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Abstract
The paper presents a general model of quasi-linear parabolic equations with variable
exponents for the source and dissipative term types

t
L(z) |Mt|m(x)—2 u; — Au +f gt —s)Au(x, s)ds = |u|p(x)—2u.
0

When p(x) > m(x) > 2, the matrix L(¢) is both positive definite and bounded, while
the function g is continuously differentiable and decays over time. The paper shows
that the blow-up result occurs at two different finite times and provides an upper bound
for the blow-up time. Finally, it establishes that the energy function decays globally
for solutions, with both positive and negative initial energy.

Keywords Parabolic - Memory - General decay - Viscoelastic - Blow-up - Critical
exponents - Variable nonlinearity
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1 Introduction

Natural heat conduction in materials with memory is one of the most active areas of
heat transfer research today. The system with viscoelastic and source-term effects has
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seen significant growth in the last few decades.

t
L) |u:" "2 u, — Au +/ gt —s)Au(x, s)ds = |ulP>u (x,1) e Qx[0,T),
0
(1.1)

has attracted many researchers and has been studied extensively on solutions, exis-
tence, nonexistence, stability, and blow-up, where p > 2 and €2 is a bounded domain
of R*(n > 1), with a smooth boundary 92, and L € C (R") is a bounded square
matrix satisfying

colv)> < L) v,v) <cplvf? fort e RT, v e R", (1.2)

(., .) is the inner product in R"” and ¢; > ¢ > 0. In the mathematical explanation of
how heat spreads through materials with memory [1], researchers have found that the
global existence and blow-up of the equation depend roughly on m, p, the relaxation
g, and the initial datum, replacing the classic Fourier law with the following form (cf.

[2]).
t
qg=—dVu— f gx,t —s)Vu(x, s)ds, (1.3)

where ¢ is proportional to the temperature differences per unit length, u is the tem-
perature, d is the diffusion coefficient, and the integral term represents the memory
effect in the material, here (1.6) means that g does not depend linearly on Vu. If we
then substitute Fourier’s law (1.3) into the law of heat law, we can conclude that

t
Uy +/ gt —s)Au(x,s)ds —dAu=0in Q x (0, T).
0

Researchers have extensively studied damned viscoelastic operators, collecting many
facts about the existence and regularity of both the weak and classical solutions [3].
Viscoelasticity often leads to problems of this type from a physical perspective. In
1970, Dafermos [4] was the first to consider the issue of general decay, which has
since been the subject of much research attention over the last two decades, lead-
ing to various results on the solutions’ existence and long-term behavior [5-9, 21].
We are interested in the finite-time blow-up property, so we use some inequality
methods together with energy technique to study some properties of local solutions
of damped viscoelastic type second-order nonlinear parabolic equations that involve
variable source nonlinearities concerning the solution and its solution spatial deriva-
tives. We determine properties of local weak solutions such as the finite propagation
speed of the initial perturbations, the global localization and the blow-up time phe-
nomenon. The conditions that provide these effects are formulated in terms of local
assumptions on the data and the non-linear nature of the problem
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t
L () lu "2 u, — Au +[ gt —)Au(x, s)ds = u|PO 2y (x,1) e Qx[0,T),
0

u=0 (x,1)e€dQxI[0,T), (L4

u(x,0) =up(x) x e,

where 2 be a bounded domain in R"” (n > 1) with a smooth boundary 2, T > 0,
A represents the Laplacian with respect to the spatial variables and the initial value
functions. We prove the blow-up in a finite time of weak solutions and get a new blow-
up criterion. In the meantime, the lifespan and upper and lower bound for the blow-up
time are also derived. The exponents m(.) and p(.) are given measurable functions on
€ such that:

2 < p1 =ess Si}nfp (x) < p(x) < pr =ess supp (x) < 00,
xe

xeQ (1 5)
2 <mp =ess infm (x) <m (x) < my = ess supm (x) < 00. '
xeR xeQ
We also assume that p(.) and m(.) satisfies the log-Holder continuity condition
max (1p (©) = p W] (6) = m (D)) < ——
x(px)—pM|, Imx)—m)) < ——,
llog |x — ylI (1.6)
fora.e.x,yin Q, with0 < |x — y| < §,
M > 0,1 <46 < 1, and M (r) satisfies
. 1
lim supM (r) In (—) =c < 00.
r—0t r
uo € Hy () N W, " (). (1.7)

The significance of the viscoelastic impacts of materials has been realized because
of the rapid results in the rubber and plastics industries. Many passages in the exam-
inations of constitutive concerns, failure theories, and life projection of viscoelastic
materials and structures were notified and studied in the last two decades [10]. Equa-
tions with variable exponents of nonlinearity have recently been employed to model
various physical phenomena, such as the flow of electro-rheological fluids or fluids
with temperature-dependent viscosity, nonlinear viscoelasticity, filtration processes
through porous media, and image processing. You can refer to the sources listed in
[11-17] for further information on these topics. Analysis of the long-term behavior of
the variable-exponent viscoelastic wave equation has been the subject of active studies
and mathematical efforts. In the present work we will proceed in the direction of the
previous quasilinear investigations by considering the source and damping terms (1.4)
appearing as variable exponents that we discuss in a bounded domain of R", the global
existence and the explosion results when the initial data exist at different energy levels
E(up) < 0 and E(ug) > 0.
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2 Preliminaries

Let p : Q — [1, oo] be a measurable function. LPO () denotes the set of the real
measurable functions # on €2 such that

/ |Au (x)|P%) dx < oo for some A > 0.
Q
The variable-exponent space L") () equipped with the Luxemburg-type norm

p(x)
||u||p(.)=inf A >0, / dx <1y,
Q

is a Banach space. Throughout the paper, we use ||.||, to indicate the LY-norm for
1 <gq < +4o0. HOl (€2) is the closure of Cgo (£2) to the following norm:

u (x)
A

1

il gy g = (l3 + 1Vul3)"
It is known that for the elements of HO1 (£2) the Poincaré inequality holds,
lull, < C* || Vull, forallu € Hy ().

Throughout the paper, we use |||, to indicate the L-norm for | < g < +o0.
For the relaxation function g and the number m (.) and p (.), we assume that:

(H1) g is a positive function that represents the kernel of the memory term, and
satisfies the following:

g(0) >0, l—/oog(s)ds=/<>0, 2.1
0
and
* (¢g—2gq
d _ 2.2
A g(5)ds < 2.2)

where ¢ is any fixed number such that 2 < g < p;.
(H2) There exists a nonincreasing function

¢ Rt - RT,
such that

g =<-¢@g),t>0.
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(H3) The exponents m(.) and p(.) are given measurable functions on €2 satisfying

2<pip<oo, n<2,

2
2<p1=px)<p2< nz,nzl
n—

and

2<mpp <00, n<2,
2n —2

2<mp <m(x)<mp < , n>3.
The following lemma is used in the proof of the main results.

Lemma 1 (Sobolev-Poincaré inequality) If p (.) satisfy (H1) Forallu € H(} (R2), then
the following embedding

H} (Q) — LP(Q) — LPO(Q) — LP(Q) — L*(Q),
are continuous, and we get

lullpy = BlVullz, llull 2o =< BIVula (n=3), llully, < BllVula, (23)

where B, B, B are the optimal constant of the Sobolev embedding and ||.|| p(.) denotes
the norm of LPY) (), with the following propriety

min () %) < 06w = [ (ol dx < max (Jul  ul7).
Q

forany u € LPO(Q).

We denote ||.||4 and || || g1 () to the usual L7(€2) norm and H 1(Q) norm, respectively.
To examine our main results, we define

t
1(t) = (1— / g(s)ds) Va3 + (g o Vu) (1) — f lu (x, )PP dx, (2.4)
0 Q

and the energy functional E : H} () x L*(Q) — R by

1 1 t 1
EQ) =5 (goVu)+5 (1—/0 g(s)ds) ||Vu<t)||§—/9 )Iu(t)lp(x)dx,

p(x
2.5)
then, testing (1.4) by u, we have E(¢) is nonincreasing, i.e.,
i _ _l 2 l / _ m(x)
E(t) = g@® | IVu(@)| dx + (g o Vu) L (1) |uy| dx <0,
dt 2 Q 2 Q
(2.6)
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and

! 1 2 1 /
E(t) =/ (—g(s)/ |Vu () dx + = (g <>Vu)+L(s)/ PR dx) ds
0 2 Q 2 Q
< E(0), .7

where

t
(goVu)t) = /O g(t = 9)[[Vu(t) — Vu(s)|5ds.

3 Existence of weak solutions

In this section, we aim to prove the local existence of solutions for system equations
(1.4). To achieve this, we will examine a related initial-boundary value problem and
use the well-known contraction mapping theorem to prove the existence of solutions.
The Galerkin method, as used in [18, 19] and Lions [20], can be employed to establish
the desired theorem. We have now to state the following existence result of the local
solution to the problem (1.4).

Theorem 1 (Local existence) Suppose that (H1)—(H3) are satisfied. Then for any
given ug € H(} (R2), the problem (1.4) admits a unique local solution satisfying u €
C ([0, T1; HY(R)), u; € L™ (Q x (0, T)) for some T > 0.

The first step in proving Theorem 1 is to consider the following initial boundary value
problem for a given f:

t
L () w2 u, — Au —I—/ gt —s)Au(x,s)ds = f(x,1) inQx(0,T),
0

u=0 ondQx (0,T), 3.1

u(x,0) =up(x) in,

where f € L2(2 x (0, T)), ug € HOI(SZ), 2 is a bounded domain in R” with smooth
boundary 9€2, m(.) is a given measurable function satisfying (1.6) and (1.5).

Lemma 2 Under the conditions of Theorem 1, problem (3.1) has a unique local
solution

uecC ([0, T1; H] (Q)) nc' ((o, TY: Lm<->(sz)) .

Proof Uniqueness: To prove the uniqueness of the solution, let # and v u and v be
two solutions of (3.1). Then, w = u — v satisfies

t
L) (|u,|'"()‘>—2 U — Jog )2 vl> — Aw +/0 ¢t — ) Aw(x, s)ds = 0in Q x (0, T),
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u=00n0R x (0, 7T),
u(x,0) = ug(x) in Q.

Multiply by w; and integrate over €2, to obtain

t
15{(1—/ g(s)ds)/ [Vw(r)|? dx + (g o Vw) (r)}
2 dt 0 Q

+ / L@ (IO w0y = o, "2 vy ) wd
Q

1 2 1 /
—i——g(t)/ [Vw()]“dx — = (g o Vw) (t) =0.
2 Q 2

Integrate over (0, ), takin into account that

/ L (t) (|u,|’"<->—2u, — Ju, mO=2 vt> wedx > cof lw, " dx > 0 ae.x € Q,
Q Q

to get
2
K [[Vwll; <0,

which implies that w = w (0) = 0. Hence, the uniqueness of the solution.
Existence:
Using the Galerkin method the straightforward proof of the existence result is due
to the linearity of the principal part of the problem (3.1). Let {g; }; | be an orthonormal
basis of Hj (), with

—Ag; = Aig; in 2, ¢; =00ndQ,

and define the finite-dimensional subspace ®; = span {¢y, ..., ¢x} with ||¢;|| = 1.
We start with

k
W (x,1) =Y cigr,
i=1

solution of the following approximate problems

/L(t)
Q

t
—// g(t—s)Vuk(x,s)Vwi(x)dsdx =/ fx, e (x)dx
QJo Q

uF(x,0) =ub, Yi=1,...,k,

k
Uy

=2 / k
uy (x, i (x)dx + [ Vu“(x, t)Ve; (x)dx
Q
(3.2)

k
g =y (uo. ¢;) ¢i — up in Hy ().
i=1
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which generates the system of k ordinary differential equations. System (3.2) has a
local solution in [0, ), where 0 < tx < TO < #;y < T for any T > 0. Our next step
is to prove that #4 = T, Yk > 1. We can do this by multiplying (3.2); by c;(¢) and
summing up the products for i. This leads us to conclude that

1d t o2 . . o

55{(1 —/0 g(S)ds>/Q‘Vu (t)‘ dx—l—(goVu )(t)}—l—/;zL(t) ‘“t(xvt)‘ dx
1

= _Eg(t)/;z

Since m(x) > 2, the following embedding is continuous:

Vuk(t)‘zdx +1 <g’ ° Vuk) (1) +/ £, Dk (x, dx.
2 Q

H}(Q) = L™ (Q) — L"O(Q) — L*(Q) — L"V(Q).

Specifically, we have

1

1
m-ﬁ-m/—(x): 1, (3.3)

lwllm ey < cllullz < cllullm,

where ¢ and ¢’ are the optimal constants of the Sobolev embedding. By using the
hypotheses on g and the boundedness of L, we can integrate over the interval (0, ¢) to
get

1{/( /g(s)dc>/ ‘Vu (z)( dx+<goVu)(t)}+60/ /‘ (. c)‘ dxds
2 lJa
S%/Q‘Vué‘ dx+[) /Qf(X,S)u,(X,S)dxds
t ' )
sl/ ‘Vulé‘zdx+€/ / ‘uf(x’s)‘m(x)dxds+c(e)/ / | f e, ) @ dxds
2o 0 Jo o Jo
! T
_l/ ‘Vu’é‘zdx-i-e/ / ‘ulf(x,s)‘m(x)dxds+C/C(€)/ /|f(x,s)|2dxds
0o Ja
<C+8//’ul(x g)

So, for (0, #), choosing ¢ = 070, we get

dxds Vi e [0, ).

X 2 co Tk k m(x)
suplc/ ‘Vu (t)‘ dx+—/ / ‘ut(x,s)) dxds < C.
Q 2 Jo Ja

0.10)

Then the solution can be extended to [0, 7)) and we obtain

(uk> is a bounded sequence in L ((0, T); H(} (Q))

(uf) is a bounded sequence in L™ (Q x (0, T)).
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Hence, there exists a subsequence (u*) of (u*) such that

u* — u weak star in L™ ((0, T); HOl (Q)>

ut' — u; weakly in L"O(Q x (0, T)).

According to Lion’s lemma [18, Lemme 1.2. ], we can conclude that u €
C (10, T1; L*(R)). Also, as (/") is bounded in L™ (2 x (0, T)), L (1) |ut*|" ™~ u!*

m(.)
is bounded in L»0O-T(Q x (0, T)),
_ m(—)
L (t) [ul "7 ul = L () u, /O u, weakly in L#O-1(82 x (0, T)).

By utilizing Lion’s Lemma [18, Lemme 1.3. ] and the boundedness of L, we deduce
that the above statement is true. To obtain the desired result, we can use the limit in
equation (3.2) and incorporate the convergence mentioned above, to get:

T T
/ /L(t)|ut|’"(x)_2 u,(x,t)(p(x)adxdt+/ /Vu(x,t)V(p(x)dedt
0 Q 0 Q

T ' T
—/ / / gt —s)Vu(x,s)Ve(x)odsdxdr = / / fx, He(x)odxdr,
0 QJO 0 Q

forallo € D (0, T) and forall ¢ € L™ ((0, T) x Hg(S2)). From the above identity,
we have

t

L () Jue "2 u,(x, 1) — Au(x, 1) + f gt —s)Au(x, s)ds
0
= f(x,0)in L"O ((0, T) x Hol(sz)). (3.4)

We will provide a brief overview of the local solutions for problem (1.4). O

Proof of Theorem 1 Existence: To clarify, similar to the case in [20, Theorem 5.], we
have for any v € L* ((0, T) ; Hj (Q))

2
H| |v|p(‘)_2vH2 < / |v|?P12 dx +/|v|2p2_2dx < 00.
Q Q

For the given

2n
-2’

l<pr=p&)=pr<- (3.5

we have

lo|PO~2y e L ((07 T, Lz(Q)) C L2 (2% (0, 7).
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Hence, there exists a unique
ueC ([0, T1; Hg(sz)) nc' ((o, T): L’"(->(Q)) ,
satisfying the nonlinear problem

L () |72 uy (x, 1) — Au(x, 1)

t
+/ gt —s)Au(x, s)ds = [v[?P2v inQ x (0, 7),
0

(3.6)
u(x,t) =0 onoR2 x (0,7),
u(x,0) = ug(x) in Q.
Let Rg be a positive real number such that
Ro = [[Vuoll, .
For a sufficiently small time 7" > 0, we define the space X7 g, as follows:
v e L2 (0.7), H}(®).
v (1) € L"V(Q x (0, T)),
X1, Ry = co [ 1
- / / v (x, )™ dxds + >k Vv (@)II; < R on [0, T1,
2 Jo Ja 2
v (0) = vg.
which is a complete metric space with the distance
du,v)=« sup |V @) —v (t))||% foru, v € X7 g,- 3.7

0<t<T

We define the nonlinear mapping B (v) = u, and then, we shall show that there exists
T > 0 and Ry > 0 such that

(1) B: XT,RO — XT,RO
(ii) In the space X7 g,, the mapping B is a contraction according to the metric given
in (3.7).

After multiplication by u, in the equation (3.6), and integration over €2, we find

'
li{/ (1 —/ 8(S)ds)/ [Vu(r)|? dx + (g o V) (z)}+/ L (t) |y (x, )" @ dxe
2dr g A A [

= _lg(z)/ |Vu(r)|2dx+1(g’ow) (z)+/ [P =20 (x, Hug (x, 1)dx.
2 Q 2 Q
(3.8)
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Using Young’s inequality and the boundness of L, then for all ¢ > 0, we have

1 1
< 78-/\ uldx + 7c(6)/ v[2P)~2dx
2 Ja 2 Q

1 1
708/ lu (e, )™ dx + —c (e) [/ \v|2p2_2dx+/ |v|2p‘_2dx]
2 Ja 2 Q Q

I _ ~
Ecg/ iy (x, )" dx—l—%c(s) [||Vv||§”2 24 Vo) 2].
Q

‘/ [v]PO72 Yy, dx
Q

IA

IA

Thus, for ¢ sufficiently small, (3.8) give

t
1d {/ (1 —/ g(S)ds)/ IVu(t)lzdx—f—(goVu) (t)I + iO/ luy (x, ) dx
2dt Q 0 Q 5 A

C — _
= Se [Re7 2+ "7

Integrating from O to ¢ we have

‘ 1 1
C—O/ / luy (x, $)™® dxds + =« | Vull3 < =« R + 20T,
2 Jo Ja 2 2

where Lo = $c(e) (Rép 272 4 Rép '_2), ce is the Sobolev embedding constant.

Therefore, if the parameters T and Ry satisfy %/c R + 10T < R} (remembering that
k < 1), we obtain

t
1
C—O/ / luy (x, )" @ dxds + ~« [|Vul2 < RZ. (3.9)
2 Jo Jo 2

Hence, it implies that B maps X7 g, into itself.

Let us now prove (ii). To demonstrate that B is a contraction mapping with respect
to the metric d (u, v) given above, we consider u' = B (v1), u> = B (v2) with vy,
v € Xr,Ry, then w (1) = (u! —u?) (t) satisfies for any T < Tp, the following

system:
1 m(x)—2 1 5 m(x)—2 5
L) |u] (r)‘ ul () —L () }ut (r)‘ W2 (1) + Aw

t
_/f g(t —s)Aw(x, s)dsdx (3.10)
QJO

= 01120 = 0220 in L2 (0,73 L2 (@)

with initial conditions w (0) = 0 in €2, and boundary condition w(x, ) = 0 on 9€2.
Multiplying (3.10) by w, and integrating it over €2, taking into account that

(L )

1 m(x)—2 1 _
u | w0 -1

m(x)—2
@ w0 - (t))
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> Co/ lw, "™ dx > 0, ae. x € Q,
Q
we find

1 d
co [ " xS L ivwl = [ (PO e = a0 o) wid.
Q 2 dt Q
3.11)

Using the fact that, for any x € Q fixed, we have
|U1|P(»)—2 v — |v2|77(»)—2 v = (p(x) = 1) é.p(x)—Zv’

with v = v; — v, and & = sv; + (1 — s)vp, s € (0, 1). Young’s inequality implies

1 =

[ (61702 016) = 1021702 02)) wia
Q

2
< i / widx + 2c (@) f () = 1) e 72| juPdx
27 ) 2 Q

IA

1 2
—ac/ lw, ()™ dx + &c (8)/ Isvl 4+ (1 — 5)v2 2P =2 1y 2dx
2 Q 2 Q

IA

1
—gc / lws (£)") dx
2 Ja
2

2 7
+ &c (e) (/ |v|nzTn2dx (/ Isv + (1 — s)vp " P27 ) dx
2 Q o
2
+(/ lsvi + (1 —s)v2|"(”1_2)) dxj|.
Q

Picking & = 2 and recalling (3.5), we arrive at

I< %Of lwr ()" d
Q

2
p 2(p2—2 2(p1—2 2(p2—2 2(p1—2
+eeZe @ IVl [IVor 77 + 19013772 4 Ve 3772 4 Ve 57|

c _
< ?0 -/S-z |wt (t)lm(x) dx +2pgcec (8) RS(P2 z)d(vla 1)2) .

Therefore, (3.11) takes the form

1 d 2(pa—2
LT [Vwl|3 < 2Tcec (g) p%RO(p2 'd (v1,12) .
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By (3.7), we have
d(ui,uz) < C(T, Ro)d (v, v2). (3.12)

where C (T, Ry) = 2T cec (¢) p%Ré(prz). Therefore, if C (T, Rg) < 1, B is a con-
traction mapping according to inequality (3.9). To satisfy both conditions (3.9) and
(3.12), we select Ry to be adequately large and T to be sufficiently small. By utilizing
the contraction mapping theorem, we can obtain the result for local existence.
Uniqueness: Suppose we have two solutions u and v. Then U = u — v satisfies

L () |ty ()™ 72wy (£) — L (0) v (0O]™O 720, (1) — AU
t
+/ gt —)AU (x, s)ds = |[u|PO72u — p|PD 2y in Qx(0,T),
0

Ux,t)=0 on 02 x(0,T),
Ux,00=0 in .

Multiply by U, and integrate over 2 x (0, t) to obtain

t 1 t
CO/ / [U ™) dxds + f/c/ IVU[2dx < / / <|u|p(')72u — [p|PO—2 v> Uydxds.
0 Ja 2 Ja 0 Ja

By repeating the same estimates as in above, we arrive at

t 1 t
C—O/ / |Ut|’"(x)dxds+—xf VU 2dx < c/ / VU (x, s)|>dxds.
2 Jo Ja 2 Jo 0 Ja

Gronwall’s inequality yields

/ VU *dx = 0.
Q

Thus, U = 0. This shows the uniqueness. The proof of Theorem 1 is completed.

4 Blow-up and bounds of blow-up time

In this section, we get new bounds for the blow-up time to problem (1.4) if the variable
exponents m(.), p(.) and the initial data satisfy some conditions. We prefer to state
the following theorem of existence, uniqueness, and regularity before stating our key
conclusions without providing evidence

Definition 1 A function u(x,t) is said to be a weak solution of problem (1.4)
defined on the time interval [0, T), provide that u(x,t) € C ([0, T), H}(R)) N
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C' ([0, T), L™ (R)), if for every test-function n € C ([0, T), Hj(Q)) and a.e.

t € [0, T), the following identity holds:

t
/ / L (s) lue ™™ =2 u; (s) 0 (s) dxds
0 JQ

t s
+/ / (Vu(s) — / gt —t)Vu(x, ‘L')d‘l.') Vn(x, s)dxds
0 Ja 0

t
—/ / ()P 2u(s)n (s) dxds = 0.
0 Q

.1

Without proof, we give the local existence of a solution of (1.4) that can be derived
from the fixed point theorem in Banach spaces and the Faedo-Galerkin arguments.

Theorem 2 Assume that (1.5)—(1.6) hold. Then the problem (1.4) for given (ug, uy) €

Hd (Q) x L*(2) admits a unique local solution

ueC ([0, Tonax) ; H(}(Q)) L u eC ([o, Tonax) L’"(')(Q)> ,

where Tmax > 0 is the maximal existence time of u(t).

5 First blow-up properties

For our result, we want to consider the following characteristics

1
a(t) = [kIVu @I + (g0 Vi) ®) |

and for ¢ (positive small) and N precise positive constants to be chosen later,
t
A@t) :=H'™@) — gf f lu (s)|”®) dxds + eNEy1, t € [0, T).
0 Jao

The values B, «p, oo, E; and El are positive constants given by

1 -p,

By = (3%) " BV e =B a(0) = ag =« [Vuol,.

11\ 5, ~ 11\ ,
2 p qg pi

The first result of the blow-up is as follows

6.

5.2)

(5.3)

Theorem 3 Supposing that g, m(.), and p(.) fulfill various conditions (H1) — (H3)
with p1 > my. Then the local solution of problem (1.1) under boundary conditions
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satisfying E(0) < Eq, K% [[Vugll > a1 blows up in finite time T, which equips the
following estimates

where

54)

) _
0<o§min{p1 L },

2p1 pi(ma—1)
and 81, 8> are defined in (5.33), (5.37), respectively.
For our result, the following lemmas must be taken into account:

Lemma3 Leth : [0, +00) — R be defined by
1 B
h(t) :=h(a) = Eaz - —Lgr, (5.5)

then h has the following results:

(i) hisincreasing for 0 < o < o1 and decreasing for o > a1,
(ii) lim h(a¢) = —ocoand h (o;) =Ey,
oa—>—+00

(iti) E(1) = h(a(1)),

where a(t) is given in (5.1), a1 and E are given in (5.3).
Proof h(w) is continuous and differentiable in [0, +00),

TeN _ pp2, pr—2 >0, a€(0,a1)
W@ =a(l- Bl (r)){<0, e o ooy,

Consequently

h(w) is strictly increasing in (0, 1), (5.:6)
h(w) is strictly decreasing in (a1, +00) . '

Then (i) follows. Since p» —2 > 0, we have lirJrrl h (o) = —o0. An easy calculation
o—> 100

yields i(o1) = Ej. Then (ii) is correct. By Lemma 1:

/ |u|p‘dx=/ |u|”‘dx+/ |u|Ptdx
Q {xeQ:lu(x,t)|>1} {xeQ:lu(x,t)|<1}

< 2/ lu|Pldx < 2/ lu|Prdx < 2/ |u|Prdx,
(xe|u(x,0)|>1} {xeQ:u(x,0)|=1} Q
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which means

/|u|p(x)dx§f |M|pldx+/ lu|P2dx
Q Q Q
P2

~ 2
< 3/ lu|P2dx < 3BP (/ |Vu(t)|2dx> ) (5.7)
Q Q

Using (H1), (2.5) and Lemma 1, we have

t
E(r) = : (1 —/ g(S)dS> V()3 + ! (goVu) (@) — i/ lu ()P dx
2 0 2 r1Jo

1 , 1 3BP »
> ~k|Vu(@®)llz + 5 (g o Vu) (1) — Vu(@)ll;
2 2 P
1 2 sz 2 7
=5 [FIVHOIE + g 0 Vi) 0] = — [l Vu @I + (g 0 Vi 0]
1 BP2
= —a’(t) — ——a2(t) = h(a(1)). (5.8)
2 P2
Then (iii) holds.
Lemma 4 Supposing the conditions 0 < E(0) < E|. Then we have
1 If/c% Vuoll < ay, there is a positive constant 0 < oy, < a1 such that
a(t) <ap, t>0. (5.9)
2. If/c% IVugll > o, there is a positive constant oy > o1 such that
a()y=o>oa, t >0, (5.10)
o(u) > B{*a?, (5.11)

where o1, By and E1 are given in (5.3).

Proof Because 0 < E(0) < E; and A(e) is a continuous function, there exist o and
an with oy < a1 < a3 such that

h (o) = h (a2) = E(0). (5.12)
1. When k2 |Vug| < a;, from (2.6) and (5.8), we have
h(ag) <E@Q)=nh (Ot&) ,

which means & 2 [Vuoll < of. We claim that « (f) < o} for 0 < ¢ < T. If not,
then there exist fo € (0, T) such that o (19) > o). If &) < « (o) < a2, then

h (a (10)) > E(0) = E (1),
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which contradicts to (5.8). If o (f9) > «» then by the continuity of « (¢), there
exists 11 € (0, fy) such that

h(a (1)) > E@0) = E (1) .

This is allso a contradiction.
2. When k2 ||Vug|| > a1, joins (5.12) with Lemma 3 show

h(ap) < E@0) = h(a2). (5.13)
From Lemma 3(i), we deduce that
oo = oy, (5.14)

so (5.10) holds for t = 0.

Assuming that there is t* > 0 such that @ (t*) < «ay, we proceed to prove (5.10)
by contradiction, separating two cases,

Case 1: If o), < « (t*) < a2, we can infer from Lemma 3 and (5.6) that

h(a(*)) > E(0) > E (),

which contradicts Lemma 3(iii).
Case 2. If o (1*) < o), then @ (%) < o) < vz Set A () = a(1) — 232, then A(7)

is a continuous function, A (t*) < 0 and by using (5.14) A(0) > 0. Thus, there

exists ty € (0, r*) such that A (zp) = 0, which signifies « (fy) = az;az, that leads

h (a (1)) > E(0) = E (7o) .

This contradicts to Lemma 3(iii), hence (5.10) follows.
By (2.5), we have

1 ! 2 1 @)
= [(1—/ g(S)dS> ||Vu(l)||2+(gOVM)(t)] SE(t)+—/ lu ()P dx,
2 0 1 Jo

which imply

1 @) 1 ! 5
—/ lu@®)|Pdx > = |1 — / g(s)ds ) IVu(®)|l; + (g o Vu)(t) | — E(¢)
r1Jo 2 0

1
z 3 [KHVM(I)”% +(go VM)(f)] —E)
L, i p
2
> 7% —h(a) = 720!2 ,

then the second inequality in (5.11) holds.

O
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Let
H(t) =E; —E(¢) forr > 0. (5.15)

The following lemma holds

Lemma5 Under the assumptions of Theorem 3, if 0 < E(0) < Ei, the functional
H (1) defined in (5.15) satisfies the following estimates:

1

p (x)

0<H@O <H() < / lu@)|P®dx < LQ(u), t>0. (5.16)
Q D1

Proof Lemma 1 provides that H(¢) is nondecreasing in ¢. Thus
H(t)> HO)=E; —E©) >0, t >0. (5.17)

By (5.3) and Lemma 4, we have

1 ! !
E| — |:§ (1 —/ g(s)ds) IVu(o)|3 + E(g o Vu)(t)]
0

<Bi— 2 [(1ve B + g o v )]

l2 12 12 1 2
=E—za°(t) <EB| — za°(t) E| — za7 = ——a7 <0,
2 2 2 P2

for all t € [0, T), which imply

1 ! 1
H(t) =E; - [5 <1 —/0 g(S)dS> IVu@)Il3 + 580 Vu)(t)}
1

| | (5.18)
+ f u(r)|PPdx < / lu()|PPdx < —o(u).
Qpx) Qp &) Pi

(5.16) follows from (5.17) and (5.18).

Lemma 6 Assuming the conditions in Theorem 3 hold, then there exists a positive
constant C such that

IVu(@)l3 < Cow). (5.19)
forallt € [0,T).

Proof By Lemma 4 and «p > o, we have

P2, D2 P2 p2—2 2 2
o(u) > B{"a,” > B ay = of,
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which combined with (5.3) imply

B < 1 1
1 < (E—z> o(u).

combining with the definition of H(¢), (5.15), and (5.20), we have

SelIVu®lly = 5 1—/ g()ds | [Vu(®)ll
0
1

p (x)

lu()|PPdx

1
E(r)—5<govm<t)+/9

1 1 1
- —> o) — H(t) — z(g o Vu)(t) + —o(u)
D2 2 D1

1

1
5
1 1 1
_ <<_ _ _) + _) o) — H(t) — ~(g 0 V) (1
2 ;) pi 2

1 1 1
5~ —) + —> o(u).
p2 pP1

l_l +l
Then the desired result, with C = %

K

A proof of the following theorem Theorem 3 based on the above lemmas

(5.20)

(5.21)

Proof of Theorem 3 Case 1. If 0 < E(0) < Eq, then by differentiating (5.2), we get

At)y=101-0)H °OH'(t) — e/ lu (s)|P™) dx + NEj.
Q
Integrating by parts on €2, recalling Eq (1.4), we obtain

A@t)>(—o)H (OH (1) — ¢ f L (1) |t |72 w,udx — ]| Vu(t)|I3
Q
t
—l—s/ g(t —s)/ Vu(t)Vu(s)dxds + e NE;
0 Q
=(1—o)H °(OH'(t) — | Vu(®) |3

t
+s/ gt —s)/ Vu(t)(Vu(s) — Vu(t))dxds
0 Q

(5.22)

(5.23)

t
+8/ g(t—s)/ |Vu(t)|2dxds—s/ L () |u: "™ ~2 w,udx + eNE,.
0 Q Q
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Taking advantage of Young’s inequality, we have

t
‘/ gt — s)/ Vu(t)(Vu(s) — Vu(t))dxds
0 Q

t 1 !
< T/(; gt — )| Vu(s) V”(t)||2ds+4r/0 g()ds||Vu(@)|3 (5.24)

1 t
= t(g o Vi) + 1 / ¢(5)ds [ Vu()]2
T Jo

for any v > 0.
Replacing (5.24) in (5.23), and using (2.5), picking T > O such that 0 < 7 < % we
infer
1
A'@t)= (1 —o)H ()H (1) — 8||VM(t)|I% +/ g(S)dSHVM(l)ll%
0
- s/ L () |us ™2 wudx — te(g o Vu)(t)
Q

1 t
- 78/0 g()ds|Vu()l13 +epa (H(t) —Eyp) + %e(g o Vu)(1) + eNE;

4
t
+ 2 (1—f g(s)ds) ||W<r)||%—spzf )PV dx (5.25)
2 0 Q r(x)

> (1—o)H O (H'(t) + ¢ (% - 1') (g0 Vu) (1)

+&(N = po)E| +eprH(t) — s/ g =2 4y udix — EQ/ ()P D dx
Q P1JQ
te [(% - 1) - <% 1+ %) /Ooog(s)ds] V()2
By combining (2.2) and (5.25), we get
A1) > (1 —o)H °()H' (1) + aie (g o Vu) (1)

+ e | Vu()] — e 22 / lu(t)|P®dx + e(N — p2)Ey + ep2H (1)
i Ja (5.26)

—8/ i |72y udx,
Q

a1=<%—r)>0, a2=(%—1)—(%—1+%)/000g(s)ds>0.
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For alarge enough constanto > 0 to be determined later, the last term on the right-hand
side of (5.26) can be estimated from the Holder inequality as follows:

/|u = 1 ldx <
Q

nmy
< / Ha(m(x)_l)([)|u|M(x)dx-I—)»’"I_IH_O(I)/ |ut|m(x) dx.
A Jo Q

(5.27)

Combining (5.26) and (5.27) results in
_my
A1) > [(1 —0)— Mmll} H°()H'(t) + a1 (g o Vu) (t) + £a2||Vu(t)||§
= o2 [P ds o8 = pos +epaH D) (5.28)
—eA™™ / HO =D m0 g
Q
When 0 < H(#) < 1, according to (5.18), we have
/ ) =D 14y < / lu|"®dx < max (||u||m() , IIMIIm()>
Q Q

< ey max (|l ||u||p())

< ¢y max <</ |u|”<x>dx) <f Iulp(x)dx> 12)

ny—pr my—pj
P P
< 1 max (/ |u|p(x)dx> ? , (/ |u|p(x)dx) : / u|P O dx
Q Q Q

< ¢] max ((le(O)) 2 (le(O))mzplpl)/ [u]?®dx
Q

= cz/ lu|P®dx.
Q

When H (t) > 1, we have

/ |u|m(x)H(T(m()C)—l)(t)dx S HU(mz—l)(t)/ |u|m(x)dx
Q

mp

< Cchr(mz l)(t) max ((/ |u|p<x)dx> </ |M|p(x)dx) 1)

1 \om2=1D (my=1) o
<cy <—) (/ |u|p(x)dx> max <</ |u|p(x)dx)

p1 Q Q

my
(fesr)”)
Q
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1 \?m=D HP At (my—1)
< (—) max (/ |u|”(")dx) ,
D1 Q

my

-p
“ o Lo (my—1) -
u |7 dx lu|P®dx
Q Q

< cpHOm2=D (0)/ |u|P®dux.
Q

By combining the two cases we have

H“('W)—‘)(t)/ [u]"@dx < (:3[ lu|?@dx, (5.29)
Q Q

where

pp—my mp
cr=(1+l ™ ™),

mjp—

P2 ma—=pri
¢y = ¢ max ((le(O)) 7 (p1H (0)) 7~ > ,
= ¢ (1 + HOm=D (0)) .
Combining (5.28) and (5.29) result in
A@t) > |:(l —0)— gk”‘lll] H°()H'(t) +eai (g o Vu) (1) + 8a2||Vu(t)||%

(5.30)
+e(N — p2)E1 +epH (1) —er ™" es / ul?Odx — e 22 / u(r)|P ¥ dx,
Q P1Jg

clearly

1 1 1
H(t) = Ef — EIIVM(f)II% —5(goVu)(®) + EQ(H)- (5.31)

Making use (5.31) in (5.30) and rewriting proceeds as pp = p» — 2az + 2a3, with

3p; < @3 < min (al,az, > ) yield

A@) > [(1 —0)— 8)\,"”111_1] H™%()H'(t)

+e (a1 — a3) (g o Vu) (1) + & (a2 — a3) | Vu(0) |3
+&(N — (p2 — 2a3))E| + & (p2 — 2a3) H(t)

+e <<2a3 - &> — AmIC3> o(u).
P1
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At this end, we choose A and N large enough so that

y1 = 2a3 — P _ Ay >0,
D1

N — (p2 — 2a3) > 0.

Once N and A are fixed (i.e. 1), we choose ¢ small enough so that
_my
(1—0)—¢erm~1 >0, and A(0) = H'™?(0) > 0, since H0) >0. (5.32)
Then a constant §; satisfaction
. [ P2
0<é Smln{7—03,al—613,)/1,172—2613}, (5.33)
and
AW = 818 [(g o V) + VI3 + H@®) + 0w, (5.34)
which combined with (5.32) infer

A@t) > A0) > 0, ¥t € [0, T).

(1=a)p2
Choose ¢ > 0O to ensure that 0 < & < % (%) (NE))%, and remember Lemma

4 and then, we have

| NE T|11°‘ < (-) 21\,]_:4 < —1 ( ) (5 35)
& u). .
1 = : 1= Blpz {)ZQ

Exploiting the algebraic inequality and (5.2), (5.35), we have

1

I—o

ATS (1) < (Hl_“(t) n sNE1T> <21% (H(t) e (NEIT)ﬁ)

<5 (HO+2E ow), (536
- Blpzot‘lp2

where 8, and ¢ are positive constants such that

= NE;
62 = 2T-¢ max 1, W s (537)
joining (5.34), with (5.36), results in
' g8 1
A'(t) > (S—Al—rr (1), forallt > 0. (5.38)
2
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Simply integrating (5.24) over (0, ¢) yields the conclusion that

ATT (1) > — : (5.39)

As aresult, A(¢) explodes in a finite time T

o~ l—0o
< —————.
o SLAT (0)

Since A(0) > 0, (5.39) demonstrates that lim; .7 A(f) = oo, where T =

ESI;UL. This completes the proof.
o SLAT=7 (0)

Case 2. In the case E(0) < 0. Setting H(t) = —E(¢) in Lemma 6, one can obtain
a similar result as Lemma 6. Previously 0 < —E(0) = H(0) < H(t) and H(t) <
%Q(u). Making N = 0 in (5.2) and by applying the same reason as in part Case 1.,
we can gain our result. O

6 Second blow-up properties

The blow-up property for system (1.4) is examined in this section, and the following
Theorem 4 is proved. Because of the existence of the nonlinear term L(r) |u, | =2y,
our method is different.

Theorem 4 Suppose g, m (.), and p (.) satisfy the conditions (H1) — (H2) with p; >
my > 2. Then, under one of the following boundary conditions:

(i) E0) <0
(ii) E(0) < El and k2 IVugll > a1, the local solution to problem (1.4) blows up in
finite time T*.

Proof Looking at the case K% IVupll, > @1 and 0 < E(0) < El. Let’s decide
H(@t) =E| — E(). 6.1)

From Lemma 4 (ii), by combining (2.5), (2.6), (5.1) and (6.1), we get

2
~ ~ 1
0<HO) < H@)=F - E) < - 2 +/ — ()PP dx
2 Q p(x)
< (l - L) a12 - la% +/ ! lu(t)[PPdx < —iotl2 +/ ! u(r)|P ™ dx.
q p1 2 Q p(x) P1 Q p(x)
Hence,
/ lu()|PPdx > piH(1) + o (6.2)
Q
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Multiply by u and integrate over €2, add and subtract g E(¢) from the system (1.4)

to get

t
0=/ () |P® dx — ||Vu|\§+/ / ¢(t — $)Vu(t)Vu(s)dsdx — (L(t)\u,lm(x>_2 u,,u)
Q QJO
t
:/ [u(@)|P®dx — ||Vu|\§+/ / g(t — )Vu(t)(Vu(s) — Vu(t))dsdx
Q QJO

t
+ /0 g)ds Va3 = (L) lur "2 g, ) + g @) — g Et)

t
= (1= ) [ (4 -1) (1= [ o) 196015 = (Lo "2,

1 - 1 ! ~
+ WQ o Vu)(t) — <8<g o Vu)(t) + ﬁ/o g(s)dsnwmu%) +gH@) — qE

> a1 (g o Vu)(r) + az | Vul3 — (L(t) g =2 4y, u) + p‘p—:q /Q ()| P®dx — ¢,

regarding a number §, such that 0 < § < %,

alzz—8>0,a2=(z—l>— ——1-i-1 /tg(s)d5>07
2 2 2 445

which is feasible from (2.2).
On the other hand, we use Lemma 2.6 to get

1

t 1 !
2 (1 -/ g(s)dS) VIR + 550 V) < EO)+ [

Hence, Lemma 4 (ii) generates

t
i/ WO POdx = - [(1 —/ g(s)ds) IVu@)? + (g 0 Vu)(t)] )
p1 Ja 2 0

v

1 2
S [1vu®B + g e Vi | - EO)

1 P2 »
— h 2 ,
20l2 (a2) = P1 )

v

That’s why we get

< —i)/ u()|PPdx — ¢F; > <1—1>f u(6)|P®dx
P1 P1 Q

-1 _§ f lu(t)|P@dx > ¢ / lu(r)|P™dx,
Blpzoté’2 Q Q

where ¢ > 0 due to (5.3).

(6.3)

)

lu ()PP dx.

6.4)
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On the other hand

_ 1 _
/Q L) "2 wudx < emax (Tl I35 g2y ) max (el - )

my—1

mp—1 my—1
< ¢] max (f Ju, ") dx) ? , (/ Ju, M) dx) 1
Q Q
X max ((/ |u|p(x)dx> (/ |u|p(x)dx> ') . (6.5)

According to (5.18), we have

e 1 1

~r ? P

< max (1(/ Iul”(")dX> g 1) </ Iul”(")dx> " <o (/ Iulp(x)dx> l
Q Q Q

where
P1—r2
€y = max <(P1H o) 1) .
By combining (1.2), (6.3), (6.4) and (6.5), we have

0>7 / @) P — (L0 " . )
Q

mp—1

(e
> ’5/ ()P dx — ere) max <f |u|p(x)dx> 1
Q

mpy—1

([

that is

my—1 mpy—1 p1—1

( / |u,|'"<*>dx) " ( / |u,|’"<*>dx) " zi< / |u|f"*>dx) "
Q Q 20 Q

either

mp—1 -1
(e < & (fren)™
Q 201
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or

mpy—1 1—1
n

2 ~ rP1—
(/ |uz|m(")dx> R (/ Iulp(x)dx) "
Q 20 Q

which does mean

Jo lur ™ dx

my p1—1 mp

el my—1 p(x) py mp—1
> min <Czcl> <fs2 ! ax ’
= - my : pi=l _my
C mjy— X P1 mz—l
<6261> (-/Q |u|17( )dx>
my
p1—1 mp ( c )’”1’1
1 . 0] ’
= (fQ Iulp(X)dx) P min _ my p171< my _ mp )
( c )mz—l (‘/-Q |u|/’(x)dx) Pl my—T — my—I
ccl
p1—1 mp (L)mlfl
X pp mp—1 . 201 ’
= (Jo lulP@ax) min| L w o ()
(%)™ "t @) 7 \m T

(6.6)

By combining the embedding theorem, (2.6), (6.2) and (6.6), we get to

pi=l _mp

H'(t) = Cof lur ") dx > c3 (PlH(t) +0512)T’"17*1 ,
Q

where
m 2 m 1

. ¢ \miT ¢ \mT (G
3 = Ccpmin _— | — (le (0)) Pl my—1" my—I .

c2C1 c2C1
Because 2 <mj < py

pr—1l m _ (p=Dmy—pi(m—1)

>0,
pr omp—1 p1(my—1)

(p1—Dma—pi(m1—1)

FICTES)) > 0, we have

then, for y =

(p1H®) +a})
(P H®) +a?) 7

and by integrating, considering H(t) > H(0) = El —E(0) € (0, E 1], we have

1 1
>
(P H@®) +a2) ~ (prH(@) +o?)

v T yest.
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This is impossible because the right-hand goes to +00 as ¢ goes to +o00, and the left
hand is finite.

By setting H(t) = —E(¢) in (6.1), the proof for the case E(0) < 0 is analogous.
Then follows the second result of the blow-up.

7 Global existence and energy decay
By considering the global existence and energy decay of solutions associated with

system (1.4). This section is devoted to the proof of the theorem 5.
We start with the well-known lemma

Lemma7 LetE : Rt — R be a nonincreasing function and ¢ : RT™ — RT be a
C? increasing function such that ¢ (0) = 0 and , ligl @ (t) = +o0. Assume there is
—+00

¢ > 0 for that
+00
/ E(t)¢ (t)dt < cE(S), forany S > 0. (7.1)
S

Then
E (1) < AE (0) e~ %Y on [0, +00) .

where ) and @ are two positive constants.

Theorem 5 (Global existence and energy decay) Suppose 0 < /k |[Vugll, < ai,
0 < E(0) < Ey and (H1) — (H3) hold. Then the solution is u(t) of the system (1.4)
is globally available, and we can estimate its energy decay as

E (1) < ke ™ O o [0, +00). (7.2)

Remark 1 Lemma 4 and the hypotheses (H1), and (H2) give us
2 ! 2
kIVu(@)ll; = <1 —/0 g(S)dS> Vu@llz + (g o Vu)(r) = a(r)

2 2

P2 2 P2 A_2m *%22

< a% = KP2*2 (3—p B -2 = Bl P2 y
p1

what that means

t
1) = <1—[ g(S)ds> IIVu(t)||§+(goVu)(t)—/ lu (x, )P dx
0 Q

> klIVu@)|l3 + (g o Vu) (1) — / i (x, )P dux
Q

> k| Vu(0)l3 — 3BP2|Vu()||5* > 0.
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We can also infer this from (2.4) and (2.5)

Eny =22 ((1- "o (5)ds ) Va2 v 1y
z g)ds | IVu®)ll; + (goVu) | + (u).
P1 0 P1

Based on the assumptions (H1), (H2), and E(¢) < E(0) this leads us to conclude that

! 2 2
k[ Vu@)|; < <1 —/0 g(S)dS) IVu@)ll3 < Pk < L E©0). (71.3)

p1—2 p1—2

Lemma 4 and (7.3) also means

/ lu (x, P dx < 3B | Vu@)|2 < 3BP2(|Vu@) |31 Vu@))|2>
Q

P2

B0) © (Ivu1})

- 3BP2 ( 2p1
ok \(p1 =2«
2pi

p1—2

=0 E(t)fort €[0,7T), (7.4)

P22

. B 2
with ¢ = 282 (28 E(0))

Remark 2 Here, from the description of E; in (5.3), we also derive that E (0) < E; if
and only if

3BP2 2p 5
0= E(0) < 1.
kK \(p1—2D«

We can now proceed to prove the Theorem 5.

Proof of Theorem 5 The global existence conclusion follows directly from Remark 1.
The decay estimate (7.2) just needs to be proved. If we multiply the equation (1.4) by
&(t)u and then integrate it over Q2 x (S, T), we get

T T
/ /S(t)L(t)Iullm(x)_zul.udxdt—i—/ /s(t)|w|2dxdt
S Q S Q

T t T
—/ /5(;)%;(:)./ g(t—s)Vu(s)dsdxdt:f /E(l)lulp(")dxdt.
N Q 0 S Q
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The last term on the left is estimated as follows:

T t
—/ /é(t)Vu(t)./ gt — s)Vu(s)dsdxdr
s Q 0

T t
= / / S(I)Vu(t)./ gt — s)(Vu(t) — Vu(s))ds dx dr
K Q 0

T t
—/ / g(s)/ £()|Vu|? dxdt.
K 0 Q

Combine (7.6) and (7.5) from the previous equation

(7.6)

T T T
> f EE(®) < — / / EOL() lie "2 wgu dedr + f E(1)(g o Vu)(1)dr
S S Q S

T
— / / EM)Vu(r). /t g(t —$)(Vu(t) — Vu(s))dsdxdr
S Q 0

_ T
+ 22 2/ s(r)f|u<t)|”<x>dx,
P2 S Q

(1.7)

by combining (2.5), (2.6), (7.3) the boundedness of L and the condition (H3) we get

/S(t)L(l)qulm(’c)*2 urudx 58/ |u|’”(x)dx+c5/ g | dx
Q o 9
< 36872 max (| Vull, [ Vall?) + cs f g

Q

< 3887 max (Va3 ™2, IVully> ™) 1Vul + ¢5 / 4| dx
Q

my—=2 mo—2

R 1/ 2 =1 2 e
<38B" max | - ($E(O)> - ($E(0)> k| Va3
k \k(p1—2) k \k(p1—2)

b [ " ax
Q

<SciE() — LE (1), forany s > 0,
€0

(7.8)

myp—2 mo—2
where ¢; = 3572 max ((ﬁ)""‘ (ZEO) T (V)" (4EO) )
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Out of (7.3) also exists

'
/ Vu(t)/ gt —s)(Vu(t) — Vu(s))ds dx
Q 0

2

'
§8||Vu(t)||%+i/ ‘/ gt —5)(Vu(s) — Vu(r))ds| dx
45 Ja |Jo

t t
< 8||Vu(t)||2 + — 1 (/ (s)ds) / / gt —5)|Vu(s) — Vu(t)|2dsdx
45 aJo

< 2P e I o Vi), forany s> 0
“(p1 =2« 45 ’ '
(7.9
From (H2) and (2.6), we can conclude that,
E(t)(g o Vu) (1) < — (g' o Vu) (1) < —2E(0). (7.10)

Consequently, by combing (7.4) and (7.7)—(7.10), we conclude

T
> / E(E®) < (ac1+(”—‘5> / EE@r - 2 / E(OE (0di
S

+ (l + —> / E(t)(g o Vu)(t)dt +

/ EDu@)} dr
2p16
< (20{ +8c1 + (—>/ E(t)E(r)dr + §(O)E(S)
11—« r
(2 + 7) /; E'(r)dt
2p16 1
< (20{ +dc1 + (—> / E()E(r)dr + ( EO)+2+ T) E(S).

Note that @ < 1, is chosen § too small enough for

2018
2 —2a—8c — —P1° .

(p1—2)«

As a result, there is a positive constant o > 0 such that

T
/ E)E(@)dt < gE(S), forany S > 0.
N
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In the inequality started earlier, by letting 7" go to +o0 in the left hand, one can

easily conclude that (7.1) is satisfied with ¢ () = fot & (s) ds. Thus, (7.2) is confirmed.
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