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Abstract
In this paper, we prove some hyperstability results of the following cubic functional
equation

fQx+ )+ fQ2x—y) =2fx+y)+2f(x —y) +12f(x)

on a restricted domain.
Keywords Hyperstability - Banach space - Cubic functional equation

Mathematics Subject Classification Primary 39B82 - Secondary 39B52

1 Introduction

The starting pont for studying the stability of functional equations seems to be the
famous talk of Ulam [16] in 1940, in which he discussed a number of important
unsolved problems. Among those was the question concerning the stability of group
homomorphisms:

Let G be a group and let G, be a metric group.
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Given § > 0 does there exists a € > 0, such that if a mapping f : G; — G2
satisfies

d(f(x.y), fx)f(y) =6

for all x, y € G, then there exists an homomorphism ¢ : G| — G» such that

d(f(x),¢(x)) <e€

forall x € G1?

The first partial answer to Ulam question was presented by Hyers [10] in the case
of Cauchy functional equation in Banach spaces.

Later, the result of Hyers was significantly generalized by Rassias [15] in 1978 and
Gavruta [8] in 1994. Since then, the stability problems of several functional equations
have been extensively investigated.

In 2014, Brzdek [1] responded to a problem formulated by Th. M. Rassias in 1991
concerning the stability of the Cauchy equation; in which he presents a new method
to prove the stability results of the functional equations.

The next definition describes the notion of hyperstability that we apply here (B4 to
mean ““ the family of all functions mapping from a nonempty set A into a nonempty
set B"”).

Definition 1.1 Let X be a nonempty set, (Y, d) be a metric space, ¢ € Ré(" and Fi,
F> be operators mapping from a nonempty set D C Y into YX". We say that the
operator equation

Froxr, ..., xn) = Fap(xr, ..o X)), (X1, ..., X0 € X) (1.1)
is e-hyperstable provided that every ¢o € D which satisfies
d(]'—lﬁﬁo(xlv AR ] xn)’ fz‘ﬂo(xl, e ,xn)) E 8(x1, o 7xﬂ)’ (xl’ o 7xn S X)

fulfills the Eq. (1.1).

From which we deduce a functional equation is hyperstable if any function f satisfying
the equation approximately (in some sense) must be actually solution to it.

It seems that the first hyperstability result was published in [9]. However, The term
hyperstability has been used for the first time in [13]. Let X be a nonempty subset
symmetric with respect to 0 and Y be a Banach space.

The method of the proof of the main theorem is motivated by an idea used by Brzdek
in [2] and further by Piszczek in [ 14]. Itis based on a fixed point theorem for functional
spaces obtained by Brzdegk et al in [4]. Some generalizations of their result were proved
by Cadariu et al. in [5]. The case of fixed point theorem for non-Archimedean metric
spaces was also studied by Brzdek and Cieplifiski in [3]. It is worth mentioning that
using fixed point theorem is now one of the most popular methods of investigating the
stability of functional equations in single as well as in several variables.
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In 2014, Brzdek et al. in [3] discussed the fixed point method, namely the second
most popular way to stabilize functional equations.

Let us recall a few recent approaches of Jung in [11], Lee and Jung in [12]. More
information on the application of the fixed point method was collected by Cieplifiski
in [7]. First, we take the following three hypotheses (all notations come from [6]).

Now, we present some results in Banach spaces using the fixed point method. Before
proceeding to the main results, we state Theorem 1.2 which is useful for our purpose.
To present it, we introduce the following three hypotheses:

(Hp)X is a nonempty set, Y a Banach spaces, and fi,..., fr : X — X and
Li,...,Lg: X — Ry are given.

(Hy)F : YX — Y¥ is an operator satisfying the inequality

k
IFEC) = Fu@)ll < D Li)ESi () — n(fi)] & pner¥ xeX

i=1

(H3)A : RY — R¥ is defined by:

k
AS(x) ==Y Li(0)8(fi(x)), seRY, xeX.
i=1

The mentioned fixed point theorem is stated as follows.

Theorem 1.2 [4] Let hypotheses (Hy) — (Hy) be valid, functions ¢ : X — R and let
¢ 1 X — Y fulfill the following two conditions:

D Fex) —ex) =e(x), xeX

[o,0]
i) e*(x) := ZA"s(x) <00, x€X.
n=0

Then there exists a unique fixed point ¥ of F with ||o(x) — ¥ (x)|| < &*(x),x € X.
Moreover ¥ (x) = lim, o F'@(x), x € X.

Throughout the paper, N, Ny and N,,,, denote the set of all positive integers, the set
of all nonnegative integers and the set of all integers greater than or equal to my,
respectively, the set of real numbers by R, R := [0, 00), and we use the notation X
for the set X\{0}.

We say that a function f : X — Y satisfies the cubic functional equation on X if

Qx4+ + fQx—y)=2fx+y)+2f(x —y)+12f(x) (1.2)
forall x, y € X suchthatx +y,x —y € X.
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2 Main results

In this section, we use Theorem 1.2 as a basic tool to prove the hyperstability results
of the cubic functional equation in Banach spaces.

Theorem 2.1 Assume that X is a nonempty symmetric with respect to 0 subset of a
normed space such that O ¢ X and there exist no € N withnx € X for x € X and
n € Ny,. Let Y be a Banach space, ¢ > 0, and p +q < 0. If f : X — Y satisfies

1 1 1
Hﬁf(2X+y)+Ef(2x—y)—gf(ery)

1
— o=y~ @) = %uxnﬁuyuq @.1)

forallx,y € X suchthat x +y, x —y € X, then f satisfies the cubic equation on X .

Proof First observe that there exists mg € Np,, such that
oy = l(2 +m)PTe 4 i(m —2)Pta 4 l(1 +m)PTe 4 l(m —HPT < 1.
"2 12 6 6
Assume that ¢ < 0 and replacing y with mx in (2.1) we get:
1f((2+ ))+lf((2 )X) 1f((1+ )X)
7 m)x B m)x 5 m)x

1
—g /(L =m)x) = f(x)

C
< —m||x|[PH
12

if x € X.
Further put

Fm§(x) := 1—125((2 +m)x) + %S((Z —m)x) — é&((l +m)x) — éé((l — m)x),

x e X, EeY¥ande,(x) = Hmd|x|PT.
Then the inequality (2.1) takes the form || F, f(x) — f ()| < € (x).
The operator

Ad(x) = 11—28((2 +m)x) + 11—25((m - 2)x)
+é(3((1 + m)x) + é8((m - Dx), §eRY, xeXx
has the form described in (H3) with k = 4 and
fix) = (m+2)x, folx) = 2 —m)x, f3(x) = (A +m)x, fa(x) = (1 —m)x,
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1 1
Li(x) = La(x) = 7, L3(x) = La(x) = &

Moreover, for every &, u € X Xandx e X
4

1Fn& () = Frupt )|l < Y Lio)IIE — i) (S (D).
i=1

So (H>) is valid.
Next we can find mg € N such that

1 1 1 1
Oy = E(2+m)l’+‘1 + 5 m = 2)PTa 4 s +m)Pte 4 gom— P < 1.

Therefore we obtain that

e*(x): = ZA"e(x)
n=0

o0
c 1 1
— " o d P Te 2 PHe 4 (3 — 2)PF4
" flx|] n§=0<12( +m)" T+ 12(m )

1 1 "
+e(+m)PH < m — 1)P+f1>

_cemd||x||PTe
T12(0 —ap)

Thus according to theorem (1.2) there exists a unique solution F' : X — Y of the
equation

1 1 1 1
F(x) = EF((2 +m)x) + EF((2 —m)x) — EF((I +m)x) — EF((I — m)x)

such that

Lf () — Feay < S
12(1 — ay)

Moreover: F(x) = lim,_, o, F" f(x). To prove that F satisfies the cubic equation on
X, observe that

1 1 1 1
Hﬁf"f(zx FNF ST Q=)= P @ ) = e P (= )= P ()

c
=< E(am)”ll)cllpllyllq 2.2

forevery x,y € X,suchthatx +y e X, x —y € X.
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Indeed: if n = O then, (2.2) is simple. So, fix n € Ny and suppose that (2.2) holds
fornand x,y € X suchthatx + y,x —y € X.
Then

1 1 1
H Ef"“f(bc + )+ Ef"“f(Zx —y) - gf”“f(x +y)

P ) - )

1 /1 1
= H 7 (ﬁf”f((Z +m)Q2x + ) + S F (2= m)2x + )

1
- gfnf((l +m)(2x +y))

1 1 1
P =mer ) + (Ef"f(Q +m)2x — )

1
+ EJ'"”J‘((2 —m)(2x —y))

1 1
—gf"f((l +m)(2x — y)) — gf”f((l —m)(2x — y)))

1

1
B3 <E}'"f((2 +m)(x +y))

1 1
+ E}"”f((2 —m)(x +y)) — gf"f((l +m)(x +y))

1
—gf"f((l —m)(x + y)))

1

1 1
~ % <Ef"f((2 +m)(x —y)) + Ef"f((Z —m)(x —))

1
- g]:nf((l +m)(x —y))

1 1
—gf"f((l —m)(x — y))) - Ef"f(@ +m)(x))

1 1
_ Ej:”f((z —m)(x)) + gf"f((l +m)(x))

L/t |y _
< HE<E}' @A+ m@x+ ) + S (F F(@+m@x — )

1
+6f"(f((1 —m)(x))

1
- gf”f((z +m)(x +))

1
—gf"f((Z +m)(x —y) —F' f(2+ mm) H

.
+HE<E}- F(2—-—m)2x +y))
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1 1

+ ﬁ(}'"f(@ —m)(2x —y)) — 8(7:"f((2 —m)(x +y)))
1

- g(]:"f((2 —m)(x —y)))

—F" (2~ m)x) H Hﬁg}-nf((l +m)2x + y))

.
+E<65E fI+m)2x —y))

1 1/1
~ 5 <6-7'—nf((1 +m)(x + )’))) ~ 5 <6-7'—"f((1 +m)(x — )’)))
—lf”f(l + m)x) H
1 /1
Hﬁgfnf((l —m)(2x +y)) + T <67nf((1 —m)(2x —y))
- g(gf"f((l —m)(x +)))

1 1
- (gf”f((l —m)(x — y))) - gf"f(l - m)X) H

o o e

1 1 1
< —2 Pra 4 p —2)yPte L Z(1 ptq
< (12( +m)PT 4 l2(m ) +6( +m)

n +
(m — 1)“‘7) 1Pyl (%

(m =P (4 P (m— )P
+ 12 + 6 + 6

1

+

AN = N

c 1 1 1
L ) PHa 4 (m — )Pt 4 (] p+q
12(12( +m) +12(m ) +6( +m)

1 (n+1)
+6(m - 1)p+q) X171y l17.

By induction, we have shown that (2.2) holds. Letting n — 400 in (2.2) we obtain
FQ2x+y)+ FQx—y)=2F(x+y)+2F(x —y)+ 12F(x). Thus, we have proved
that for every m € N,,,, there exists a function F,, : X — Y such that F, is a solution
of the cubic equation on X and

If(x) = Fn()l < f—z(am)”IIXII”IIyIIq-

Since p + g < 0 with ¢ < 0, the sequence

{CquIXII”+‘7 }
1200 = @) e,
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tends to zero. Consequently f satisfies the cubic equation on X as the pointwise limit
of (Fm)meNm0~ ]

Theorem 2.2 If f : X — Y satisfies
1f(2 +y)+ 1f(2 - )—lf( +)
/Ty e Ty e STy

c
< S IxI”lyll? 2.3)

1
/=N - =

forallx,y € X suchthatx +y,x —y € X, and 0 < p + q < . Then f satisfies the
cubic functional equation on X.

Proof Assume that ¢ > 0.
Replacing y by = we get:

i () o) e (G=3n) ) = (0+50)+)
—<f (1 - %) ) = f(x)

such that x € X.
Similarly as previously we define

1 1 1 1
Fms )= 158 ((“ ;)) s <(2 B ;) >
! 4 : -2 X rX
—g"?(( +g>x>—8§<< —E>x), xeX, Ee
and

= fa((2+2):)
() (42

8 € RY, x € X and see that (2.2) is

c 1
= E%lell”” = €p(x)

[1Fmf(x) = fON = €mx), x€X.

Obviously A, has the form described in (H3) with k = 4 and fj(x) = 2 + %)x
L) =Q2=Dx, i) = A+ Dx, fulx) =1 = D)x, Li(x) = La(x) = 35,
L3(x) = La(x) = §

4
| Finé (x) = Fnp ()| < ZLi(X)II(S — W (fi Nl

i=1
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So (Hj) is valid.
Next we can find mo € N, such that

1 1\"* 1 1\"* 1 1\ 1 1\
=— (24— —(2-— —(1+ = —(1-—= 1,
P 12( +m> +12( m) +6(+m> +6< m) =
for all m > my.
Therefore we obtain that

€*(x) = ZA"e(x)
n=0

= cm? |x[|P4) " (Bn)"

n=0
_cm4|x||pte
1- ﬂm
Thus, according to theorem (1.2) there exists a unique solution F' : X — Y of the
equation
Fn(x) = : F, 2+ : + : F, 2 !
mE =g m) )T m)*
! F, 1+ ! ! F, 1 !
—— —)x)—-= —— )x
6 " m 6" m
such that:

cm||x |74

1) = O = T3 5

and F,,2x +y) + Fu(2x —y) =2F,(x +y) + 2F,(x — y) + 12F, (x), x € X,
yeX, x+yeX, x—yelX.
In this way we obtain a sequence (Fy;)me Nung of cubic functions on X such that

cm?||x||P+4

1) = Full < 37— o

it follows, with m — oo, that f is cubic on X. O

Remark2.3 : In the case p > 1 and ¢ > 1, the considered cubic equation is not
hyperstable.

Example2.4 Let X = R — {[—+/14;+/14]} and f : X — R be a constant f(x) =
¢, x € X for some ¢ > 0.
Then f satisfies the inequality

1 1 1 1 c
— — — — — I — f — p q
lef(szry)Jrnf(Zx ¥ = e fa ) = e fa ) = f@)] < Syl
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forall x,y € X suchthatx + y,x —y € X, with p > 1 and ¢ > 1, butis not a
solution of the cubic equation on X.

Theorem 2.5 Assume that X is a nonempty, symmetric with respect to O subset of a
normed space such that 0 ¢ X and there exists no € N withnx € X for x € X and
n € Ny,. Let Y be a Banach space, ¢ > 0, and p < 0. If f : X — Y satisfies

IfQ2x+y)+ fQ2x —y)=6f(x+y)
—6f(x —y) = 12f )] < c(lxlI” + IylII") 2.4

forallx,y € X suchthatx +y, x —y € X, then f satisfies the cubic equation on X.

Proof Replacing (x, y) by (mx, 2m — 1)x), where m € N* — {1; 2} in (2.4), we get

ILf () + f((4m = Dx) = 6f(Bm — Dx) —6f((1 —m)x) — 12 f (mx)|
=< c(m” + 2m — DP)||x||” 2.5

forall x € X.
Further put

Fmé(x) = 125((m)x) + 65(Bm + Dx) + 65 ((1 —m)x) — §((4m — 1)x)

xe X, & eYXande,(x) :=cm? + 2m — 1)P)|x]||P.

Then the inequality (2.5) takes the form || F,, f(x) — f(X) ]| < €n(x). x € X.

The operator A,,,§(x) := 126 (mx)+65(Bm+1)x)+65((1 —m)x)+5((4m—1)x)

S Ri, x € X has the form described in (H3) with k = 4 and fi(x) = mux,
S2(x) =0Cm+ Dx, f3(x) = (1 —m)x, fa(x) = (@m — Dx, Li(x) =12, L3(x) =
La(x) =6, Lgy(x) = 1forallx € X.

Moreover, forevery &, u € Y X and x € X, we have

4
| Fmé (x) = Fnpp ()| = ZLi(X)II(%' — (iGNl

i=1
So, Hj is valid. Now, we can find m € N* — {1; 2} such that
12m? +6(Bm + 1)’ +6(m — 1) + (4m — 1)? < 1

for all m < my.
Therefore, we obtain that

€)= ) A"e(x) = c(m” + 2m — DP)|x|”
n=0

> (12mP +6Gm + 1P +6(m — 1)? + (4m — P)"
n=0
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c(mP 4+ 2m — 1)P)
1 — (12mP + 6(G3m + )P + 6(m — )P + (4m — 1)P)

for all x € X and m > myg. The rest of the proof is similar to the proof of theorem
(2.1, O

Corollary 2.6 Assume that X is that a nonempty symmetric with respect to 0 subset of
a normed space such that 0 ¢ X and Y be a Banach space. Let F : X> — Y be a
mapping such that F (xo, yo) # 0 for some xo, yo € X and

IF e, IF < ellx 1Pyl (2.6)

or

IF G, < edlxl” 4+ 1y17) 2.7

forall x,y € X, where ¢ > 0 and p,q € R. Assume that the numbers p; q satisfy
p+q < land p+q # 0. In the case (2.6) and p < 0 in the case (2.7), then the
functional equation:

hQ2x +y) +h@2x — y) + F(x,y) = 2h(x + y) 4+ 2h(x — y) + 12h(x) (2.8)

x,y € X has no solution in the class of functions h : X — Y.

Proof Suppose that 7 : X — Y is a solution to (2.6), Then (2.1) or (2.7) holds,
and consequently, according to above theorems, % is cubic on X, which means that
F (x0, yo) = 0. This is contradiction. m]
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