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Abstract
In this paper, we consider a one-dimensional porous-elastic system with past his-
tory and nonlinear damping term. We established the well-posedness using the
semigroup theory and we showed that the dissipation given by this complemen-
tary controls guarantees the general stability for the case of equal speed of wave
propagation.
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1 Introduction

In the present work, we consider the following porous elastic system with past history
and nonlinear damping term
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⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ρutt − μuxx − bφx = 0, x ∈ (0, 1) , t > 0,
Jφt t − δφxx + bux + ξφ + ∫ ∞

0 g (s) φxx (t − s) ds
+χ (t) f (φt ) = 0, x ∈ (0, 1) , t > 0,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , x ∈ (0, 1) ,

φ (x, 0) = φ0 (x) , φt (x, 0) = φ1 (x) , x ∈ (0, 1) ,

ux (0, t) = ux (1, t) = φ (0, t) = φ (1, t) = 0, t > 0,

(1.1)

where the functions u and φ represent respectively the longitudinal displacement and
the volume fraction. The parameter ρ designates the mass density and J equals to the
product of the mass density by the equilibrated inertia. The term χ (t) f (φt ) is the
nonlinear damping term where χ is a positive non-increasing differentiable function
and f is specified in the preliminaries, the integral represents the infinite memory term
and g is the relaxation function which satisfies

g′(t) ≤ −α(t)g(t), t ≥ 0, (1.2)

where α is a positive non-increasing differentiable function. The parameters μ, b, ξ,

δ are positive constitutive constants such that

μξ > b2. (1.3)

The original motivation of this problem was introduced by Goodman and Cowin
[7] in 1972 when they proposed the idea of introducing the concept of a continuum
theory of granular materials with interstitial voids into the theory of elastic solids with
voids. This idea gives the relation between the elasticity theory and the porous media
theory, for more details we cite the works of Cowin and Nunziato [5] from 1983 and
Cowin [4] from 1985.

The system (1.1) was constructed by considering the following two basic evolution
equations of the one-dimensional porous materials theory

ρutt = Tx , Jφt t = Hx + D, (1.4)

where T , H and D represent respectively the stress tensor, the equilibrated stress
vector and the equilibrated body force. Consequently, to get the system (1.1) we take
the constitutive equations T , H and D in this form

T = μux + bφ, H = δφx −
∫ ∞

0
g(s)φx (t − s) ds,

D = −bux − ξφ − χ (t) f (φt ) , (1.5)

and by combining (1.5) and (1.4), we obtain (1.1).
In [16], Quintanilla gave a result concerning the slow decay for a one-dimensional

porous dissipation elasticity, after Apalara [2] showed an exponential stability of the
same system considered in [16] under the hypothesis (1.7).

In [1], Apalara established a general decay result for the energy of the same problem
considered in [2,16] where he replaced the porous dissipation by a non linear damping
term as follows
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{
ρutt − μuxx − bφx = 0,
Jφt t − δφxx + bux + ξφ + χ (t) f (φt ) = 0.

(1.6)

Note that, if we consider the problem (1.6) with viscoelasticity (−γ utxx ) that is
acting only on the first equation and χ (t) = 0, we come across the work of Magańa
and Quintanilla [14] where they showed that viscoelasticity is not strong enough to
make the solutions decay in an exponential way. If we consider the same problem
(1.6) with χ (t) = 1,we refer to the work of Boussouira [3] in the case of Timoshenko
system where the authors established a general semi explicit decay of the system.

The purpose of this paper is to study thewell posedness and the asymptotic behavior
of the solution of (1.6) with past history termwhen this last is acting only on the second
equation. We prove the general decay of this system for the case of equal speed of
wave propagation in both equations of the system, that is

μ

ρ
= δ

J
. (1.7)

Introducing a function χ (t) in the nonlinear damping term and α (t) which satisfies
(1.2) makes our problem different from those considered so far in the literature.

The importance of the past history term and its influence on the asymptotic behavior
of the solution appears in many works for different types of problems. To learn more
about this term we refer the readers to [6,8–11,13,17] in the case of Timoshenko
system, thermoelastic Laminated Beam and the transmission problem.

The paper is organized as follows. In Sect. 2, we introduced some transformations
and assumptions needed to prove the main result. In Sect. 3, we used the semigroup
method to prove the well-posedness of problem (1.1). In Sect. 4, we considered several
lemmas that help us to construct the Lyapunov functional. In Sect. 5, we proved our
general stability result.

2 Preliminaries

In this section we present the backgrounds mathematics needed later to prove our main
result. We shall use the following hypothesis

(H1) g : R+ → R+ is a C1 function satisfying

g(0) > 0, δ −
∫ ∞

0
g(s)ds = l > 0,

∫ ∞

0
g(s)ds = g0. (2.1)

(H2) f : R → R is a non-decreasing C0-function such that there exist the positive
constants ν1, ν2, ε and a strictly increasing function G ∈ C1 ([0,∞)) , with
G(0) = 0. Moreover, G is linear or strictly convex C2−function on (0, ε] such
that

{
s2 + f 2(s) ≤ G−1 (s f (s)) ,∀ |s| ≤ ε,

ν1 |s| ≤ | f (s)| ≤ ν2 |s| ,∀ |s| ≥ ε,
(2.2)

which implies that s f (s) > 0, for all s 	= 0.
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(H3) The function f satisfies the following property

∣
∣ f (ψ2) − f (ψ1)

∣
∣ ≤ k0(|ψ1|� + |ψ2|�)|ψ1 − ψ2|, ψ1, ψ2 ∈ R, (2.3)

where k0 > 0, � > 0.

Note that the hypothesis (H2) was first introduced by Lasiecka and Tataru [12] in
1993.

Consider the following inequalities, that will help us in some estimations; we omit
their proof.

Lemma 1 The following inequalities hold,

∫ 1

0

(∫ ∞

0
g(s) (φ(t) − φ(t − s)) ds

)2

dx ≤ d1 (g ◦ φx ) (t) , (2.4)

∫ 1

0

(∫ ∞

0
g′(s) (φx (t) − φx (t − s)) ds

)2

dx ≤ −g (0)
(
g′ ◦ φx

)
(t) , (2.5)

∫ 1

0

(∫ ∞

0
g(s) (φx (t) − φx (t − s)) ds

)2

dx ≤ g0 (g ◦ φx ) (t) , (2.6)

∫ 1

0

(∫ ∞

0
g′(s) (φ(t) − φ(t − s)) ds

)2

dx ≤ −d2(g
′ ◦ φx )(t), (2.7)

where d1, d2 are positive constants and

(g ◦ ν)(t) =
∫ 1

0

∫ ∞

0
g(s)(ν(x, t) − ν(x, t − s))2 ds dx .

Here are some notations that will help us for the computation of energy

ηt (x, s) = φ(x, t) − φ(x, t − s), (x, t, s) ∈ (0, 1) × R+ × R+,

which was adopted in articles [6,15]. Here ηt is the relative history of φ and verifies

ηtt + ηts − φt = 0, (x, t, s) ∈ (0, 1) × R+ × R+.

ηt (0, s) = ηt (1, s) = 0, t, s > 0

ηt (x, 0) = 0, η0(x, s) = η0(x, s), x ∈ (0, 1) , t > 0, (2.8)
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then, the system (1.1) is equivalent to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρutt − μuxx − bφx = 0, x ∈ (0, 1) , t > 0,
Jφt t − δφxx + bux + ξφ + ∫ ∞

0 g (s) φxx (t − s) ds
+χ (t) f (φt ) = 0, x ∈ (0, 1) , t > 0,
ηtt + ηts = φt , s, t > 0,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , x ∈ (0, 1) ,

φ (x, 0) = φ0 (x) , φt (x, 0) = φ1 (x) , x ∈ (0, 1) ,

ηt (x, 0) = 0, η0(x, s) = η0(x, s), x ∈ (0, 1) , s > 0
ux (0, t) = ux (1, t) = φ (0, t) = φ (1, t) = ηt (0, s) = ηt (1, s) = 0, s, t > 0.

(2.9)

In order to be able to use Poincaré’s inequality for u , we introduce

ū (x, t) = u (x, t) − t
∫ 1

0
u1 (x) dx −

∫ 1

0
u0 (x) dx .

Using (2.9)1, we have

∫ 1

0
ū (x, t) dx = 0,∀t ≥ 0.

In what follows, we will work with ū but, for convenience, we write u instead of ū.

3 Well-posedness

In this section, we give the existence and uniqueness result for problem (2.9) using
the semigroup theory. First, we introduce the vector function

� = (
u, ut , φ, φt , η

t)T ,

and the two new dependent variables

v = ut , ψ = φt .

Note that, the second equation of (2.9) can be rewritten as follows

Jφt t − lφxx + bux + ξφ −
∫ ∞

0
g (s) ηtxx (x, s) ds + χ (t) f (φt ) = 0,

then the system (2.9) is equivalent to

⎧
⎨

⎩

∂

∂t
� + A� = � (�) ,

� (x, 0) = �0 (x) = (u0, u1, φ0, φ1, η0)
T ,

(3.1)
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where A : D(A) ⊂ H −→ H is the linear operator defined by

A� =

⎛

⎜
⎜
⎜
⎜
⎝

−v

−μ
ρ
uxx − b

ρ
φx

−ψ

− l
J φxx + b

J ux + ξ
J φ − 1

J

∫ ∞
0 g (s) ηtxx (x, s) ds

ηts − ψ

⎞

⎟
⎟
⎟
⎟
⎠

,

� (�) =

⎛

⎜
⎜
⎜
⎜
⎝

0
0
0

−χ(t)
J f (ψ)

0

⎞

⎟
⎟
⎟
⎟
⎠

,

and H is the energy space given by

H =H1∗ (0, 1) × L2∗ (0, 1) × H1
0 (0, 1) × L2 (0, 1) × Lg,

such that

H1∗ (0, 1) = H1 (0, 1) ∩ L2∗ (0, 1) ,

L2∗ (0, 1) =
{

ϕ ∈ L2 (0, 1) :
∫ 1

0
ϕ (x) dx = 0

}

,

Lg =
{

ϕ : R+ −→ H1
0 (0, 1) ,

∫ 1

0

∫ ∞

0
g (s) ϕ2

x dsdx < ∞
}

,

the space Lg is endowed with the following inner product

〈
ϕ1,ϕ2

〉

Lg
=

∫ 1

0

∫ ∞

0
g (s) ϕ1x (s) ϕ2x (s) dsdx .

For any � = (
u, v, φ,ψ, ηt

)T ∈ H, �̃ =
(
ũ, ṽ, φ̃, ψ̃, η̃t

)T ∈ H, we equip H
with the inner product defined by

〈
�, �̃

〉

H = ρ

∫ 1

0
vṽdx + μ

∫ 1

0
ux ũxdx + J

∫ 1

0
ψψ̃dx + b

∫ 1

0

(
ux φ̃ + ũxφ

)
dx

+ ξ

∫ 1

0
φφ̃dx + l

∫ 1

0
φx φ̃xdx + 〈

ηt , η̃t
〉

Lg
.

The domain of A is given by:

D (A) =
{
� ∈ H | u ∈ H2∗ (0, 1) ∩ H1∗ (0, 1) ; φ ∈ H2 (0, 1) ∩ H1

0 (0, 1) ;
v ∈ H1∗ (0, 1) ; ψ ∈ H1

0 (0, 1) ; ηt ∈ Lg

}
,
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where

H2∗ (0, 1) =
{
ϕ ∈ H2 (0, 1) : ϕx (0) = ϕx (1) = 0

}
.

Clearly, D (A) is dense inH. Now, we can give the following existence result.

Remark 1 Note that, the inner product 〈�,�〉H is positive. Indeed

〈�,�〉H = ρ

∫ 1

0
v2dx + μ

∫ 1

0
u2xdx + J

∫ 1

0
ψ2dx + 2b

∫ 1

0
uxφdx

+ ξ

∫ 1

0
φ2dx + l

∫ 1

0
φ2
xdx +

1∫

0

∞∫

0

g (s)
(
ηtx (x, s)

)2
dsdx,

and it can easily be verified that

μu2x + 2buxφ + ξφ2 = 1

2

[

μ

(

ux + b

μ
φ

)2

+ ξ

(

φ + b

ξ
ux

)2

+
(

μ − b2

ξ

)

u2x +
(

ξ − b2

μ

)

φ2
]

,

thanks to (1.3), we conclude that

〈�,�〉H ≥ ρ

∫ 1

0
v2dx + J

∫ 1

0
ψ2dx + ξ1

∫ 1

0
φ2dx + μ1

∫ 1

0
u2xdx

+ l
∫ 1

0
φ2
xdx +

1∫

0

∞∫

0

g (s)
(
ηtx (x, s)

)2
dsdx,

where ξ1 = 1

2

(

ξ − b2

μ

)

> 0 and μ1 = 1

2

(

μ − b2

ξ

)

> 0.

Theorem 1 Let�0 ∈ H and assume that (H1)− (H3) hold. Then, there exists a unique
solution � ∈ C (R+,H) of problem (3.1). Moreover, if �0 ∈ D (A) then

� ∈ C (R+, D (A)) ∩ C1 (R+,H) .

Proof We use the semigroup approach. It is sufficient to show that A is a maxi-
mal monotone operator. First, we give the expression of 〈A�,�〉H for any � =
(
u, v, φ,ψ, ηt

)T ∈ H, � = (�1,�2,�3,�4,�5)
T ∈ H. Then, by a simple calcu-

lation using the integration by parts, we have
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〈A�,�〉H = μ

1∫

0

(ux�2x − vx�1x ) dx + b

1∫

0

(φ�2x − vx�3) dx

+ l

1∫

0

(ψ�3xx − φxx�4) dx + ξ

1∫

0

(φ�4 − ψ�3) dx

+ b

1∫

0

(ux�4 − ψ�1x ) dx −
1∫

0

�4

∞∫

0

g (s) ηtxx (x, s) dsdx

+
1∫

0

∞∫

0

g (s)
(
ηts (x, s) − ψ

)

x �5xdsdx .

Therefore, using the integration by parts and the boundary conditions, we can
conclude that

〈A�,�〉H = −
∫ 1

0
ψ

∫ ∞

0
g (s) ηtxx (x, s) dsdx

+
1∫

0

∞∫

0

g (s)
(
ηts (x, s) − ψ

)

x ηtx (x, s) dsdx

=
1∫

0

∞∫

0

g (s) ηtsx (x, s) ηtx (x, s) dsdx .

Again, integrating by parts with respect to s and using the fact that ηtx (x, 0) = 0, we
obtain (see also Lemma 1)

〈A�,�〉H =
∞∫

0

g (s)

1∫

0

ηtsx (x, s) ηtx (x, s) dxds

= −1

2

1∫

0

∞∫

0

g′ (s)
(
ηtx (x, s)

)2
dsdx

= −1

2

(
g′ ◦ φx

)
(t) ≥ 0.

Thus, A is monotone. Next, we prove that the operator (I + A) is surjective. Given
K = (k1, k2, k3, k4, k5)T ∈ H, we prove that there exists a unique � ∈ D (A) such
that

(I + A)� = K . (3.2)
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That is,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

u − v = k1 ∈ H1∗ (0, 1) ,

ρv − μuxx − bφx = ρk2 ∈ L2∗ (0, 1) ,

φ − ψ = k3 ∈ H1
0 (0, 1) ,

Jψ − lφxx + bux + ξφ − ∫ ∞
0 g (s) ηtxx (x, s) ds = Jk4 ∈ L2 (0, 1) ,

ηt + ηts − ψ = k5 ∈ Lg.

(3.3)

Using (3.3)5, we obtain

ηt = e−s
∫ s

0
eς (ψ + k5 (ς)) dς. (3.4)

Inserting u − v = k1, φ − ψ = k3 and (3.4) in (3.3)2 and (3.3)4, we obtain

{
ρu − μuxx − bφx = h1 ∈ L2∗ (0, 1) ,

(J + ξ) φ + bux − (
l + ∫ ∞

0 g (s)
(
1 − e−s

)
ds

)
φxx = h2 ∈ L2 (0, 1) ,

(3.5)

where

{
h1 = ρk2 + ρk1,
h2 = Jk4 + Jk3 + ∫ ∞

0 g (s) e−s
∫ s
0 eς (k5 − k3)xx dςds.

To solve (3.5), we consider the following variational formulation

B ((u, φ) , (u1, φ1)) = G (u1, φ1) , (3.6)

where B : [H1∗ (0, 1) × H1
0 (0, 1)

]2 −→ R is the bilinear form defined by

B ((u, φ) , (u1, φ1)) = ρ

∫ 1

0
uu1dx + μ

∫ 1

0
uxu1xdx + (J + ξ)

∫ 1

0
φφ1dx

+ b
∫ 1

0
(uxφ1 + φu1x ) dx

+
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)∫ 1

0
φxφ1xdx, (3.7)

and G : [H1∗ (0, 1) × H1
0 (0, 1)

] −→ R is the linear functional given by

G (u1, φ1) =
∫ 1

0
h1u1dx +

∫ 1

0
h2φ1dx .

Now, for V = H1∗ (0, 1) × H1
0 (0, 1) equipped with the norm

‖(u, φ)‖2V = ‖u‖22 + ‖φ‖22 + ‖ux‖22 + ‖φx‖22 ,
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we have

B ((u, φ) , (u, φ)) = ρ

∫ 1

0
u2dx + μ

∫ 1

0
u2xdx + (J + ξ)

∫ 1

0
φ2dx + 2b

∫ 1

0
φuxdx

+
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)∫ 1

0
φ2
xdx .

On the other hand, we can write

μu2x + 2buxφ + (J + ξ) φ2 = 1

2

[

μ

(

ux + b

μ
φ

)2

+ (J + ξ)

(

φ + b

J + ξ
ux

)2

+
(

μ − b2

J + ξ

)

u2x +
(

J + ξ − b2

μ

)

φ2
]

,

by using (1.3), we deduce that

B ((u, φ) , (u, φ)) ≥ ρ

∫ 1

0
u2dx + κ1

∫ 1

0
u2xdx + κ2

∫ 1

0
φ2dx

+
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)∫ 1

0
φ2
x dx,

where

κ1 = 1

2

(

μ − b2

J + ξ

)

> 0, κ2 = 1

2

(

J + ξ − b2

μ

)

> 0,

then, for some M0 > 0

|B ((u, φ) , (u, φ))| ≥ ρ ‖u‖22 + κ1 ‖ux‖22 + κ2 ‖φ‖22
+

(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)

‖φx‖22
≥ M0

(
‖u‖22 + ‖φ‖22 + ‖ux‖22 + ‖φx‖22

)

= M0 ‖(u, φ)‖2V .

Thus, B is coercive. On the other hand, by using Cauchy-Schwarz and Poincaré’s
inequalities, we obtain

|B ((u, φ) , (u1, φ1))|
≤ ρ ‖u‖2 ‖u1‖2 + μ ‖ux‖2 ‖u1x‖2 + (J + ξ) ‖φ‖2 ‖φ1‖2

+ b
(‖ux‖2 ‖φ1‖2 + ‖φ‖2 ‖u1x‖2

)

+
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)

‖φx‖2 ‖φ1x‖2
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≤ ζ1
(‖u‖2 + ‖φ‖2 + ‖ux‖2 + ‖φx‖2

) × (‖u1‖2 + ‖φ1‖2 + ‖u1x‖2 + ‖φ1x‖2
)

≤ 16ζ1 ‖(u, φ)‖V ‖(u1, φ1)‖V .

Similarly, we can show that

|G (u1, φ1)| ≤ ζ2 ‖(u1, φ1)‖V .

Consequently, by the Lax-Milgram Lemma, the system (3.5) has a unique solution

(u, φ) ∈ H1∗ (0, 1) × H1
0 (0, 1) ,

satisfying

B ((u, φ) , (u1, φ1)) = G (u1, φ1) ,∀ (u1, φ1) ∈ V .

The substitution of u and φ into (3.3)1 and (3.3)3 yields

(v, ψ) ∈ H1∗ (0, 1) × H1
0 (0, 1) .

Similarly, inserting ψ in (3.4) and bearing in mind (3.3)5, we obtain ηt ∈ Lg. More-
over, if we take u1 = 0 ∈ H1∗ (0, 1) in (3.6), we get

(J + ξ)

∫ 1

0
φφ1dx + b

∫ 1

0
uxφ1dx

+
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)∫ 1

0
φxφ1xdx =

∫ 1

0
h2φ1dx .

Hence, we obtain

(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)∫ 1

0
φxφ1xdx

=
∫ 1

0
(h2 − (J + ξ) φ − bux ) φ1dx,∀φ1 ∈ H1

0 (0, 1) . (3.8)

By noting that h2 − (J + ξ) φ − bux ∈ L2 (0, 1) , we obtain φ ∈ H2 (0, 1) ∩
H1
0 (0, 1) and, consequently, (3.8) takes the form

∫ 1

0

(

−
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)

φxx − h2 + (J + ξ) φ + bux

)

φ1dx

= 0,∀φ1 ∈ H1
0 (0, 1) .

Therefore, we obtain

−
(

l +
∫ ∞

0
g (s)

(
1 − e−s) ds

)

φxx + (J + ξ) φ + bux = h2.
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This gives (3.5)2. Similarly, if we take φ1 = 0 ∈ H1
0 (0, 1) in (3.6), we get

μuxx = ρu − bφx − h1 in L2∗ (0, 1) ,

using the fact that ux (0) = ux (1) = 0, then we conclude

u ∈ H2∗ (0, 1) ∩ H1∗ (0, 1) .

Hence, there exists a unique � ∈ D (A) such that (3.2) is satisfied. Therefore,
A is a maximal monotone operator. Now, we prove that the operator � defined
in (3.1) is locally Lipschitz in H. Let � = (

u, v, φ,ψ, ηt
)T ∈ H and �1 =

(
u1, v1, φ1, ψ1, η

t
1

)T ∈ H, then we have

‖� (�) − � (�1)‖H ≤ γ1 ‖ f (ψ) − f (ψ1)‖L2 .

By using (2.3), Hölder and Poincaré inequalities, we can get

‖ f (ψ) − f (ψ1)‖L2 ≤ γ1k0( ‖ψ‖�

2� + ‖ψ1‖ �

2�) ‖ψ − ψ1‖≤γ1 ‖ψx − ψ1x‖L2 ,

which gives us

‖� (�) − � (�1)‖H ≤ γ2 ‖� − �1‖H .

Then the operator � is locally Lipschitz inH.Consequently, the well-posedness result
follows from the Hille–Yosida theorem. ��

4 Technical Lemmas

In this section, we use the multipliers method to construct the Lyapunov functional
that must be equivalent to the energy of system (2.9). To achieve our goal we state and
prove the following lemmas.

Lemma 2 The energy functional E, defined by

E(t) = 1

2

∫ 1

0

{
ρu2t + μu2x + Jφ2

t + 2buxφ + ξφ2 + (δ − g0) φ2
x

}
dx

+ 1

2
(g ◦ φx ) (t), (4.1)

satisfies

E ′(t) = −χ (t)
∫ 1

0
φt f (φt ) dx + 1

2

(
g

′ ◦ φx

)
(t) ≤ 0. (4.2)
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Proof Multiplying the first equation of (2.9) by ut , the second equation of (2.9) by
φt , using (2.8), integrating over (0, 1) and summing them up, we obtain

d

2dt

∫ 1

0

{
ρu2t + μu2x + Jφ2

t + 2buxφ + +ξφ2 + (δ − g0) φ2
x

}
dx

+ χ (t)
∫ 1

0
φt f (φt ) dx −

∫ 1

0
φt

∫ ∞

0
g(s)ηtxx (x, s)dsdx = 0. (4.3)

We estimate the last term of (4.3) as follows

−
∫ 1

0
φt

∫ ∞

0
g(s)ηtxx (x, s)dsdx

= −
∫ 1

0

(
ηtt + ηts

)
∫ ∞

0
g(s)ηtxx (x, s)dsdx

= −
∫ ∞

0
g(s)

∫ 1

0
ηttη

t
xx (x, s)dxds −

∫ ∞

0
g(s)

∫ 1

0
ηtsη

t
xx (x, s)dxds,

integrating by parts, we have

−
∫ 1

0
φt

∫ ∞

0
g(s)ηtxx (x, s)dsdx = d

2dt
(g ◦ φx ) (t) − 1

2

(
g

′ ◦ φx

)
(t). (4.4)

By substituting (4.4) in (4.3), bearing in mind (4.1), yields (4.2). ��
Remark 2 The energy E(t) defined by (4.1) is non-negative. In fact, by the same
technique as in Remark (1), we can write

μu2x + 2buxφ + ξφ2 > μ1u
2
x + ξ1φ

2.

Consequently,

E(t) >
1

2

∫ 1

0

{
ρu2t + μ1u

2
x + Jφ2

t + ξ1φ
2 + (δ − g0) φ2

x

}
dx + 1

2
(g ◦ φx ) (t).

Lemma 3 Let (u, φ) be the solution of (2.9). Then for any positive constant ε1 the
functional

F1 (t) = J
∫ 1

0
φtφdx + bρ

μ

∫ 1

0
φ

∫ x

0
ut (y) dydx,

satisfies

F ′
1 (t) ≤ − l

2

∫ 1

0
φ2
x dx − ξ1

∫ 1

0
φ2dx +

(

J + b2ρ2

4μ2ε1

)∫ 1

0
φ2
t dx

+ k1

∫ 1

0
f 2 (φt ) dx + ε1

∫ 1

0
u2t dx + g0

2l
(g ◦ φx ) (t), (4.5)

where c, k1 are positive constants.
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Proof By differentiating F1(t) with respect to t , using (2.9) and integration by parts

F ′
1 (t) = −δ

∫ 1

0
φ2
x dx − b

∫ 1

0
uxφdx − ξ

∫ 1

0
φ2dx

+
∫ 1

0
φx

(∫ ∞

0
g (s) φx (t − s) ds

)

dx − χ (t)
∫ 1

0
φ f (φt ) dx + J

∫ 1

0
φ2
t dx

+ bρ

μ

∫ 1

0
φt

(∫ x

0
ut (y) dy

)

dx + bρ

μ

∫ 1

0
φ
d

dt

(∫ x

0
ut (y) dy

)

dx . (4.6)

Using Cauchy-Schwarz inequality, we have

∫ 1

0

(∫ x

0
ut (y) dy

)2

dx ≤
∫ 1

0

(∫ 1

0
utdx

)2

dx ≤
∫ 1

0
u2t dx .

By a simple computation it’s easy to prove that

d

dt

(∫ x

0
ut (y) dy

)

= μ

ρ
ux + b

ρ
φ.

Using Young’s inequality and (2.6), for any ε1, δ1, δ2 > 0, we obtain

∫ 1

0
φx

(∫ ∞

0
g (s) φx (t − s) ds

)

dx

= −
∫ 1

0
φx

(∫ ∞

0
g (s) (φx (t) − φx (t − s)) ds

)

dx + g0

∫ 1

0
φ2
xdx

≤ (δ1 + g0)
∫ 1

0
φ2
xdx + 1

4δ1

∫ 1

0

(∫ ∞

0
g (s) (φx (t) − φx (t − s)) ds

)2

dx

≤ (δ1 + g0)
∫ 1

0
φ2
xdx + 1

4δ1
g0 (g ◦ φx ) (t), (4.7)

bρ

μ

∫ 1

0
φt

(∫ x

0
ut (y) dy

)

dx ≤ b2ρ2

4μ2ε1

∫ 1

0
φ2
t dx + ε1

∫ 1

0
u2t dx, (4.8)

and

− χ (t)
∫ 1

0
φ f (φt ) dx ≤ χ (t) δ2

∫ 1

0
φ2dx + χ (t)

4δ2

∫ 1

0
f 2 (φt ) dx

≤ χ (0) δ2

∫ 1

0
φ2dx + χ (0)

4δ2

∫ 1

0
f 2 (φt ) dx . (4.9)

By substituting (4.7)–(4.9) into (4.6) and letting δ1 = l

2
, δ2 = 1

χ (0)
ξ1, we obtain

(4.5). ��
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Lemma 4 Let (u, φ) be the solution of (2.9). Then for any positive constants ε2, ε3
the functional

F2(t) = −J
∫ 1

0
φt

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx,

satisfies

F ′
2(t) ≤ −J

g0
2

∫ 1

0
φ2
t dx + 3ε2

∫ 1

0
φ2
xdx + ε3

∫ 1

0
u2xdx

+ k2

∫ 1

0
f 2(φt )dx − Jd2

2g0
(g′ ◦ φx )(t) + c

(

1 + 1

ε2
+ 1

ε3

)

(g ◦ φx )(t),

(4.10)

where k2, c, d2 are positive constants.

Proof First, we note that

∂

∂t

(∫ ∞

0
g(s)(φ(t) − φ(t − s))ds

)

= ∂

∂t

(∫ t

−∞
g(t − s)(φ(t) − φ(s))ds

)

=
∫ t

−∞
g′(t − s)(φ(t) − φ(s))ds +

∫ t

−∞
g(t − s)φt (t)ds

= g0φt (t) +
∫ ∞

0
g′(s)(φ(t) − φ(t − s))ds.

Then, by a simple differentiation of F2(t) and using (2.9), we have

F ′
2(t) = δ

∫ 1

0
φx

∫ ∞

0
g(s)(φx (t) − φx (t − s))dsdx − Jg0

∫ 1

0
φ2
t dx

−J
∫ 1

0
φt

∫ ∞

0
g′(s)(φ(t) − φ(t − s))dsdx

+ b
∫ 1

0
ux

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx

+ ξ

∫ 1

0
φ

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx

−
∫ 1

0

∫ ∞

0
g (s) φx (x, t − s) ds

∫ ∞

0
g(s)(φx (t) − φx (t − s))dsdx

+ χ (t)
∫ 1

0
f (φt )

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx, (4.11)

and together with (2.9), by using Young’s inequality, (2.4), (2.6) and (2.7) we have
the following estimations:
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δ

∫ 1

0
φx

∫ ∞

0
g(s)(φx (t) − φx (t − s))dsdx

≤ ε2

∫ 1

0
φ2
xdx + δ2

4ε2

∫ 1

0

(∫ ∞

0
g(s)(φx (t) − φx (t − s))ds

)2

dx

≤ ε2

∫ 1

0
φ2
xdx + δ2

4ε2
g0(g ◦ φx )(t), (4.12)

− J
∫ 1

0
φt

∫ ∞

0
g′(s)(φ(t) − φ(t − s))dsdx

≤ Jδ3

∫ 1

0
φ2
t dx − J

4δ3

∫ 1

0

(∫ ∞

0
g′(s)(φ(t) − φ(t − s))ds

)2

dx

≤ Jδ3

∫ 1

0
φ2
t dx − Jd2

4δ3
(g′ ◦ φx )(t), (4.13)

b
∫ 1

0
ux

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx

≤ ε3

∫ 1

0
u2xdx + b2

4ε3

∫ 1

0

(∫ ∞

0
g(s)(φ(t) − φ(t − s))ds

)2

dx

≤ ε3

∫ 1

0
u2xdx + b2d1

4ε3
(g ◦ φx )(t), (4.14)

−
∫ 1

0

∫ ∞

0
g(s)φx (t − s)ds

∫ ∞

0
g(s)(φx (t) − φx (t − s))dsdx

=
∫ 1

0

(∫ ∞

0
g(s)(φx (t) − φx (t − s))ds

)2

dx

− g0

∫ 1

0
φx (t)

∫ ∞

0
g(s)(φx (t) − φx (t − s))dsdx

≤ c

(

1 + 1

ε2

)

(g ◦ φx ) (t) + ε2

∫ 1

0
φ2
xdx, (4.15)

χ(t)
∫ 1

0
f (φt )

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx

≤ χ(t)ε2

∫ 1

0
f 2(φt )dx + χ(t)d1

4ε2
(g ◦ φx )(t)

≤ χ(0)ε2

∫ 1

0
f 2(φt )dx + χ(0)d1

4ε2
(g ◦ φx )(t). (4.16)

By using Young’s and Poincaré inequalities and (2.4),

ξ

∫ 1

0
φ

∫ ∞

0
g(s)(φ(t) − φ(t − s))dsdx ≤ ε2

∫ 1

0
φ2
xdx + ξ2d1

4ε2
(g ◦ φx )(t).

(4.17)
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By substituting (4.12)–(4.17) into (4.11), we have

F ′
2(t) ≤ −J (g0 − δ3)

∫ 1

0
φ2
t dx + 3ε2

∫ 1

0
φ2
xdx + ε3

∫ 1

0
u2xdx

+ k2

∫ 1

0
f 2(φt )dx − Jd2

4δ3
(g′ ◦ φx )(t) + c

(

1 + 1

ε2
+ 1

ε3

)

(g ◦ φx )(t).

Finally, letting δ3 = g0
2

, we obtain (4.10). ��
Lemma 5 Let (u, φ) be the solution of (2.9). Then for any positive constant ε4 the
functional

F3 (t) = J
∫ 1

0
φxutdx + J

∫ 1

0
φt uxdx − ρ

μ

∫ 1

0
ut

(∫ ∞

0
g (s) φx (t − s) ds

)

dx,

satisfies

F ′
3 (t) ≤ −b

2

∫ 1

0
u2xdx + c

∫ 1

0
φ2
x dx + k3

∫ 1

0
f 2 (φt ) dx

+ c (g ◦ φx ) (t) + cε4

∫ 1

0
u2t dx − c

ε4

(
g′ ◦ φx

)
(t) . (4.18)

Proof First, we note that

d

dt

(∫ ∞

0
g(s)φx (t − s)ds

)

= d

dt

(∫ t

−∞
g(t − s)φx (s)ds

)

= g(0)φx (t) +
∫ t

−∞
g′(t − s)φx (s)ds

=
∫ ∞

0
g′(s) (φx (t − s) − φx (t)) ds + g(0)φx (t) + φx (t)

∫ ∞

0
g′(s)ds

=
∫ ∞

0
g′(s) (φx (t − s) − φx (t)) ds.

By differentiating F3(t), using (2.9) and then integrating by parts, we obtain

F ′
3 (t) = bJ

ρ

∫ 1

0
φ2
xdx − b

∫ 1

0
u2xdx − ξ

∫ 1

0
φuxdx − χ (t)

∫ 1

0
ux f (φt ) dx

− b

μ

∫ 1

0
φx

(∫ ∞

0
g (s) φx (t − s) ds

)

dx

− ρ

μ

∫ 1

0
ut

(∫ ∞

0
g′ (s) (φx (t − s) − φx (t)) ds

)

dx (4.19)
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Using Young’s inequality, (2.5) and (2.6)

− ρ

μ

∫ 1

0
ut

(∫ ∞

0
g′ (s) (φx (t − s) − φx (t)) ds

)

dx

≤ ρ

μ
ε4

∫ 1

0
u2t dx − ρ

4με4
g(0)

(
g′ ◦ φx

)
(t) ,

− b

μ

∫ 1

0
φx

(∫ ∞

0
g (s) φx (t − s) ds

)

dx

= b

μ

∫ 1

0
φx

(∫ ∞

0
g (s) (φx (t) − φx (t − s)) ds

)

dx − b

μ
g0

∫ 1

0
φ2
x dx

≤
(

δ4 − b

μ
g0

)∫ 1

0
φ2
xdx + b2

4δ4μ2 (g ◦ φx ) (t) . (4.20)

By letting δ4 = b

μ
g0, we get

− b

μ

∫ 1

0
φx

(∫ ∞

0
g (s) φx (t − s) ds

)

dx ≤ c (g ◦ φx ) (t) , (4.21)

−χ (t)
∫ 1

0
ux f (φt ) dx ≤ χ (t) δ5

∫ 1

0
u2xdx + 1

4δ5
χ (t)

∫ 1

0
f 2 (φt ) dx

≤ χ (0) δ5

∫ 1

0
u2xdx + 1

4δ5
χ (0)

∫ 1

0
f 2 (φt ) dx . (4.22)

By using Young’s and Poincaré inequalities, we have

− ξ

∫ 1

0
φuxdx ≤ ξ2

b

∫ 1

0
φ2
xdx + b

4

∫ 1

0
u2xdx . (4.23)

Insert (4.20)–(4.23) in (4.19). So, the estimate (4.19) becomes

F ′
3 (t) ≤ −

(

b − χ (0) δ5 − b

4

)∫ 1

0
u2xdx + c

∫ 1

0
φ2
xdx + cε4

∫ 1

0
u2t dx

+ 1

4δ5
χ (0)

∫ 1

0
f 2 (φt ) dx + c (g ◦ φx ) (t) − c

ε4

(
g′ ◦ φx

)
(t) ,

and letting δ5 = b

4χ (0)
, the proof is, hence, complete. ��

Lemma 6 Let (u, φ) be the solution of (2.9). Then the functional

F4 (t) = −ρ

∫ 1

0
utudx,
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satisfies

F ′
4 (t) ≤ 3μ

2

∫ 1

0
u2xdx + c

∫ 1

0
φ2
xdx − ρ

∫ 1

0
u2t dx . (4.24)

Proof

F ′
4 (t) = −ρ

∫ 1

0
u2t dx + ρ

∫ 1

0
utt udx

= −ρ

∫ 1

0
u2t dx − μ

∫ 1

0
uxxudx − b

∫ 1

0
φxudx

= μ

∫ 1

0
u2xdx + b

∫ 1

0
φuxdx − ρ

∫ 1

0
u2t dx,

by using Young’s and Poincaré inequalities, we obtain easily the estimation (4.24). ��
Now, we define the Lyapunov functional L(t) by

L(t) = NE(t) + N1F1(t) + N2F2(t) + N3F3(t) + F4(t), (4.25)

where N , N1, N2, N3 are positive constants.

Lemma 7 Let (u, φ) be the solution of (2.9). Then, there exist two positive constants
b1 and b2 such that the Lyapunov functional (4.25) satisfies

b1E(t) ≤ L(t) ≤ b2E(t),∀t ≥ 0, (4.26)

and

L ′(t) ≤ −c1E(t) + c2 (g ◦ φx ) (t) + c3

∫ 1

0

(
φ2
t + f 2(φt )

)
dx . (4.27)

Proof From (4.25), we get

|L(t) − NE(t)|

≤ J N1

∫ 1

0
|φtφ| dx + bρ

μ
N1

∫ 1

0

∣
∣
∣
∣φ

∫ x

0
ut (y) dy

∣
∣
∣
∣ dx

+ J N2

∫ 1

0

∣
∣
∣
∣φt

∫ ∞

0
g(s)(φ(t) − φ(t − s))ds

∣
∣
∣
∣ dx+J N3

∫ 1

0
|φxut | dx

+ J N3

∫ 1

0
|φt ux | dx + ρ

μ
N3

∫ 1

0

∣
∣
∣
∣ut

(∫ ∞

0
g (s) φx (t − s) ds

)∣
∣
∣
∣ dx

+ ρ

∫ 1

0
|utu| dx .
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By using Young’s, Cauchy-Schwarz, and Poincaré inequalities, we have

|L(t) − NE(t)| ≤ c
∫ 1

0

(
φ2
t +φ2

x + u2x + u2t + φ2
)
dx + c (g ◦ φx ) (t) ≤ cE(t),

that is

(N − c) E(t) ≤ L(t) ≤ (N + c) E(t).

Now, by choosing N (depending on N1, N2 and N3) sufficiently largewe obtain (4.26).
By differentiating L(t), we obtain

L ′(t) ≤ −
(
Jg0
2

N2 − N1

(

J + b2ρ

μ2 N1

))∫ 1

0
φ2
t dx

−
(

N1
l

4
− N3c − c

)∫ 1

0
φ2
xdx

−
(

N3
b

4
− 3μ

2

)∫ 1

0
u2xdx − N1ξ1

∫ 1

0
φ2dx − ρ

2

∫ 1

0
u2t dx

+
(
N

2
− 4c2

ρ
N 2
3 − N2

Jd2
2g0

)
(
g′ ◦ φx

)
(t)+k

∫ 1

0
f 2 (φt ) dx

+
(
g0
2l

N1 + c

(

N2 + 12N 2
2

lN1
+ 4N 2

2

bN3

)

+ cN3

)

(g ◦ φx )(t). (4.28)

By setting

ε1 = ρ

4N1
, ε2 = lN1

12N2
, ε3 = bN3

4N2
, ε4 = ρ

4cN3
,

and by using (4.28), we get

L ′(t) ≤ −
(
Jg0
2

N2 − N1

(

J + b2ρ

μ2 N1

))∫ 1

0
φ2
t dx

−
(

N1
l

4
− N3c − c

)∫ 1

0
φ2
xdx

−
(

N3
b

4
− 3μ

2

)∫ 1

0
u2xdx − N1ξ1

∫ 1

0
φ2dx − ρ

2

∫ 1

0
u2t dx

+
(
N

2
− 4c2

ρ
N 2
3 − N2

Jd2
2g0

)
(
g′ ◦ φx

)
(t)+k

∫ 1

0
f 2 (φt ) dx

+
(
g0
2l

N1 + c

(

N2 + 12N 2
2

lN1
+ 4N 2

2

bN3

)

+ cN3

)

(g ◦ φx )(t).
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First, we choose N3 large enough such that

N3
b

4
− 3μ

2
> 0.

For fixed N3 > 0, we take N1 large enough such that

N1
l

4
− N3c − c > 0.

Then we select N2 > 0 large so that

Jg0
2

N2 − N1

(

J + b2ρ

μ2 N1

)

> 0.

Finally, we choose N large enough such that

N

2
− 4c2

ρ
N 2
3 − N2

Jd2
2g0

> 0.

Consequently, we obtain the estimation (4.27) of L ′(t). ��

5 Stability result

In this section, we state and prove our stability result.

Theorem 2 Assume that (H1)–(H3) hold. Let h(t) = α(t)χ(t) be a positive non-
increasing function, then, for any �0 ∈ D (A)satisfying, for some c0 ≥ 0,

∫ 1

0
φ2
0x (x, s)dx ≤ c0, ∀s > 0, (5.1)

there exist the positive constants a1, a2, a3, such that

E(t) ≤ a1G
−1
0

(
a2 + a3

∫ t
0 h(s)

∫ ∞
s g (τ ) dτds

∫ t
0 h(s)ds

)

, (5.2)

where

G0 (t) = tG ′ (ε0t) ,∀ε0 ≥ 0.

Proof Multiplying (4.27) by h(t), we get

h(t)L ′(t) ≤ −c1h(t)E(t) + c2h(t) (g ◦ φx ) (t) + c3h(t)
∫ 1

0

(
φ2
t + f 2(φt )

)
dx .

(5.3)

We distinguish two cases
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1) G is linear on [0, ε]. By using (5.3) and the hypothesis (H3) , we have

h(t)L ′(t) ≤ −c1h(t)E(t) + c2h(t) (g ◦ φx ) (t) + c3h(t)
∫ 1

0
φt f (φt )dx

≤ −c1h(t)E(t) + c2h(t) (g ◦ φx ) (t) − c3α(t)E ′(t). (5.4)

To estimate h(t) (g ◦ φx ) (t) we use the following technique

h(t)
∫ 1

0

∫ t

0
g(s)(φx (x, t) − φx (x, t − s))2 ds dx

≤ χ (t)
∫ 1

0

∫ t

0
α(s)g(s)(φx (x, t) − φx (x, t − s))2 ds dx

≤ −χ (t)
∫ 1

0

∫ t

0
g′(s)(φx (x, t) − φx (x, t − s))2 ds dx

≤ −χ (t)
∫ 1

0

∫ ∞

0
g′(s)(φx (x, t) − φx (x, t − s))2 ds dx

≤ −2χ (t) E ′(t).

On the other hand, by using (5.1) and the fact that E(t) is non-increasing, for t, s ∈ R+,

∫ 1

0
(φx (x, t) − φx (x, t − s))2dx≤ 2

∫ 1

0
φ2
x (x, t)dx + 2

∫ 1

0
φ2
x (x, t − s)dx

≤ 4 sup
s>0

∫ 1

0
φ2
x (x, s)dx + 2 sup

τ>0

∫ 1

0
φ2
0x (x, τ )dx

≤ 8E(0)

(δ − g0)
+ 2c0,

then, we obtain

h(t)
∫ 1

0

∫ ∞

t
g(s)(φx (x, t) − φx (x, t − s))2 ds dx

≤
(

8E(0)

(δ − g0)
+ 2c0

)

h(t)
∫ ∞

t
g(s)ds.

Therefore, we deduce that, for all t ∈ R+,

h(t) (g ◦ φx ) (t)≤−2χ (t) E ′(t)+
(

8E(0)

(δ − g0)
+ 2c0

)

h(t)
∫ ∞

t
g(s)ds. (5.5)
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Inserting (5.5) in (5.4) and using the fact that E ′(t) ≤ 0, we get

h(t)L ′(t) + (
c3α(t) + 2c2χ (t) + τ 1

)
E ′(t)

≤ h(t)L ′(t) + (
c3α(t) + 2c2χ (t) + τ 1

)
E ′(t) − τ1E

′(t)
≤ −c1h(t)E(t) + βh(t)v (t) , (5.6)

where β = c2

(
8E(0)

(δ − g0)
+ 2c0

)

, v (t) = ∫ ∞
t g(s)ds, τ1 > 0.

Since α′(t) ≤ 0, χ ′(t) ≤ 0, h′(t) ≤ 0, then (5.6) is equivalent to

L ′
1(t) ≤ −c1h(t)E(t) + βh(t)v (t) , (5.7)

where

L1(t) = h(t)L(t) + (
c3α(t) + 2c2χ (t) + τ 1

)
E(t)∼ E(t). (5.8)

It’s easy to verify that this last relation holds. Indeed, we have from (4.26)

b1E(t) ≤ L(t) ≤ b2E(t),∀t ≥ 0,

and because h(t), α(t) and χ (t) are positive non-increasing functions, then for every
t ≥ 0, we deduce that exists m1,m2 > 0, satisfying

m1E(t) ≤ L1(t) ≤ m2E(t),

with m1 = τ1, m2 = b2h(0) + c3α(0) + 2c2χ (0) + τ 1. This proves that (5.8) is
checked.
Because E(t) is a non-increasing function, for all T ∈ R+, by using (5.7), we have

E(T )

∫ T

0
h(t)dt ≤

(
L1(0)

c1
+ β

c1

∫ T

0
h(t)v (t) dt

)

. (5.9)

Using the fact that G−1
0 (t) is linear, then (5.9) can be rewritten as follows

E(T ) ≤ λG−1
0

⎛

⎜
⎜
⎝

L1(0)

c1
+ β

c1

∫ T
0 h(t)v (t) dt

∫ T
0 h(t)dt

⎞

⎟
⎟
⎠ , λ > 0,

which gives (5.2) with a1 = λ, a2 = L1(0)

c1
and a3 = β

c1
. The proof is complete.

2) G is nonlinear on [0, ε]. In this case, we use the same estimation in the above
case of h(t) (g ◦ φx ) (t) for the second term of (5.3). It’s left to estimate the last term
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of (5.3). For that we first choose 0 ≤ ε1 ≤ ε, such that s f (s) ≤ min (ε,G (ε)) ,

∀ |s| ≤ ε1 and by using (H3), for s 	= 0, it follows that

{
s2 + f 2(s) ≤ G−1 (s f (s)) ,∀ |s| ≤ ε1,

ν1 |s| ≤ | f (s)| ≤ ν2 |s| ,∀ |s| ≥ ε1,

and we consider the following two sets

I1 = {x ∈ (0, 1) : |φt | ≤ ε1} , I2 = {x ∈ (0, 1) : |φt | > ε1} .

Now, we define I (t) by

I (t) =
∫

I1
φt f (φt )dx,

using Jensen’s inequality and the hypothesis (H3) , we have

c3h(t)
∫ 1

0

(
φ2
t + f 2(φt )

)
dx ≤ c′

3h(t)G−1 (I (t)) − c′
3α(t)E ′(t). (5.10)

Inserting (5.10) in (5.3), we obtain

L ′
1(t) ≤ −c1h(t)E(t) + βh(t)v (t) + c′

3h(t)G−1 (I (t)) , (5.11)

where

L1(t) = h(t)L(t) + (
c3α(t) + 2c2χ (t) + τ 1

)
E(t)∼ E(t),τ1 > 0,

we use the same technique as in the precedent case to show that L1(t) is equivalent to
E(t).
Now, for ε0 < ε1 and using the fact that E ′(t) ≤ 0, G ′ > 0, G ′′ > 0 on (0, ε], we
find that the functional L2 (t), defined by

L2 (t) = G ′ (ε0E(t)) L1 (t) + τ2E (t) ∼ E (t) , τ2 > 0,

satisfies

L ′
2 (t) = E ′(t)

(
ε0G

′′
(ε0E(t)) L1 (t) + τ2

)
+ L ′

1 (t)G ′ (ε0E(t))

≤ −c1h(t)G0 (E(t)) + +βG ′ (ε0E(t)) h(t)v (t)

+ c′
3h(t)G ′ (ε0E(t))G−1 (I (t)) . (5.12)

Note that, the equivalence between L2 (t) and E (t) is due to the fact that G ′ (ε0E(t))
is positive non-increasing function and L1 (t) ∼ E(t). Indeed, we have for all t ≥ 0,

m1E(t) ≤ L1(t) ≤ m2E(t),
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and

0 < G ′ (ε0E(t)) ≤ G ′ (ε0E(0)) ,

then

τ2E (t) ≤ L2 (t) ≤ (
G ′ (ε0E(0))m2 + τ2

)
E(t).

Therefore, there exists σ1, σ2 > 0, satisfying

σ1E (t) ≤ L2 (t) ≤ σ2E(t),

with σ1 = τ2, σ2 = G ′ (ε0E(0))m2 + τ2.

To estimate the last term of (5.12), we apply the following general Young’s inequality

AB ≤ G∗ (A) + G (B) , if A ∈ (
0,G ′ (ε)

]
, B ∈ (0, ε] ,

where

G∗ (s) = s
(
G ′)−1

(s) − G
((
G ′)−1

(s)
)

, if s ∈ (
0,G ′ (ε)

]
,

we deduce that

c′
3h(t)G ′ (ε0E(t))G−1 (I (t)) ≤ c′

3ε0h(t)G0 (E(t)) − c′
3α(t)E ′(t). (5.13)

Substituting (5.13) in (5.12) and letting ε0 = c1
2c′

3
, we have

L ′
2 (t) + c′

3α(t)E ′(t) ≤ −kh(t)G0 (E(t)) + βG ′ (ε0E(t)) h(t)v (t) , (5.14)

which can be rewritten as

(
L2 (t) + c′

3α(t)E(t)
)′ − c′

3α
′(t)E(t)

≤ −kh(t)G0 (E(t)) + βG ′ (ε0E(t)) h(t)v (t) , (5.15)

since α′(t) ≤ 0, then (5.15) is equivalent to

L ′
3 (t) ≤ −kh(t)G0 (E(t)) + βG ′ (ε0E(t)) h(t)v (t) . (5.16)

where

L3 (t) = L2 (t) + c′
3α(t)E(t) ∼ E(t),

this last relation is checked from the fact that α(t) is a positive non-increasing function
and L2 (t) ∼ E(t). Indeed, for every t ≥ 0, we have already

σ1E (t) ≤ L2 (t) ≤ σ2E(t),
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then

σ1E(t) ≤ L3(t) ≤ σ3E(t),

with σ3 = σ2 + c′
3α(0).

By using (5.16), because G0 (E(t)) and G ′ (ε0E(t)) are non-increasing functions,
then for all T ∈ R+, we have

kG0 (E(T ))

∫ T

0
h(t)dt ≤

(

L3(0) + βG ′ (ε0E(0))
∫ T

0
h(t)v (t) dt

)

,

that can be rewritten as follows

E(T ) ≤ G−1
0

⎛

⎜
⎜
⎝

L3(0)

k
+ βG ′ (ε0E(0))

k

∫ T
0 h(t)v (t) dt

∫ T
0 h(t)dt

⎞

⎟
⎟
⎠ ,

which gives (5.2) with a1 = 1, a2 = L3(0)

k
and a3 = βG ′ (ε0E(0))

k
. The proof is

complete. ��
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14. Magańa, A., Quintanilla, R.: On the time decay of solutions in one-dimensional theories of porous
materials. Int. J. Solids Struct. 43(11–12), 3414–3427 (2006)

15. Pamplona, P.X., Muñnoz Rivera, J.E., Quintanilla, R.: On the decay of solutions for porous-elastic
systems with history. J. Math. Anal. Appl. 379, 682–705 (2011)

16. Quintanilla, R.: Slow decay for one-dimensional porous dissipation elasticity. Appl. Math. Lett. 16(4),
487–491 (2003)

17. Zitouni, S.,Ardjouni,A., Zennir,K.,Amiar, R.:Well-posedness and decay of solution for a transmission
problem in the presence of infinite history and varying delay. Nonlinear Stud. 25(2), 445–465 (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

https://doi.org/10.1007/s00245-017-9460-y

	General decay of a nonlinear damping porous-elastic system with past history
	Abstract
	1 Introduction
	2 Preliminaries
	3 Well-posedness
	4 Technical Lemmas
	5 Stability result
	Acknowledgements
	References




