water steam concentration is not increased sensibly in
the z direction due to its consumption (in the reforming
reaction) occurring in the right place of its production
(electrochemical reaction layer).

In the DIR fueling method with surplus of water
steam at the fuel entering into the cell, the rate of
reforming reaction is considerably higher than its value
in the GIR fueling method at the zone near z=0
(Fig. 18). Therefore, the reforming reaction is almost
completed until z=3 cm. After that, the species concen-
trations change slowly in the z direction due to increase of
product partial pressures and decrease of reactant partial
pressures which retards the reforming reaction according
to (Eqs. 30 and 31).

The concentration loss at each cell average current
density (I) is equivalent to the resulting difference in VA

rev

when the value of species partial pressures in Eq. 7 are

Fig. 19 Numerical results of the
MT-SOFC concentration
overpotential in various
fueling types
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replaced with their amount in the anode inner wall
(subjected to fuel channel flow stream) at the same z
coordinate. The computed concentration losses in three
mentioned varieties of fueling methods are compared in
Fig. 19. In the pure hydrogen fueling operation, hydrogen
concentration diminishes in the direction of anode layer
depth. Whereas, in the DIR and GIR fueling operations
there is redundancy of hydrogen which is produced within
the porous anode to the amount more than its consumption
in the electrochemical reaction layer. The DIR fueling
method is even superior to the GIR fueling method in this
regard, since there is excess hydrogen supply to the
electrochemical reaction zone in the DIR method. This
phenomena is distinct from the one stated about different
partial pressures in “Electrochemical performance” for
three fueling methods. The concentration loss accounts for
the gradient of VA

rev in the anode thickness direction.
Although the absolute value of this term also shows a
similar trend and is lower in methane-fed cells than the
pure hydrogen fueling case due to the existence of CO2

and unreformed CH4 in addition to H2O in the anode
electrochemical reaction zone. In addition, in DIR fueling
operation in which hydrogen production rate is higher than
GIR fueling operation, lower concentration polarization is
estimated.

Conclusions

A mathematical model was developed for the prediction of
performance, thermal effects, and the behavior of direct
internal reforming in MT-SOFC. In this model, temperature
dependence of the electrochemical reactions was considered
that resulted in variation in polarization curve shapes. In
pure hydrogen fueling method, the temperature profile has a
maximum value at middle of the cell, whereas in GIR and
DIR fueling methods the maximum value is shifted to the
cell exit.

In hydrogen fueling case, the polarization curve has
lower slope than other two fueling methods which can be
attributed to higher operating temperature of the cell and
higher partial pressure of hydrogen at the electrochemical
reaction zone which results in higher Nernst voltage.

Concentration loss of a MT-SOFC in methane DIR
reforming mode is lower than two other fueling cases, since
in this case there is surplus of hydrogen production within
the anode layer which diminishes the Nernst voltage
gradient in the anode thickness direction. The highest
concentration loss is perceived in pure hydrogen fed cell
because hydrogen should diffuse into the reaction layer
from the fuel channel without any production.

The validity of the developed model was verified
through some simple temperature and polarization curve

measurements. There is acceptable agreement between
experimental and analytical results regarding heat transfer
and electrical models. More detailed study on the validation
of the electrochemical model presented by (Eqs. 11–15) is
suggested as an extension to this research.
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