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Abstract We study the system of equations describing a stationary thermocon-
vective flow of a non-Newtonian fluid. We assume that the stress tensor S has the
form

S = —PL+ (u(6) + 7(6)D()"" ) D(u),

where u is the vector velocity, P is the pressure, 0 is the temperature and U, p
and T are the given coefficients depending on the temperature. D and I are re-
spectively the rate of strain tensor and the unit tensor. We prove the existence of
a weak solution under general assumptions and the uniqueness under smallness
conditions.

Keywords Non-Newtonian fluids - Nonlinear thermal diffusion equations - Heat
and mass transfer
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1 Introduction

In recent years various nonlinear constitutive relations for the stress tensor extend-
ing the classical Navier-Stokes problem have been proposed in the mathematical
literature. In [17], Rajagopal and Ruzicka have discussed mathematical models of
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electro-rheological fluids where in a growth condition the exponent depends on
the electromagnetic field. These models lead to new interesting mathematical is-
sues concerning existence, uniqueness and stability of flows that take into account
also electrodynamical effects. First interesting results can be found in [18] and in
[10].

For stationary solutions, where the problem is essentially uncoupled, the elec-
tromagnetic field being known, the growth exponent dependence became a given
variable function p(x), which under smoothness conditions yields regularity re-
sults for the respective weak solutions (see [1], [4]), similarly to the generalized
Newtonian fluids [14] and [5].

Here we are interested on the analysis of steady flows of fluids with shear-
dependent viscosity that are strongly influenced by the temperature field, rather
than by an external electromagnetic field, the so-called thermo-rheological flu-
ids. The two dimensional Stokes problem has been considered by Zhikov [22],
where the coupling in the temperature equation was given by an energy dissipa-
tion term with a small parameter and was controlled by a Meyer’s type estimate.
Recently, a steady-state Boussinesq problem with a non-standard force in a non-
linear feedback form evolving the temperature in the exponent of the velocity has
been considered in [2].

In this work we consider two and three dimensional thermoconvective sta-
tionary flows. In Section 2, we introduce the temperature-velocity coupled prob-
lem and we recall some useful results on the generalized Orlicz-Lebesgue spaces
LP¥)(£2) and Orlicz-Sobolev spaces W' P (). Exploiting the Holder continu-
ity of the temperature and the maximum principle, as in [19], [20], we prove in
Section 3 the existence of at least one weak solution under general assumptions on
the data, for the classical integrability condition p(x) > p. > 3N/(N +2), (N =
2,3) on the convection terms. An interesting open question is to improve this
lower bound to 2N /(N +2) as it was done recently for the case of constant expo-
nents [13]. In Section 4, we show that weak solutions with a small amplitude in
temperature and subject to sufficiently small external forces are in fact unique.

2 Governing equations and auxiliary results
2.1 Statement of the problem
Let Q be a bounded open subset of R¥, N = 2,3, with Lipschitz boundary I'.
We consider in Q the following boundary value problem: find the functions 6 (x),
u(x)= (u1,...,uy), P(x) satisfying the equations
(u-V)b(6) =A06+g(x), 2.1
0(x)=6;(x), xcI' =0Q. (2.2)
(u-V)u = div (u(e) +2(6) D)) D)~ VPE(),  23)
divu =0, 2.4)
u(x)=0,xeI' =9Q. (2.5)
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In these equations u, P and 0 are respectively the velocity field, the pressure and
the temperature of the fluid,

D(u):= %(Vu+VuT)

is the tensor of rate of deformation, f(x) is the prescribed mass force. The coeffi-
cients p, 1 and 7 depend on the temperature 8. We assume that the given functions
satisfy:

1< p. <p(6), (2.6)

0 < <u(d),0<1 <17(60), 2.7
_ N '
01 € H} (Q)NC*(Q), o> 0; g€ L*(Q), s > > few 1P (Q),  (2.8)

b, u, € C’(R), peC'(R). (2.9)

2.2 Classical functional spaces

We use the classical spaces of continuous functions in Q, C%(Q),
0 < a < 1, with the Holder property for 0 < & < 1 and continuous differen-
tiability for o = 1.

The classical Sobolev spaces W7 () and WO1 P(Q), for constant exponent
1 < p < o, are defined as usual withW!'”(Q) = H'(Q) and
W () = Hy(Q).

In addition, for vector valued functions we shall also use the notation

J(Q)={veL (Q)": /Q v-Vodx=0,Y¢: V¢ € L' (Q)"}, (2.10)

1 < r < oo, for the generalized solenoidal vector fields.
For integrable functions we shall use the inverse Holder’s inequality

g=1 1
(fa) © ([ 1reax) < [istiglas @

which is valid for any g constant, such that 0 < g < 1.

2.3 Generalized Lebesgue spaces

We use the notations from [9]. Let £2 be a bounded open set of RY and p(x) be a
measurable function on € such that

1<p. <px)<p* <o, xeQ, (2.12)

(p« and p* are some constants). By Lp(')(Q) we denote the space of measurable
functions f(x) on €2 such that

Ap(f):/g\f(X)\”(">dx<oo. (2.13)
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This is a Banach space with respect to the norm

ey =Wl =ins {2054, (§) <1} 2w
(see e.g.[8],[9],[11]). The following properties hold [12]:
i)
1l <1(=1L>1) e A(f) <1 (=1>1); 2.15)
ii) .
11y > 1> A0 < Ap(F) < NFID s (2.16)
iii)
11 . <1>Hpr <Ap(f) < IfIheys (2.17)
iv)
110y = 0= Ap(f) = 0, [[fll ) = o0& Ap(f) — oo (2.18)

2.4 Holder, Sobolev and Korn’s inequalities

The space (Lp(')(Q), II-Il p(,)) is a separable, uniform convex Banach space and

its conjugate space is L) (Q), where 1/g(x) +1/p(x) = 1. For any f € L)(Q)
and g € L90)(Q) the following Holder’s inequality is valid ([8], [9], [12] ) :

| el dx < Collfl lelyey s €= (1/pat1/a). 219)
The space W' 7()(Q) is defined by
WO (@) = {£(x) e PO(@) 1 |V f(w)] € PO @)}
and WO1 i (')(Q) is the closure of the set C; () with respect to the norm of

wl p() (Q) [23], [21], provided we assume p is a uniformly continuous function
on 2, such that:

\p(x1) — p(x2)

1 _
< 7‘, for |x1—x2| < X Vx1,x € Q, (2.20)

with some constant C > 0. o
In [23], [21], was proved that condition (2.20) guarantee that C*(£2) is dense

in W1 7()(Q). It means that Lavrentiev phenomenon is absent.
If p(x) satisfies to (2.20), then the Sobolev embedding inequality [6], [9],[11]

£l <ClIVAl,a, P'(x)=p@x)N/(N—p(x)) (221

holds for any f € WO1 ’p(')(Q) with a some constant C=C(N,sup . p(x)). If p1, p2
satisfy (2.20) then LP2()(Q) < LP1()(Q), and the imbedding is continuous.
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An important tool is the generalization of Korn’s inequality for
p = p(x) [7], in abounded domain 2 C RV with Lipschitz boundary. Let p(x) >
1 be a bounded exponent such that p and its conjugate exponent ¢ satisfy (2.20).

N
Then there exists K > 0, such that for all v € (Wol’p(')(Q)) ,
div v =0, there holds

V¥l @y < KD o0 - (2.22)

In particular, the inequalities depending on the uniform condition (2.20) also
hold for an exponent that is Holder continuous in €.
3 Existence theorem
3.1 Definition of weak solution
Definition 3.1 The pair (u, 6) is said to be a weak solution of (2.1)-(2.5) if:
6

uew, ’(2)nJ(Q), 66, € H}(Q)NC*(Q), o >0,
p=max(2, p.), if e >0, 7. >0; p= pi, if £ =0, 7. >0,
| (u(@D@)P + (@)D ) dr < = G.1)

(ii) and for any test functions § € H}(£2)
/ (VO —b(6)u) - Vdx = / gldx; (3.2)
Q Q
(iii) and for any test vector function w € C}(Q)NJ'(2)
/Q ((1(6)+2(0)D@)"®2) D(w) : D(w) - (W w) :D(w))dx ~ (33)

_ / fwx.
Q

Theorem 3.1 Let us assume that conditions (2.8)-(2.9) hold with
N = 2,3 and, additionally, that one of the conditions

3N
—0,0< Ty, —— < p, <2, 3.4
I N2 <P (3.4)
0< e, 0< T, 1 < py < oo, (3.5)
T, =0, 0 < Uy, 1<p*<p*:[gn%x] p(0) <2, (3.6)

is fulfilled. Then the problem (2.1)-(2.5) has at last one weak solution (u, ).

Proof We will prove this theorem into several steps.
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3.2 The auxiliary thermoconvective problem

For a given fixed v € J9(Q), with ¢ > N we consider first the auxiliary problem

(v-V)b(0) = A0+ g(x), 3.7

0(x)=6;(x), xcI" =0Q. (3.3)

where b is supposed to be Lipschitz continuous.

The convective term for w € J9(€) does not changes the weak maximum prin-
ciple for (3.7), (3.8) in the form [16]

0. <0(x)<0* xeQ, (3.9)

0. =min 0,(x) ~ 7llglls0, 0" =max 6,0 +llgllo,  (G.10)
which yields an a priori estimate of 6 in L*(£2), since the constant
¥ > 0 depends only on €2 and s > N/2.

Then, using Schauder’s fixed point theorem (for instance in L*(£2)), we show
the existence of a solution 6, such that

66 eHg(Q):/Q(ve—b(e)v)-vgdx:/gggdx, Ve e HLQ). (.11)

The uniqueness follows by a well known comparison argument, since b is Lips-
chitz continuous, and (2.8) implies (see [16]) that 8 is Holder continuous in 2 and
satisfies the estimate

10llcer @) + 18|51 () < C(HVHLLI(Q)’ 1611 71 @)nce @) » HgHL.v(Q)) , (3.12)

for some 0 < o’ < o, provided ¢ > N and s > N /2.

Hence, by a standard continuous dependence argument, it is easy to conclude
that if v, — v in J9(Q2) weakly (respectively strongly) then the corresponding so-
lution 6, = 6(v,) — 6 = 6(v) weakly (respectively strongly) and in C* (Q) strongly
forany 0 < A < o < 1 (see for instance [19]).

Then and we have the following proposition:

Proposition 3.1 For any v €J4(Q2), with q > N, there exists a unique solution 0
to (3.11), that, in addition, satisfies the estimates (3.9) and (3.12). Moreover the
operator

A:JIQ)3v— 0 eCH(Q) (3.13)

is continuous for some A > 0.
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3.3 The auxiliary flow problem

Now for a fixed 6 € C*(Q), 0 < A < 1, and veJ(Q) with
r > max(Z,Nﬁf%), we consider the auxiliary problem of finding

u € Wol”7 (Q) NJY(Q) satisfying (3.1) and for any test vector function
we CHQ)NJTH(Q)

/Q (u(e)ﬂ(e)\n(u)v’(")”)D(u):D(w) — (u®v):Vw dx  (3.14)

_ / fwx.
Q

Here u = u(6), v = 1(6) and p = p(0) are known functions of x € Q and p €
Q).

Now we derive energy estimates for the velocity u. Using definition (3.1), after
some standard calculations we come to the energy relation

/Q(,u(e)\D(u)\2+r(9)\D(u)\p(9))dx:/qudle. (3.15)

Assuming y, >0, T > 0 and applying (2.22), (2.21) with p = 2, we can estimate
the therm / in the following form

] < Cllfllw-12(q) [D(u

C
Mo < [ HIP@Pdst = 1f 2y, G16
and obtain the standard estimate
C
[, (e D@ 2@ P ) dx < - 120y =Ko BT
It implies that
2N
[[ullg < Cl[DW)[]2 < C(Ko), ¢ = — >N =2,3, (3.18)
if e >0, 7>0and N =2,3.If u, > 0, 7, > 0 the estimate (3.17) implies that

uc Whr=(Q).
In the case = 0, we evaluate the term / in the following form

Px
1= Cliflhw-1000) DMl 0> B = =7 (3.19)
Applying inequalities [12]:
Dl <, D ) F D@ <1 (20

Dl < D ) F D@ =1 (2D
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and Young inequality we can to write

JatD@)P P+ £ Hva’;* 11;;9 » if ID()] ) <
Jo TPV dx+ £ Hva’;* 11;; if D)) >1

1| < (3.22)

Finally we obtain the estimate

|, [D(u )P dx< — | If] - 1;; ) T 7 11;; =K. (3.23)
w- w-

Since by the assumption of Theorem 3.1 1, > 0 or 7, > 0, the left hand side of
(3.14) defines a strictly monotone and coercive operator on WO1 P Q)NJNQ),(p=
2if g, > 0or p = p, if w. = 0), the unique solvability of problem (3.14) follows
from standard results (see [22] for the case v=0, u =0 and [12] for the scalar
case). We consider now the continuous dependence of the operator

N:J(Q)xCHQ) 3 (v,0) = ueW, 7 (2)NJ*(Q) (3.24)
where u is the solution to (3.14).

Proposition 3.2 Letu, =u(v,, 6,) and u =u(v, 0) denote the respective solu-
tion to (3.14) associated with the converging data v, — vy, in J"(Q)—weakly, r>

max(2 and 6, — 0 in C*(Q).

R —
» Np—p—2N
Then we have

u, — uin WO1 ﬁ(Q) weak and in J*(Q) strongly (3.25)
forany s <Np/(N—Dp)ifp<Noranys<eifp>N, N=23.

Proof 1t is simple extension of Proposition 1 of [20] (and Lemma 3.1 of [22]).
From the previous estimates, we have

/ (e ID(w,) P+ 2. D(w,)7) dx < C (3.26)
Q
for a positive constant C > 0 depending on HfHW,l’],; @) and i, if
M > 0, or —, if 7, > 0, but independent of v, and 6.
By Korn s inequality and Sobolev embeddings, (3.26) implies
s 2) < ClD(un)llL5 o) <R, (3.27)

fors < Np/(N —p)if p <N or any s < o if p > N, where R > 0 is a constant
independent of v,, and 6,,.

Since p(6,) — p(8)in C*(Q)and u(6,)— u(0)andt(6,) — 7(0) uniformly
on Q) as in Lemma 3.1 of of [22] our problem is regular and

u, —uin WO1 ﬁ(Q) weakly (3.28)
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((14(60) ID(un) P+ (8)ID(un) ) — ( (8)ID(wo) P +7(8)[D(uo))
(3.29)
in L'(Q) weakly.
By Minty’s Lemma, ug solves the limit problem (3.14) and , by uniqueness
ug=u=u(v,0).
The strong convergence in J*(€) follows by Rellich-Kondratchev compact-
ness theorem. O

3.4 The proof of Theorem 3.1 and complements

We apply Schauder fixed point theorem in the following convex, closed, bounded
subset of J*(Q) :

B = {v €I (@) : [Vl g < R} (3.30)

withr =6if N=2or r=9/2if N = 3, where the constant R > 0 is given by the a
priori estimate (3.27). We define N : Bk — Bg by u= N(v) =N(v,Av), being N

defined by (3.24) and A by (3.13). From Propositions (3.1) and (3.2), N is a well
defined and completely continuous operator in J"(£2) and its fixed point

u=N(u) with 6 = Au (3.31)

yields a solution to Theorem (3.1) in the case of b Lipschitz continuous.

Since the estimates (3.9) and (3.12) do not depend on the Lipschitz regularity
of b, by uniform approximation of this function we obtain a solution (u, ) for
b only continuous, concluding the proof of Theorem (3.1). a

Remark 3.1 The result of Theorem (3.1) may be extended to more general flows
with constitutive laws of power type as in [20] for the Boussinesq-Stefan prob-
lem For instance, we could replace the Laplacian in (2.1) by the g-Laplacian

Ay = V(|72 Vv), with ¢ > n/p., or consider a two-phase Stefan problem
with convection, and replace the Dirichlet boundary condition (2.2) for the tem-
perature by a mixed boundary condition.

Remark 3.2 We may apply the Meyer’s type estimate of [22] for the velocity in
the following way. Consider the equation (2.3) in he form

div ((u(e) +7(6)ID@)"®?) D(w) ~ PI+Z) =0, (3.32)
with the tensor Z given by
Z =VF—(u®u),and AF = —fin Q,F|;, =0. (3.33)

Since p > 3N/(N + 2),(N = 2,3) we have u®ucL’(Q) for
r < 3N/2(N — 1), and if we assume f € W'+ (Q) for some
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01> p—3N/(N+2)=d >0, itis not difficult to conclude that Z € L4(€Q) for
some g > pl, + 8. By Theorem 3.1 of [22], if T, > 0 we derive the estimate

/ \D(u)\p(e)Jrsdx <C forsome & >0, (3.34)
Q
and if . > 0 we also obtain the Meyer’s estimate
/ \D(u)\2+8dx <C forsome § > 0. (3.35)
Q

In particular, it is possible to extend Zhikov’s existence result for N = 2 to the
convective case with an additional coupling term in the temperature equation (2.1)
by inserting the dissipation energy of the type

g =2 (1(®) ID@)P +2(6)D@)P®)

for sufficiently small A > 0.

4 Uniqueness of weak solution

Let (61,u;) and (6:,u2) be two different solutions to problem (2.1), (2.2), (2.3),
(2.4), (2.5) and

9:(91 —92), u= (ul—UQ). “.1)

The functions (6,u) satisfy to the following problem
| (VO (b(61) ~ b(B2))ui — b(62)u) VEdx =0, 42)
/Q (W V)1 — (02 V)us) wdx = — 4.3)

| (D) (1D@)1" ™ D(w,)~D(w,) " ® D(uy) ) : Dlw) ) d.

We will prove the uniqueness result only for close solutions. According to (3.9)
and (3.10), we have

8] =(61—6)| <A =6"—6.. 4.4)
We assume that
P(81) = p(82)] < max, P/(8)|24 < v, (4.5)

with &g given in (3.34). We use the notations

* = 1 9’ *: 9’
pe = min, p(6), p max, p(0)

assuming that

pr—p.<8= max P'(8)] A < . (4.6)
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The Meyer’s type estimate (3.34) guarantee that
D(u,),D(u,),D(w) € LP+%,
with & given in (3.34). Moreover all integrals in (4.3) will be bounded if p*, p.

satisfy to (4.6). We only show how to prove the boundedness of the last integral,
which is the main one. Using Holder’s inequality, we have

()" D(u,) : D(w) dx

s +80—1
Derd) O\ P e
/ ID(u; 1’*+50 I dx (/ D(W)p*+6°dx> <C,
Q

j=1,2, because

(p(6;) — 1)(p+ + &)

(" = (e +8) _

<

Let v;, be an average of the function v such that ||D(v;) —D(v)||; = 0 as h —
0, (g = p« + &). Putting § = (6; — 62), w = (u; —u2),, to (4.3), after some
standard calculations and a passage to the limit with respect to 2 — 0, we get the
relations

/Q V6 2dx = /Q ((B(61) — b(62))uy — b(62)u) VO, @.7)
IOE/Q((mV)u] — (w2V)up) udx = — (4.8)

/. (D) (1D *D(u,) - [D(w,) " D(uy)) ) : Dlw)dx

=1 +12+I3a

where

h= [ [ID@,)”® D) - D)) D(w))] :D@dr,  49)
b= [ =[ID@)"®D(u) ~ D@)"*)D(w))] :Dwdr, (.10

g:émmwﬁm (4.11)

First we consider the case [ = const, T = const.
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Theorem 4.1 Under conditions of Theorem (3.1) there exist positive constants
e* >0, 6* > 0, (generally small), such that, the problem (2.1)-(2.5) has a unique
weak solution (u, 0) provided

9* - 9* S 8*, Hwafl,r(Q) S 6*,

W = const >0, T=const >0, and r > pl,+p—3N/(N +2).
If 1 =0 and p* <2, this assertion is valid if, in addition,

Pr—pe <2—p. <6

Proof First we consider the case i and T = const > 0, 2 < p,.
Applying the inequality [12] for V&, 1 € RV, 2 < p < oo,

1’ p p=2 p—2
5) 1e=nr<[(1Ere—mr2n) & -n),
we obtain .
/ 2" D)”Vdx < Iy, ps = p(6,), (4.12)
Q
therefore
/(mDmW+¢ffmmW*Owgh+g:m—h. (4.13)
Q
Using the inequality for 0 <1 <o, p* € [p1, p2],
72t =P [ <0 Hinn| |p2 - pil, (4.14)

and the Young inequality, we evaluate I, in the following way

| < /QT\D<ul>V’**‘un\D<ul>H D@ p—paldx  @19)
_2/12 W) Odx+ 571,

*0\_ pl(')
u:/(mmoVWWMmmgozcm
Q

with 0 > |p1 — p2| given in (4.6) and some C = C(p*, p., 7). Next we use the
inequality

1
[Iny| < (y +378),0<y <o, 0< €< oo,

and evaluate I4 in the followmg way

() *_1_ pl ()
Ll< [ (PP e pap ) e @i

We choose € and 8, such that,

*—1+e¢ *—1+e€)py
(p )p2 < (p P < po i, @.17)
p2_l p*_l
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p*—p*+£§6+8§5o(p*p—_l)~ (4.18)
Later on we fix some € and 0 satisfying to
56 = max [7/(6)] 2 e < &(2 )
Finally, taking into consideration inequality (3.34), we obtain the estimate
Ll <c, (4.19)

where the constant C does not depend on 8. From (4.13), (4.15) and (4.19), it
follows

2 5 ipga) 2t =
D@ +32 " [D(w) )dxg llo| +C87T. (4.20)
Q
As usual, following [15], the term I can be transformed into the form
Iy = / (7708 -uxkdx
Q
and evaluated in the standard way
2
o | < Clluillyr2 D@5 < C|flly-12 D)3 (4.21)
Applying (3.17) and assuming C||f||y,—12 < /2, (||f]|yy-12 is small), we obtain
u
<7 ID(w)]f3- (4.22)
Joining (4.20), (4.22) we find
/ (,u\D(u)\z+r\D(u)\p2)dx§C(Sl’f_*l. (4.23)
Q

Returning to (4.2) we can write the estimate

16 ce 5y < € (Jlus

gomax 0]+ |ullg,), (N=2<g<eo). (4.24)
Using (3.17) and assuming that
2:N<q§p*,CHulHq7Q <CKp <1, 4.25)

(to derive the last inequality we used the smallness of |/f||;,-12) we obtain from
(4.23), (4.24)

p*
pF—1

10llce@) < 87T < C(max|6]) (4.26)

The last inequality implies that max |6| = 0.
Now we consider the case 0 < u, 0 < 7, p* <2.
We use the following inequality [12] for VE,n € RV, 1 < p < 2,

(p=1)IE =P +P) T < [(1Er2e—mP2n) -]
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Then the term /; given by (4.9) can be estimated below in the following way
(compare with (4.12))

22=(p.—1) [ #D@P (D) + D)) F dax<n. @2)
Therefore we obtain the estimate
/Q uID(w)Pdx + 22 < || + |1). (4.28)
Repeating (4.15), (4.16) with

(P —1xe)pr _ (p"—1£€)p:

< <2, (4.29)
p2—1 px—1
and using (4.21), (4.22), we obtain analogously to (4.23)
/ D (u)Pdx+ 52 < C57 7. (4.30)
Q

This completes the proof.
Now we consider the case u = 0, N/2 < 3N/(N + 2) < p.,
N < 4. In this case the relations (4.13), (4.27), (4.28) yield

P2
(p*—1>/QT\D(U)\2(\D(u1)\”2+\D(u2)\”2) 7 odx < < bl +|b[. (43D

Using the inverse Holder’s inequality [3]

g1 1
(/ gq_q_ldx> ! (/ fqu>q§/ |f]lgldx, 0 < g=const <1,
Q Q Q

we get the estimate

g=1

5 L17 (2=p2)gq q
o= ([ Ip@Pr)” () (0t pw ) <
Q Q
(4.32)
Choosing ¢, such that,
2— «t
%Smﬂr&% SI;+5‘Z°<1, (4.33)

and taking into consideration the inequalities (3.34), (4.31), (4.32), we have

(/Q D(u)2‘1> " <cn < (] + |h)). (4.34)

The term Iy and I, were already estimated previously (with p, < 2). To estimate
Iy (with 2 > p,) we use the Korn’s (2.22) and Sobolev embedding inequalities
(2.21). We evaluate Ij in the following way (compare with (4.21))

fol < [ fuwt-wydx < C i, full, [D(w) . (4.35)
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with | . . 5
N N(p«+
Tty Slda= i ) = e+ %)
Mo N—qp> N = (p«+ )
and g = (p«+d)/(2+ 50) (see 4.33). The last inequality leads to
1 2, 1_ 1 2 202+&)

__+__ - <
p«to N g~ pi+d N (p*—|-5())p*

Assuming |[D(u)]|,, < 1 and applying (3.20), (3.21) we obtain the inequality

o] <€), 0w, <c o, ( f, D )

or taking into consideration (4.34)

(/’1) 2q>1<<cy1<:cu (/11) 24) ’<+\hp

It follows |
( / D(u)”’) " <cln, (4.36)
Q

if [[D(u1)]|,,~ and [|[D(u)]| - are sufficiently small and p* < 2. To evaluate I, we
use an argument similar to (4.13), (4.15) and the Holder’s inequality (2.19). Then
we obtain

T L e R [T T PR )
with ¢ and 3, such that,
2 «—1+€)2
=5 g 24 < po+ 5. (4.38)
q—1 2q
The last inequality will be valid if
f—14¢€)ps
Q——j%l§m+&, (4.39)
or 50
P+t
< (4.40
ps(ps —p*+1—¢€+ &) = )

The conditions (4.33), (4.40) are compatible if p* — p, and € are sufficiently small
and

2
< pe <2. 4.41
155 p (4.41)

(From now on we assume € fixed. Then we have the inequality

(/Q D(u)zqu> 7 < CS[ID(w)],, -
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Hence assuming that ||[D(u)]|,,, < 1 and applying inequality (3.20) and Young

inequality, we obtain

L 1 )
J o)’ < 3 ( [ poPrar) s
Q 2 \Ja

Then, repeat the arguments (4.24)-(4.26), we may complete the proof of the theo-
rem. 0

qp2

Now we consider a general case in which p(0),7(6) are given functions, as-
suming the derivatives are bounded

', 7 b, pl <. (4.42)

In this case relation, (4.8) takes the form

= /Q (01 V)u; — (w2V)uy) udx (4.43)

—— [ (uD(u)~p:D(w,)) : Duds

—/Q (Tl‘D(ul)‘pzizD(ul)—72‘1)(“2)‘172721)(“2)) : Dudx
=+ Db+ + L+ 13,

where

hi= [ 7 [ID@,)” D) - D) *Dlw,)] : Dud,
b= [ 7 [ID@)” D) - D) *Dlw,)] : Dud,
Iy — /Q (72— 71)|D(u,)|”>2D(u,) : Dudx,

I = [ piD()Pdx, B = [ (12— p)D(uy) : D(wr,

and y; = u(6;),7 = t(6;), pi = p(6;), i = 1,2. Here the terms I11, /31 are positive
and (4.43) will be written like

hi+hi=—+ b1+ ha+ k).

The new terms I3, 3, (in comparison with (4.13)) can be evaluated in the follow-
ing way
|l22| <y max|6] [[Dul|,||D(wy)][ ,,,
2] <y max| 8] [[D(uy)[ LoD (W), (if . > 0).
Remark that [[D(u,)[|,,,|[D(u,)||, are small. By repeating the previous argu-
ments, we can finally formulate our uniqueness theorem in the following form:
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Theorem 4.2 Under conditions of Theorem (3.1) there exist positive constants
€* > 0, 8* > 0, such that, the problem (2.1)-(2.5) has a unique weak solution
(u, 0) provided

’}/, 9* — 9* S 8*, Hwafl,r(Q) S 6*,

0 < W, Ts,, and r > pl,+p—3N/(N +2)

(y> 0 givenin (4.42)). If 4 =0 and p* < 2, this assertion is valid if, in addition,

Pr=pe<2—p. <6
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