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Abstract This paper is concerned with the problem of
stability and pinning synchronization of a class of inertial
memristive neural networks with time delay. In contrast to
general inertial neural networks, inertial memristive neural
networks is applied to exhibit the synchronization and
stability behaviors due to the physical properties of mem-
ristors and the differential inclusion theory. By choosing an
appropriate variable transmission, the original system can
be transformed into first order differential equations. Then,
several sufficient conditions for the stability of inertial
memristive neural networks by using matrix measure and
Halanay inequality are derived. These obtained criteria are
capable of reducing computational burden in the theoretical
part. In addition, the evaluation is done on pinning syn-
chronization for an array of linearly coupled inertial
memristive neural networks, to derive the condition using
matrix measure strategy. Finally, the two numerical simu-
lations are presented to show the effectiveness of acquired
theoretical results.
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Introduction

In 1971, Chua discovered the fourth element in circuit
theory and named it as memristor (short for memory
resistor). Chua mathematically revealed that memristor has
the relationship between the magnetic flux and electric
charge as in Chua (1971). Almost after 40 years, Stanley
Williams and his group formulated the practical memristor
in May 2008 in Strukov et al. (2008). The rapid variation
of voltage at certain instants leads to irregular change of
memristance which is similar to the switching behaviors in
a dynamical system. The most fascinating trait of the
memristor is that it can memorize the direction of flow of
electric charge in the past. Thus, it performs as a forgetting
and remembering (memory) process in human brains and
hence the memristor is acknowledged well and its potential
applications are in next generation computers and powerful
brain-like computers. In order to replicate the artificial
neural networks of human brain better, the conventional
resistor of self feedback connection weights and connec-
tion weights of the primitive neural networks are replaced
by the memristor.

Time delay is a common phenomenon that describes the
fact that the future state of a system depends not only on
the present state but also on the past state, and often
encountered in many fields such as engineering, biological
and economical systems. In reality, time delays often occur
in many systems due to the finite switching speed of
amplifiers in electronic neural networks or due to the finite
signal propagation time in biological networks. In neural
networks, the inner delay time that frequently occurs in the
processing of information storage and telecommunication
affects the dynamical behavior of the networks. Hence it is
reasonable to consider time delay in modeling dynamical
networks (Cao et al. 2016). In neural networks literature,
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research work on second-order states are very few compare
to the first-order states. The second order states of the
system is due to the inertial term or influence of induc-
tance. There are some biological background for the
inclusion of an inductance term in a neural system. For
example, the membrane of a hair cell in the semicircular
canals of some animals can be described by equivalent
circuits that contain an inductance (Jagger and Ashmore
1999; Ospeck et al. 2001). The addition of inductance
makes the membrane to have an electrical tuning, filtering
behaviors and so on. The inertia can be treated as a helpful
tool in the generation of chaos in neural systems. From the
literature review of inertial neural networks, the bifurcation
in a single inertial neuron model is discussed in He et al.
(2012), Li et al. (2004), Liu et al. (2009) and the stability
of an inertial two-neuron system in Wheeler and Schieve
(1997). Furthermore, the stability analysis of Bidirectional
Associative Memory (BAM) inertial neural networks has
been discussed in Cao and Wan (2014), Yunkuan and
Chunfang (2012), Zhang et al. (2015) and Ke and Miao
(2013) deals with the inertial Cohen—Grossberg type neural
networks in the literature.

The stability analysis of neural networks with time delay
has received much more attention. Noticeable results on
the stability analysis of neural networks with time delay
has been projected by various authors. For instance, in
Yunkuan and Chunfang (2012), the stability of an inertial
BAM neural network with time delay is discussed by
constructing suitable Lyapunov functional. Further, the
stability of an inertial BAM neural network with time delay
has been investigated by matrix measure theory in Cao and
Wan (2014). The authors in Qi et al. (2014), Rakkiyappan
et al. (2015), deals with the stability of a class of mem-
ristor-based recurrent neural networks with time delays
using Lyapunov method and Banach contraction principle.
In Chen et al. (2015), the global asymptotic stability of
fractional memristor-based delayed neural networks has
been discussed by employing the comparison theorem of
fractional-order linear systems with time delay.

Synchronization of a complex network is a fascinating
phenomena which is observed in fields such as physical,
biological, chemical, technological, etc., and it has poten-
tial applications in biological systems, chemical reactions,
secure communication, image processing and so on (Pan
et al. 2015; Yang and Cao 2014, 2012). Synchronization of
coupled inertial neural networks means that multiple neural
networks can achieve a common trajectory, such as a
common equilibrium, limit cycle or chaotic trajectory. The
authors in Dai et al. (2016) have analyzed, the problem of
neutral-type coupled neural networks with Markovian
switching parameters by placing the adaptive controllers to
part of nodes, and the sufficient conditions for exponential
synchronization are drawn with the help of Lyapunov

@ Springer

stability theory, stochastic analysis and matrix theory.
Outer synchronization of partially coupled dynamical net-
works via pinning impulsive controller has been discussed
in Lu et al. (2015). The global exponential synchronization
of coupled neural networks with stochastic perturbations
and mixed time-varying delays has been discussed in Wang
et al. (2015) and synchronization criteria have been derived
based on multiple Lyapunov theory. Two types of coupled
neural networks with reaction—diffusion terms have been
considered in Wang et al. (2016) and the general criterion
for ensuring network synchronization has been derived by
pinning a small fraction of nodes with adaptive feedback
controllers. A sufficient condition for the exponential
synchronization of fractional-order complex networks via
pinning impulsive control has been derived using Lya-
punov function and Mittag-Leffler function in Wang et al.
(2015). In Yang et al. (2015), exponential synchronization
of neural networks with discontinuous activations with
mixed delays has been discussed by combining state
feedback control and impulsive control techniques. More-
over, Pinning synchronization of coupled inertial delayed
neural networks using matrix measure and Lyapunov—
Krasovskii functional has been done in Hu et al. (2015). To
the best of our knowledge, upto now no work in the liter-
ature have been carried out on the stability and synchro-
nization problem for inertial Memristive neural networks
(MNNs) with time-delay by using matrix measure and
Halanay inequality.

Motivated by the above discussion, in this paper the
stability of inertial memristive neural networks and
pinning synchronization of coupled inertial memristive
neural networks are presented. The main contribution of
this paper are as follows: (1) The analysis on inertial
MNNSs is discussed. (2) The stability of inertial MNNs
using matrix measure strategy is introduced. (3) In the
literature, the stability of memristive-based first order
system and fractional-order system are discussed but no
work is done on inertial MNNs. Further, the synchro-
nization of inertial MNNs is considered and pinning
feedback control is used to synchronize the coupled
inertial MNNss to the objective trajectory. In general, the
matrix measure method utilizes the information of
matrix elements, especially the diagonal elements of a
matrix more sufficiently.

The rest of the paper is organized as follows. In
“Problem formulation” section, model description and
preliminaries are presented. Stability of the equilibrium
point is investigated in “Stability analysis” section, and the
pinning synchronization analysis of inertial MNNs are
stated in “Synchronization analysis” section. In “Numer-
ical simulation” section, some examples are given to show
the validity of our results. Finally, in “Conclusion” section,
conclusions are drawn.
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Throughout this paper, R" and R"*" denotes
the n-dimensional Euclidean space and the set of all n X n
matrices, respectively. @; = max{dy, d;},

Notations
a; = min
{dy,dy}, Zij = max{éU,BU}, bl] = min{l;,-j,é,-j} for l,] =
1,2,...,n. @y = max{d,,dy},a, = min{d,, dy}, by =
max{bys, by}, b,, = min{b,, b} for rs=1,2,...,n
A= (Em)nxn’ A - (Qrs)nxn’ B = (brs)nxn’ B = (brs)nxn'
co{u, v} denotes closure of the convex hull generated by
real numbers u# and v or real matrices u and
v. AC'(]0, 1], R") denote the space of differential functions
x:[0,1] = R, whose first derivative, x, is absolutely
continuous. I, and diag{ay, 0y, ..., o, } denotes the identity
matrix and the diagonal matrix of order n X n. Iy, stands
for the identity matrix with Nn dimension. Let A and B be
the arbitrary matrices, then A ® B denotes the Kronecker
product of the matrices A and B.

Problem formulation

In this paper, we consider the following inertial memristive
delayed neural networks,

d2s,~t ds,
=g —as + Y asl

a2z
+ bej(si(r))ﬁ(s,(r — (1)) + 1, (1)

J=1

))fi(s;(1))

where s;(7) is the state vector of the ith neuron, d; > 0,
¢; > 0 are constants, ¢; denotes the rate with which the ith
neuron will reset its potential to the resetting state in iso-
lation when disconnected from the networks and external
inputs. The second derivative of s;(r) is known as inertial
term of system (1). a;(s;(r)) and b;(s;(r)) represent the
memristive connective weights which changes based on the
feature of memristor and current—voltage characteristic.
They are given as,

W s > T
. 2
by, sl <T, =

bij(si(t)) {Biiv (1) > T,
for i,j =1,2,...,
dajj, I;U Bij are known constants with respect to memris-
tance. f; denotes the nonlinear activation function of the ith
neuron at time z. I; is the external input of the ith neuron.
The time delay of the system (1) is defined as 7(¢) > 0. The
initial conditions of the system (1) is given as,

and Lsi (%)
dy

n in which switching jumps 7; > 0, dj,

si(x) = @i(x) =W¥i(x); —-t<x<0, (3)

where  ®;(), Wi(y) € CV([-7,0],R"), CV([-1,0],R")
denotes the set of all n-dimensional continuously differ-
entiable functions defined on the interval [—1,0] with
t= sup {20},

To proceed, the following assumption, definitions and
lemmas are given.

Assumption 1 The activation function f; satisfies the
Lipschitz condition, i.e., there exist constants /; > O such
that V x, y € R, we have

lfl(x) 7ﬁ(y)|§li‘x7y‘a i:1727'~~7n

Definition 1 (Benchohra et al. 2010) A function s; €
AC!((0,1), R") is said to be a solution of (1), (3) if s/ (¢) +
disi(t) € F(t,s;(t)) almost everywhere on [0, 1], where
d; > 0 and the function s; satisfies conditions (3). For each
s; € C([0, 1], R"), define the set of selections of F by,

Sps; = {vi € L'([0,1],R") :vi(t) € F(t,5,(t)) ae. t€][0,1]}.

By applying the theories of set-valued maps and differen-
tial inclusion to system (1) as stated in Definition 1,
where d; >0 and F(s;,1) = —cisi(t) + > 1 ai(si(1))fs
(s5(1)) 2ot bis(si(0) )fi (s (1 — = (2))) + 1,

The system (1) can be written as the following
differential inclusion:

2si Si 1 _
< d;([) < dgt) € —aisi(t) + ) _ colay, aylfi(s(1)
) 4)
+ > colby, bilfi(si(t — (1)) + 1,
Jj=1

or equivalently, for i,j = 1,2, ..., n there exist measurable
functions a;(si(r)) € co[g,],alj],l;ij(s,( 1)) € colby;, by],such

lj )
that

d?s;(1) ds;(1)
i +d; ” = —¢;si(t +Za,, (0))f(si(1))
+Zbu O)isi(r = 2(0))) + L,
(5)
where i = 1,2,...,n

Consider the following variable transformation to the
system (5):

(1) = si(1),

dS,‘([)
dr

pai(t) = + s5i(1).

Then we have the system (5) as,
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P1i(t) = —pui(t) + pat),
Pailt) = —eip1i(t) — dip2i(t) + 351 dy(p1i(1) )i (py (1))
+ 300 by(pu())f (Pt = 7(1))) + 1,
(6)

—d; and d; =d; — 1 with the initial
and  pyi(7) = Wi(x) + @i(x), —

where ¢; =c¢; + 1
values  p1;(x) = @i(y)
<x<0.

Definition 2 For the system p;(¢) € f(p;). Since 0 € £(0)
it follows that p; = 0 is the equilibrium point. i.e.,

0 = =p1(1) + py(1), = —€ipy(t) — dipy; (1)

+Zalj pll plj +Zblj pll fj‘pll( >)+Il

Definition 3 (He and Cao 2009) The matrix measure of a
real square matrix W = (wy),, is as follows:

|1, + hW||, — 1
(W) = i h

)

where || - ||, is an induced matrix norm on R™", I, is an

identity matrix and p = 1,2, 0o, w. When the matrix norm,
n

Wil = max > oy,
=1

Wl = v omax(WTW),

n n W;
1
(Wil = max D _fwil, W, = max 3wy,
j=1

i=1

We can obtain matrix measures as,

(W) = max{“’ﬂ"’ Z |le|}

i=1,i#j
wl +w
(W) = Jomax (;_>7

Moo(W)zm?lx{Wii+ > |Wij|}’

=L

@i
U (W) = max{wﬂ + Z |Wu|}

i=1,i#j j

where Auq. () represents the maximum eigenvalue of the
matrix (-) and w; > 0 for i = 1,2,...,n are any constant
numbers.

Remark 1 w,(W) is the one-sided directional derivative of
the mapping |- [, : R"" — R, at the point /,, in the
direction of W. Matrix norm || - ||, holds the non-negative
property. But ,up( -) is not restricted to be non-negative. It

may take negative values since it emphasizes more infor-
mation about the diagonal elements of the matrix.
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Definition 4 (Ke and Miao 2013) The equilibrium point
s* of the system (1) is said to be globally exponentially
stable, if there exist constants # > 0 and M > 0 such that

Jsi(r) — s < Me™"|® — 57|,

where i=1,---,n, s(t) = (s1(t),5(0),...,5,(¢))" is a
solution of system (1) with the initial value (3).

t>0,

Lemma 1 (Chandrasekar et al. 2014) Under Assumption
L if fi(£T;) =0 (j = 1,2,...,n) then

K (ay(u))fj () — K (ay(vi)fi(v)| < @ |u; — vy,

for ij=1,2,...n, e, for any ;)€ K(a;
(), n;(v;) € K(ay(vy)),

|’7ij(“j) i(uj) — ”U(VJ)J(VJ”_ 1]/“}|uj vils
fori,j=1,2,....n, where aj; = max {|d|, |dy!}.

Lemma 2 [f the activation function f; is bounded, i.e.,
Ifi(x)] < M;, for each i = 1,2, ... n then for any given input
I =diag{l, ..., 1,}, there exists an equilibrium for (1).

Proof 1Ttis clear that s* is an equilibrium of (1) if and only
if it is a solution of the following equation

—c;s} +Za,js, ))fi (s} +Zbysl ()i (s

By applying the theories of set-valued maps and differen-
tial inclusion, we have

)+1 €0,

—c;st +Zc0 au,a,,f] Zco blj,bylﬁ

or equivalently, for i,j = 1,2, ..., n, there exist measurable
functions ay(s; (1)) € colay, @], by(si(t)) € colby, by,
such that

—cs —&—Za,,

+1;=0.

+Zb,]

Noting that ¢; >0, |fi(x)|<M;,Vi,j=1,2,...,n, one
yields that,

|Sz*| £ |hi(STa . 'a52)| =

! [i(au B+

J=1

1< -

< = > (ay| + by + |1
L=l

éDh i=1,2,...,n,

(hl,hz,...,hn)r maps D =
X [=Dy,D,] into itself. According to

Thus the function #h(s) =
[_DlyDl] X
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Brower’s fixed point theorem, the existence of an equi-  Theorem 1 Under the Assumption 1, further
librium is obtained. ] ~ ~

— (1, (G) +1]|All,,) > 1IB]|, > O, (7)

Lemma 3 (Vidyasagar 1993) Let |- ||, be an induced
matrix norm on R"™" and w,(-) be the corresponding
matrix measure. Then up(-) has the following properties:

1. For each W € R"™", the limit indicated in Definition 3

exists and is well-defined,
- =W, < 1, (W) < (WL

30w (aW) =ou, (W), V o >0, YW € R™" and in gen-
eral, p,(W) # p,(=W);

4. max{u,(A) — u,(—=B), 1,(B) — u,(—A)} < p1,(A + B)
< y(A) + u,(B), YV A, B € R™;

5. w,(") is a convex function, i.e., w,(¢A+ (1 —a)B)
<o, (A) + (1 — ), (B), Ve € [0,1], VA, B € R™".

Lemma4 (Halanay 1966) Let k| and k, be constants with
ki > ko > 0 and y(t) is a non-negative continuous function
defined on [ty — 1,+00] which satisfies the following
inequality for t >ty

Dy(t) < — kiy(t) + ka¥(1),

where Y(t)=sup,_ . <, y(s). Then, y(1)< Y(tg)e "),
where r is a bound on the exponential convergence rate
and is the unique positive solution of r = ky — kye’™, where
the upper right Dini derivative DVy(t) is defined as

y(t+h) —y()

Dy(t) = li
y(t) = lim 5 ,

h—0"

where h — O means that h approaches zero from the
right-hand side.

Lemma 5 (He and Cao 2009) Under Assumption 1, let
up(-) be the corresponding matrix measure associated with

the induced matrix norm || - ||, on R"*". Then

1, (AF (e(1))) < i, (A7L),

where F(e(t)) = diag{f‘ E:(E;)) b fE,e(E;))}, L = diag

{Ly.. I}, p=1,00m and
e s [ max{0, a;}, i=j,

A* = (a,-j)nxn - {aij7 i 7&]

Stability analysis

In this section, we will investigate the exponential stability of
inertial memristive neural networks using matrix measure
strategy. The main result is given in the following theorem.

where G = :I" _I’b),C:C—i-In—D,D:D—I,,
and | = max,'<; < ,{I;}. Thén the equilibrium (p* (1), p3(1))"
of the system (6) is globally exponentially stable for
p=1200,m.

Proof Let us define the error between the trajectory of the
system (6) and the corresponding equilibrium

>k * T
(p1(1),p5(1))" as,
3 (el(t)) _ <p1(t)—p’f(f)>
e(t) = = . .
e(1) pa(t) = p3(1)
According to the error system, the upper-right Dini

derivative of |le(t)||, with respect to ‘¢ is calculated as

follows:

D (], = tim 1L = IOl

h—0+ h
i lle(t) + hé(t) +o(h)||, — lle(@)]l,
= 11im .
h—0+ h
We have,
76]1‘(’) +€2i(1)

(a0 Py (1) = 30705 0)

.

()| o

+ 2 by (i) (it = (1)) = by (P () (p3;(1))]

j=

According to Lemma 1, the above equation can be written
as follows:

(4) -

—eli(t) + 82,'(1‘)
—eient) — diex(t) + 3 @y (1) — 5 iy (0)
Jj=1

)

+§%m@ww»m»fﬁ;mm

where a4 = max{|dy|,|a;|} and  bY = max{|by|, |by|}.
The vector form of the above equation is,

+B(f(pi(r = 1(1))) = £ (Pi(1))

where C=C+1,—D, D=D -1, A:(d
B:(b’;)

. —61([) +€2(1)
i) = (e.‘(’)) - (—cm:) ~ Dealt) + A (1) —f<m<z>>>), 8)

u
ij)nxn and

ij/nxn*
We have the upper right Dini-derivative as,

@ Springer
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M(j) et
D*He(z)np:hlgg)l
+e2
0+ o)) —leto),
= lim ( ) P
h—0*
+n( T Ve et
< lim ( D> p ’
h—0+ h
HIAG (1 ) 1 F )],
B 11— 2(0) ~F B )],
oy en( " Yew| <l
< lim P
~ h—0+ h

A ey () =pi O],
B, 1 (1= (1)) =Py (1),

I, +h(G)|,—1 -
< lim e, + AL ler (0],

HIB|,ller (= ()],
=1, (G)lle(n)Il, + LAl lle()], +11Bll, lle(t— (1)1,
S(up(G)HIIAH,,)IIE(t)H,,+l|\3\|p[_§gg<t\|e(x)ll,,

*—(—Hp(G)—IHAH,;)He(f)||p+l||g|\plj‘<l}/)<,||6(X)H,,,
where E=—Ce(t)—
(f(pi(r—=(1))
ki=—(p,(G)
Theorem 1, —(
result as,

Des(1) +A(f (p1(1) —f (pi(1))) +B
—f(pi())). Using Lemma 4, by considering

)
+lHA||p), k2:l\|l§||p and the assumption of
w,(G)+1||A],) > 1||B||, > 0. We have the

le@)ll, < sup [le(x)ll,e ",

—t<y<t
where r is a bound on the exponential convergence rate
with

r=k —ke" = —(u,(G) +I||A],) — I||B] ¢

Thus we conclude that, e(f) converges exponentially to zero
with a convergence rate r. That is, every trajectory of the
system (6) converges exponentially towards the equilib-
rium (p’(¢), p3(r))" with a convergence rate r. This com-
pletes the proof. U

Remark 2 The fundamental concept of the Lyapunov
direct method is that if the total energy of a system is
continuously dissipating, then the system will eventually
reach an equilibrium point and remain at that point. Hence,
the Lyapunov direct method consists of two steps. Firstly, a
suitable scalar function is chosen and this function is
referred as Lyapunov function Hahn (1967), Bacciotti and
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Rosier (2005). Secondly, we have to evaluate its first-order
time derivative along the trajectory of the system. If the
derivative of a Lyapunov function is decreasing along the
system trajectory as time increases, then the system energy
is dissipating and the system will finally settle down.
However, it should be noted that much of the previous
work in the stability analysis of neural networks is based on
Lyapunov direct methods, where constructing a proper
Lyapunov function is important for the stability analysis.
Moreover, to construct a proper Lyapunov function for a
given system is very difficult and there are no general rules
to follow. Compared with Lyapunov direct method, matrix
measure strategy is an efficient tool to address the stability
problem of nonlinear systems. Generally, the established
results by using matrix measure are more superior than
common algebraic criterion due to the fact that matrix
measure can not only be taken to be positive value but also
it can be a negative value. Inspired by the above method,
we introduce the so called matrix measure and Halanay
inequality to study the stability of the system (1), and some
simple but generic criteria have been derived.

Remark 3 Compared to the matrix norm || - [| ,, the matrix
measure, i,(-) are sign sensitive which ensure that the
obtained results are more precise and less computational

burden those obtained by using matrix norm.

Corollary 1 Under the Assumption 1 and if further there
exists matrix A = diag{&,,&,,...,&,} such that

~(1,(G) +1lIAl,) > 1lIB|, >0, ©)

holds where G = g A In ,C=C+1,—-D, D=
D—1, and 1= ax1<,<n{l? Then the equilibrium
(pi(1),pi(t )) of the system (6) is globally exponentially
stable for p = 1,2, 00, w.

Proof To the system (5), we consider the following
transformation:

pu(t) = si(2),
ds,( )
pai(t) = + Gisi(1)-
and proceed as stated before and the proof is similar to the
Theorem 1. ]

Remark 4 The condition of Theorem 1 certainly does not
holds for p = 1, 00. On that case, it is better to introduce
& >0,i=1,2,...,n in the variable transformation as in
Corollary 1. So that the condition holds for p = 1,00 and
leads to the better performance.

Theorem 2 Under the Assumption 1, further
~(1,(G) + 1, (AL")) > 1]|B]|,, > 0, (10)
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holds ~ where =diag{h,bL,.. ., l,,1,1,...,1} and Now by letting,
0 0 U " . ia firlpu () =fulpi (1) fulpn(0) —fin(piy (1)
A= (A O)' Then the equilibrium (pl(t),pz(t))r of Flp(n) = F(r"(r)) = { @) —pi @ 7 pu() —pi () }
; . _ (Filp(0) = Fi(pi (1) 0
the system (6) is globally exponentially stable for = 0 Fapa()) = F23(0)) )

p=1,00,m.

Proof Similar to the proof of Theorem 1, first let us
calculate the upper-right Dini-derivative as,

et +m)ll, = lle@)l
D* (), = lim b
. lle(t) + heé(r) + o(h)||, — lle(@)]l,
= lim .
h—0+ h

The error system is defined as,

(e _ () —pi)
0= (21) = (i)
Also note that, ei(f) = (e (t),enn(t),..
filp1i(0) = fipy,(1) = fipri (D) +e1i(1)) = fip1, (1)),

() =i (1) = (i (pu (@) —fuu(pyy (2), -
fln(pln(t)) _fln(an(t)))'

Define the function as,

- ein(t)),

S

Fin(P1a(2)) = f1a (P}, (1))
ol —pi) 0
(

—Fa(py (1)) = 1.

—f(pi(1)) and f(pa(7))

goeey

Then, f(p(z))
written as,
Fp1(1) =f(pi(1) = (F1(p1(t)) — F1(p1 (1)) (1 (1) — 1 (2)),
F(p2(2)) —f(p5(1)) =p2(t) — p5 (1) = (F2(p2(1))
—Fa(p3(1)) (p2(t) — p5(1)).

—F(p(1)) can be

It follows from (8) that,
—er(t) + ez(t)
Des (1) + A(f(p

é(z)(j‘ﬁg)(&]m 0)- <m<r>>>)
’ +B(f(pi(r — 1(1))) — F(p; (1))

- (:Ic _1,,1)) <8> - (Avcp](z))(if(pm»))

!
ORI

We have the error system as,

o= ("o ")l + AFGO) - FOR )00

0

‘p“”*+(év@wr—wﬂ»

—f(PT(f))))

Then, we have the upper-right Dini derivative as,

D et

cor+n(( 75 )ettr+ A p0) - )60 - o) | e,
Shlij(?’ h ’
HIBY (1 <0) GO,
= o el HA(G + AF) - F 0)e0)], = (0],
= h

B (pr(1=1(0) = @I OD,
=1,(G +AF(p(0) = Fp* O))le)ll, + 1B, let = ()],

It follows from Lemmas 3 and 5 that,

1, (G + A(F(p(1)) = F(p*(1)))) < 1,(G) + 1, (A(F (p(1))

—F(p* (1)), < 1p(G) + p,(AL),
where L* = diag{l\,l,...,1,,1,1,...,1}. Hence, we have
D+H¢(¢)\|,,S(HP(G)+Np(AL*))H€(f)H,,+l||l§\|plifsgp lleGoll,

DF|le(®)ll, < = (=1, (G) — u, (AL le(®)]l, + 1l1BI, S lleColl,-

Using Lemma 4, by considering k = —(u,(G)+

t,(ALY)), ky = l||BHp and the assumption of our Theo-
—(1,(G) + w,(AL*)) > I||B||, > 0. We have the
result as,

le(l, < Sup_

t—1<

rem 2,

NleGollye o),

where r is a bound on the exponential convergence rate
with

r = k] —kze‘” =

~(1y(G) + 1, (AL")) = 1]|Bl e

Thus we conclude that, e(f) converges exponentially to zero
with a convergence rate r. That is, every trajectory of the
system (6) converges exponentially towards the equilib-
rium (pi(),p3i(r))" with a convergence rate r. This com-
pletes the proof. O

Remark 5 The stability condition of Theorem 1 utilize
only the maximum Lipschitz constant and not the infor-
mation of each /;. But the stability condition of Theorem 2
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utilizes the information of each Lipschitz constant /;. Thus,
by letting some terms, we make the term |A|| » as j,(ALY)
in Theorem 2 and hence the result is more precise than
Theorem 1. But the condition of Theorem 2 holds only for
p=1,00,m.

Synchronization analysis

Consider the following memristive delayed neural
networks,
&y, (1) dy,(r) A
a2 = —d, da ey, (t) + Zars(Y(t))fS()’s(t))
s=1

n

+ 3 b FONG(t — () + 1,

s=1

(11)

where ¥(1) = (,(1),...,5,)" € R". d, >0, ¢, >0 are
constants, ¢, denotes the rate with which the rth neuron
will reset its potential to the resetting state in isolation
when disconnected from the networks and external inputs.
I =(Ii,...1,)" and f(5(1)) = (i1 (1)), - o fu3a (1)
denotes the external input and the non-linear activation
function respectively. A(3(¢)) = (as(5(?))),x, and
B(y(1)) = (brs(¥(1))),x, are memristive connection
weights which changes based on the feature of memristor
and current—voltage characteristics are defined as,

- s,  [YOIST,
o) ={ 7
Ay, y(0)| > T, (12)
- by, OI<T,
bty = { 7 DO
by, y(0)| > Ty,
for r,s = 1,2,...,n in which switching jumps 7, > 0, d,,

Ay, l;,s, b, are known constants with respect to memris-
tance. When N inertial MNNs are coupled by a network,
we can obtain the following array of linearly coupled
inertial MNNs with the dynamics of the kth node as,
d?x (1 o (¢
50— pD ) + A0 (0)
+ B(xi(0)f (o — (1)) +1

+OCIZI: Wklr<dxclé[) +x1(t)>, (13)

where k=1,...,N. x(t) = (i (1), .., x: (1) € R" s
the state of the kth neural network. D =
diag{d,,d,...,d,} and C =diag{cy,cs,...,c,} denote
the positive definite matrices. A(x;(f)) and B(x(t)) are
memristive connection weights defined in (12). o is the
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positive constant which represents network coupling
strength. I' is the inner coupling matrix. The matrix W =
(Wi)yyn 1s the constant coupling configuration matrix
which is considered to be diffusive. i.e., Wy >0 (k # )

and Wy, = — Z?’: itk Wy Also, W is not required to be
symmetric or irreducible.
The initial condition of the system (13) is given as,

dx,
xk(x) = O(x) and %Z‘Pk(x); —1< <0,
(14)

where @ (), Wi(z) € CV([—1,0],R"). The isolated node
of network (13) is given as,

2S S
T — B () + A ()) + B0
— (@) + 1

(15)

The connection weight matrices of A(s(¢)) and B(s(¢)) are
defined as in (12). The initial condition of the system (15)
is given as,

where ®(y), ¥(x) € CV([~1,0],R"). By applying the
theories of set-valued maps and differential inclusion to
(15) as stated in Definition 1 we have,

dstgtHDd;—(t’) € —Cs(t) + colA, A (s(1)) -
+ colB, BIf (s(t — (1)) + 1,

or equivalently, there exist measurable functions

A(s(1)) € colA,A], B(s(t)) € co[B, B], such that

B0 B0 v + Asprsto) )

+ E(s(t))f(s(t —1(1)) + 1.

Consider the following transformation to the system (18),

p(t) = s(1),
q(r) = d;(tt) +s(1).

Then we have the system (18) as,
50 ~p(0) +4(0)
(70) = | e - 2at) + A60rp0) |- (19)
+B(p(0)f (p(r — (1)) +1
where C = C+ 1, — D and D = D — I,. The pinning con-
trolled networks of the system (13) is given as,
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d’x dxy (2 —vi(t) + z(t)
d];Z( ) =-D St( ) — Cxr (1) + A(x(2))f (x(2)) (0 —Cyr(t) = Dz(t) + A () (1)) + B(we(1))
g = N 21
+ B(xi(0)f (et — (1)) +1 (z'km) X fOulr = 2(0) +1 = 2 5 T (a(0)) - o @)
N =1
2 X —
. Z WyT (dxé(f) " xl(t)> (20) T'(z(t) — q(1))
=1 ! Let us define the error dynamical network as,
— a0, T dla(r) = () | (xe(1) = (1) ), _(euw@®N [ ye(t) = p(t)
dr ek(t) = = .
ex(t) (1) — q(1)

where k=1,2,....N and o,=1 if the node is
pinned, otherwise o3 = 0. A(xx (7)), B(xx(¢)) and the initial
condition of the system are given in (12) and (14)
respectively.

By applying the theories of set-valued maps and dif-
ferential inclusion to the form as stated in Definition 1 to
the system (20) we have,

2
d ;C;(t) + Ddxckll(t) € —Cxi(t) + colA, Alf (xi (1))

+ co[B, Blf (xi(t — (1)) + 1

N dx;(1)
o Wy X
4;;H<dt+m®

d(x(2) — s(z
— ag, T (W + (alr) - s(t))),
or equivalently, there exist measurable functions

A(x(1)) € colA,A], B(xi(1)) € co[B, B], such that

d%x (1) +Ddxk7(t)

a 5= Cu(0) + ACa()f (1)

+ B (0 (1))f (ue (1 —2(1)) +1

N dxl(t)
Wyl X
—&-OckE:l Kl ( QO + l(l))

- agyr (A =s0)

dr

+@a0—woﬂ.

Consider the following transformation to the above system,

i) = xi(1),

() = 240

+xk(t).

Then we have,
—yi(t) + z(r)
—Cyi(r) = D) + A 0) 0r(1)) + B (0)f (et — (1))

s ﬁ W (a(1)) — 0T (a(e) — 4(1))

where C=C+1,—D and D=D -1, Now, let us
introduce a Laplacian matrix L = (), of the coupling
network and define L = —W. Then we have,

Subtracting (19) from (21), we obtain the following,

an-(2)-

(0 +a(t)+p(1) —4(1)
—Cyi(1) = Dai(t) + AQr()f ((0) + B (1) f (1= 7(2)))

a3 T (a(0) — 20T (2 (1) — a(1) +Cp(t) + D0

I=1
—A(p(D))f (p(1) = Bp(t)f (p(t—=(1)))

According to Lemma 1, the above system can be written as
follows:

(Ce) =

—ew(?) + ex(t)
~Ceri() — Dex(t) + Af(ult)) — £ (p(1)))
FB(Onlr — 1(1))) — F(p(t — 2(1)))) !
—ocg:] LuT(ex(t)) — a0 T (ex(t))

where A = max {laxl,la,|} and B = max {|bys),
by }-
Using the Kronecker product, the above system can be
written in the following compact form,
—ey (l‘) + ez(l‘) )
—(v @ C)er(r) — Uy @ D)ex(t) + (Iv ®A)(fOr(0) —F(p(1)))
+(Iy ® B)(f Ot — (1)) —f(p(t — (1))
—a((L+Z) ® Dea(r)

(22)

Lemma 6 (Cao et al. 2006) For matrices A, B, C and
D with appropriate dimensions, one has

1. (¢A)® B=A® (aB).
2. A+B)®C=A®C+B®C.
3. (A®B)(C®D)=(AC)® (BD).

Definition 5 The linearly coupled inertial MNNs (13) is
said to be exponentially synchronized if the error system
(22) is exponentially stable, i.e., there exist two constants

@ > 1 and > 0 such that

e(t <o su e e’_’ , 2.
p S p O, o) =
t()*‘fgeglg

Now, we present the synchronization result in the fol-
lowing theorem based on the above transformations.
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Theorem 3 Under the Assumption 1, further

~ (1, (K) + IllIy @ All,) > U1y @ B, > 0, (23)

_INn INn

where K = a(L+Z)®T)
and | = max1<,<n{?§} Then the pmm)tg controlled iner-
tial MNNs (22) is globally exponentially synchronized for
p=1,200,0.

Proof The upper-right Dini derivative of the synchro-
nization error, [le(t)[|, with respect to ¢ is calculated as

follows,

lle(t+mll, = lle@, |

e(t) + he(r) +

the assumption of Theorem 3,

(1, () + 1y © All,) >

Iy ® B||p > (0. We have the result as,
le@ll, < sup_fle(oll,e,
1—T<y<to

where r is a bound on the exponential convergence rate
with
r = k1

— kot = —(st,(K) + |ty ® A]|,) — |ty © Bl "

o(ml, = lle(®ll,

D* (9, = lim p =200~ i .
6.1 (t)
. e (3 ) o] lew,
h—0* h
e([) n h(—el( );' 82( )) + O(h) —||e(t)||p
= lim :
h—0+ h
—Iyy Inn
3y eh( o e myer )0 e,
hir(r)1+ i h
+ (v @ A) (F () = F0)))],
+ (v @ B)(f e = 7())) = f(p(r = ()],
_INn INn
B *h(_aN ©0)  ~(v®D)-uL+3)® )0 , el
= i ~h
+ iy @ All,[lye(r) = p(@)ll, + Ul @ Bl ly(t = (1)) = p(r = ()],

[1£n + R, — 1
m—— P
h
+l||IN ®§Hp||e1(t—

< lim le(e)l, + ity Al |

(@)l

e,

= 1, () le(n)ll, + Uiy @ All,le)ll, + |y @ Bl lle(r = (1)),

< (1, (K) + Iy @ All,) le()]], + v @ B, sup || e(0ll,
t—t<7<
~(=1y(K) = IllIy @ All,)[le(®)l|, + Iy @ B, sup [le(x)]],-
t—t<y<t

where A= (IN ® C)elgt) — (IN X D)ez(t) + (IN®
A)FOu(r) = F(p()) + (v © B)(F (e — (1))~ F(ple -
7(1)))) — a((L+ %) ®@T)ea(t). Using Lemma 4 by con-

sidering k1 = —(u, () + l||Iy @ Al] ), ko = I||Iy ®l§'||p and

@ Springer

Thus, we conclude that e(f) converges exponentially to zero
with a convergence rate r. It implies that the global syn-
chronization of the system (22) is achieved. This completes
the proof. O



Cogn Neurodyn (2016) 10:437-451

447

Theorem 4 Under Assumption 1, if there exists a matrix
measure (,(-)(p = 1,00, w) such that

~(1,(K) + 1, (AL") > I|[Iy @ B, > 0, (24)
where A = (, % = 8>, L* =diag{l\,5,.. .11,
l,...,1}. The "he pinning’ controlled coupled inertial

MNNs (22) is globally exponentially synchronized.
Proof Similar to the proof of Theorem 2. O

Remark 6 Compared with the results on pinning syn-
chronization of the coupled inertial delayed neural net-
works of Hu etal. (2015), our results on pinning
synchronization are with discontinuous right-hand side. So
the results in this paper are more superior than in Hu et al.
(2015).

Remark 7 Recently, many of the researchers have
developed synchronization results by constructing suit-
able Lyapunov—Krasovskii functional and by using linear
matrix inequality techniques. Several effective methods
such as delay decomposition approach, convex combina-
tion, free weighting matrix approach and inequalities
technique have been explored and developed in the liter-
ature, see for examples Balasubramaniam et al. (2011),
Balasubramaniam and Vembarasan (2012). Moreover, in
Wang and Shen (2015), authors have concerned the syn-
chronization of memristor-based neural networks with
time-varying delays is investigated by employing the
Newton-Leibniz formulation and inequality technique. In
Bao and Cao (2015), authors deal with the problem of
projective synchronization of fractional-order memristor-
based neural networks in the sense of Caputo’s fractional
derivative. However, to the best of our knowledge, upto
now the memristor based neural networks have been
investigated by the Lyapunov—Krasovskii method but the
result discussed in this paper is more superior than the
results that are obtained by constructing a Lyapunov—
Krasovskii functional. Another important feature of the
derived results is because of the usage of matrix measure
and Halanay inequality.

Remark 8 1In the real world, resistors are used to model
connection weight to emulate the synapses in analog

implementation of neural networks. By making use of the
memristor which has memory and behaviour more like
biological synapses we can able to develop memristor
based neural network models. The memristive neural net-
works have characteristics of complex brain networks such
as node degree, distribution and assortativity both at the
whole-brain scale of human neuroimaging. With the
development of application as well as many integrated
technologies, memristive neural networks have proven as a
promising architecture in neuromorphic systems for the
high-density, non-volatility, and unique memristive char-
acteristic. Due to the promising applications in wide areas,
various memristive materials, such as ferroelectric mate-
rials, chalcogenide materials, metal oxides have attracted
great attention. Further, several physical mechanisms have
been proposed to illustrate the memristive behaviors, such
as electronic barrier modulation from migration of oxygen
vacancies, voltage-controlled domain configuration, for-
mation and annihilation of conducting filaments via diffu-
sion of oxygen vacancies, trapping of charge carriers and
metal ions from electrodes. Motivated by the aforemen-
tioned applications, in this paper we investigate the prob-
lem of stability and synchronization analysis of inertial
memristive neural networks with time delays.

Numerical simulation

In this section, numerical examples are presented to illus-
trate the effectiveness and usefulness of the theoretical
result.

Example 1 Consider the following inertial MNNs:
dzs,’(l) —d dS,'(l)

a2 7 A

e+ > a0 1)
\ = (25)
+ > by(si(0)fi (st — 7(1)) + L,

i=1

where the activation function is given as, f;(x) = sin(]x| —
l)forj=1,2,di=c¢1=6,dy=c; =8, = =6, and
(1) = ﬁ;, Also the memristive weights of the system (25)
is given as,
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—0.017v/2
—s v mOl=L 0.01, I|si(1)] <1,
ayi(s1 (1)) = bii(si(t)) =
—0.077v/2 0.05,  [si(n)] > 1,
T, |S1(l)| > 17
006, |S](t)|§1, OO4+16 |S](Z‘)|<17
ap(si(t)) = bia(s1(2)) =
0.04,  [|si(1)[ > 1, 0.01 +B’ Is1(6)] > 1,
—0.017v2
( (l)) T? |S2(t)‘ S 1’ b ( (t)) { 002, |52(t)| < 17
a A - RY =
a2 —0.07nv2 2 0.06, I[s2(t) > 1,
T? |S2(t>| > 17
006, |52(t)|§1, 009+16 |S2(l>|<l,
a22<S2(1)) = b22(s2(t)) =
0.04,  I|s2(t)| > 1, 1.01 +R’ 152(1)] > 1

In order to show that the system is globally exponen-
stable, —(1,(G) + 1]|Al],)

~ -1, I
> 1||B||, > 0, where G = (—C _”D)

tially we have to prove

From the given example we calculate the following,

10
C=c+1,1—D=( )

0 1
5 0
D=D-1,= :
(o 1)
—0.041v/2 0.05
A= 8
—0.047v/2 0.05
8
0.03  0.025+—
B— + 16
0.04  0.55+—
e 16
and ; =1fori=1,2.
When p=2, we have i,(G)=—1,|A|,=
0.0774, ||B||, = 0.7799. Hence we have 0.9226 >

0.7763 > 0. By choosing &, =& =2.1 and p =00 we
have, 1, (G)=—1.1, ||A|,, = 0.0722, |B|,, = 0.7863.
Hence we obtain 1.0278 > 0.7863 > 0. Figure la, b,
depicts the trajectories of system (25) for different initial
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values. It is clear that the equilibrium is globally expo-
nentially stable. Hence, the Theorem 1 is verified.

Example 2 Consider the following pinned inertial MNNs
with 10 nodes:

2)6
Bl - p®0 )+ A0 w(0)

+ B(xi())f (xic (1 — (1))

N dxl(t)
I+ay Wyl x(t) ),
+1+ 2 Kl ( it + l(f)>

where k = 1,2,...,10. x¢(t) = (x1 (1), x2(2))" € R? is the
state variable of kth node. The isolated node of MNNSs (26)
is given as,

ds(r)  ds(r)
S 8 ) + G 60)

+ B(s(1))f (s(t = =(1)) + 1,

where  s(t) = (s1(t), (1)) € R%.  Let N =10,
FOu()) = (tanh(xa (1) = 1), tanh(fa (1) = 1), 1=
(0.2,0.6)" and 7(t) = %13¢. So, it is easy to get [y = 1 and

p =0.0375. The coefficient matrices are given as,

02 0 09 0
C‘(o 0.1)’D_<0 o.s)’and

(26)

(27)
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Fig. 1 a, b The state (a) 20 . . (b) 100
trajectories of inertial
memristive neural networks of 80 | b
Example 1 with different initial 0 A
values 60 R
N -20 H 7 S— 40 i
T -
- - 20 .
B -40 1 35 k
F g °f |
© _60 .
e 2 -20f 1
& iy
= = -40
=_ -80f
s Uy = Uy
du, /dt -60 du, /dt
-100 F
uj -80 | "2
————— du, /dt du,, /dt
-120 - -100 -
0 20 40 0 20 40
t t
15
10 1
o 5 m
3 o
g -10| 1
o -15} E
_%0 |
255 10 20 30 20 50 60

Times(sec)

Fig. 4 Synchronization error for Example 2

Fig. 2 Digraph with 10 nodes

Fig. 3 a State trajectories x; () (a)
of system (26) and b objective

state trajectory s(f) of system

27

(b) 12

0 20 40 60 (0] 20 40 60
Times(sec) Times(sec)
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—0.08, I (1) < 1, researches that most of the authors have attempted to find a
an (xe(1)) = { —0.95 L (1)) > 1 proper controller such that the considered coupled complex
0.03 | ()] <1 7 network can achieve synchronization, i.e., the synchro-
by (x (7)) = { o =" nization error dynamical network is asymptotically stable.
0.05, bee(r)] > 1, However, controlling all nodes in a network may result in a
an (1) = { 0.05, ()] <1, high cost, and is hard to implement. To tackle these issues,
0.28, |xe(2)] > 1, the pinning control scheme has been adopted to study
—0.005, lxe(6)| <1, synchronization of coupled complex networks, in which
bia(xx (1)) = —0.015 b (1)] > 1 only some selected nodes need to be controlled.
an (1)) = 095, |u()|<1, Remark 10 The condition of Theorem 3 is difficult to
214 - 0.05, |xe(2)] > 1, verify for the case p = 1, 0o, w in our example. In Example
—0.075, (0] < 1, 1, by introducing the coefficient matrix ¢; in variable
b1 (xi(1)) = { ~0.095 (1)) > 1 transformation we verified the stability condition for
DU « ’ p = oo. But this transformation is not applicable in our
-0 067 |xk(t)| < 17 h : :
an(x (1) = synchronization case.

—0.28, lxx ()] > 1,
0.02, )

baa((1)) = { 0.08

(1)) > 1.

From the given example we calculate the following,

03 0
C=C+1,-D= :

0 0.3
-0.1 0
D=D-1,= ,
( 0 0.2)

= -0.5 0.2
A= and

0.5 -0.1
x 0.04 -0.01
B = .

-0.08 0.05

The coupling matrix W is determined by the directed
topology given in Fig. 2. From Fig. 2, it is clear that the
pinning node is 1 and 9. The inner coupling matrix I" is
given as, I = diag{6,4} and the coupling strength is
chosen as o = 20. In order to show that the system is

synchronizable, —(u,(K) + IA]|,) > [||B]|, > 0. Choos-
ing p = 2 we have, 11,(K) = —0.9805,||A], = 0.7616 and

||§||p = 0.1023. Hence we have, 0.2189 > 0.1023 > 0.
Based on the conclusion of Theorem 3 the coupled inertial
memristive neural networks can be exponentially syn-
chronized. The synchronization state trajectories x (), k =
1,2,...,10 and objective state trajectory s(¢) are given in
Fig. 3a, b respectively. The synchronization of error system
ex(t),k=1,2,...,10 is given in Fig. 4. Hence, the Theo-
rem 3 is verified.

Remark 9 Note that coupled complex dynamical net-
works can be represented by a large number of intercon-
nected nodes, in which each node consists of a dynamical
system. Owing to their applications in real life, many
researchers have studied coupled complex dynamical net-
works recently. In addition, it can be seen from previous
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Conclusion

In this paper, we have discussed the global exponential sta-
bility of inertial memristive neural networks and global
exponential pinning synchronization of coupled inertial
memristive neural networks by using matrix measure strat-
egy and Halanay inequality. Firstly, matrix measure strate-
gies are utilized to analyze the closed-loop error system,
under which two sufficient criteria have been established
such that the exponential synchronization can be achieved.
The model based on the memristor widens the application
scope for the design of neural networks. Finally, numerical
simulations have been given to demonstrate the effectiveness
of our theoretical results. Our future works may involve the
stability and synchronization analysis of inertial memristive
neural networks under different control schemes.
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