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Abstract
Experimental studies have reported the dependence of nitric oxide (NO) on the regulation of neuronal calcium ([Ca2?])

dynamics in neurons. But, there is no model available to estimate the disorders caused by various parameters in their

regulatory dynamics leading to various neuronal disorders. A mathematical model to analyze the impacts due to alterations

in various parameters like buffer, ryanodine receptor, serca pump, source influx, etc. leading to regulation and dysregu-

lation of the spatiotemporal calcium and NO dynamics in neuron cells is constructed using a system of reaction–diffusion

equations. The numerical simulation is performed with the finite element approach. The disturbances in the different

constitutive processes of [Ca2?] and nitric oxide including source influx, buffer mechanism, ryanodine receptor, serca

pump, IP3 receptor, etc. can be responsible for the dysregulation in the [Ca2?] and NO dynamics in neurons. Also, the

results reveal novel information about the magnitude and intensity of disorders in response to a range of alterations in

various parameters of this neuronal dynamics, which can cause dysregulation leading to neuronal diseases like Parkinson’s,

cerebral ischemia, trauma, etc.
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Introduction

Nitric oxide being signaling molecule affects numerous

biological activities in neuromuscular (Stamler and

Meissner 2001), immunological (Bogdan 2001), and other

pathways (Davis et al. 2001). NO signaling is essential in

neurotransmitter release, learning, memory, and neuronal

excitability (Kiss et al. 2001; Prast et al. 2001; Boehning

et al. 2003). Nitric oxide has toxic as well as beneficial

effects on different cells in the human body. Tsoukias

(2008) investigated the various processes, which affect the

availability of nitric oxide in health and diseases. Experi-

mental studies suggested that nitroglycerine, nitrates, and

guanylate cyclase are helpful to relax the smooth muscles

of the heart due to the significant NO impacts. Garthwaite

(1991) explored the importance of NO signaling in nerve

cells. The overproduction and accumulation of NO may

result in neuronal injury and cell death via neurotoxicity,

proteins modifications, and damage of DNA (Zhang et al.

2006). The nitric oxide-induced neurotoxicity leads to

neuronal disorders (Torreilles et al. 1999) including

Parkinson’s (Zhang et al. 2006), primary headache

(Thomsen 2001), HIV-related dementia (Kaul et al. 2001),

stroke (Lo et al. 2003), etc. The neurotoxicity is mediated

by NMDAR due to the involvement of nitric oxide leads to

neuronal cell death underlying numerous neuronal diseases

(Dawson et al. 1991). Also, the protein modifications by

nitric oxide via the involvement of reactive cysteine thiols

(S-nitrosylation) lead to neuronal cell death (Lipton et al.

1993). Nitric oxide has cytoprotective properties in nerve

cells at low concentrations, but it becomes detrimental at

high concentrations by inducing cytotoxic effects on the

cells (Kourosh-Arami et al. 2020).

The mathematics of diffusion and its significance in

various media such as plane sheets, cylinders, etc. have

been discussed by Crank (1979). The regulation of genome

& Anand Pawar

ap.193104003@manit.ac.in

Kamal Raj Pardasani

kamalrajp@rediffmail.com

1 Department of Mathematics, Bioinformatics and Computer

Applications, Maulana Azad National Institute of

Technology, Bhopal, Madhya Pradesh 462003, India

123

Cognitive Neurodynamics (2023) 17:1661–1682
https://doi.org/10.1007/s11571-022-09902-2(0123456789().,-volV)(0123456789().,- volV)

http://orcid.org/0000-0003-3464-208X
http://crossmark.crossref.org/dialog/?doi=10.1007/s11571-022-09902-2&amp;domain=pdf
https://doi.org/10.1007/s11571-022-09902-2


expression, hormone release, dendroplasmic flow, etc. by

calcium mechanism in neuron cells has been examined by

Llinas (1979). The presynaptic calcium transport model in

the presence of buffer, pump, and various channels in nerve

cells has been explored by Fogelson and Zucker (1985).

The influence of buffer capacity on the regulatory [Ca2?]

processes in neuron cells has been discussed by Ahmed and

Connor (1988). In neurons, the elementary calcium pro-

cesses such as calcium release and calcium entry are

associated with different channels (Bootman and Berridge

1995). The mathematical models of calcium diffusion with

buffer approximation and validation in the nerve cell were

constructed by Wagner et al. (1994) and Smith et al.

(1996), Smith (1996). The rapid transit of [Ca2?] ions via

the channels in neurons causes the oscillatory behavior of

calcium (Egelman and Montague 1999). The high con-

centration of slow buffer also creates oscillations in the

neuronal calcium signaling (Falcke 2003). The endoplas-

mic reticulum (ER) regulates the diverse signaling events

in a neuron cell (Verkhratsky 2002). The calcium diffusion

model and significance of different channels such as

ryanodine receptor and IP3 in acinar cells have been

examined by Sneyd et al. (2003). The neuronal pathologies

are associated with the dysfunction of calcium signaling in

neurons (Brini et al. 2014). In the last decade, numerous

authors have explored calcium regulation in different cells

including astrocytes (Jha et al. 2013, 2014), neurons

(Tewari et al. 2008, 2010, 2011, 2012; Tripathi et al. 2011;

Jha et al. 2014), acinar (Manhas and Pardasani 2014,

Manhas et al. 2014), myocyte (Pathak et al. 2015, 2016),

Oocyte (Panday et al. 2013; Naik and Pardasani

2015b, 2016, 2019), etc. using different analytical and

numerical procedures. The calcium transport model with

the presence of excess buffer and sodium ions in neurons

has been explored by Tewari et al. (2011). The conse-

quences of excess buffer and VGCC on calcium dynamics

in astrocyte cell has been discussed by Jha et al.

(2013, 2014). The influences of different processes such as

buffer, pump, and leak on calcium dynamics in the myo-

cytes and fibroblast cells have been studied by Pathak et al.

(2015, 2016) and Kotwani et al. (2012, 2014), respectively.

The finite element model has been constructed by Naik and

Pardasani (2013) to study the effects of numerous different

parameters such as Na?/K? pump, buffer, Na?/Ca2?

exchanger, etc. on [Ca2?] signaling in Oocytes. Also, Naik

and Pardasani (2015b) explored the calcium signaling for

two-dimensional cases using a finite element procedure to

examine the influences of various parameters including

ryanodine receptor, serca pump, etc. in Oocytes cells. Naik

and Pardasani (2019) examined that various mechanisms

such as diffusion, buffer, VGCC, serca pump, RyR, etc.

regulate the calcium concentration level in Oocytes. The

spatiotemporal calcium model incorporating ER leak,

VGCC, buffer, and extrusion of calcium mechanism in T

lymphocytes has been discussed by Naik and Zu (2020) to

explore the applications of the model in cell protection and

strengthening immune systems. Eskandari et al. (2021)

discussed the time-discrete chemical model for two-di-

mensional cases and fixed points existence to detect the flip

and generalized flip bifurcations. Jagtap and Adlakha

(2018) explored the importance of the buffer mechanism in

calcium distribution in hepatocyte cells. The calcium

release from ER through the IP3-sensitive channel in neu-

ron cells has been discussed by Falcke et al. (2000) to

explore the functions of calcium and IP3 in chaotic oscil-

lations. The IP3 production depends on the calcium-sensi-

tive pathway, which is activated by calcium waves. The

positive feedback of calcium and IP3-induced calcium

release enhances the IP3 production by simulating PLC in

the cell (Miyazaki 1993). The IP3 production, which is

caused by calcium activation either by PLC or by a subunit

of G protein, and the physiological ranges of IP3 produc-

tion (0.1–3.0 lM) have been explored by Young and

Keizer (1992). In the case of calcium oscillations, the

calcium feedback on the IP3 degradation pathways has

been discussed by Dupont and Erneux (1997).

The association of nitric oxide with numerous secondary

signaling molecules including [Ca2?], proteins, and oxygen

has a significant impact on cellular regulation processes.

The calcium concentration increases initially due to the

intracellular [Ca2?] release and the elevated calcium can

cause NO generation in the cells. The nitric oxide pro-

duction is simulated by calcium influx, which is induced by

a glutamate receptor in a neuron cell (Garthwaite et al.

1989; Wood et al. 1990). The calcium-dependent and cal-

cium-independent nitric oxide formation and biological

significance of NO in different tissues have been explored

by Salter and Knowles (1991). The deficiency of calcium

can cause deficient nitric oxide production, which leads to

preeclampsia disease in women (López-Jaramillo 2000). In

the tissues, the calcium-dependent production of nitric

oxide is induced by sex hormones (Weiner et al. 1994). In

the past, various researchers studied the NO production and

regulation in nerve cells (Bredt et al. 1990; Aimi et al.

1993; Ceccatelli et al. 1994; Vincent 1994). Vincent (2010)

explored the functions of VGCC in nitric oxide production

in neurons. Also, R-type calcium channels are essential in

nitric oxide generation in the nerve cell (Kohlmeier and

Leonard 2006). The nitric oxide signaling requires tight

regulation by calcium to prevent the cell from neurotoxi-

city (Brenman et al. 1997). The impact of NO on [Ca2?]

ion channels in vascular smooth muscle, such as calcium-

dependent potassium channels has been examined by

Bolotina et al. (1994). The nitric oxide signaling acts as an

amplifier of calcium signals in a neuron cell (Peunova and

Enikolopov 1993). Furthermore, NO may have a protective
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impact by neutralizing superoxide ions and preventing

oxygen radical damage to cerebellar cells (Garthwaite et al.

1988). The nitric oxide concentration is reported to be in

the range 0 to 500 nmol (10–3 lM) (Wood and Garthwaite

1994) in the neuron cells. Dormanns et al. (2016) and Plank

et al. (2007) developed mathematical models to study the

calcium signaling and nitric oxide generation in the neu-

rons. The voltage-dependent calcium channels elevate the

cytosolic calcium concentration that produces nitric oxide

by binding neuronal NO synthase (Kourosh-Arami et al.

2020). The IP3 receptor needs calcium concentration for

channel activation even in the existence of IP3 and it

enhances calcium levels in cells. The generation of effec-

tive vasodilators like nitric oxide in the cell regulates the

high calcium concentration (Iino 2006). Thus, the process

of NO production controls the elevated calcium in nerve

cells. The serca pump activities are increased by the nitric

oxide (NO) through the reactive cysteine-674 in the

endoplasmic reticulum (ER), which can further lead to the

inhibition of calcium influx in the cell (Tong et al. 2008).

The alterations in serca pump mechanism can cause the

different neuronal disorders including Alzheimer’s. The

effects of nitric oxide on serca pump activities are crucial

to understand as the dysregulation in serca pump mecha-

nism can be responsible for the dysregulation in other ER

mechanisms. The dysregulation in [Ca2?] and NO levels in

cells can be responsible for different neuronal disorders

such as Ischemia, Alzheimer’s, etc. The elevation in neu-

ronal calcium concentration is associated with Ischemia

(Chung et al. 2015). Bodalia et al. (2013) experimentally

investigated that during Ischemia, the IP3 and ryanodine

receptors cause the aberrant [Ca2?] release from ER, and

the impaired reuptake of cytosolic calcium to ER via serca

pump elevates the calcium levels. Also, the elevated cal-

cium concentration during Ischemia can produce a high

amount of NO (Moro et al. 2004). Wojda et al. (2008)

reported that the alteration in the [Ca2?] homeostasis

including impaired calcium reuptake through serca pump,

disturbances in source influx, etc. are associated with

Ischemia, which further leads to rapid cell death.

Manhas et al. (2014) examined the fluctuations in the

calcium signaling due to the IP3 mechanism in the acinar

cell. In recent years, the cooperation of [Ca2?] and IP3
in the myocyte and hepatocyte cells have been explored

by Singh et al. (2019a, 2019b, 2020) and Jagtap et al.

(2019), respectively. Pawar and Pardasani (2022a)

examined the dysregulatory effects of [Ca2?] and IP3
signaling on the NO and b-amyloid formation in nerve

cells. Also, the cooperative regulation and dysregulation

of [Ca2?] and b-amyloid have been explored by Pawar

and Pardasani (2022a) to study the effect of disturbances

in different processes on the calcium and b-amyloid in

neuron cells. Very few researchers studied the temporal

dependence of NO on [Ca2?] dynamics in nerve cells.

However, no research on the spatiotemporal dependence

of nitric oxide dynamics on [Ca2?] dynamics in nerve

cells has been reported. Also, the earlier models have not

taken into consideration the association of neuronal dis-

orders due to the disturbances in the constitutional pro-

cesses of the different parameters of spatiotemporal

dynamics of calcium and NO in neuron cells. The

exploration of the spatiotemporal dependence of NO on

calcium regulation can be crucial for providing thera-

peutic and curative interventions for neuronal disorders.

The present focus is on exploring the regulatory and

dysregulatory impacts of the spatiotemporal dynamics of

[Ca2?] and NO in nerve cells. The findings were achieved

using a finite element procedure and the influences of

diverse parameters on the [Ca2?] and NO dynamics have

been examined in neurons.

Mathematical formulation

Involving the buffer (EGTA) and ryanodine receptor in

Wagner et al. (2004) model, and the [Ca2?] regulation with

constant IP3 can be expressed in the neurons as,

o Ca2þ
� �

ot
¼ DCa

o2 Ca2þ
� �

ox2

þ JIPR � JSERCA + JLEAK + JRyR

FC

� �

� Kþ B½ �1 Ca2þ
� �

� Ca2þ
� �

1

� �
; ð1Þ

where, DCa represents the [Ca2?] diffusion coefficient.

[B]! and [Ca2?]! are respectively the steady-state buffer

and [Ca2?] concentrations. K? denotes the buffer associ-

ation rate and ’x’, and ’t’ represent the position and time

variables.

Wagner et al. (2004) provides the numerous influxes and

outfluxes of Eq. (1), as shown below,

JIPR = VIPRm
3 h3 Ca2þ

� �
ER
� Ca2þ
� �� 	

; ð2Þ

JSERCA = VSERCA

Ca2þ
� �2

Ca2þ
� �2

+ K2
SERCA

 !

; ð3Þ

JLEAK = VLEAK Ca2þ
� �

ER
� Ca2þ
� �� 	

; ð4Þ

JRyR = P0VRyR Ca2þ
� �

ER
� Ca2þ
� �� 	

; ð5Þ

where, JIPR, JLEAK, and JRyR are the fluxes due to IP3-

receptor, ER, and ryanodine receptor respectively. The

serca pump efflux is denoted by JSERCA. VLEAK, VIPR,

VSERCA, and VRyR are respectively denoting the flux rate

constants for leak, IP3 receptor, pump (serca), and ryan-

odine receptor. KSERCA denotes the Michaelis constant for
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serca pump. P0 denotes the probability for ryanodine

receptor.

Li and Rinzel (1994) provides the expressions for m and

h, which are displayed below.

m =
[IP3�

[IP3] + KIP3

� �
Ca2þ
� �

Ca2þ
� �

+ KAc

 !

; ð6Þ

h =
KInh

KInhþ Ca2þ
� � ; ð7Þ

where variable h indicates the fraction of subunit not yet

activated via calcium. The constants of the binding posi-

tions of activating IP3, activating [Ca2?] and inhibiting

[Ca2?] are respectively indicated by KIP3, KAc, and Kinh.

The nitric oxide dynamics incorporating calcium pro-

vided by Gibson et al. (2007) is shown below,

o NO½ �
ot

¼ DNO

o2 NO½ �
ox2

þ Jproduction � Jdegradation
� 	

; ð8Þ

where DNO denotes the nitric oxide diffusion coefficient.

The nitric oxide production flux is described by Gibson

et al. (2007) as,

Jproduction = VNO

Ca2þ
� �

Ca2þ
� �

+ KNO

 !

; ð9Þ

where JProduction represents the nitric oxide production flux.

VNO and KNO are the rate constants.

Jdegradation = Kdeg[NO], ð10Þ

where the flux term for nitric oxide degradation is repre-

sented by Jdegradation and Kdeg represents the degradation

rate constant for nitric oxide in the cell.

The [Ca2?]ER may be estimated by the total concentra-

tion of cellular [Ca2?] conservation relationship,

[Ca2 + ]T = FE [Ca2 + ]ER + FC [Ca2 + ]C; ð11Þ

where [Ca2?]ER is the [Ca2?] levels in ER. The volume

fraction corresponding to the total cell volume of cytosol

and ER are sequentially represented by FC and FE.

Initial conditions

For [Ca2?] and NO, the initial concentrations are given

respectively by Dupont et al. (2000) and Van Liew and

Raychaudhuri (1997), as follows,

Ca2þ
� �

t¼0
¼ 0.1 lM, ð12Þ

NO½ �t¼0¼ 0 lM, ð13Þ

Boundary conditions

Brown et al. (2008) provides the boundary condition for

[Ca2?] as shown below,

lim
x!0

�Dc

o Ca2þ
� �

ox

� �
¼ r; ð14Þ

where, source influx is denoted by r.
[Ca2?] level reaches 0.1 lM with distant near the

source,

lim
x!5

Ca2þ
� �

¼ Ca2þ
� �

1¼ 0.1 lM, ð15Þ

The boundary conditions of NO dynamics are given by

Kavdia et al. (2002) as expressed below,

lim
x!0

o NO½ �
ox

� �
¼ 0. ð16Þ

lim
x!5

o NO½ �
ox

� �
¼ 0. ð17Þ

In the Appendix, the description of the finite element

approach utilized to solve the systems equations with the

initial and boundary concentrations has been presented.

Results and discussion

Graphs are used to display the numerical findings of the

system of equations. Table 1 exhibits the numerical values

of the several variables utilized in this study.

Figure 1 exhibits the spatiotemporal calcium distribu-

tion at various time and position instants in nerve cells. The

influences of the calcium diffusion, buffer mechanism, and

calcium handling by the ER on IP3-mediated calcium

release through IP3-receptor, calcium-mediated calcium

release through ryanodine receptor, and the reuptake of

calcium from cytosol to ER by serca pump on calcium

signaling have been noticed in Fig. 1. The spatial [Ca2?]

Table 1 Parameters with numerical data [Wagner et al. (2004) and

Gibson et al. (2007)]

Symbols Values Symbols Values

VIPR 8.5 s-1 KIP3 0.15 lM

Kserca 0.4 lM Vserca 0.65 lM/s

VLeak 0.01 s-1 KAc 0.8 lM

Kinh 1.8 lM k? 1.5 lM-1 s-1

DCa 16 lm2 s-1 VRyR 0.5 s-1

FC 0.83 P0 0.5

FE 0.17 DNO 3300 lm2 s-1

KNO 0.09 lM s-1 VNO 0.45 lM

Kdeg 0.0145 s-1

1664 Cognitive Neurodynamics (2023) 17:1661–1682

123



concentration peaks at the source (x = 0 lm) and lowers

with distant from the source and reaches the background

[Ca2?] levels at the other ends of neuron cells as illustrated

In Fig. 1A. The reasons for [Ca2?] concentration reduction

are the transport of [Ca2?] ions from the source to the cell’s

other end, extrusion of cytosolic calcium ions by serca

pump, and binding of calcium ions by buffer in neurons. In

Fig. 1B, the temporal calcium enhances with time for

Fig. 1 [Ca2?] distribution at

different time and location

instances with source influx

r = 15 pA and buffer

[B] = 5 lM

Fig. 2 NO production flux at

different time and location

instances with source influx

r = 15 pA and buffer

[B] = 5 lM
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various locations because calcium ions begin to release

from the source channel and cytosolic calcium level

increases in nerve cells. The temporal [Ca2?] concentration

becomes constant at time instant t = 0.5 s for various

locations (nodes) in neuron cells.

Figure 2 illustrates the spatiotemporal nitric oxide gen-

eration flux profiles at various times and locations within

the nerve cell. The nitric oxide production is enhanced by

the elevation in the cytosolic [Ca2?] concentration due to

the different processes such as calcium channels, ER

Fig. 3 The NO distribution with

source influx r = 15 pA and

buffer [B] = 5 lM at different

time instants

Fig. 4 [Ca2?] distribution with

r = 15 pA at time 1.0 s and

location 0 lm for various buffer

amounts
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mechanism, buffer, etc. in the cells. Figures 1A and 2A

depict that the spatial [Ca2?] and NO formation flux profile

reach the peak concentration at the source and fall with

distant from the source to the other side of neuron cells. In

Fig. 2A, the nonlinear behavior of NO production flux

reduces with time due to the decrease in the nonlinear

behavior of [Ca2?] concentration in Fig. 1A. The nonlinear

behavior is changing with time due to elevated levels of

NO by the accumulation of NO molecules and this NO

accumulation is associated with elevated NO formation due

to the rise in the [Ca2?] concentration in neurons. In

Figs. 1B and 2B, the temporal calcium and nitric oxide

production flux increase with time at different nodes in

neuron cells. The temporal profile of the NO production

flux reaches steady-state earlier near the source position in

neuron cells. Thus, this suggests that nitric oxide formation

is dependent on the calcium concentration level and the

dysregulation in calcium signaling leads to the dysregula-

tion in nitric oxide production in nerve cells.

Figure 3 shows the spatial profiles of NO at varying

times t = 0.02, 0.05, 0.1, and 1.0 s in nerve cells. The

effects of nitric oxide diffusion, calcium-dependent NO

generation, degradation on the NO distribution are noticed

in Fig. 3. The spatial nitric oxide profiles attain a high

concentration at source location (x = 0 lm) for different

time instants in nerve cells. The NO concentration

increases with time and lowers with distant positions from

source location x = 0 up to 5 lm in cells. The nitric oxide

transports from the source to the other side of a neuron cell,

and its degradation is responsible for the nitric oxide

reduction with distance from the source in cells.

Figure 4 exhibits the consequences of buffer concen-

tration on neuronal [Ca2?] distribution at t = 1.0 s and

location x = 0 lm. The buffer mechanism is quite effective

in regulating calcium concentration in neuron cells. In

Fig. 4A, B the calcium concentration is falling down as

buffer values elevate in nerve cells due to the binding of

the additional calcium ions by the buffer, which decreases

the cytosolic [Ca2?] concentration in nerve cells. In

Fig. 4A, the [Ca2?] concentration falls spatially from x = 0

up to 5 lm and accomplishes a peak value at the source in

nerve cells. The temporal [Ca2?] rises with time and

reaches an equilibrium state earlier with higher buffer

concentration amounts in neuron cells. The results in Fig. 4

suggest that the calcium concentration and buffer are

inversely related and the calcium signaling is either

balkanized or becomes less effective due to the increase in

buffer concentration.

Figure 5 shows the influences of buffer concentration on

the spatiotemporal neuronal NO formation flux at t = 1.0 s

and location x = 2.5 lm. The role of the buffer mechanism

in NO production is associated with calcium diffusion as

well as ER handling through calcium release and uptake in

neuron cells. In Figs. 4A and 5A, the spatial calcium and

NO production flux reduce with the addition in the buffer

amount in neuron cells. The elevated [Ca2?] concentration

due to the lower amounts of the buffer increases NO pro-

duction with time, which further leads to the NO molecules

Fig. 5 NO formation flux with

r = 15 pA at time 1.0 s and

location 2.5 lm for different

buffer concentrations
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accumulation in neuron cells. This nitric oxide accumula-

tion can cause the changes in nonlinear behavior of NO

production in neurons illustrated in Fig. 5A. The temporal

[Ca2?] and NO formation flux profiles elevate with time

and become constant sooner for higher buffer values in

neuron cells, which is exhibited in Figs. 4B and 5B. Thus,

it can be concluded that the buffer concentration regulates

NO production through the calcium mechanism in nerve

cells.

Figure 6 exhibits the impacts of buffer on the spatial NO

profiles at t = 1.0 s in nerve cells. The removal of calcium

from the cytosol by EGTA buffer can reduce nitric oxide

generation in cells. The nitric oxide concentration reduces

as the buffer concentration increases in the cell since the

nitric oxide production is regulated by the buffer via the

calcium process in neuron cells. Thus, this suggests that the

nitric oxide concentration level in nerve cells is dependent

on the calcium concentration. In the present case, the

variation of nitric oxide from 0.076 to 0.072 lM amounts

to a difference percentage of 5.26, which is a substantial

change and may be within the tolerance limit of the cell.

Figure 6 gives us the idea that the increase in the buffer

values above 200 lM will bring more than a 5% change in

nitric oxide profiles leading to more and more neurotoxic

levels.

Figure 7 depicts the impacts of source influx on the

neuronal [Ca2?] distribution for t = 1.0 s and location

x = 0 lm. The neuronal calcium concentration rises with

the enhancement in the source influx amount from 5 to 15

pA, since with the opening of the source channel, the

[Ca2?] ions release and cytosolic [Ca2?] concentration

elevates in nerve cells as illustrated in Fig. 7. The temporal

calcium profiles achieve an equilibrium state simultane-

ously at t = 0.5 s for varying source influx amounts in

nerve cells. Thus, this indicates that the [Ca2?] concen-

tration is directly proportional to source influx in the cell

and it can be crucial in the increase or decrease of calcium

concentration in nerve cells.

Figure 8 shows the effects of calcium source influx on

the neuronal NO formation for t = 1.0 s and location

x = 0 lm. The enhancement in calcium influx elevates the

expression of NO synthase, which produces the NO in the

cell. In Figs. 7, 8, the spatiotemporal calcium and nitric

oxide production flux profiles elevate as the source influx

values increase in nerve cells. Thus, this suggests that the

consequence of source influx on the [Ca2?] mechanism is

transferred to the NO formation in nerve cells. Also, the

required level of NO concentration can be achieved by the

source influx via the calcium process in neurons.

Figure 9 shows the effects of [Ca2?] source influx on the

NO distribution at t = 0.1 s in neuron cells. The calcium

concentration increases due to the calcium influx, which

produces the NO and enhances the accumulation of NO in

cells. The nitric oxide concentration enhances as the cal-

cium influx of the source elevates from 5 to 15 pA in nerve

cells. Thus, this suggests that the [Ca2?] influx regulates

the nitric oxide signaling and acknowledges the depen-

dence of NO on [Ca2?] dynamics in nerve cells.

Fig. 6 The NO distribution with

r = 15 pA at t = 1.0 s for

different buffer concentrations
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Figure 10 exhibits the impacts of the serca pump on the

spatiotemporal neuronal [Ca2?] distribution for t = 1.0 s

and location x = 0 lm. The serca pump acts as an ion

transporter; it recharges the endoplasmic reticulum (ER)

and lowers down the calcium levels to baseline levels in

neuron cells. The expression of calcium signaling in terms

of bistability can be achieved by the interactions of IP3-

receptor or calcium channels with serca pump without any

interaction with IP3 dynamics in cells. In Fig. 10, the

spatiotemporal [Ca2?] concentration profiles fall as the

Fig. 7 [Ca2?] distribution with

[B] = 5 lM for various source

influx amounts at time 1.0 s and

location 0 lm

Fig. 8 NO formation flux with

[B] = 5 lM at time 1.0 s and

location 0 lm for different

source influx amounts
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serca pump rate rises in nerve cells because the pump

extrudes the additional cytosolic [Ca2?] ions to ER in

neuron cells. The nonlinear behavior of calcium concen-

tration changes due to the accumulation of calcium ions in

the case when the serca pump is closed in neuron cells

shown in Fig. 10A. The temporal calcium profiles increase

with the passage of time and accomplish a steady state

simultaneously at different serca pump rate in neurons.

Thus, it can be concluded that the serca pump rate main-

tains the calcium at required levels in nerve cells.

Fig. 9 NO distribution for

different source influx amounts

with [B] = 5 lM at t = 0.1 s

Fig. 10 [Ca2?] distribution with

source influx r = 15 pA and

buffer [B] = 5 lM at time 1.0 s

and location 0 lm for distinct

serca pump rates
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Figure 11 shows the consequences of serca pump on NO

generation flux for t = 1.0 s and location x = 2.0 lm in

neuron cells. In Figs. 10 and 11, the calcium and nitric

oxide production flux reduce spatiotemporally as the pump

rate enhances in nerve cells. Also, the [Ca2?] concentration

and nitric oxide generation flux attain the peak value near

source location in the case when the serca pump is blocked

in neurons. In Fig. 11A, the changes in nonlinear behavior

of NO production flux are associated with the accumulation

of NO molecules by elevated calcium concentration in

Fig. 10A, when the serca pump is closed in neuron cells.

Thus, this implies that the serca pump affects the NO

formation through the [Ca2?] mechanism in neuron cells.

The serca pump activities can be pivotal in the regulation

of [Ca2?]-dependent overproduction of nitric oxide in

neuron cells and any dysregulation in the processes of the

serca pump can lead to alterations in the NO distribution in

neurons.

The influence of [Ca2?]-based parameters on the nitric

oxide concentration profile validates the dependence of NO

on [Ca2?] concentration in nerve cells. Figure 12 exhibits

the serca pump effects on the spatial NO concentration in

neuron cells at t = 0.1 s. The nitric oxide concentration

attains a peak value when the serca pump is not considered

in nerve cells. The nitric oxide concentration reduces as the

serca pump rate enhances in nerve cells. Thus, the pro-

cesses of the serca pump have an effect on the NO level in

nerve cells. The altered ER mechanisms can promote the

improper accumulation of nitric oxide through the distur-

bances in the cytosolic calcium levels in nerve cells.

Figure 13 displays the ryanodine receptor effects on the

spatiotemporal neuronal [Ca2?] concentration for t = 1.0 s

and x = 2.5 lm. The elevation in [Ca2?] levels is caused

by the calcium-mediated [Ca2?] release from ER, which is

regulated by the activation of the ryanodine receptor in

neuron cells. In Fig. 13, the calcium levels are more ele-

vated when the ryanodine receptor is fully activated

(P0 = 1) in cells. The calcium profiles attain the minimum

concentration when the ryanodine receptor is fully closed

(P0 = 0) in neuron cells. In Fig. 13A, the calcium con-

centration reduces spatially from source location and

accomplishes the background calcium level (0.1 lM) in

neurons for different ryanodine receptor states. Also, the

variation in nonlinear behavior of [Ca2?] concentration in

Fig. 13A is associated with the accumulation of [Ca2?]

ions in neurons. The accumulation of neuronal calcium

ions is elevated in the case of a completely open ryanodine

receptor. In Fig. 13B, the temporal calcium distribution

enhances with time and attains the equilibrium state

simultaneously at t = 0.5 s for different ryanodine receptor

states in neurons.

Figure 14 illustrates the influences of the ryanodine

receptor on the spatiotemporal neuronal NO production

flux for t = 1.0 s and location x = 2.5 lm in neuron cells.

The elevation in cytosolic [Ca2?] concentration in nerve

cells through calcium channels produces nitric oxide

through the binding of neuronal NO synthase. In Figs. 13

Fig. 11 NO formation flux with

source influx r = 15 pA and

buffer [B] = 5 lM at time 1.0 s

and location 2.0 lm for distinct

serca pump rates
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and 14, the spatiotemporal calcium and nitric oxide pro-

duction flux are more elevated for the fully active

(P0 = 1.0) state of the ryanodine receptor than for the

partially active (P0 = 0.5) and fully inactive (P0 = 0)

Fig. 12 NO concentration with

source influx r = 15 pA and

buffer [B] = 5 lM at t = 0.1 s

for different serca pump rates

Fig. 13 [Ca2?] concentration

with source influx r = 15 pA

and buffer [B] = 5 lM at time

1.0 s and location 2.5 lm for

different ryanodine receptor

states
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ryanodine receptor states in a neuron cell. In Figs. 13A and

14A, the spatial calcium and nitric oxide production flux

profiles reduce with distance for various ryanodine receptor

states in nerve cells. The temporal calcium and nitric oxide

production flux profiles increase with time and become

constant for different ryanodine receptor states in neurons,

which is exhibited in Figs. 13B and 14B. Thus, this sug-

gests that different ryanodine receptor states affect the NO

formation through the calcium process in nerve cells.

Figure 15 illustrates the effects of the ryanodine recep-

tor on nitric oxide distributions at time t = 0.1 s in neuron

cells. The interaction of ER handling through the ryanodine

receptor and calcium concentration can lead to the acti-

vation of NO synthase in the cell. When the ryanodine

receptor is entirely open (P0 = 0.5), the nitric oxide con-

centration profiles are more elevated than the partially

active (P0 = 0.5) and fully closed (P0 = 0) cases of the

ryanodine receptor in the nerve cell. Thus, Figs. 13 and 15

imply that the ryanodine receptor affects the [Ca2?] and

NO levels, which acknowledges the [Ca2?] and NO

cooperation in neuron cells.

Figure 16 displays the impacts of IP3 concentration on

the spatial [Ca2?] and NO generation flux at location

x = 2.0 lm in neuron cells. The transition in the calcium

from low to high states is accomplished by the interaction

of calcium with the IP3 receptor as it is initiated by the

significant elevation in calcium or IP3 concentration in

neuron cells. The calcium concentration is regulated by the

IP3 receptor as it releases [Ca2?] from ER to cytosol in

neuron cells. In Fig. 16A, the calcium concentration rises

as the IP3 concentration elevates in nerve cells. The nitric

oxide formation flux also enhances with the rise in the IP3
concentration in neurons illustrated in Fig. 16B. Thus, this

suggests that the IP3 levels affect the [Ca
2?] concentration

as well as nitric oxide formation in nerve cells. Also, the

required levels of cytosolic calcium can be accomplished

by IP3-induced calcium release in neuron cells for proper

execution of various cellular processes.

Figure 17 shows the influences of IP3 concentration

level on the spatial nitric oxide distribution at t = 0.1 s in

nerve cells. The IP3-receptor mediated calcium signaling is

also responsible for the NO synthase activation and NO

generation in cells. The concentration of nitric oxide ele-

vates as the IP3 concentration level rises since the nitric

oxide formation is dependent on the [Ca2?] levels in nerve

cells. Thus, this suggests that the IP3 concentration regu-

lates the [Ca2?] and NO concentration levels in nerve cells.

The dysregulation in the IP3 concentration level can cause

the alteration in [Ca2?] and NO signaling in nerve cells.

Figure 18 exhibits the influences of higher buffer con-

centrations on the temporal [Ca2?] distribution at position

x = 0 lm in neuron cells. The calcium concentration

lowers with the rise in the buffer values since the buffer

fixes additional cytosolic [Ca2?] ions and reduces the

[Ca2?] concentration in neurons. For higher buffer values,

the calcium profiles show the oscillations in the initial time

and accomplish the equilibrium state at the earliest possible

time in nerve cells. The reasons behind the oscillatory

Fig. 14 The NO formation flux

with source influx r = 15 pA

and buffer [B] = 5 lM at time

1.0 s and location 2.5 lm for

different ryanodine receptor

states
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behavior of [Ca2?] concentration are that the buffer

decreases the calcium concentration and other mechanisms

of calcium dynamics try to elevate calcium concentration

in the cell. These mismatches among the buffer process and

different mechanisms of calcium signaling produce

fluctuations in the [Ca2?] concentration in neurons. The

rapid equilibration mechanism of calcium can be explained

by the sequestration of cytosolic calcium ions by the higher

buffer concentration in neuron cells.

Fig. 15 Nitric oxide (NO)

profiles with [B] = 5 lM and

r = 15 pA at time 0.1 s for

different states of ryanodine

receptor

Fig. 16 [Ca2?] concentration

and NO production flux with

buffer [B] = 5 lM and source

influx r = 15 pA at x = 2.0 lm
for different IP3 concentrations
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Figure 19 illustrates the consequences of higher buffer

concentration values on the temporal NO production flux at

location x = 0 lm in neuron cells. In Figs. 18 and 19, the

temporal calcium concentration and NO production flux

exhibit oscillatory behavior in the initial period and attain

the steady-state in neuron cells. Thus, this suggests that the

dysregulation in the [Ca2?] signaling can be described as

the association-disassociation equilibrium is significantly

rapid due to the influence of buffer concentration on the

rapid sequestrating of [Ca2?] ions in neurons, which can

Fig. 17 NO concentration with

[B] = 5 lM and r = 15 pA at

time 0.1 s for different IP3
concentrations

Fig. 18 [Ca2?] distribution with

r = 15 pA at x = 0 lm for

different buffer amounts
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further lead to the disturbances in the NO production in

nerve cells.

Figure 20 displays the nitric oxide distribution for dif-

ferent NO production rates at t = 0.02 s in nerve cells. The

nitric oxide concentration rises as the nitric oxide produc-

tion rate in neuron cells increases. Also, the nitric oxide

concentration lowers with distant from x = 0 lm to the

other side of nerve cells. The higher production, as well as

accumulation and improper clearance of NO in the cell

may cause neurotoxicity causing different types of

diseases.

Fig. 19 The NO production flux

with r = 15 pA at x = 0 lm for

different buffer values

Fig. 20 Nitric oxide

concentration with [B] = 5 lM
and r = 15 pA at t = 0.02 s
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Where, the number of elements is denoted by E. The

absolute relative errors and error percentages for [Ca2?]

and NO in neurons are given respectively in Tables 2 and

3. For time 0.1, 0.2, 0.5, and 1.0 s, the model accuracy for

[Ca2?] is sequentially 99.79%, 99.962308%, 99.916034%,

99.916112%, and model accuracy for NO dynamics is

respectively 99.999162%., 99.999071%, 99.999056%, and

99.999051%. Thus, for the present model, the highest error

% and lowest accuracy are respectively 0.21% and 99.79%.

Very low grid sensitivity suggests that the solution is

independent of the grid.

For stability analysis, when the spectral radius is unity

or less, the system is deemed to be stable (Öziş et al. 2003).

The spectral radius in the present case was 0.9999 (less

than 1). As a result, the finite element approach utilized in

the present condition yields a stable solution.

The numerically obtained [Ca2?] and NO concentrations

at buffer [B] = 0 lM, P0 = 0, and r = 2.625 pA, and on

[Ca2?] profile, and IP3 concentration as 3.0 lM, and the

obtained findings are comparable with previously pub-

lished outcomes of Wagner et al. (2004) for time instant

(50 s), and the findings are all in agreement as illustrated in

Table 4. Moreover, no experiment outcomes are available

for additional validation of the [Ca2?] and NO dynamics

acquired results, but the findings are consistent with bio-

logical facts.

Conclusion

The disorders in the regulatory spatiotemporal neurody-

namics of calcium and nitric oxide are examined effec-

tively and successfully using a model that is constructed

using the finite element technique. The alterations in the

diverse processes such as buffer, serca pump, ryanodine

receptor, source influx, etc. can cause disorders in the

regulatory spatiotemporal [Ca2?] and NO dynamics in

neuron cells. The high amounts of serca pump rate, source

influx, and buffer, low amounts of serca pump and buffer

as well as entirely open ryanodine receptor state can lead to

the dysregulation in the spatiotemporal neurodynamics of

calcium and nitric oxide. The effect of alterations in these

processes was noticed on the dynamics of [Ca2?] and nitric

oxide and also on the NO production in nerve cells. The

following novel conclusions are drawn from the findings,

i. For low amounts of the serca pump rate and buffer

and high amounts of source influx, the [Ca2?]

concentration gets elevated, which in turn enhances

the NO production and nitric oxide concentration in

nerve cells. The elevated nitric oxide concentration

in nerve cells is associated with Parkinson’s disease

(Zhang et al. 2006).

Table 2 Error analysis for

[Ca2?] distribution at x = 0 lm
Time (s) E = 20 E = 40 Absolute relative error Percentage of error

0.1 1.383130650985767 1.380245892332146 0.0029 0.21%

0.2 1.591873596197453 1.592473831707585 0.00060024 0.037692%

0.5 1.665900866929962 1.667338407127080 0.0014 0.083966%

1.0 1.667445337701081 1.668893705194334 0.0014 0.083888%

Table 3 Error analysis for NO

distribution at x = 0 lm
Time (s) E = 20 E = 40 Absolute relative error Percentage of error (%)

0.1 0.007469781539798 0.007469844139095 6.2599 � 10–8 0.000838

0.2 0.015091125700428 0.015091265947851 1.4025 � 10–7 0.000929

0.5 0.038032909169583 0.038033268484400 3.5931 � 10–7 0.000944

1.0 0.076004041756498 0.076004763744077 7.2199 � 10–7 0.000949

Table 4 Calcium concentrations compared with Wagner et al. (2004) at t = 50 s

Distance (lm) Calcium concentration (Wagner et al. 2004) Calcium concentration (present outcomes)

x = 0.0 lm 1.35000000000000 1.350247965091095

x = 1.0 lm 1.193112370933056 1.185408770297697

x = 2.0 lm 1.016157013638407 1.004580670612548

x = 3.0 lm 0.795857981478567 0.784116110251518

x = 4.0 lm 0.503271331553075 0.495184121811449

x = 5.0 lm 0.100000000000000 0.100000000000000
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ii. The high buffer values cause the disturbances in

form of fluctuations in the [Ca2?] concentration,

which leads to fluctuations in the NO production in

neuron cells. Thus, the disturbances in nitric oxide

production can cause the inappropriate accumulation

of nitric oxide in nerve cells, which is associated

with cerebral ischemia (Huang 2004), trauma, and

chronic epilepsy (Cherian et al. 2004).

iii. The elevated IP3 concentration causes the elevation

in [Ca2?] concentration, which further elevates the

NO synthesis as well as nitric oxide accumulation in

nerve cells.

iv. The elevated calcium concentration due to the

entirely open ryanodine receptor state increases the

NO production and nitric oxide accumulation in

neuron cells. The alterations in the ryanodine func-

tioning can cause Alzheimer’s disease (Brini et al.

2014) and Familial hemiplegic migraine (FHM) in

neurons.

Thus, one can conclude that the alterations in the source

influx, serca pump, ryanodine receptor, buffer, and IP3
mechanisms can cause the disorders in the regulatory

spatiotemporal neurodynamics of calcium and nitric oxide,

which can lead to neurotoxicity causing Parkinson’s dis-

ease, chronic epilepsy, trauma, cerebral ischemia, etc. The

finite element technique is effective in determining the

solution to provide crucial information on the conse-

quences of the different altered parameters on the regula-

tion and dysregulation of the spatiotemporal

neurodynamics of calcium and nitric oxide and their

association with various neuronal diseases. The crucial

information about the range of alterations in parameters

and their consequential magnitude and intensity of disor-

ders in neuronal dynamics generated in this study can be

useful for therapeutic applications. This model can be

advanced further to explore the calcium and nitric oxide

dynamics under the disease affected circumstances for

Parkinson’s disease, trauma, chronic epilepsy, cerebral

ischemia, etc. in neuron cells.

Appendix: Model equations description

For each element, the shape functions of [Ca2?] and NO

are considered as,

uðeÞ = q
ðeÞ
1 + q

ðeÞ
2 x, ð18Þ

vðeÞ = r
ðeÞ
1 + r

ðeÞ
2 x, ð19Þ

uðeÞ = STqðeÞ, vðeÞ = STrðeÞ; ð20Þ

ST¼ ½ 1 x ], qðeÞ
T

¼ ½ qðeÞ1 q
ðeÞ
2

], rðeÞ
T

¼ ½ rðeÞ1 r
ðeÞ
2

�; ð21Þ

Incorporating nodal conditions in Eq. (20), we have

uðeÞ = SðeÞqðeÞ; vðeÞ = SðeÞrðeÞ; ð22Þ

where,

uðeÞ ¼ ui
uj


 �
; vðeÞ ¼ vi

vj


 �
; and SðeÞ ¼ 1 xi

1 xj


 �
; ð23Þ

By the Eq. (22), we get

qðeÞ = RðeÞ uðeÞ; rðeÞ = RðeÞ vðeÞ; ð24Þ

and

RðeÞ = SðeÞ
�1

; ð25Þ

From Eq. (24), placing qðeÞ and rðeÞ in (20), we have

uðeÞ = ST RðeÞ uðeÞ; vðeÞ = ST RðeÞ vðeÞ; ð26Þ

Discretized form of Eq. (1 and 8) is provided by,

The integrals I
ðeÞ
1 and I

ðeÞ
2 can be represented as,

I
ðeÞ
1 = I

ðeÞ
a1 � I

ðeÞ
b1 + I

ðeÞ
c1 � I

ðeÞ
d1 + I

ðeÞ
e1 + I

ðeÞ
f1 � I

ðeÞ
g1 � I

ðeÞ
h1 ;

ð27Þ

where

I
ðeÞ
a1 ¼

Zxj

xi

ouðeÞ

ox

� �2
( )

dx; ð28Þ

I
ðeÞ
b1 ¼ d

dt

Zxj

xi

(uðeÞÞ
DCa


 �
dx; ð29Þ

I
ðeÞ
c1 ¼ VIPR

DcaFc

Zxj

xi

auðeÞ þ c
h i

dx; ð30Þ

I
ðeÞ
d1 ¼ VSERCA

DcaFc

Zxj

xi

juðeÞþg
h i

dx; ð31Þ

I
ðeÞ
e1 ¼ VLEAK

DcaFc

Zxj

xi

[Ca2þ�ER � uðeÞ
h i

dx; ð32Þ

I
ðeÞ
f1 ¼ VRyRP0

DcaFc

Zxj

xi

[Ca2þ�ER � uðeÞ
h i

dx; ð33Þ

I
ðeÞ
g1 ¼ Kþ

Dca

Zxj

xi

uðeÞ � [Ca2þ�1
h i

dx; ð34Þ

I
ðeÞ
h1 = fðeÞ

r
Dcax¼0

; ð35Þ

Now,
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I
ðeÞ
2 = I

ðeÞ
a2 � I

ðeÞ
b2 + I

ðeÞ
c2 � I

ðeÞ
d2 ; ð36Þ

I
ðeÞ
a2 ¼

Zxj

xi

ovðeÞ

ox

� �2
( )

dx; ð37Þ

I
ðeÞ
b2 ¼ d

dt

Zxj

xi

vðeÞ

DNO


 �
dx; ð38Þ

I
ðeÞ
c2 ¼ VNO

DNO

Zxj

xi

luðeÞ þ s
h i

dx; ð39Þ

I
ðeÞ
e2 ¼ Kdeg

DNO

Zxj

xi

vðeÞÞ
h i

dx; ð40Þ

Linearization of nonlinear coupled [Ca2?] and NO

dynamics yields the different parameters

a; j; c; g; s; and l. Analyzing the equations and includ-

ing boundary conditions yields the following systems of

equations,

dI1

duðeÞ
¼
XN

e¼1

Q
ðeÞ dI

ðeÞ
1

duðeÞ
Q

ðeÞT¼ 0. ð41Þ

dI2

dvðeÞ
¼
XN

e¼1

Q
ðeÞ dI

ðeÞ
2

dvðeÞ
Q

ðeÞT¼ 0. ð42Þ

where,

Q
ðeÞ ¼

0
:
0

1
0

0
:
0

0
:
0

0
1

0
:
0

2

666666664

3

777777775

and u ¼

u1
u2
u3
:
:
u19
u20
u21

2

66666664

3

77777775

; v

¼

v1
v2
v3
:
:
v19
v20
v21

2

66666664

3

77777775

; ð43Þ

dI
ðeÞ
1

duðeÞ
¼ dI

ðeÞ
a1

duðeÞ
þ d

dt

dI
ðeÞ
b1

duðeÞ
þ dI

ðeÞ
c1

duðeÞ
� dI

ðeÞ
d1

duðeÞ
þ dI

ðeÞ
e1

duðeÞ
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ðeÞ
f1

duðeÞ

�
dI

ðeÞ
g1

duðeÞ
� dI

ðeÞ
h1

duðeÞ
;

ð44Þ

dI
ðeÞ
2

dvðeÞ
¼ dI

ðeÞ
a2

dvðeÞ
þ d

dt

dI
ðeÞ
b2

dvðeÞ
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ðeÞ
c2

dvðeÞ
� dI

ðeÞ
d2

dvðeÞ
; ð45Þ

A½ �42�42

ou

ot
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21�1

ov

ot


 �

21�1

2

664

3

775þ B½ �42�42

u½ �21�1

v½ �21�1


 �
= [F]42�1; ð46Þ

Here, A and B denote the system matrices, and F rep-

resents the system vectors. In finite element technique, the

Crank–Nicolson scheme is utilized for solving the time

derivative.
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