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Abstract

Mathematical theory has predicted that populations diffusing in heterogeneous envi-
ronments can reach larger total size than when not diffusing. This prediction was tested
in a recent experiment, which leads to extension of the previous theory to consumer-
resource systems with external resource input. This paper studies a two-patch model
with diffusion that characterizes the experiment. Solutions of the model are shown to
be nonnegative and bounded, and global dynamics of the subsystems are completely
exhibited. It is shown that there exist stable positive equilibria as the diffusion rate is
large, and the equilibria converge to a unique positive point as the diffusion tends to
infinity. Rigorous analysis on the model demonstrates that homogeneously distributed
resources support larger carrying capacity than heterogeneously distributed resources
with or without diffusion, which coincides with experimental observations but refutes
previous theory. It is shown that spatial diffusion increases total equilibrium popula-
tion abundance in heterogeneous environments, which coincides with real data and
previous theory while a new insight is exhibited. A novel prediction of this work is
that these results hold even with source—sink populations and increasing diffusion rate
of consumer could change its persistence to extinction in the same-resource environ-
ments.
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1 Introduction

Carrying capacity of a homogeneous environment is defined as the steady-state upper
limit on a population’s abundance. It is determined by resources in the environment
such as light, water, nutrient. However, carrying capacity of a heterogeneous envi-
ronment is ambiguous for populations in diffusion. Mathematical theory predicts that
populations diffusing in a heterogeneous environment can approach larger total size
than when not diffusing and can approach even larger size than in the corresponding
homogeneous environment.

Freedman and Waltman (1977) studied a two-patch model with Pearl-Verhulst
logistic growth dx;/dt = rix;(1 — ]X(—"l_) with diffusion, i = 1, 2. It is shown that if
there is a positive relationship between growth rate and carrying capacity, i.e.,

1 rn

K K>, — , 1
1> K> K1>K2 (D

the population’s abundance with high diffusion rate can approach larger size than with
no diffusion (i.e., x{ + x5 > Kj + K> ) and can approach even larger size than in

the corresponding homogeneous environment (i.e., 7; = "er’z, K =X ‘;Kz). Holt
(1985) exhibited that this result also holds in source—sink systems, in which the sink
patch is not self-sustaining (e.g, r» < 0 and K, = 0). Lou (2006) demonstrated that
this result even holds in continuous spatial systems by applying a reaction-diffusion
model. For additional relevant works, we refer to Hutson et al. (2005), He and Ni
(2013a,b), Zhang et al. (2015), DeAngelis et al. (2016a,b), Wang and DeAngelis
(2018), etc.

The theoretical result is tested by Zhang et al. (2017) in laboratory experiments.
In the experiments, the population is the heterotrophic budding yeast, Saccharomyces
cerevesiae, and the resource is the amino acid tryptophan which is the single exploited
and renewable nutrient. The yeast population is spatially distributed in a 96-well
microtitre plate, and the wells are linearly arrayed and linked by nearest neighbor
diffusion. In heterogeneous distribution of resource, the wells with even number have
the same high nutrient input, while those with odd number have the same low nutrient
input. Thus the wells can be regarded as two types of patches, which corresponds to
a two-patch system. In homogeneous distribution, all wells have the same nutrient
input, which is the average of the high and low inputs in the heterogeneous distribu-
tion. The experimental process was repeated over 9days. First, the initial yeast had
24-h growth, followed by diffusion from the original plate (plate 1) to a new empty
plate (plate 2), in which 3% volume in each well was transferred to the well on the
left in plate 2 and another 3% to the right well of the plate. Then the remaining 94%
volume was transferred to the same well in plate 2. After the diffusion and trans-
fer, old media in plate 2 were removed and fresh media were added, and the yeast
population underwent another 24-h growth. Experimental observations displayed that
(i) populations diffusing in heterogeneous environments can reach higher total size
than if non-diffusing, in which the “extra individuals” were observed to reside in the
low nutrient patches. (ii) The higher size in a heterogeneous environment with diffu-
sion is associated with a positive relationship of growth rate and carrying capacity.
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(ii1) Homogeneously distributed resources support higher total carrying capacity than
heterogeneously distributed resources, even with species diffusion. Meanwhile, homo-
geneously distributed resources support the same carrying capacity with or without
species diffusion.

In order to study mechanism by which the empirical observations occur, Zhang
et al. (2017) proposed a pair of new equations to model the diffusion system. By
assuming existence of stable positive equilibria in the equations, they confirmed the
three observations by considering two special cases of the model. However, their
confirmation on the second case is not a theoretically proof (see Remarks 4.2). Thus,
it is necessary to study the equations in general cases, give a theoretical proof for the
three observations, and provide new predictions.

In this paper, we consider the general two-patch model with diffusion that char-
acterizes the experiment. Rigorous analysis on the model exhibits that solutions of
the equations are nonnegative and bounded, and there exist stable positive equilib-
ria. It is proven that homogeneously distributed resources support larger carrying
capacity than heterogeneously distributed resources with or without diffusion, which
coincides with experimental observations but refutes previous theory. It is also shown
that spatial diffusion increases total equilibrium population abundance in heteroge-
neous environments, which coincides with real data and previous theory while a new
insight is exhibited. A novel prediction of this work is that these results hold even with
source—sink populations, while increasing diffusion rate of consumer could change its
persistence to extinction in the same-resource environments.

The paper is organized as follows. In the next section, we characterize the equations
in general cases with two patches, demonstrate nonnegativeness and boundedness of
the solutions, and exhibit global dynamics of one-patch subsystems. Section 3 displays
existence of stable positive equilibria, while proof of experimental observations and
new predictions are exhibited in Sect. 4. Discussion is in Sect. 5.

2 Mechanistic Model

In this section, we describe the mechanistic model established by Zhang et al. (2017),
which characterizes a population diffusing between two patches with external resource
inputs. Then we exhibit nonnegativeness and boundedness of the solutions and demon-
strate global dynamics of the subsystems.

The equations for diffusion systems with external resource input are (Zhang et al.
2017)

du(x,t) _ pd%ux,n  reontx Hu, 0
ar 9x2 k+n(x,t)
dn(x,t) . B _ r(x)n(x, Hu(x,t)
T = Ninput(x) — n(x, 1) vk +n(x, 1))

—mx)u(x,t) — gx)u(x, t)2

where u (x, t) is the consumer population abundance, n(x, t) is the nutrient concentra-
tion, 7 (x) is the growth rate under infinite resources, k is the half saturation coefficient,
m(x) is the mortality rate, g(x) is the density-dependent loss rate, y is the yield, or
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fraction of nutrient per unit biomass, D is the diffusion rate, and Nippyt(x) is the
nutrient mput.

The equations in a spatially discrete, or patch version, along one dimension are
(Zhang et al. 2017)

dU; riNj 1 1
=U —mi = gUi |+ D\ Ui+ JUip1 = Ui

dr

k + N; 2 2
dnN; riN;U;
L A L
dr y (k + N;)

where No; (= Ninput,i) represents the nutrientinputin patchi, 1 <i <n,i =i modn.
Let U N N
) ) 0i
Ui = ﬁ Ni ==, gi = giky, Noii= ==

then the above equations for two patches become

dU1 r1N1
=U —m1 —g1U1 |+ DUy —Uy)

F 1 4+ N

dN; riN1U;

—— = Noi — N1 —

dr 14+ N ?)
4% _y, (2N Us | + D (U — Us)

a2 _ o — _

P \Trm, 2 — &l 1 — Uz

dN> roNoUp

=2 — Noi — N — .

dr oi SRR

We consider solutions of system (2) with nonnegative initial values, i.e., U;(0) >
0,N;(0)>0,i =1,2.

Proposition 2.1 All solutions of system (2) are nonnegative and bounded with
lim sup,_ o Y71 (Ui (1) + N;(1)) < (Not + No2)/g, q = min{my, mo, 1}

Proof On the boundary Ny = 0, from the second equation of (2) we have dN/dr =
Nop > 0. Then Ny(¢) > 0if r > 0. Similarly, N>(¢) > 0if ¢ > 0.

On the boundary U; = 0, from the first equation of (2) we have dU,/dt = DU,.
When U, > 0,thendU; /dt > 0, whichimplies that U (¢) is nonnegative if ¢ increases.
Assume Uy = 0. Since U1 = 0 is an invariant set of system (2) if Uy = 0, no orbit
could pass through the invariant set, which implies that Uj(¢) is nonnegative. Thus
Ui(t) > 0if r > 0. Similarly, U>(t) > 0if ¢t > 0.

Boundedness of the solutions is shown as follows. From (2), we have

d(U; + N1 + Uy + Np)
dr

= Noi + Nop — (N1 + Np) — (m Uy +m2U2+g1U12 +g2U22)

< No1 + No2 —q(Uy + N; + Uz + N2).

From the comparison theorem (Hale 1969), we obtain lim sup,_, ., Z?ZI(U,' 1) +
N; (1)) < (Noi + No2)/q. Thus there are §g > 0 and T > 0 such that whent > T, we
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have U;(t) < (No1 + No2)/q + 60, Ni(t) < (No1 + No2)/q + S0, i = 1, 2. Therefore,
solutions of (2) are bounded. O

When there is no diffusion, system (2) becomes two independent subsystems. We
consider subsystem 1, while a similar discussion can be given for subsystem 2. Now

model (2) becomes
dU; U r1Ny U
= _ —my —
dr 1 1+ N, 1 81U1
dN, riN1U;
—— = No1 — N1 — .
dr 1+ N;
Then solutions of system (3) are nonnegative and bounded by Proposition 2.1.
If r; < my, then dU;/dt < 0, which implies that Uy — 0, N — Np;. Thus we

assume r; > m in the following discussion. Since U; = 0 is a solution of (3), the
Nj-axis is an invariant set of (3).

3)

Proposition 2.2 There is no periodic solution in system (3).

Proof Let F| and F; be the right-hand side of (3). Let B = 1/U;. Then

d(BF)) 3(BFy) r 1
= — —g1—— <0.
AU, IN 1+ Np)? U
By the Dulac’s Criterion, there is no periodic solution in (3). O

Equilibria of (3) are considered as follows. Denote H; = 1/(1 + Nj). Then the
Jacobian matrix of (3) is

_ (nNiH —m =2a1U; riUiH?
—ri1N1H; —1 —V1U1H12 ’

There is one-boundary equilibrium of (3), namely, E1(0, No;). E1 has eigenvalues
n _ _1 (2) _ riNoi _
My ==L K" = 15Ny — M-

There is at most one positive equilibrium of (3). Indeed, system (3) has two iso-
clines:
Ly: (rn—m—gUD(+N)=n
1 1
Ly: Uy = fa(N1) = —(Not — N1 + —).
T Ny

Then

) dfz 1 Noi
No1) =0, 1 Ni)=o00, —=——|[14+— 0.
f2(No1) NII_I}}Hfz( 1) =00 an, p < + le) <

Thus isocline L; is monotonically decreasing and (0, No1) € L2, as shown in Fig. 1.
Isocline L; is a hyperbola with asymptotes Uy = (r; — m1)/g1, N1 = —1 and
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Dynamics of subsystem
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Fig. 1 Phase-plane diagram of system (3). Stable and unstable equilibria are identified by solid and open
circles, respectively. Vector fields are shown by gray arrows. Isoclines of Uy, N are represented by blue
and red lines, respectively. Let r{ =2, m| = g1 = 1, Ng; = 1.5. All positive solutions of (3) converge to
a positive equilibrium (Color figure online)

©,my/(r1 —my)), (—m1/g1,0) € Li. Thus system (3) has a positive equilibrium
E+(U1+, N1+) if and only if No; > m1/(r; —my), i.e., u,(12) > 0.
The Jacobian matrix of (3) at ET is

gt (80 rUy Hy
—r1N1H1 —1—V1U1H12 ’

Then tr/* = —giUj — 1 — riUiH? < 0 and detJT = (1 + U1 H})gi1Uy +
riN1UiH; > 0. Thus E* is asymptotically stable. By Proposition 2.2, E* is globally

asymptotically stable. When uiz) < 0, there is no positive equilibrium in (3) and E

is globally asymptotically stable.
Therefore, global dynamics of system (3) are concluded as follows.

Theorem 2.3 (i) Assumery > m| and No; > m1/(ri —my). System (3) has a unique
positive equilibrium E+(U1+, N1+), which is globally asymptotically stable in
intR%r as shown in Fig. 1.

(ii) Assume ry < my, orry > my, Noy < my/(r1 — my). Equilibrium E1(0, No1) is
globally asymptotically stable in intR%_ in (3).

3 The Positive Equilibrium
Since the carrying capacity of system (2) is defined by stable positive equilibria, we

demonstrate existence of the equilibria in this section by showing uniform persistence
of the system. Denote
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2 2
- ri Noj ri Noj
D=|| o 2 o )
<1+N0i ml)/. (1+N0i ml)

i=1

Theorem 3.1 (i) Let r; > m;, Nogy > 22— Npp < 227 = 1,2. When

ri—mp’ rp—mp’
Z?:l ( lrjrl\/(%_ —m;) > 0, system (2) is uniformly persistent. When Z?:] ( lr_’g\‘,)(’) —
i _ i
m;) < 0, system (2) is uniformly persistent if 0 < D < D and is not persistent if
D > D.

(ii) Letr; > m;, No; > r,T_lm,’ i = 1,2. Then system (2) is uniformly persistent.

(iii) Letry > my,ry < my. When Ziz:l({j.];[\(f)éi —m;) > 0, system (2) is uniformly per-

sistent. When No| > "lrf:nl and Ziz:l ( {iLNNO(‘;I_ —m;) < 0, system (2) is uniformly

persistent if 0 < D < D and is not persistent if D > D.
(iv) Letr; > m;, No; < rm‘m ,i=1,2,0orri <mj,i = 1,2. Then system (2) is not

persistent, and equililbribim P1(0, Not, 0, Nop) is globally asymptotically stable
in intR%.

Proof (i) On the boundary N; = 0 fori = 1, 2, we have dN;/dt = Ny; > 0, which
implies that no positive solutions of (2) would approach the boundary N; = 0.

On the boundary U = 0, we have dU;/df = DU, > 0.If U, > 0, then dU;/dt >
0, which implies that no positive solutions of (2) would approach the boundary U; = 0.
Assume Uy = 0. On the (N1, N>)-plane, it is obvious that all solutions of (2) converge
to equilibrium Py (0, Ny, 0, No2). P; has no stable manifold in intRi, which is shown
as follows. Let H; = 1/(1 4+ N;),i = 1, 2. The Jacobian matrix of (2) at P is

Jui O D 0
7= J -1 0 0
| D 0 Jyz O

0 0 Jyz -1

where J1y =riN1Hy—m1—D, Joy = —riN1Hy, J33 =rNoHy—my— D, Jy3 =
—ro N2 Hy. The characteristic equation of J is (u + 1)2[,u2 + ap + b] = 0 with

2 2 2
a=2D— <r170l—m,->,b: <r1 0i _mi>_DZ( T INO; _mi>~
— \ 1+ No ZI_I I + Noi — \1+ No

=1

“4)
If Ziz=1 (g%i — mi) > 0, then b < 0 and P; is a saddle point. The matrix J
has eigenvalues ©12 = —1, which have eigenvectors v = (0,1,0,0) and vy =

(0, 0,0, 1), respectively. Its other eigenvalues and corresponding eigenvectors are

1 .
M34 =7 [Jn + J33 £V (11 + J33)2 — 4(J11 T3 — Dz)] with ug <0
USI(_D,O, Jll_/-’L350)9 U4=(_D10, ]1[_M4,0)

Since J11 — g4 = [J11 — I3+ (11 + J33)> — 4(J11J33 — D?)]/2 > 0, vg does not
direct toward intRi, which implies that P has no stable manifold in intRi. Therefore,
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no positive solutions of (2) would approach the boundary Uy = 0. Similarly, no positive
solutions of (2) would approach the boundary U, = 0. Since P; is the unique boundary
equilibrium and cannot be in a heteroclinic cycle in R% , we obtain uniform persistence
of system (2) by the Acyclicity Theorem of Butler et al. (1986).

Ity 7 (111}[\%,- —mj) <0and0 < D < D, then b < 0 and P; is a saddle point.

By a proof similar to the above one, we obtain that system (2) is uniformly persistent.

Y2, (% —m;) <0and D > D,thena > 0,b > 0and P is asymptotically

stable. Thus system (2) is not persistent.
(i1) Denote V = U; + U, and

N 1 Noi + m; s 1 N, nm; 1 rl'N()i
R . , 8= — . , 0= — s m;
0i ) 0i r—m; i ) 0i i —m; i g T Nol' i

Q={PU;,N1,Uy, N2) : 0 < U; <07,0 < |N; — Noj| <&}, i =1,2.

Then €2 is an open neighborhood of equilibrium P (0, No1, 0, Ng2) in intRi. When
P € Q, we have

2
dv riN;
El(Z) :XI:U[ <1+Ni —m; —giUi) >0

i=

which implies that P; has no stable manifold in intRi by the Liapunov Theorem
(Hofbauer and Sigmund 1998). Since Pj is the unique boundary equilibrium of (2),
Py cannot be in a heteroclinic cycle in Ri. Thus, we obtain uniform persistence of
system (2) by the Acyclicity Theorem of Butler et al. (1986).

(iii) The proof is similar to that of (i).

(iv) We consider the case r; > m;, No; <
can be given forr; <m;,i =1, 2.

From the second and fourth equations of (2), we have lim sup, _, ., N;(t) < No;, i =
1,2. Let o = % min;—1 2{m;/(r; — m;) — No;}. Then for a positive solution of (2),

there exists 7 > 0 such that when r > T, we have 0 < N;(t) < No; + 6p,1 = 1, 2.
ri Ni (1)

riT;"i ,i = 1,2, while a similar proof

Denote V = U; + U;. Then when ¢t > T, we have TNy — Mi < 0 and
v, v, (AN 0 ) + o, (22 U,) <0
—_— = —_— —my — — m-n —
& 2) 1 I+ 1— 8101 2 T+ N 2—&Uz ) =

which implies that P; is globally asymptotically stable in intRi by the Liapunov
Theorem. O

Theorem 3.1(i)(iii) exhibits the role of diffusion rates in persistence of consumer. When

. . r1No1 2 ri Noi .
the growth rates are intermediate such that ; TNor M1 > Oand ) 7 ( o N(ln —m;) <

0, the consumer survives in two patches when the diffusion rate is small (0 < D <
D). However, it would go to extinction when the rate is large (D > D) because
P1(0, Noi, 0, Nop) is asymptotically stable. The underlying reason is displayed in

@ Springer



Asymptotic State of a Two-Patch System with... 1673

Sect. 5. Since the consumer persists in system (2) when 0 < D < D, it is the large
diffusion rate that results in the extinction.
By Theorem 3.1, we conclude the following result.

Corollary 3.2 Ifzizzl ( lrﬁ]\(l)é,- —m;) > 0, system (2) is uniformly persistent for D €
0, 0).

When system (2) is uniformly persistent, its dissipativity by Proposition 2.1 guar-
antees that it has a positive equilibrium P* (Butler et al. 1986).

Theorem 3.3 Assume that P* is a positive equilibrium of system (2). Then P* is
asymptotically stable when D is large.

Proof Denote H; = 1/(1 4+ N;),i = 1, 2. The Jacobian matrix of (2) at P* is

J:11 jlz_ D 0
ot =2 0 0

D 0 J33 S

0 0 Jiz —1—Jx

where

_ U _ _
Jii = —DFZ — iUy <0, Jia =rUiH} > 0, Joy = —r N1 Hy <0,
1

- U - -
J3z = —DU—1 — 22Uy <0, Jay = r2U2H22 >0, Jy3=—-—rNHy <O.
2

Then the characteristic equation of J* is u* + ayu’ 4+ ayu® + asp + as = 0. When
D — o0, we have

U, Ui
a = —D* — Jn(1 + J12) — JarJia — J33(1 + ) — JazJaa + (1 + Jia — Ji) (1 + Jag — J33)

B S U U
al=2+112+J34—111—J330<D<fl+f2)>0

- - (U U
ch(2+le+J34)<—l+—2)+DA>o
U, ' U
ay = [—Ji(1 + Ji2) — I Jial (1 + J34 — J33) + [—T33(1 + J34) — Jaz Jaa)(1 + Jia — J11)
— D2(2 + J_12 + j34)
Uy - - [ U - - [
x D Fl [(1 + Ji2)(1 + J34) — J43J34] + FZ [(1 + Ji2)(1 + J34) — J21J12]

+ DAQR+ Jin+ J34) >0
ay = [—Jn (1 + Ji2) — I Ji2ll—J33(1 + Jsa) — JuzJaal — D>(1 + Ji2) (1 + Jaa)

U - - - U - - - - -
x —D |:U72(1 + J12)Jaz3 J34 + ?1(1 + J34)J21J12] + DA+ Ji2)(1 + J34) > 0
1 2
where A = g1U12/U2 + g2U22/U1 > (0. Then we have
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a1 - - (U U\? U U
a o<D2(2+J12+134)<7;+7T> +1)2A<U;+72)>0,
1

ap 1 0 2
_ _ _ U U: U U - - _ _
a a a|o«xD? (71+72> [(—l+—2> 2+ Ji2+ J34) L+ Ji2)(A + J34)
0 dai a Uy, U U, U
4 a3
~ U s Bddne = L 4 i) da T |+ D32 (Y4 2
U, Wil = o 12)J21J12 N\t

3 Ui % 7 \2 3 3 7 \2
+ DA F-i-a [(1+J12) + 1+ T2+ J34) + (1 + J34)°] > 0

By the Hurwitz Criterion, P* is asymptotically stable when D is large. O

When there is diffusion and the diffusion rate approaches very large values (i.e.,

D — o0), thatis, D > U; (lrjr[\} — m; — g;Uj), the stable positive equilibrium

pP* (U1, N1, Uz, N»), in this limit, satisfies Uy — U, — 0. This must be true because
Ui(£5- i N —m; — g;U;) is bounded to finite values by Proposition 2.1. That is, equilib-

rium P*(Uy, N1, Uz, Np) of (2) satisfies Uy =~ U, &~ Z. By Proposition 2.1, equilibria
P* are bounded if D — oo. Thus the sequence {P* : D € (0, c0)} has convergent
subsequences, whose limit points can be written as I3(Z , N1, Z, Np).

By summing the first and third equations of (2) and by the second and fourth equa-
tions of (2), we obtain the following equations that the limit point P(Z,Ni, Z, N»)
satisfies:

rili — —a1Z + — —29Z =0
m
1+ N Bt 1+ N 28 )
N N rili =0, N N 2% =
o1 ! 1+ N ’ 02 2 14+ N

Therefore, we conclude the following result.

Theorem 3.4 Assume Z?:Nlrﬁ?é. —m;) > 0. Then Eq. (5) has a unique positive

solution P.

Proof The point P is positive if Zl.z:l(lri+—/>'\% — m;) > 0. Indeed, suppose Z = 0.

Then U; — 0if D — oo. From (2), we have N; — Ny, if D — oo, which implies

that le 1 U-(lr_":\,{?(’; —m; — giU;) > 0if D — oo. However, from (2), we always

have Zl 1 Ui (& 1+N —m; — giU;) =0as D € (0, 0o), which forms a contradiction.

Suppose N1 = 0. From the second equation of (2), we have dN|/dt — No; > 0 if
D — oo, which contradicts with N1 = 0. Thus Ny > 0. Similarly, we have N, > 0.
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Asymptotic State of a Two-Patch System with... 1675

The positive point P is unique. Indeed, let F; = F;(®, Uy, N1, Uz, N3) be the left
hand of(§), where ©® = {Ngj,rj,mj, g, j =1,2},i =1,2,3. The Jacobian matrix
of F; at P satisfies

D(F,, F», F3) _(gl +g2) V]le r2H22
detm“ﬁ:det —I"]N]Hl —1—r|H12Z 0
(Z, N1, N2) —ro Ny Hy 0 -1 —rszzz
2
=—@+8) [ [ +riHZ) = riN2H; (1 + 1 H{ Z) = r{ N1 H{ (1 + 2 H3 Z) < 0.

i=1
(6)
Let ®y = {Noj = No,rj =r,mj =m, g; = g, j = 1,2}. By symmetry in (5)
and Theorem 2.2, Eq. (5) has a unique positive solution Py. By (6) and the Implicit
Function Theorem, there is a small neighborhood of ®¢ in which equation (5) has
a unique positive solution P. Since (6) holds for all ® and positive solution P, the
Implicit Function Theorem implies that the unique positive solution P derived from

Py can be extended to all © with 37, (L l}/\?’ — m;) > 0. This completes the proof.
o

4 Asymptotic State

Total realized asymptotic population abundance (abbreviated TRAPA by Arditi et al.
2015) varies in heterogeneous/homogeneous resource distributions with/without con-
sumer diffusion. For convenience, denote

TO = TRAPAheterogeneous, no diffusion» Tl = TRAPAheterogeneous, diffusion
T2 = TRAPAhomogeneous, no diffusion s T3 = TRAPAhomogeneous,diffusion

in which 71 = TRAPApe(erogencous, diffusion denotes TRAPA at equilibrium in hetero-
geneous environments with infinite diffusion, and similar explanations can be given
for the others.

4.1 Source-Source Populations

This subsection considers source—source populations in which the species can persist
in each patch without diffusion. We exhibit 77 > Ty under conditions and show
T3 =1, > Tp. Let

Nor =No+¢€, No=No—€, ri=r>m, mi=m, gi=g,i=12 (7)

where Ny > m, le| < €,€ = Ng —
homogeneous if € = 0.

m . .
. Then resource inputs in two patches are
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Theorem 4.1 Let (7) hold. Then

(i) T3 =T, > Ty.
(it) T, > Typ.

Proof (i) When there is no diffusion (i.e., D = 0), the positive equilibrium
P(uy,ny, us, ny) of (2) satisfies

rni 0 rnjp 0
—m —guy; =0, —m— gur =
1+n g 1+ny sl 8
No + L o, W, R ®
€ — —_ = s — € — —_ =
0 S 0 T

where Ty = u1(€) + uz(e), To = u1(0) 4+ u2(0). By differentiating each side of (8)
on €, we obtain

G o de de T

-1
dn; g duy du 2 g 1

— rnthy + (1 +rhju)— >0, h = . 09

|: 1h +( 1l)rh% ST 9)

When there is diffusion (i.e., D > 0), it follows from Corollary 3.2 and Theorem 3.3
that system (2) has a stable positive equilibrium P* if the diffusion rate D is large,
and their accumulation point P is positive.

Assume € = 0. Then 73 = 2Z where Z is defined by (5). From the symmetry in
(5) and (8), we obtain 73 = 7> since the root is unique by Theorem 2.3.

Assume € > 0. Then 71 = 2Z(€) where Z is defined by (5). From the analyticity
of (5), components of P (N1, Z, N>, Z) are differentiable on €. Denote H; = 1/(1 +
N;), i =1, 2. By subtracting the second and third equations of (5), we have Ny — N, =

Z¢ > (. By differentiating each side of (5) on €, we obtain

1+rZH Hy
dN; dN, dz
H>—— 4+ rH}—= —2¢g— =0
T de i de gde
dN; 2 dN; dZ
l—-——rH —Z —-rNH— =0
de T de T 1de
dN, 2 dN2 d
1= ——= —rH}——=Z —rNyHy— =0
de de

From N; > N», we have

dZ a rH}? rH3 r*NiH} r*N,H3

— =, a= — , b=2g+ >
de b I+ rH?Z  1+rHZ STTerHz T v rmlz

Thus ‘gl—f < 0if € > 0, which means T, > T; because 73 = T» = T1(0). A similar
discussion could show that % > 0ife <0.Thus I» > T;.

(ii) By Theorem 2.3, there is a unique positive solution P (u1, ny, uz, na) of (8),
and u; = u;(e),n; = n;(e) are differentiable on € by the analyticity of (8). By
differentiating each side of (8) on €, we obtain
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dn; Y du;  du;

G e de = (- 1)l+1[(1+rh2u) S+ ikl

l

d(ur + Mz)

-1
h .
de +rny 2i|

~1
(1 +rh3 Ml) +rnihy — | (A +rh3 uz)
rh1 h2

We focus on € > 0, while a similar discussion can be given for ¢ < 0. Then we
have dd"; > 0, % > 0 and n; > ny,u; > up, which implies M < 0. Thus,

W>Oaﬂde>Tg. |

Remark 4.2 (i) Theorem 4.1 demonstrates that 73 = 7> > Ty and T3 = T» > Ty
for general heterogeneous/homogeneous distributions of resources. Indeed, for
any nutrient inputs with No; > Npp > ﬁ, we can rewrite them as Ng; =
No + €, Noo = No — € with Ng = (No1 + No2)/2, € = (No1 — No2)/2.

(i) Zhang et al. (2017) displayed T > Tj in (2) if g; = 0O, in which 77 is obtained by
letting N; = —~ (see (D19), Supporting Information Appendix D, Zhang et al.
2017). This i 1s not appropriate because N1 > N, as shown in the above proof.

Next we exhibit 77 > Ty under conditions. Let

Noi = No+3d8€, Np=No—68€, ri =r+€,rp=r—€, mj=m, gi=g,i=1,2
(10)

where r > m, No; > rm,8>0
When there is no diffusion (i.e., D = 0), the positive equilibrium P (u1, n1, uz, ny)
of (2) satisfies

(r +e)ny (r —é)na

—— —m—gu; =0, ———-m—gu;=0

14+n 14+ ny (11)
(r +e)njuy (r — e)nauy

No+68c —n —————=0, Nyp—8c—np— ——>—""=

0+ o€ —m 14+m 0 cTm 14 ny

where u; = u;(€),n; = n;(e),i = 1,2. Then Ty = u1(e) + us(e).
When there is diffusion (i.e., D — 00), the positive solution P(Z, N1, Z, N3) of
(5) satisfies

(r 4+ €)Ny (r —e)Ny

—2m —2¢Z =0
1+ Ny 1+ N, (12)
NiZ —e)NLZ
1+ Ny I+ N,
where N; = Nj(e), Z = Z(¢),i = 1,2. Then T} = 2Z(e).
If € = 0, symmetry of equations (11)—(12) implies
ui(0) = Z(0), n;(0) = Ni(0), i =1,2. (13)
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Theorem 4.3 Let (10) hold. Let § < 89 =

n
H_;]/L , where (U1+, N1+) is the positive
equilibrium of the corresponding subsystem (3) with € = 0. Then there exists €y > 0
such that if 0 < |e| < €, then Ty (€) > To(€), and T1(e) — To(€) is a monotonically

increasing function of |€|.

Proof Let f(e¢) = Ti(e) — To(e) = 2Z(¢) — uy1(€) — ua(e). From (13), we have
f() =0. .

We show 3—2(0) = 0 as follows. Denote h; = 1/(1 + n;),i = 1,2. From the
analyticity of (11) and (14), u;(¢), n;i(€¢), U;(€) and N; (¢) are differentiable on € if €
is small. By differentiating each side of (11) on €, we obtain

d dnj duq
S—E—nlhlul (r—i-E)hlu]L—(l’-‘ré)n]h]—:O
de de
dns dny d
— 8 — — +nohouy — (r — e)h2u2i —(r— e)nzhzﬂ =0
de de de (14)
2 nl du1
nihy + @ +e)hi——-—g—=0
de
d
— nohy + (r — e)hzﬂ —g% — 0.

By summing the first two and last two equations of (14) and letting € = 0, we have
dny dna rnih duy  dun
— 2 )lemo=———5— (== + = ) le=0
de de 1+rh1u1 de de

rnihy g duy duz)
—t+— ||+ =0
<1+rh%u1 rh%) (de le=0

dny dnp du;  dup
-+ — 4+ =0. 15
<de de)lgo (de d)'eo =

Denote H; = 1/(1 + N;),i = 1, 2. By differentiating each side of (12) on €, we
obtain

which implies

,dN; dz »dN>
N\Hy + (r + € H} a4 —ng— — NyHy + (r —e)H; — P =0.
dN dN dz
§— —L —NIH\Z - (r + )H}Z— — (r + €)N|Hi—= = 0 (16)
de de de

dnN, 5. dN> dz
—8— —+NoHZ - (r—e)Hy Z— — (r —€)NoH,— = 0.
de de de

Let € = 0. From the first equation of (16), we obtain

dN; dN> 2g dZ

de " de  rH?de
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By summing the second and third equations of (16), we have

0

20(14+rH?Z) | dZ
|:2rN]H1+Mj|_

rH 12 de
which implies that

dz dN; dN,
de() de()+de()
Thus $£(0) = 0.

We show (3127{(0) > ( as follows. By differentiating each side of (14) on € and
letting € = 0, we obtain

d2n1 2 dn1 dul 3 dnl 2 2 d2n1
— F — 2/’11M1¥ — 2n1h1¥ +2rh1u1 (E) — rhlulp
dl’ll du1 d2u1
=2rh?— — hy—s-
"M de +rm ge2
d%n, 5 dnp duy 3 dny 2 5 d?n,
— F + 2]’!2M2¥ + 2112]12@ + 27‘]121/!2 E — I’hzuzm
dny d d? a7
ny dup U
=2rh3——= hy——
"2 4 de trm 24ez
dny dny 2 d2n1 d2u1
2h— —2rhd [ — h— = g—s
U de rl(de>+rld62 8 4e2
dn2 3 dl’lz 2 2d2n2 d2u2
—2h3—= —2rh3 | — hi—= = .
2 de r2(de>+r2d62 £ ae?
By summing the first two and last two equations of (17) respectively, we have
d2n1 d2n2 2 d2M1 d2u2
<_d62 + e > (l + rh1u1> + <_d62 + = )rn1h1
dn1 du1 dnl 2 dnl du1
= —4h%uj— —Adhiny— +4rhduy [ — ) —4rik?—— 18
11 de 1 de e lul(de " Ude de (18)
d’ny d*np g (dPur d*un 4 dni )\ dn;
T e S (2 e S — ) 2
de?  de?  rpi\ de?  de? e ) de

which implies

d2 d2 1 dn \> 4d dn\ d
U, ”2:_[_4h1 (ﬂ) +_ﬂ—4h1<n1+rhlﬂ>ﬂ:|
(19)

de? de? ko de

ko = 5 (14 rhfuy) + rhiny > 0,
rhy
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By differentiating each side of (15) on € and letting € = 0, we obtain

N PN, 2g &2 4H1<dN1) 44N,

ez T de? rH} de? de r de
2 (1 +rH? ) 2122 oz (A o EZ
- r - — r — ) —r — =
“de? ‘ T de 2 de e
_ &N (1+rH3z) vz oz (Y2 EZ
r —r =
de? 2 27 de 2 de e
(20)
By summing the second and third equations of (20), we obtain
2N, AN, ) 5 dN 5 (AN a2z
- ( 7 T o ) (14 rH}Z) - 48] Z—t arHz (¥> —UHN TS =0,
2D
From the first equation of (20) and (21), we obtain
d*(2z 1 dN 4dN
rer i,y (i + Rt 22)
de? ko de r de
Let € = 0. From (14), we have
d 8 h d d
an_ ~|—n1/(72‘ D 5= >0, n1+rh1£=£ﬂ>0
de rnthy + (14 rhiuy)g/(rhy) de hy de

From (14) and (16), we have

dny 8 —mihyuy —rnhy 4L o AN _ 8- NiHZ

—_— < —_— =
de 1+ rhiu; de 1 +rH}Z

which means dnj/de < dN;/de < 0 by (13). Thus, from (13), (19) and (22), we
obtain
d22z) 2wy d*us
> +
de? de? de?

L. . d3f
which implies —(0) > 0.
Since f(0) = O, i (0) =0 and (0) > 0, the function f = f(€) is convex

downward at € = 0. Thus there ex1sts eo > O such that f(e) = T1(e) — To(e) > O if
0 < |e] < €9 and T1(€) — To(€) is a monotonically increasing function of |€|. O

Theorem 4.3 makes sense biologically. The result that 77(¢) — To(€) is a mono-
tonically increasing function of |€| means that the larger the difference between the
growth rates, the higher the difference between 77 and Ty, which is clearly observed
in experiments (see Fig. 4 in Zhang et al. 2017).
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4.2 Source-Sink Populations

This subsection considers source—sink populations in which the species cannot persist
in one patch (the sink) without diffusion. We exhibit 77 > Ty under conditions and
show T3 = T, > Tj. Let

2
N.
r=r,mi=m, g =g, Z(llxo—m>>0. (23)
. 1

Then a direct computation shows m > 2. By Corollary 3.2 and a proof

similar to that of Theorem 4.1 and Remark 4.2(i), we conclude the following result.

Theorem 4.4 Let (23) holds. Then T3 = T» > Ty and Tp > Ty in system (2) with
source—sink populations.

Next we exhibit 77 > Tp in source—sink populations. First, we demonstrate a
threshold for Ty > Ty under conditions (e.g., Ng; = —2-). Let

r—m

Not =No+ce, Npo=No, ri=r+e, n=r,m=m, g=g,i=172 (24)

where ¢ > 0,¢ > 0, Ny = ri"m.
Note that Ng; > m%m Nop = rz’fm. Assume D = 0. By Theorem 2.3, patch 2 is

a sink and patch 1 is a source with a steady-state ET(U:", N 1+ ) which satisfies

(r +e)njuy (r +e)n
N -n————=0, —— —m— =0 25
0+ce—ng T T3, m— gui (25)

where n; = ny(€), u; = uy(€).

Note that Z?:l ( 1r-i+1>,\9(§,~ —m;) > 0. By Corollary 3.2 and Theorems 3.3-3.4, system

(_2) has a stable positive equilibrium P (U1, N1, Uz, N»), and the accumulation point
P(Z, N1, Z, N») of the equilibria satisfies

Ni1Z N> Z
mzo, NO_NZ_F2 -0
14+ N 1+ N

(r +¢€)N; rNp

1+ N 1+ N,

No +ce — N1 —

(26)

—2m —2gZ =0

where N; = Nj(e¢), Z = Z(e) are differentiable on € by the analyticity of (26),
i=1,2.Then T1 =2Z(¢).
If € = 0, symmetry in Egs. (25)—(26) implies
n;(0) = N;i(0) = No, u;(0)=2(0)=0,i=1,2. (27)
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If € < 0, then No + ce < m/(r + € — m), which implies that n;(€) = N;(e) =
No, uij(e) = Z(e) =0,i = 1, 2. Denote

_ Ni(g+r*NiH} +r*N{H})

rNi1H(2g + r2N\H}) INi=No-

€0

Theorem 4.5 Let (24) hold. Then there exists €y > 0 such that when 0 < € < €y, we
have Ty > Ty if 0 < ¢ < ¢, and Ty < Ty if ¢ > co.

Proof Let f(¢) = Ti(e) — To(€) = 2Z(€) — u1(¢€). From (27), we have f(0) = 0.
We show %(0) = Oasfollows. Denote h; = 1/(1+n;), i = 1, 2. By differentiating
each side of (25) on €, we obtain

dn ) dn duy
c—— —nihiuy — (r +e)hjuj— — (r+e)nithj— =0
de de de (28)
dn du
2
nihy + (r +€)h1¥ —ga =0
which implies
dny duq duy crh%—}—h]n]
—(0) =c— hi—@0), —(0) = ——— = 0. 29
de() ¢ r”llde()de() g+r2n1h?|€0> (29)

Denote H; = 1/(1 4+ N;),i = 1, 2. By differentiating each side of (26) on €, we
obtain

dN; 5, dNj dz
c———-—NHU -Ft+e)HHUl— — (r +e)N\H— =0
de de de
dN, 5, dN; dz
~ 22 H2U, - r Ny Hy = =0 30
de R de T 2de (30)
dN, dz
N H HP= 22 0”2 2
1Hy + (r +€)Hj P +rH, e gde
Let € = 0in (30). Then we have
dN dz dN: dz
—1(0) = ¢ — rN{H == (0), ——(0) = —rNi H; —(0)
de de de de 31)
d2) du

3 0 =70

which implies $£(0) = 0.
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We show %(04—) > 0 as follows. By differentiating each side of (25) on € and
letting € = 0, we obtain ©1(0) = 0 and

d2n1 du1 2dn1 dul d2u1
T e TAMGe T ae g =0
dny dnq d%n, d?u;
2h2— —2rh3 [ — h3 =0
U de rl(de)+ ' de2 de?
so that
d2n1 ui pany du1 d2u1
= 2nithij— = 2rhi—— — h
de? SR de d S

where C = g + r2n1h?.
By differentiating each side of (26) on € and letting € = 0, we obtain

d>N, dz ,dN; dZ d’z
— d€2 —2N1H1E—ZI’H1¥E—FN1H1F=O
d>N, 52N 4z d’z 0
—— —2rHj——— —r — =
de? 27de de 22 ger
dn, AN \?  [dN2\? 2N, &N, a2z
QHP—— —2rH? | [ — - H? —2¢—— =0
I de " 1|:<de> +<de) i de? +d€2 842
(32)
so that
d’N, N d>N, N d’z o 82 _ g2 dZ (AN AN
Sl T as 4z 5 g2t (401 4
de? de? ez e Ude \ de de
22z) 1 dN dN;\?2  [dNy\?
(2 ) 1 22 o | (S) 4 (=2 (33)
de C de de de

or i} | Ny 4 rmy (0 N2 142
—2r r — )=

! ! ! de de de
From (31), we have

dN; +dN2 2N H dZ n duy
—t+ ——=c—-2r — =c—rnth;—.
de de ! 1de ! 1de
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A direct computation shows that

d2f d?(22) d?u,

52 (0+) i 0+) i (0+)
_ 2r’N1H}(2g + r*Ni H})
N C

(34)

(co — C)E|e=07

Since f(0) =0, %(0) =0and (:T];(O—i—) > 01if ¢ < cg, the function f = f(e€) is
convex downwardife > 0. Thus thereexists €g; > Osuchthat f(e€) = T1(e)—To(e) >
0if0 < € < €.

Similarly, there exists €p» > 0 such that f(e) = Ti(e) — To(e) < 0if 0 <
€ < €n,C > cg, which implies 71 < Tp. Let €9 = min{ey, €p2}, then the proof is
completed. O

Second, we exhibit 71 > Ty under conditions (e.g., No2 < ;=.). Let

Not = No+ce, Np =No—ce, r1 =r+e, np=r—e, mi=m, g=g,i=12

(35)
where r > m, No = -, ¢ > 0.
Th 4.6 Let (35) hold. L fo= —MM_p 1 Then th ]
eorem 4. et (35) hold. €IC<CO—W, 1= 13wy en there exists

€0 > 0 such that if 0 < |e| < €g, then Ti(e) > To(e), and Ti(e) — To(€) is a
monotonically increasing function of |€|.

Proof When we regard ¢ as § in the proof of Theorem 4.3, we obtain the proof of
) = %(0) = 0. Recall #;(0) = Z(0) = 0 if ¢ = 0. A direct computation shows

duy _ VCHIZ + NoH,
de T g+ rINoH;

Then from ¢ < ¢p, we obtain ((ljo{ (0) > 0 by a proof similar to that of Theorem 4.3. O

5 Discussion

In this paper, we demonstrate existence of stable positive equilibria in a two-patch sys-
tem with diffusion. Limit of the equilibrium exhibits that homogeneously distributed
resources support higher carrying capacity (73 and 7>) than in heterogeneously dis-
tributed resources with diffusion (77 ), which can support higher carrying capacity than
heterogeneously distributed resources without diffusion (7p). These results coincide
with experimental observations by Zhang et al. (2017) and extend previous theory to
consumer-resource systems with external resource input.

The biological reason for 73 = T5 is homogeneous environments. Indeed, in homo-
geneously distributed resources, there is no difference between the two patches, which
implies that there is no difference between diffusion and non-diffusion, such that
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T3 = T, as shown in Theorem 4.1(i). The reason for 7, > T} in Theorem 4.1(i)
is resource-wasting. Recall No; = No 4+ €, Nop = No — €,r1 = rp with e > 0.
Assume that the consumer approaches carrying capacities UiJr in each patch without
diffusion. From (9), we have U2+ <U 1+ . Then assume that diffusion D occurs: DU}:r
(resp. DU 1+ ) individuals are transferred to patch 1 (resp. patch 2) with DUngr < DU
Because r1 = ry, the larger resource Ny in patch 1 is wasted since DU,” < DU ]+ s
such that 77 < T3. Similar discussions can be given for 7> > T in Theorem 4.1(ii)
and 753 = T> > Tp in Corollary 4.4.
The result of T} > T in Theorem 4.5 holds if

Not > Nop. =72 oL (36)
" Noi—Nox <o

which means that for one increased unit of nutrient input in patch 1 (i.e., No; —
Nop = 1), the increased growth rate in the patch should be larger than a certain
value (i.e., r1 — r2 > 1/co). Thus, condition (36) exhibits that there should be a
positive relationship between nutrient input, Ng, and growth rate, r, for 7y > Ty,
which provides an insight different from that in (1) and may be useful in testing
systems with resources.

If r; —r2 < 1/co, then T} < Ty by Theorem 4.5. On the other hand, the condition
given by Freedman and Waltman (1977) can be written as

r—r 1

Ki>K,y, — >
Ki—Ky ¢o

(37

where ¢y) = K7 /r>. Thus, both of (36) and (37) mean that the larger the nutrient input
(resp. the carrying capacity) in a patch, the higher the growth rate should be. That is,
there is a positive relationship between resource input and growth rate since carrying
capacity in a homogeneous environment is determined by resource. However, since
condition in (36) is different from (37) and is more testable, it provides new insight.
The biological reason for 77 > Ty in Theorem 4.5 is explained as follows. Recall
Noi = No+c€, Njp = No, r1 =r+¢€,rp =r withe > 0,c >0, Ngo=m/(r —m).
Assume that the consumer approaches the carrying capacity U l.+ in each patch without
diffusion. From Theorem 2.3, we have 0 = U2+ < U1+ . Then assume that diffusion
D occurs: DUZJr (resp. DU]Jr ) individuals are transferred to patch 1 (resp. patch 2)
with 0 = DU2+ < DU1+ . Since ry is high, subpopulation 1 rebounds quickly to
diffusion losses and subpopulation 2 remains “overfilled,” such that 77 > Tp. This
is confirmed by experimental observations that the “extra individuals” reside in the
low nutrient wells. However, when r; is not high, the increase of DU2+ (< DU 1+ )
in patch 1 cannot compensate the loss of DU 1+ in patch 2 where r; is low, such that
T1 < Top. Similar discussions can be given for 71 > Tg (resp. 71 < Tp) in source—sink
populations in Theorem 4.3 and the extinction of consumer because of diffusion in
Theorem 3.1(1)(iii).

Theorem 3.1 displays new prediction that increasing diffusion rate of consumer
could change its persistence to extinction in the same-resource environment. As shown
in Theorem 3.1(i)(iii), the consumer cannot persist in patch 2 with non-diffusing. If
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the growth rates are intermediate such that r; > m; and Z?:ﬂ% —m;) < 0, the
1

consumer persists in both patches when the diffusion rate is small (i.e.,0 < D < D),
while it goes to extinction when the diffusion is large (i.e., D > D). The reason is
that when the diffusion rate is small, subpopulation 1 has sufficient time to rebound
to diffusion losses, which results in the persistence. When the diffusion rate is large,
the consumer goes to extinction because of the sink patch 2.

It is worth mentioning that the analysis method in this paper can be applied to the
multiple-patch model though our analysis uses the simplest two-patch system. The
comparison of carrying capacities in the n-patch model is left to be studied in the
future.
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