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Abstract
A previous mathematical model has successfully simulated the rapid tear thinning
caused by glob (thicker lipid) in the lipid layer. It captured a fast spreading of polar lipid
and a corresponding strong tangential flow in the aqueous layer. With the simulated
strong tangential flow, we now extend the model by adding equations for conservation
of solutes, for osmolarity and fluorescein, in order to study their dynamics. We then
compare our computed results for the resulting intensity distribution with fluorescence
experiments on the tear film.We conclude that in rapid thinning, the fluorescent inten-
sity can linearly approximate the tear film thickness well, when the initial fluorescein
concentration is small. Thus, a dilute fluorescein is recommended for visualizing the
rapid tear thinning during fluorescent imaging.

Keywords Tear film · Marangoni effect · Dry eye · Fluorescent imaging

1 Introduction

Millions of people seek eye care for dry eye syndrome (DES) (Stapleton et al. 2015). Its
symptoms include blurred vision, a gritty or dry sensation, as well as other discomfort,
and thus diminish quality of life (Mertzanis et al. 2005; Miljanović et al. 2007). The
prevalence of DES is estimated ranging from 5 to 50% under different diagnostic
criteria in different regions (Nelson et al. 2017). Further understanding of DES is
needed to improve treatments for this common condition.

One of the core mechanisms of DES is tear film instability or tear breakup (TBU),
which causes the tears to disrupt quickly and thus poorly coat the surface of the
eye (Lemp et al. 2007; Craig et al. 2017). The tear film is a multilayered film. It
is composed of a very thin lipid layer on its anterior surface over a relatively thick
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aqueous layer with a bound mucin layer (glycocalyx) at the posterior side (the ocular
surface). The aqueous layer is largely water (Holly 1973) and is normally treated as
a Newtonian fluid that is close to water in its properties (Wong et al. 1996; Sharma
1998;Miller et al. 2002; Braun and Fitt 2003; Braun 2012). The aqueous layer contains
ions from salts and a number of large proteins and mucins (Bron et al. 2004); the
large molecules cause slightly shear thinning properties of the tear film (Nagyová and
Tiffany 1999). The glycocalyx consists of glycosylated proteins that help make the
ocular surfacewettable, and it is thought to have important lubrication (Pult et al. 2015)
and protective functions (Gipson 2004; Govindarajan and Gipson 2010; Bron et al.
2015). A damaged glycocalyx has been hypothesized to promote TBU and tear film
instability (Sharma and Ruckenstein 1985; Gipson 2004; Yokoi and Georgiev 2013b;
Yanez-Soto et al. 2014; Yokoi et al. 2017). The lipid layer is primarily composed of
nonpolar lipids on the order of tens of nanometers thick (Norn 1979; King-Smith et al.
2011). At the lipid/aqueous interface, there are surface-active polar lipids and other
surface-active molecules. The nonpolar lipid layer is generally, though perhaps not
universally, believed to be a barrier to evaporation due to the nonpolar components
(Mishima and Maurice 1961; King-Smith et al. 2010; Paananen et al. 2014). The
polar lipids act as a surfactant which can drive flow in the aqueous layer (Johnson and
Murphy 2004; McCulley and Shine 1997). Differences in lipid layer structure may
correlate with DES. Experimental approaches include: specular reflection with keeler
tearscope (Craig and Tomlinson 1997); high-resolution microscopy (King-Smith et al.
2011); X-ray scattering methods (Leiske et al. 2012; Rosenfeld et al. 2013).

The Dry Eye Workshop (Craig et al. 2017) has classified DES into three cate-
gories, where two of them are predominant: aqueous tear-deficient dry eye (ADDE)
and evaporative dry eye (EDE). The third category is non-mutually exclusive; a mix-
ture of ADDE and EDE. The core mechanisms of DES are generally accepted to be
tear hyperosmolarity and tear film instability (Lemp et al. 2007). Tear hyperosmolar-
ity may result from either water evaporation or deficiency of tear generation (Lemp
2007; Braun et al. 2015). Hyperosmolarity in the tear film can generate stress on the
ocular surface and can cause inflammation and eventually ocular surface damage (Li
et al. 2006). Tear osmolarity has been proposed as the standard (Farris 1994; Lemp
et al. 2011) for a DES test due to the fact that a dry eye is linked to hyperosmolarity
(Tomlinson et al. 2006).

Osmolarity is defined as a combined concentration of osmotically active solutes,
primarily salt ions in the aqueous layer (Stahl et al. 2012).When an osmotic difference
exists between the tear film and corneal epithelium, and osmotic flow is generated
which is typically from the cornea to the tear film (Peng et al. 2014; Braun et al.
2015). Osmolarity is typically difficult to measure in the tear film. Older methods
require either a complicated procedure or a large sample size of tears (Gilbard et al.
1978; Farris 1994). Recently, lab-on-a-chip technology has enabled a noninvasive and
quick test that measures osmolarity in a 50-nL tear sample from the inferior meniscus
(Lemp et al. 2011). This technology is able to measure osmolarity with high precision
and accuracy (Versura and Campos 2013). However, work remains to be done to
correlate tear film osmolarity with signs and symptoms of DES (Messmer et al. 2010;
Szalai et al. 2012; Amparo et al. 2014; Sebbag et al. 2017).

123



Dynamics of Fluorescent Imaging for Rapid Tear Thinning 41

Water fluxes in the tear filmduring the interblinkmaybe evaporative, osmotic and/or
tangential (King-Smith et al. 2008). Water is typically lost from the tear film to the air
outside the eye due to evaporation (Nichols et al. 2005). Water may be supplied to the
tear film via an osmotic flux by osmolarity differences across the tear/corneal interface.
Tangential flow is along the corneal surface, and it can be driven by: (i) capillarity,
which are pressure differences due to surface tension and curvature of the tear/air
interface (Oron et al. 1997); (ii) the Marangoni effect, where surface concentration
differences generate shear stresses on the tear/air interface (Craster and Matar 2009);
and (iii) intermolecular forces like van der Waals forces (Winter et al. 2010; Zhang
et al. 2004). Based on the direction of the tangential flow, it can be classified as either
convergent, which flows toward TBUand slows down the thinning, or divergent, which
flows away from TBU and promotes thinning. For an axisymmetric spot, convergent
flowwould be radially inward, anddivergent flowwould radially outward. Evaporative,
osmotic and tangential flows can all contribute to TBU, although they may be on
different timescales; this is discussed further below.

There are many different imaging methods to observe the dynamics of tears and
TBU. King-Smith et al. (2018) recently reviewed five different imaging systems: (i)
fluorescence for tear volume, (ii) reflection for tear film surface, (iii) interferome-
try for the thickness and structure of tear film lipid layer (TFLL), (iv) refraction for
the shape of tear film surface, and (v) thermal radiation for temperature distribution.
Fluorescence is the most widely used method despite some quantitative uncertainty
about absolute thickness measurement; however, when combined with other imaging
methods, it is useful for studying the dynamics and mechanism of TBU. For exam-
ple, when combined with interferometry, aqueous layer dynamics can be correlated
with TFLL dynamics to understand how they are intimately linked (King-Smith et al.
2013b). Excessive evaporation can lead to TBU for very thin areas (Nichols et al. 2005;
King-Smith et al. 2010) or holes in the TFLL, while the Marangoni effect has been
proposed to explain TBU under globs of thick TFLL (King-Smith et al. 2013b). Such
combinations of simultaneous imaging, particularly including the TFLL, can help us
determine the mechanisms of TBUmore precisely (Braun et al. 2015). Strong correla-
tion between fluorescent and thermal imaging has been observed, which supports the
conclusion that evaporation is a non-negligible cause of TBU in many cases (Kamao
et al. 2011; Su et al. 2014).

Fluorescein and other dyes have been used in a variety of ways, including: assess-
ment of the condition of the ocular surface via staining of epithelial cells (Efron 2013;
Bron et al. 2015); estimation of tear drainage rates or turnover times (Webber and Jones
1986); visualization of overall tear film dynamics (Benedetto et al. 1986; Begley et al.
2013b; King-Smith et al. 2013a; Li et al. 2014); estimation of first breakup times of
the tear film (Norn 1969); and the temporal progression of tear film breakup areas
(Liu et al. 2006). There are different ways that fluorescence may be used to visualize
the tear film. For visualizing the tear film, sodium fluorescein is instilled and both
sodium ions dissociate at physiological pH. Under those conditions, the fluorescein
glows greenwhen illuminatedwith blue light. In the dilute regime, the fluorescein con-
centration is below the critical concentration where maximum intensity green light is
emitted for fixed depth of fluid, and the intensity of the fluorescence from the tear film
is proportional to its thickness. In the concentrated (or self-quenching) limit above
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the fluorescein concentration where maximum intensity occurs, the intensity drops as
the tear film thins in response to evaporation, and the thickness is roughly propor-
tional to the square root of the intensity for a spatially uniform (flat) tear film (Nichols
et al. 2012; Braun et al. 2014). Mathematical theories are able to capture a number of
aspects of the overall tear film flow observed experimentally over the exposed ocular
surface (Maki et al. 2010b; Li et al. 2014, 2017). We use the shorthand FL to indicate
fluorescence or fluorescein below.

A variety of mathematical models of the tear film have been reviewed recently
(Braun 2012; Braun et al. 2015). Most models of tear film are 1D single-layer models,
with the common simplifications that consider the aqueous layer to be a Newtonian
fluid (Wong et al. 1996; Sharma 1998; Miller et al. 2002; Braun and Fitt 2003), treat
the TFLL as an insoluble surfactant monolayer (Berger and Corrsin 1974; Jones et al.
2006; Aydemir et al. 2010), and assume the substrate (corneal surface) under the tear
film to be flat impermeable surface (Braun et al. 2012). These simplified models have
enabled investigation of important effects on tear dynamics over the open surface of the
eye, such as evaporation into the air (Winter et al. 2010), heat transfer within the tear
film and outside environment (Scott 1988), van derWaals forces acting on the aqueous
layer (Oron and Bankoff 1999; Israelachvili 2011; Zhang et al. 2004), osmosis across
the corneal surface (Braun 2012),Marangoni effects induced by varying concentration
of polar lipid (Aydemir et al. 2010; Berger and Corrsin 1974), complete blink cycles
(Braun andKing-Smith 2007; Zubkov et al. 2012), and partial blink cycles (Heryudono
et al. 2007). Related 2Dmodels of tear film dynamics have also been developed (Maki
et al. 2010a, b; Li et al. 2014, 2017).

In several mathematical models, the lipid layer is simplified to be only polar lipid
in an insoluble surfactant monolayer, where the concentration gradient can induce a
Marangoni contribution to the flow. An early model of the upward motion of the tear
film following a blink in one dimension (1D) was developed by Berger and Corrsin
(1974); their predictions regarding upward movement of the tear film have been con-
firmed by a number of later observations (Owens and Phillips 2001; Jones et al. 2006;
King-Smith et al. 2009). Subsequent models incorporating a lipid monolayer were
developed in the context of tear film formation during blinking (Jones et al. 2005,
2006; Aydemir et al. 2010) and were able to successfully capture aspects of tear film
formation. Adding osmolarity to the model with a polar lipid monolayer was accom-
plished by Zubkov and coworkers for blinking (Zubkov et al. 2012) and for saccades
(Zubkov et al. 2013). Blinking 1D domains that include both a polar lipid monolayer
and a floating nonpolar lipid layer have also been developed (Bruna and Breward
2014).

Mathematical models of TBU have included an insoluble polar lipid layer as a
surfactant monolayer, but it can also affect evaporation. Some models have focused
on evaporation based on the amount of lipid present in the TFLL. Siddique and Braun
(2015) built a one-dimensional (1D) evaporativemodel, where evaporation depends on
pressure, temperature, and surfactant concentration. The model successfully captures
TBU induced by evaporation, but cannot detect the increased evaporation rate caused
by surfactant concentration. Peng et al. (2014) developed another 1D single-layer
model, which captures TBU induced by the excessive evaporation due to a spatial
variation in the thickness of a stationary lipid layer. The rupture of a hypothesized
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mobile precorneal mucus coating of 20–50nm over the ocular epithelial surface was
investigated by Zhang et al. (2004); their results indicated that, for a thin mobile
mucus layer, van der Waals forces act significantly to disrupt the mucus layer and
the corresponding tear breakup time (TBUT) matches the clinical TBUT for a dry
eye and a healthy eye. Recently, Stapf et al. (2017) studied a model with two mobile
Newtonian fluid layers, one is an aqueous layer and the other is the lipid layer, that is
adapted from the prior model of Bruna and Breward (2014). This model has shown
that the Marangoni effect due to lipid defects can reduce the lipid layer thickness,
which subsequently allows elevated evaporation and then TBU.

However, none of these models are specially designed to explain the lipid-driven
rapid thinning that causes TBU shortly after the blink. Simultaneous imaging of flu-
orescein and lipid layer thickness shows that dark spots (TBU regions) appear within
4 s and appear to be underneath relative thick areas of lipid, which we call ‘globs’
(King-Smith et al. 2013b). In some observations, TBU occurs much faster, in just
tenths of seconds. Different mechanisms for this type of TBU have been proposed:
one is divergent tangential flow due to differences in surfactant concentration dif-
ferences (King-Smith et al. 2008), and another is decreased wettability of the cornea
(Sharma and Ruckenstein 1985, 1986; Sharma and Khanna 1998; Yokoi and Georgiev
2013a, b; Yanez-Soto et al. 2015). Tangential flow is the only process likely to be fast
enough to account for rapid TBU. Firstly, osmotic flow is too small to slow this rapid
thinning (Nichols et al. 2005). Secondly, evaporation is too slow to account for rapid
TBU, except possibly in the case of severe ADDE with a very thin tear film. It takes at
least 8 s to observe a dark spot for a 3.5µm aqueous layer with an evaporation rate of
25µm/min. However, TBUT can be as short as 0.2 s, but the highest observed evap-
oration rate is 25µm/min (King-Smith et al. 2010). Recently, Yokoi and Georgiev
(2013a, b) have proposed that dewetting of the ocular surface can explain roughly
circular rapid breakup; they propose that an area of highly hydrophobic surface may
exist due to a faulty glycocalyx which leads to rapid TBU. Under this assumption,
the non-wetted ocular surface should correspond to a fixed location on the epithelial
surface for the dark spot after the next blink. Their data appear to show that level of
repeatability in some cases. However, our data show that dark spots were observed at
different positions in the fluorescence images after each blink (Zhong et al. 2018); this
implies that Marangoni-driven tangential flow may provide an explanation for many
TBU events with rapid thinning. We suspect that both types of TBU may occur.

Zhong et al. (2018) developed a Marangoni-driven model for rapid TBU that was
able to explain a significant part of our experimental observations. In the terminology
of Bitton and Lovasik (1998), they used both axisymmetric spot models and linear
streakmodels to test the hypothesis that globs can cause a strong tangential flowwhich
subsequently drives TBU near the glob. In both models, they simulated the globs’
different composition by assuming that the glob has a higher surfactant concentration
than the surrounding aqueous/air interface. Increased surfactant concentration lowered
the aqueous/air surface tension and thus driving flow via the Marangoni effect. Their
lubrication model used scaling appropriate to Marangoni-driven flow, and it captured
appropriate length and timescales for rapid TBU in many cases.

In this article, we use mathematical models for spots and streaks to study rapid
TBU near a glob when using fluorescence imaging. Like Zhong et al. (2018), we

123



44 L. Zhong et al.

choose appropriate length and timescales in order to derivenonlinear partial differential
equations (PDEs) using lubrication theory (Oron et al. 1997; Craster andMatar 2009).
Both models are solved in the local region for the tear film thickness (h); the pressure
(p) and solute concentrations for osmolarity (c) and fluorescein ( f ) inside the tear
film; and the insoluble surfactant concentration (Γ ) on the tear/air interface. Using
reasonable choices for the parameters, TBUT is matched with clinical experiments.
We also compute the fluorescent intensity (I ) from the tear film in order to determine
how the intensity can be used to estimate the thickness during, and the progression of,
TBU.

In Sect. 2, we provide sample results from clinical experiments and discuss our
assumptions of ourmodel. In Sect. 3, we derive themathematical models. Correspond-
ing numerical results of both models are shown in Sect. 4. Discussion and conclusions
follow; some details are given in the Appendices.

2 Fluorescent Imaging andMechanisms of TBU

FL imaging is the most frequently and widely used technique in dry eye diagnosis.
It can be used for grading ocular surface staining and measuring tear film stability
(Wolffsohn et al. 2017). The TBU time obtained using FL imaging is often called
the fluorescein breakup time or FBUT. FBUT is the time between the complete blink
and the appearance of a sufficiently dark spot in fluorescent images. When measuring
FBUT, a small amount of fluorescein is instilled into the subjects’ eye using either
a micropipette or dye-impregnated strips. Subjects are asked to blink and then hold
their eyes open as long as they can.

Besides FBUT, the percentage of area of breakup (ABU) can be used as a quan-
titative technique for tracking the TBU progression. ABU is defined as the ratio of
number of pixels inside the TBU region to those in the area of the exposed cornea,
which is found to distinguish between control and dry eyes (Liu et al. 2009; Begley
et al. 2006, 2013a).

There is agreement that less water is underneath the lipid layer in a TBU region.
For the purposes of this article, we define tear film instability or tear breakup (TBU)
to be the state when the tear film becomes sufficiently thin that the tear/air interface
reaches the top of the glycocalyx at the ocular surface (King-Smith et al. 2018).
However, the common assumption that the lower intensity (seen as the dark area in FL
images) implies a thinner tear film is not necessarily true. Choosing an appropriate FL
concentration is critical to visualizing the dynamics of the tear film. The FL intensity
I depends on both the thickness h′ and the FL concentration f ′ (Webber and Jones
1986; Nichols et al. 2012) as follows:

I = I0
1 − e−ε f h′ f ′

1 + ( f ′/ fcr)2
. (1)

Here, I0 is the normalization factor, which depends on the optical system, ε f is the
Naperian extinction coefficient, and fcr = 0.2% is the critical concentration. As
illustrated in Fig. 1, when we fix I , there exist multiple values of ( f ′, h′) that satisfy
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Fig. 1 Log–log plot of FL
intensity I and dimensionless
FL concentration f = f ′/ fcr
with the tear film thickness
h′ = 1.5, 3.5, 5µm
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Eq. (1). With different FL concentrations f ′, the corresponding tear film thickness h′
varies from less than 1.5µm to more than 5µm.

Following Eq. (1), when f ′ > fcr, I decreases quadratically as f ′ increases;
this is the self-quenching regime in Fig. 1. Self-quenching is often used to study the
effect of evaporation on the tear film. Previous work has used both low and high
FL concentration in healthy subjects to identify the potential mechanism between
evaporation and tangential flow for tear thinning in normal eyes (Nichols et al. 2012;
King-Smith et al. 2013a). The FL intensitymeasured from FL images shows a fourfold
faster decay rate when using high FL concentration compared with when using low
FL concentration. This results supports that evaporation is the main mechanism in
those cases. However, if the thinning is caused by tangential flow, f ′ does not change
significantly and the intensity decrease should be similar for both high and low initial
conditions.

Different FBUTs for evaporative and rapid thinning may also allow one to identify
them in some experiments and subjects. Nichols et al. (2005) measured the thinning
rate among different subjects; it is estimated to be between 1µm/min to 20µm/min.
Evaporation thus takes time to thin the tear film. For a tear film with thickness 3.5µm,
it takes at least 10 s for TBU to occur. But in rapid tear thinning, TBU can happen in
under a second (King-Smith et al. 2013b; Yokoi and Georgiev 2013b). In evaporative
TBU, the tear film thins due to a locally elevated evaporation profile, then the thinning
rate slows down due to the growing convergent capillarity contribution; the capillarity
contribution is generated by the deformed tear film surface. In rapid thinning, the tear
film thins dramatically in the first second, then the thinning rate slows with a weak-
ening divergent tangential contribution from the Marangoni effect and strengthening
convergent contribution from capillarity.

From recent subjects, we select one which is thought to have both evaporative tear
thinning and tangential-flow-driven tear thinning, but each in different locations. We
stabilized the FL images using custom software written in MATLAB (MathWorks,
Natick, MA, USA). We monitored the pixel value (FL intensity) at one point by
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Fig. 2 Three points selected
i = 1, 2, 3 for FL intensity
extraction are marked by arrows.
The initial FL concentration in
this subject is estimated to be
0.28%

I1,t

I3,t

t = 2.50s t = 3.75s t = 5.00s t = 6.25s

Fig. 3 Sequential images for the suspected evaporative TBU (upper row) and suspected tangential-flow-
driven TBU (lower row). Image enhanced for a higher contrast here

averaging the pixel values around it within a radius of 0.037mm (10 pixels). By
averaging the surrounding pixels, we mitigate the noise from both eye movement and
fluorescence. Figure 2 shows three locations that were monitored; the circles show
the pixels included to approximate the FL intensity at the center. The extracted time
series from the imaging data is denoted by {Ii,t }, where i = 1, 2, 3 indicates location
and t indicates time. Figure 3 shows a sequence of FL images which include the tear
thinning for {I1,t } and {I3,t }. It can be seen that a dark spot appears at t = 2.5 s in the
upper row and at t = 3.75 s in the lower row. At t = 6.25 s, the dark spot in the lower
row grows much darker than in the upper row; the dynamics shown in the lower row
is more rapid. We suspect that the upper row is evaporation-driven, while the lower
row is tangential-flow-driven. In Fig. 4, we plot the normalized data {Ii,t }/Ii,0 with
i = 1, 2, 3 as in Fig. 2. Location i = 1 is suspected to be evaporation-driven; I1,t/I1,0
decreases gradually, and the thinning rate decreases with increasing time. Location
i = 2 serves as background data for comparison, where little thinning occurs. The
thinning at location i = 3 is suspected to be tangential-flow-driven. One possible
cause for the rapid thinning at i = 3 is that an air bubble burst in the lipid layer.
The air bubble may have stayed in the lipid layer for a time, and then burst, causing
a strong outward flow that thins the aqueous layer rapidly (King-Smith et al. 2008,
2013b). Comparing I1,t with I3,t , it can be seen that if starting with the same initial

123



Dynamics of Fluorescent Imaging for Rapid Tear Thinning 47

Fig. 4 Time series of FL
intensity for three points
i = 1, 2, 3. i = 1 and i = 3 are
suspected to be
evaporative-driven and
tangential-flow-driven tear
thinning
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FL intensity, I1,t will take a much longer time for TBU to occur; i = 3 has a much
faster relative thinning rate.

Practically, it is difficult to control the initial FL concentration in vivo (Mcmonnies
2018). First, the volume of FL solution instilled, or themass dissolved from an impreg-
nated strip, is uncertain. Second, the tear volume of each subject is unknown; even
with the controlled solution volume, the resulting concentration in vivo is unknown.
However, the initial concentration in mathematical models can be easily set, and it
can be shown that different initial concentrations should be considered when imaging
TBU caused by different mechanisms. Braun et al. (2014) studied a mathematical
model for FL imaging in evaporative TBU with a uniform evaporation rate and a flat
tear film. The model conserved water and solutes. For low initial concentration, I
remains constant during evaporative thinning. For high initial concentration, I decays
with the square of f ′ due to FL self-quenching. Thus, using FL imaging at initial f ′
above the fcr was seen as better for quantifying evaporative tear thinning (Nichols
et al. 2012; Braun et al. 2014). Braun et al. (2017) extended the model by including
solute transport by advection and diffusion and with a spatially-varying evaporation
distribution. Initial FL concentration in the self-quenching regime was best able to
match computed tear film thicknesses.

To our knowledge, there is nomathematical model that has investigated FL imaging
for rapid tear thinning. Although different hypotheses exist for what causes tangential
flow in vivo, it has been accepted as a mechanism for rapid tear thinning. There are
two main hypotheses for driving forces of tangential flow: (1) dewetting of the corneal
surface (Yokoi and Georgiev 2013b) and (2) Marangoni flow induced by non-uniform
composition in the lipid layer (King-Smith et al. 2013b, 2018). In this work, we focus
on the effect ofMarangoni-driven tangential flow on FL imaging for TBU. To simulate
a strong tangential flow, we adapted our previous model (Zhong et al. 2018) which
captured the rapid thinning caused by a thicker lipid in the lipid layer.With appropriate
glob size, the tangential flow generated in ourmodel can thin the aqueous layer to TBU
in well under a second, as seen in vivo.
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3 Model Formulation

To the model of Zhong et al. (2018), we add equations for solute transport in the
aqueous layer, specifically for salt ions and fluorescein. We solve the model for the
aqueous layer thickness h, pressure p, surface concentration of polar lipid Γ , osmo-
larity c and FL concentration f . The simulated strong tangential flow allows us to
investigate the solutes distribution and resultant FL imaging in rapid tear thinning.
The model in this work also adds osmotic flow induced by osmolarity differences
between the aqueous layer and corneal epithelium; this flow is estimated to be small
in some cases (Nichols et al. 2005) andwas neglected in our previousmodel. However,
we can see a contribution in some cases in this paper. In this section, the model is given
in axisymmetric cylindrical coordinates in order to simulate the circular-shaped glob.
In Cartesian coordinates, the glob is in streak-shaped. More details about derivation
of the models are given in Appendices B.5 (spots) and B.2 (streaks).

3.1 Lubrication Theory

The tear film is about 3−5µm thick post-blink (King-Smith et al. 2004) yet extends a
centimeter over the exposed ocular surface. The thickness (d) compared to its length
(�) is thus very small. The value of dimensional parameters can refer to Table 2. The
aspect ratio in our scaling is ε = d/� = 0.0471, which allows us to use lubrication
theory to reduce the Navier–Stokes equations and attendant boundary conditions to
a manageable problem (Oron et al. 1997; Craster and Matar 2009). The tear film is
treated as a single-layer film, and this aqueous layer is considered similar to water with
constant density ρ and viscosity μ. The fluid velocity in the spot glob-driven model is
denoted u = (ur , uz), which are radial velocity and vertical velocity, respectively. The
reduced equations from (2) to (5) enforce conservation of mass for water and solutes
in the tear film, as well as the insoluble surfactant on its surface.

∂t h = −J + Pc(c − 1) − 1

r
∂r (rhū), (2)

∂tΓ =
[
Pe−1

s

(
1

r
∂r (r∂rΓ )

)
− 1

r
∂r (rΓ ur )

]
B, (3)

h∂t c = Pe−1
c

1

r
∂r (rh∂r c) + Jc − Pc(c − 1)c − hū∂r c, (4)

h∂t f = Pe−1
f
1

r
∂r (rh∂r f ) + J f − Pc(c − 1) f − hū∂r f . (5)

The dimensionless parameters in these equations are listed in Table 1.
In Eq. (2), J and ū denote, respectively, the evaporation over the tear film surface

and average velocity component along the film in the aqueous layer. Tear thinning is
controlled by evaporation, osmotic flow and advection, which are the three terms in
the right-hand side of Eq. (2), respectively. B = B(r) in Eq. (3) is a smooth function
approximating the step function which is zero on the aqueous/glob region [0, RI ] and
unity otherwise:
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Table 1 Dimensionless parameters introduced by scaling the model

Parameter Description Formula Value

S Contribution of surface tension σ0ε
3/(μU ) 1

M Contribution of Marangoni effect ε2(Δσ)0/(μU ) 1

ε Aspect ratio d/� 0.0471

A Non-dimensional Hamaker constant A∗/(ε(Δσ)0d�) 2.8571 × 10−4

Pc Permeability of cornea PoVwco/(Uε) 3.8224 × 10−10

Pes Contribution of surface diffusion ε(Δσ)0�/(μDs ) 8.9744

Pec Contribution of salt iron diffusion U�/D0 168.2692

Pe f Contribution of FL diffusion U�/D f 690.3353

φ Non-dimensional Naperian
extinction coefficient

ε f fcrd
′ 0.326

The corresponding dimensional parameters can be found in Appendix B.1

B(r; RI , RW ) = 1

2
+ 1

2
tanh

(
r − RI

RW

)
. (6)

RI is the radius for spot glob and RW is the transition width. During computation,
we choose RW = 0.05. B is introduced to smooth the transition between the bound-
ary conditions where the aqueous/air interface and the aqueous/glob interface meet
(Zhong et al. 2018). On the aqueous/glob interface, the lipid concentration is high and
constant. Outside the aqueous/glob interface (i.e., the aqueous/air interface), the lipid
concentration is initially chosen to be lower than within the glob, but it evolves in
response to surface transport that is driven by the lipid concentration difference via
the Marangoni effect [Eq. (3)]. For salt ions and FL, Eqs. (4) and (5) indicate that
evaporation increases the solute concentrations, while osmotic flow decreases solute
concentration differences in the aqueous layer. Diffusion smooths out solute variation,
while advective flow may increase or decrease concentration at a given location.

The pressure p, average flow ū and the flow underneath the tear film surface
ur (r , h, t) are given by.

0 = p + 1

r
∂r (r∂r h) + Ah−3, (7)

ū = − 1
3∂r ph

2[B + 1
4h(1 − B)] − 1

2hB∂rΓ

B + (1 − B)h
, (8)

ur (r , h, t) = − 1
2∂r ph

2B − ∂rΓ Bh

B + (1 − B)h
. (9)

The pressure is generated by the deformed tear film surface as shown in Eq. (7).
The average aqueous flow is the sum of two competing contributions, with pressure
generated from capillarity and a shear stress generated by the Marangoni effect. The
contribution from capillarity grows as tear film deformation grows, and theMarangoni
effect weakens when the lipid concentration gradient decreases. These competing
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processes lead to the phenomenon that the tear film may thin at small times but then
thicken at larger times.

3.2 Evaporation

As in our previous glob-driven model (Zhong et al. 2018), we consider four different
evaporation distributions based on different hypotheses on the composition of the glob.
However, we want to compare our results to results from an evaporation-driven spot
model with elevated water loss in a central region (Braun et al. 2017). Thus, we choose
a similar evaporation flux where the evaporation rate is high over the aqueous/glob
interface and low over the aqueous/air interface, namely

J = (1 − B)vmax + Bvmin. (10)

Here, vmax = 10µm/min and vmin = 1µm/min. We discuss the numerical results
with other types of evaporation distribution from (80) to (83) in Sect. 4.9.

3.3 FL Intensity

The FL intensity I can be evaluated via the following non-dimensional version:

I = I0
1 − e−φ f h

1 + f 2
. (11)

Here, φ is the non-dimensional Naperian extinction coefficient.
We aim to show that Eq. (11) has important consequences for understanding FL

imaging of TBU. For many cases of TBU, evaporation is the primary mechanism
(Braun et al. 2015; King-Smith et al. 2018). When evaporation thins the tear film, it
also increases the FL concentration. If the initial FL concentration is at the critical
concentration fcr or larger, FL self-quenching occurs and I decreases quadratically
as f increases. In that regime,

√
I can approximate the tear film thickness h well.

However, in rapid thinning caused by tangential flow, the tangential flow redistributes
water in the aqueous layer without changing the concentration. If evaporation is not
taken into consideration, FL concentration stays constant. For a fixed FL concentration
f , expanding for small h yields a leading term proportional to f and h (Braun et al.
2014). Therefore, we expect I to be proportional to h in our model when evaporation
is unimportant, in contrast to the evaporative case. In vivo, both situations and the
possible combination of the two may need to be considered.

3.4 Initial and Boundary Conditions

The boundary and initial conditions are quite similar to those in Zhong et al. (2018).
At the center of glob r = 0, the boundary conditions enforce symmetry and thus no
flux via

∂r h = ∂r p = ∂rΓ = ∂r c = ∂r f = 0. (12)
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We assume the domain is sufficiently long and there is no flux at r = RL . We end up
with the same boundary condition as Eq. (12) there.

For the initial conditions, all dependent variables except for the surfactant con-
centration are assumed to be spatially uniform; with our scalings, these become, on
0 ≤ r ≤ RL ,

h( f , 0) = c(r , 0) = f (r , 0) = 1, and p(r , 0) = − A. (13)

The pressure is consistent with the initial thickness via Eq. (7). We assume that the
glob has high surfactant concentration and the mobile tear/air interface outside of it
has a lower concentration initially. From our scalings, Γ = 1 under the glob and
Γ = 0.1 outside the glob. Using the transition function B(r), the initial condition for
Γ is then

Γ (r , 0) = 1 · [1 − B(r)] + 0.1 · B(r). (14)

3.5 Numerical Methods and TBU Definition

We solve the model numerically as follows. The spatial derivatives in the PDE system
given by Eqs. (2)–(9) are first discretized using Chebyshev spectral method (Trefethen
2000) and collocated on second kind points. The resulting equations are a system of
resulting differential algebraic equations (DAEs) the dependent variables at the grid
points ri or xi , i = 1, . . . n are then hi (t), Γi (t), ci (t), fi (t) and pi (t); the first
four have time derivatives, while the last does not. The boundary conditions become
algebraic conditions that are applied at the ends instead of applying the DAEs there.
The initial conditions are applied at t = 0. The DAE system is solved in MATLAB
using ode15s. We choose a long enough domain such that the results are insensitive
to it. Equation (11) is used after the solutions for hi (t) and fi (t) are found.

The simulations are run until TBU occurs in the model. We define TBU to be when
tear film surface, which may be either the aqueous/glob interface or the aqueous/air
interface, reaches the estimated thickness of glycocalyx (King-Smith et al. 2018); we
assume a representative value of 0.25µm (Gipson 2004) for this thickness. Thus,
when the minimum tear film thickness mini hi (t) decreases to 0.25µm (or 0.071
non-dimensionally), the simulation stops.

4 Results

The results of the spot model are discussed in Sects. 4.1–4.9. In Sect. 4.10, we show
similar results from the streak model. In all the figures presented in this section, the
time shown in the y-axis label has units of seconds.

4.1 TBU Dynamics and Solutes

In Fig. 5, we show computed results for the aqueous layer thickness h, surfactant
(polar lipid) concentration Γ , osmolarity c, fluorescein concentration f and scaled FL
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Fig. 5 Dynamics of tear thinning and solute transport with f0 = 1, RI = 0.5 and evaporation as in
Eq. (10). From left to right, the columns plotted are thickness, surfactant concentration, osmolarity, scaled
FL concentration and scaled FL intensity. Each row is at a different time (in seconds). The vertical dashed
line represents the glob edge at RI

intensity a2 I , in columns from left to right. Different times are shown in each row.
Here,a = 1/

√
I (r , 0) is a constant thatwe choose tomatch the intensitywith the initial

aqueous layer thickness with initial FL intensity. In this case, the dynamics of TBU are
very similar to previous results when osmolarity and fluorescein are neglected (Zhong
et al. 2018); the tear film thins rapidly at the center of the glob, and at t = 0.57 s,
TBU occurs. The rapid thinning is caused by the strong tangential flow driven by the
appreciable gradient in Γ as shown in the second column; the flow and concentration
gradient are linked via the Marangoni effect. The third and fourth columns in Fig. 5
indicate that the concentrations of solutes ( f and c ) only increase slightly. The osmotic
flow induced by the (slightly) higher osmolarity (third column) in the aqueous layer is
too weak to slow down the rapid thinning. The TBUT is the same whether we include
and exclude the osmotic flow here. The solute concentrations in the aqueous layer
change slightly due to (1) tangential flow that carries solutes when redistributing the
aqueous layer, and (2) evaporationwhich thins the tear film viawater loss and increases
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Fig. 6 Dynamics of tear thinning and solutes transport, when f0 = 1 and RI = 1.2. The columns are rows
are as in Fig. 5

the concentration of solutes. However, TBUT for rapid breakup is usually in under a
second,which only allows evaporation to slightly increase the solute concentrations. In
the last column, the scaled FL intensity I has the roughly the same shape as the aqueous
thickness h, which shows that FL intensity approximates the tear film thickness well.

In Fig. 6, we plot dynamics of TBU when the glob size is increased to RI = 1.2.
Within a range, TBUT increases as RI increases (Zhong et al. 2018); here TBUT
increases to 0.99 s because RI is in that range. When compared with RI = 0.5, the
longer TBUT allows time for evaporation to change the c and f . We find that the salt
ions have a lower concentration than fluorescein due to a roughly four times larger
diffusion coefficient (and similarly smaller Peclét number). The peak value of c and f
are located as a result of the thinner tear film there: the elevated evaporation rate over
the glob loses the same amount of water into the ambient air, but relative changes in
thickness are large where the aqueous layer is thin. Thus, both c and f are elevated
but f increases more in the thinner tear film because it diffuses slower than c. This is
consistent with previous results (Peng et al. 2014; Braun et al. 2017).
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4.2 DiffusionVersus Advection

For rapid tear thinning, fast tangential flow is the primary mechanism; evaporation
plays a role but has an unimportant contribution in this case. The different primary
mechanisms for evaporative TBU and tangential flow leads to different conclusions
regarding fluorescent imaging. To better understand the contributions to transport of
solutes in the aqueous layer, we plot the average aqueous velocity, the diffusion term
and the advective terms in Eqs. (4) and (5) for the results of Fig. 6. The diffusion terms
for the osmolarity and fluorescein are

− 1

Pecr
∂r (rh∂r c) and − 1

Pe f r
∂r (rh∂r f ). (15)

The advective terms are
ūh∂r c and ūh∂r f . (16)

Figure 7 shows h and 10ū in the first column. The positive average aqueous velocity for
all times indicates that theMarangoni effect always dominates the thinning process. At
the beginning, the Marangoni effect is so strong that a tall spike in the ū formed at the
glob edge. As the lipid spreads out, the lipid concentration difference decreases and
the outward velocity weakens around the glob edge. At the same time, the capillary
flow grows stronger due to a more deformed tear film surface. The flow, however,
stays positive and decreases as time goes on. The second and third columns plot the
diffusion and advection terms for c and f . It is shown that the advection term is larger
than the diffusion termat the beginning.As ūweakens and local c and f values increase
from evaporation, the diffusion term becomes comparable to and grows larger than
advection at t = 0.49s for c and t = 0.99s for f . The smaller diffusion coefficient
for fluorescein is responsible for the time delay.

The sign of the advection flow switches across the glob edge in the last two rows in
Fig. 7 (see right column). Based on the first column, the average aqueous flow pushes
the water from left to right. The peak concentration for solutes formed at the glob edge
at t = 0.5 s as shown in Fig. 6. To the left of the peak, the outward flow mixed the
tears of lower concentration with the tears of higher concentration, which decreases
the concentration on the left region. To the right of the peak, a similar but a converse
situation occurred.

4.3 Distribution of Solutes

Figure 8 shows the distribution of salt and fluorescein ions with small (RI = 0.5) and
large (RI = 3.2) glob sizes. The quantities ch and f h are plotted,which can be thought
of as the mass of solutes at each location (Braun et al. 2015, 2017). In both plots, the
mass distribution roughly matches the shape of the tear film and the minimum mass
of solutes occurs near the glob edge. The dominant mechanism of tangential flow
determines the shape of the tear film and has a significant influence on the solute
distributions. Three effects contribute. (1) The tangential flow thins the aqueous layer
rapidly around the glob edge. Because it is a fast process, the distributions for solute
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Fig. 7 Thickness, ū, diffusion terms [Eq. (15)] and advection terms [Eq. (16)] for rapid tear thinning for
RI = 1.2, f0 = 1 (Fig. 6)

massmimic the tear film. (2) Evaporation increases the concentration of solutes, which
may increase the solutes concentration at the thinnest film locations due to the large
relative loss of water there. However, in this case, there is little effect. (3) The non-
uniform distribution of the solute concentrations may induce diffusion and reduce the
mass of solutes around peak concentration values which may be under the glob or near
its edge. TBUT for RI = 0.5 is 0.57 s and the TBUT for RI = 3.2 is 4.97 s; since
evaporation and diffusion happen slowly compared to the thinning from tangential
flow, the effect of diffusion in the upper row (RI = 0.5) is difficult to see. If we
compare the plots in the bottom row (RI = 3.2), we observe a higher local maximum
for ch at r = 0 and a smaller local minimum near the glob edge. Those differences are
the result of faster diffusion. A more pronounced example of the effect of diffusion
will be shown in Fig. 19 from the streak model.
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Fig. 8 The solute mass distribution of solute mass for spot size RI = 0.5 (upper row) and RI = 3.2 (lower
row). In all plots, the initial FL concentration f0 = 1. The time in seconds for each curve is marked as a
number with arrow

4.4 Extrema as a Function of Time

Figure 9 shows the value of the minimum aqueous layer thickness, maximum fluo-
rescein concentration and osmolarity as functions of time with different glob sizes
RI = 0.5, RI = 1.5 and RI = 2.5. The extrema functions are defined as follows:

hmin(t) = min
r∈[0,RL ] h(r , t), cmax(t) = max

r∈[0,RL ] c(r , t) (17)
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Fig. 9 Extrema of h (upper left), c (upper right) and f (lower right) as functions of time with f0 = 1 for
glob sizes RI = 0.5, 1.5, 2.5

and
fmax/ f0(t) = max

r∈[0,RL ] f (r , t)/ f0. (18)

The minimum thickness plot is at the upper left. Initially, the tangential flow for
different glob sizes is very strong, which thins the aqueous layer rapidly at a similar
rate. However, for smaller globs, there is less water under the glob, which leads to
a faster thinning rate and shorter TBUT compared to larger globs. As illustrated in
Fig. 9, for a fixed glob size, the maximum osmolarity (upper right) and fluorescein
concentration (lower right) increase at a faster rate as time increases. The increasing
growth rate here is the result of thinner aqueous layer at a later time; the assumed
fixed rate of evaporation increases solute concentration more where the tear film is
thinner. This also explains why the smaller glob corresponds to a faster increase of
solute concentrations. The thinner aqueous layer also has a slower transport of solute
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Fig. 10 Scatter plot of the tear
film thickness and scaled FL
intensity when glob has size of
RI = 0.5, 1.5, 2.5 with
f0 = 0.1
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which helps keep solutes localized there. Since salt ions diffuse faster than FL, the
maximum c is lower than the maximum f .

4.5 Relationship Between FL Intensity and Aqueous Thickness

The FL intensity I is measured by clinicians and is interpreted as tear film thinning.
For our purposes, it is the pixel value of grayscaled versions of the FL images from
the clinic. In our model, given Eq. (11), we can evaluate the FL intensity with the
computed f and h. To observe how I approximates h, we created a scatter plot of
the aqueous layer thickness at the glob center h(0, t) and its scaled FL intensity
a2 I (0, t) in Fig. 10. We choose a dilute initial FL concentration, f0 = 0.1 (0.02%
in dimensional terms) computed results for three values of RI . Figure 10 shows that
FL intensity is roughly a linear approximation to the aqueous layer thickness, when
glob size is in the range 0.5 ≤ RI ≤ 2.5. The TBUT increases from 0.57 to 3.13 s,
but these relatively small values do not allow f to change much. With a roughly fixed
and small f , the exponential term from Eq. (11) can be expanded for small exponent
h, which yields the linear relationship between I and h. For RI = 0.5, the aqueous
thickness decreases rapidly and monotonically to TBU at the glob center, and both c
and f remain quite close to unity. For RI = 2.5, the central aqueous thickness can first
increase above unity (Fig. 10), which indicates the aqueous layer at the glob center
first thins by the divergent Marangoni-driven tangential flow and is then increased
modestly by some evaporation and capillary-driven tangential flow (capillary flow;
Zhong et al. 2018, ).

In Fig. 11, we fixed RI = 0.5 and varied the initial FL concentration from very
dilute f0 = 0.1 to high f0 = 10, which are 0.02% and 2% in dimensional terms.
As illustrated in Fig. 11, when the initial FL concentration is smaller than the critical
concentration fcr = 0.2%, FL intensity can roughly linearly approximate aqueous
layer thickness. Otherwise, the relationship is not linear and it becomes more difficult
to relate I and h. When f is large, the linear relationship fails.
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Fig. 11 Scatter plot of the tear
film thickness and the scaled FL
intensity when glob size is
rI = 0.5 with initial FL intensity
f0 = 0.1, 0.5, 1, 2, 4, 10
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4.6 Intensity and Thickness Distribution

Braun et al. (2014, 2017) point out that
√
I approximates h better when using initial

FL concentrations at about the critical concentration (0.2%) or higher for evapora-
tive TBU; f increases due to evaporation, and this causes self-quenching (Webber
and Jones 1986; Nichols et al. 2012). In the self-quenching regime, I decreases
quadratically in f as the tear film thins. For a spatially uniform film and evapora-
tion, f (t)h(t) = f0 at all times with our scalings, and approximating Eq. (11) yields
h ∝ √

I . However, in rapid tear thinning, the solute concentrations only vary slightly
and we expect I ∝ h with dilute FL as in Fig. 5. In Fig. 12, we compare h, I and

√
I at

the TBUT to evaluate these approximations. The upper row corresponds to a smaller
glob size RI = 0.5 with TBUT = 0.57 s; the lower row corresponds to RI = 2.5 with
TBUT = 3.13s. Comparing the upper row with the lower row, we can see some influ-
ences from evaporation on the bottom row. Comparing the left column with the right
column, we study the difference between using FL with low concentration ( f0 = 0.1
or 0.02%) and high concentration ( f0 = 2, or 0.4%).

In all cases in Fig. 12, a2 I estimates h better than a
√
I , which implies that tangential

flow drives TBU and FL quenching does not occur. The approximations in the upper
row outperforms those in the lower row.When TBUT = 0.57 s, I approximates h well
even when f0 = 2 as illustrated in the upper right plot. The longer TBUT = 3.13 s
allows water to escape via evaporation and the solute concentrations increase some-
what. In the lower left plot, a2 I approximates h well except in the TBU region, where
f increases more obviously; the concentrated FL under the aqueous/glob interface
corresponds to a smaller absorptance (which increases 1 − exp−φ f h), resulting in a
higher intensity there.

Comparing the left column with the right column, the FL intensity approximates
the thickness better with dilute FL concentration. When the initial FL concentration is
small, the FL concentration increases less under the same evaporation. For example,
if we only consider evaporation, when the tear film thins to half of its thickness, the
FL concentration is doubled. If f0 = 0.1 the doubled FL concentration is f = 0.2.
If f = 2, the doubled FL concentration is f = 4. Following the same reasoning, for
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Fig. 12 Aqueous layer thickness and its approximation with a
√
I and a2 I for initial FL concentration

f0 = 0.1 (left column) and f0 = 2 (right column). Top row, RI = 0.5; bottom row, RI = 2.5

a dilute FL, if TBUT is short, f can be roughly considered as a constant. The tear
film thickness can then be well approximated by I , which is shown in the upper left
plot in Fig. 12. In the upper right plot, when a higher f0 is utilized, the linear relation
between I and f breaks slightly. Comparing the lower left with the lower right plot, we
observe a downward shift in the right plot. The shift makes the estimation fit the TBU
region better. When a concentrated FL is utilized, the estimation becomes smaller due
to a larger FL efficiency

(
1/(1 + f 2)

)
. In some cases in clinics, ophthalmologists are

more interested in estimation of tear film thickness for the TBU region rather than the
overall estimation. In this case, a concentrated FL will be a better choice.

4.7 Error of Approximation with Initial FL Concentration and Glob Size

We define the �2 norm

E2 = ||h(r,TBUT) − a2 I(r,TBUT)||2 (19)
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Fig. 13 Approximation error as
a function of initial FL
concentration for RI = 0.6
(TBUT = 0.60 s)
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Fig. 14 Approximation error as
a function of initial FL
concentration for RI = 2.5
(TBUT = 3.09 s)
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to be the measure of the error at TBUT. Here, r = {
r j

}
is the vector of grid points;

h = {
h(r j ,TBUT)

}
and I = {

I (r j ,TBUT)
}
are the vectors of each variable at the

grid points. Figures 13 and 14 show the relationship between initial FL concentra-
tion and corresponding error for TBUT = 0.6 s and TBUT = 3.09 s. When TBUT is
short, the most dilute FL gives the best approximation; the small FL concentration is
roughly constant across the domain [0, RL ], and evaporation is negligible. Increasing
f0 magnifies the changes across the domain and also corresponds to a larger error in
linearizing the absorptance term. In Fig. 14, TBUT is larger and the error decreases for
smaller f0, then increases with increasing f0. This increase is caused by concentration
increases due to evaporation.

4.8 Time Sequence

In clinics, ophthalmologists track the formation of TBU until the moment when they
observe the first dark spot. Practically, it is difficult to quantitatively determine FBUT
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Fig. 15 Time sequence of tear thinning and its approximation using FL intensity, when RI = 4 and TBUT
= 11.28 s. The two initial FL concentrations shown are f0 = 0.1 and f0 = 0.7. Each row is at a different
time in seconds

because the FL intensity may not accurately represent the tear film thickness (Braun
et al. 2015; King-Smith et al. 2018). In Fig. 15, we plot the time sequence of the
approximation to the tear film thickness using FL intensity to simulate the observation
process. In order to have significant tangential flow, evaporation and diffusion together,
we choose a large glob, RI = 4; the long TBUT (11.28 s) takes enough time for
evaporation and diffusion to contribute to the dynamics. The two columns in Fig. 15
have the same (fluid) dynamics for tear thinning but different initial FL concentrations
f0 are used. In both columns, divergent tangential flow (driven by Marangoni effect)
thins the aqueous layer rapidly in the first row. Then, the Marangoni effect dies away
and the convergent tangential flow (due to the capillary effect) overcomes it. Fluid is
pushed into the thinnest areawhichmay increase the amount of fluid. Ifwe compare the
aqueous layer thickness in the first row at t = 2.82 s with the second row at t = 5.64 s,
the thinnest location shifts to the left and the aqueous layer at the previously-thinnest
location thickens slightly. TBU occurs at t = 11.28 s due to evaporation. In the first
row, themainmechanism is tangential flowand in the last row the dominantmechanism
is evaporation.Wecan considerTBU in the last row to be caused by amixedmechanism
combining the Marangoni-driven tangential flow and evaporation.

In the left column, a dilute f0 is used, and the approximation of the aqueous layer
thickness is larger than the computed tear film thickness. In this case, the theory
predicts that observed FBUT in vivo would be longer than the real TBUT because the
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Fig. 16 From left to right, we plot the FL concentration and various parts of Eq. (11). a f ; b efficiency; c
absorptance; d I at t = TBUT

higher FL intensity suggests a thicker aqueous layer. In the second row of the first
column, there is a localized bump in I and

√
I above the thinning region. The bump

corresponds to a local increase in f as illustrated in the leftmost figure in Fig. 16. The
local increase is caused by advection and diffusion. As in Figs. 5 and 7, advection
brings solutes toward the glob edge, and evaporation removes water, which elevates
solute concentration. Diffusion away from the region is too slow to smooth out the
bump in this case.

In the right column, a higher f0 is used. As shown in Fig. 16c, the distribution of
solute mass for f0 = 0.7 has a more obvious hill. However, the higher concentration
caused a much smaller efficiency which effectively canceled out the hills in I . As a
result, f0 = 0.7 approximates the aqueous layer thickness very well. Another reason
for this better approximation is that f is close to or above the critical concentration in
the TBU region.

Figure 15 shows the deviation introduced by evaporation. The approximation of
the aqueous layer thickness gets worse as time increases in both columns. In rapid
tear thinning, the FL intensity decreases rapidly and dark areas formed quickly in the
FL images. In experiments, TBU in Fig. 15 may reasonably be concluded with FBUT
= 2.82 s; the tear film is already very thin and the TBU region would appear dark.
However, the model shows h is still well above our threshold for TBU. Evaporation
takes an extra 8.46 s to overcome the capillary flow and reduce the tear film to the
0.25µm threshold. From these results, we conclude that a dilute concentration such
as f0 = 0.1 can still be considered a good choice for measuring very rapid TBU.
However, if the TBUT is larger and the suspected mechanism is primarily tangential
flow, then a concentration near but slightly lower than fcr may be better to both avoid
the small hills and to obtain a generally brighter image.

4.9 Evaporation

When TBUT is long, the most dilute FL is no longer the best choice. The TBUT varies
from 0.6 to 11.28 s for RI in the range 0.2 to 4 (Zhong et al. 2018); the longer TBUTs
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Fig. 17 Lowest error of
approximation E2 as a function
of TBUT for spots; each symbol
comes from minimizing over f0
at a given RI . The symbols give
the best f0: *, f0 = 0.1; ◦,
f0 = 0.5; 	, f0 = 0.7
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allow for evaporation to make a non-negligible contribution. We quantify how well
a2 I approximates the computed thickness h for different glob sizes and initial FL
concentrations by finding the minimum error for a fixed glob size; varying the glob
size. To find the minimum approximation error at each fixed glob size, we vary f0
from 0.01 to 10 in steps of 0.1, and note value of f0 with the lowest value of E2. To
relate the results more closely to in vivo results, Fig. 17 shows the lowest error at each
TBUT. The different symbols indicate the f0 that yielded the minimum error. It can
be seen that when TBUT is less than 2s, a dilute concentration f0 = 0.3 is the best
choice. When TBUT is longer than 4s, f0 = 0.7 is the best choice for visualizing
TBU. Figure 15 is one example where f0 = 0.7 performs better than f0 = 0.3.

We also tried different evaporation distributions than the default case. Three differ-
ent distributions, given by Eqs. (80)–(83), were also studied. As found in Zhong et al.
(2018), different evaporation distributions will not dramatically change the dynamics
when tangential flow dominates the thinning process. However, evaporation is the
force that drives increases of solute concentration, and the increase is faster where the
tear film is thinner because the relative change in thickness is largest at the thinnest
locations. As shown in Fig. 18, f increases where there is nonzero evaporation and the
peak value occurs around the glob edge where the tear film is thinnest. Although the
solute concentration distribution differs mildly for different evaporation distributions,
the approximations to h using I are similar, since the dynamics of the tear thinning
are similar.

4.10 Comparison Between Streak and Spot Models

When comparingmass distribution in the spot and the streakmodel with similar TBUT
in Figs. 8 and 19, we found streak model corresponds to a stronger diffusion. The
difference between the distribution of ch and f h in Fig. 19 at TBUT = 4.65 s is easier
to tell than in Fig. 8 at TBUT = 4.97 s.

In order to find the best value of f0 to use when visualizing streaks, we used the
same process as in Fig. 17. We varied XI from 0.1 to 2 in steps of 0.1, and at each
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XI we varied f0 to find the lowest value of E2 (Eq. 19). Figure 20 shows the results.
For shorter TBU, a dilute f0 = 0.1 returns the best approximation. When TBUT is
greater than 4s, a slightly higher concentration of f0 = 0.5 appears to best according
to the theory.

5 Discussion

We studied the dynamics of solutes in the aqueous layer with a strong tangential flow
driven by the Marangoni effect from non-uniform lipid distribution. We adapted our
previous model which tries to capture the tangential flow induced by a glob in the
lipid layer (Zhong et al. 2018). The model hypothesis is based on an experimental
phenomenon where the rapid thinning region correlates with a thicker lipid layer. The
phenomenon is observed in simultaneous images of fluorescence and the tear film
lipid layer (TFLL) (King-Smith et al. 2013b); the FL images shows the thinning of
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Fig. 20 Lowest error of
approximation E2 as a function
of TBUT for streaks; each
symbol comes from minimizing
over f0 at a given XI . The
symbols give the best f0: *,
f0 = 0.1; 	, f0 = 0.5
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the tear film and the images of TFLL show the simultaneous lipid layer thickness. The
lipid layer was simplified to a insoluble surfactant on a deforming free surface with
tangentially immobile and mobile regions.

The strong tangential flow causes rapid tear thinning; with appropriate glob size,
TBUoccurs in under a second as seen in vivo. The strong tangential flowdrives aqueous
fluid from under the glob to surrounding region without changing the concentration
of solutes in the aqueous layer. As shown in Fig. 8, the solutes’ mass distribution is
proportional to the shape of the tear film; the effects of evaporation, capillarity and
diffusion are relatively unimportant in this case due to the short time for rapid tear
thinning. As a result, the FL intensity is roughly proportional to the aqueous layer
thickness when a dilute initial FL concentration f0 is used. This linearity allows us to
approximate the tear film thickness h using the FL intensity I . We tried different evap-
oration distributions; the approximations to the tear film thickness using FL intensity
vary slightly but are very similar.

During strong tangential flow, the solute transport is dominated by advection and the
solute concentrations are effectively constant. If the initial FL concentration is lower
than the critical concentration fcr = 0.2%, this leads to a linear relationship between
I and h as shown in Fig. 10. The shorter timescale of tangential-flow-driven tear
thinning corresponds to fast thinningdynamics; evaporation ismuch slower. Therefore,
in Fig. 15 (TBUT = 11.28 s), it appears that tangential flow thinned the tear film
dramatically in thefirst 3 s, and then evaporation kept thinning the tear film slowly in the
last 8 s. The linear approximation I ∝ h still holds and self-quenching does not occur
even if TBUT is long. In all the cases, we showed in this manuscript, I outperforms

√
I

when approximating the aqueous layer thickness. This result is different from model
results from evaporation-driven TBU models (Braun et al. 2015, 2017; King-Smith
et al. 2018), in which fluorescein quenching occurs and

√
I approximates h better

than does I . Our model shows that in rapid thinning, if the TBUT is less than 4s, for
0.1 ≤ f0 ≤ 2 (i.e., 0.02% ≤ f ′

0 ≤ 0.4%), I can approximate h during rapid thinning.
Figure 12 is one example. If a subject is suspected to have rapid thinning, then a dilute
f0 can provide a better estimation to the tear film thickness.
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As illustrated in Fig. 12, evaporation changes fluorescein concentration which com-
plicates the relationship between the intensity and the thickness via Eq. (11), and thus
results in errors in the estimation of h. Therefore, for the best approximation, a dif-
ferent initial FL concentration is required for different TBUT. Figure 17 summarizes
this result. For a circular-shaped spot TBU, when TBUT is less than 3s, f0 = 0.3
( f ′

0 = 0.06%) corresponds to the best estimation to the tear film thickness. When
TBUT is greater than 4s, f0 = 0.7 ( f ′

0 = 0.14%) returns the smallest error. The best
choice for initial FL concentration depends on the parameters we choose in this model,
such as (Δσ)0 and the initial thickness h0; as a result, optimal values may vary from
case to case.

The reasons for recommending slightly dilute values of the initial FL concentration
f0 can be summarized from Figs. 15 and 16. When f0 is too small, the fluorescein
distribution causes a spurious maximum of intensity to appear for longer TBU times;
this spuriousmaximumcame from the absorptance term [the numerator of Eq. (11), see
Fig. 16c]. In the case of Fig. 15, this occurred with f0 = 0.1. But for moderate values
such as f0 = 0.7, TBU at longer times resulted a lower efficiency [1/(1 + f 2), see
Fig. 16b] in the TBU region due to larger f there. The lowered efficiency counteracts
the spurious maximum in intensity from local maximum in f , giving an intensity
distribution that closely matches the thickness distribution (Fig. 16d). When f0 is too
large for this kind of TBU, then I is relatively insensitive to changes in the thickness;
this is shown in Fig. 11.

FL intensity can be used for estimation of both the tear film thickness and the
osmolarity in evaporative dry eye (Braun et al. 2015). The simplest estimation for
osmolarity is based on the assumption of conservation of salt ions for flat film, namely
c(r)h(r) =constant (Braun 2012). In rapid thinning, the mass distribution of salt ions
is proportional to the tear film thickness as shown in Fig. 8; this is due to changes
in thickness for that case. Osmolarity is better assumed to be constant rather than
estimated by FL intensity in rapid thinning.

6 Conclusion and FutureWork

In this work, we studied the FL imaging in rapid tear thinning by simulating the tear
film thinning and solute transport in rapid TBU. The model generates a very strong
tangential flow that thins the aqueous layer dramatically in 1 s. Evaporation helps thin
the tear film and concentrates concentration over the tear/glob interface. Diffusion
flow and advection flow are resulted from the non-uniform distribution of the solutes
concentration and the deformed tear film surface. Due to the short TBUT in rapid
thinning, if a dilute initial FL is applied, the solutes concentration can be considered
as a constant. The computed FL intensity can linearly represent tear film thickness.
Initial FL with a concentration higher than fcr will lead to a nonlinear relationship
between f and h, which should be avoided when visualizing tear thinning. If TBUT is
longer than 4s, the mechanism becomes complicated; the tangential flow dominates
the thinning at beginning, but at later time evaporation becomes more important. The
advection and diffusion flow causes variation in the mass distribution of solutes. Initial
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FL in the dilute regime and near the critical concentration will better approximate the
tear film thickness according to our model.

Our glob models have focused on circular spots and long streaks of TBU. However,
in most subjects, rapid TBU may occur in various irregular shapes. Extending the
model to two dimensions will make our model more versatile for comparison with
experimental results. Besides that,most rapid thinningweobserved occurs very rapidly
after a full blink, and typically an upward flow exists (Berger and Corrsin 1974;
Owens and Phillips 2001; King-Smith et al. 2009). The overall upward flow should
be implemented by modifying our boundary conditions.

The models can be further validated by fitting the in vivo experimental data by
systematically varying the parameters in our models (i.e., parameter identification).
Using recent experimental methods to estimate the initial fluorescein concentration
can help make this possible, and it may be possible to systematically estimate the
osmolarity from fluorescence imaging. It is possible to estimate the initial fluores-
cein concentration from the inferior meniscus at the beginning of the interblink (Wu
et al. 2015); our results suggest optimal values at which to aim, and in principle such
experimental estimates could be used to try to approximate those initial values.

Simultaneous imaging of the tear film aqueous and lipid layers is a very valuable
direction for future experimental work (King-Smith et al. 2013b, 2018). Developing
mathematical models in parallel that include both aqueous and lipid layers is desirable
as well (Bruna and Breward 2014; Peng et al. 2014; Stapf et al. 2017).

Acknowledgements This work is funded by NSF Grant 1412085 (Braun), NIH Grant 1R01EY021794
(Begley), and NEI Grant R01EY017951 (King-Smith).

Appendix

A Flow and Solute Transport Dimensional Model

This section gives a detailed derivation in Cartesian coordinates which is applicable
to streak TBU.

The following governing equations enforce the conservation of mass of water,
momentum and mass of solutes (osmolarity c and concentration of fluorescein f )
within the aqueous layer. They apply on 0 < x ′ < X ′

L and 0 < z′ < h′(x ′, t ′).

∇′ · u′ = 0, (20)

ρ
(
∂t ′u

′ + u′ · ∇′u′) = −∇′ p′ + μ∇′2u′, (21)

∂t ′c
′ + ∇′ · (u′c′) = Do∇′2c′, and ∂t ′ f

′ + ∇′ · (u′ f ′) = D f ∇′2 f ′. (22)

The aqueous/cornea interface is located at z′ = 0 and 0 < x ′ < X ′
L . This is assumed

to be a no-slip surface; we assume that there is osmotic flow across a semipermeable
membrane and it is proportional to the concentration difference across the boundary:

u′
x = 0, and u′

z = P0VW (c′ − co). (23)
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The permeability of the membrane is Po, the molar volume is VW , and the isotonic
concentration is c0. For osmolarity and fluorescein, we assume that the advective fluxes
balance the diffusive fluxes at the corneal surface.

Do∂z′c
′ − u′

zc
′ = 0, and D f ∂z′ f

′ − u′
z f

′ = 0 (24)

On the free surface of the tear film, z′ = h′ for 0 < x ′ < X ′
L . The kinematic

boundary condition implies that evaporative flux is the only flux that thins the tear
film,

J ′ = ρ(u′(x ′, h′) − u′
I ) · n. (25)

Here, u′(x ′, h′) is the fluid velocity evaluated at the free surface, u′
I is the interface

velocity, and n = (−∂x ′h′,1)
(1+(∂x ′h′)2)1/2 is the unit normal vector to the interface. The stress

balance in the normal direction to the interface is as follows:

− p′
v − n · T · n = σ0∇′ · n − A′

h ′3 . (26)

The Newtonian stress tensor is T = − p′ I + μ(∇′u′ + ∇′u′T ). We enforce no flux
of solutes across the tear film surface (0 < x ′ < X ′

L and z′ = h′) via

Don · ∇′c′ − n · (u′ − u′
I )c

′ = 0. (27)

Here, Do is the diffusivity of osmolarity in water, which is assumed to be that of salt
ions in water (Riquelme et al. 2007). FromEq. (25), the equation abovemay be written

Don · ∇′c′ − J ′

ρ
c′ = 0. (28)

Similar to osmolarity, no flux of fluorescein is enforced by

D f n · ∇′ f ′ − J ′

ρ
f ′ = 0. (29)

The model includes a glob on the tear film surface z′ = h′(x ′, t ′) as a tangentially
immobile aqueous/glob interface with a higher concentration of lipid on 0 < x ′ < X ′

I ;
the glob is assumed to have a fixed size and a fixed lipid concentration. The aqueous/air
interface on X ′

I ≤ x ′ ≤ X ′
L is mobile, and conservation of mass for the insoluble polar

lipid is governed by the following transport equation there.

Γ ′ = Γ0 in [0, X ′
I ], and ∂t ′Γ

′ + ∇′
s · (Γ ′u′) = Ds∇′2

s Γ ′ in [X ′
I , X

′
L ]. (30)

The surface Laplacian is defined as ∇′
s = (I − n · n)∇′. The corresponding definition

in tensor notation can be found in (Slattery et al. 2007). While surfactant mass is
conserved individually within the glob and in the mobile region outside the glob,
when we put them together on the tear film, the glob will act as a source of surfactant
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for the mobile region; we believe that this caricature is value for understanding the
tear film dynamics driven by globs.

The tangential stress boundary condition under the glob and outside the glob is
different because of our assumptions about the glob. Under the glob, z′ = h′ and
on (0, X ′

I ), the no-slip boundary condition is assumed to hold (which replaces the
tangential stress boundary condition), while outside of the glob z′ = h′, and on
(X ′

I , X
′
L), tangential stress balance is enforced:

u′
x ′ = 0 in (0, X ′

I ), (31)

and

t · T · n = ∂Sσ = t · ∇′σ = t · ∇′ [σ0 − (∂Γ σ )0 (Γ ′ − Γ0)
]

in (X ′
I , X

′
L). (32)

The unit tangent vector to the interface is t = (1,∂x ′h′)
(1+(∂x ′h′)2)1/2 .

B Dimensionless Models andModel Reduction

The model in Cartesian coordinates and one independent space variable represents the
glob in a streak shape. In the independent variables (x ′, z′), the corresponding fluid
velocity is (u′

x ′ , u′
z′). Similarly, for the axisymmetric spot model, in the cylindrical

coordinates (r ′, z′), the fluid velocity is (u′
r ′ , u′

z′).

B.1 Scalings

We simplify the streak glob model and spot glob model using the following scalings.
The value of dimensional parameters used for scaling can be found in Table 2.

x ′ = �x, z′ = d ′z, t ′ = �

U
t, h′ = d ′h, u′

x ′ = Uux , u′
z′ = εUuz, (33)

p′ = μU

�ε2
p, J ′ = ερU J , Γ ′ = Γ0Γ , c′ = coc, f ′ = fcr f . (34)

B.2 Reduced Dimensionless StreakModel

We use the scalings in Sect. B.1 for the non-dimensionalization of our systems (in
Sect. A). Dropping all the terms in the dimensionless equations, except the leading-
order terms, we reduce our systems to be a simpler problem. The following are the
reduced dimensionless equations for the streak TBU model.

The reduced governing equations inside the aqueous layer (0 < z < h, 0 < x <

XL ), which enforce the conservation of mass of water, momentum and mass of solutes
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Table 2 Dimensional parameters used in this paper

Parameter Description Value References

d ′ Tear film thickness 3.5µm Braun and King-Smith
(2007)

ρ Density 103 kg · m−3 Water

μ Viscosity 1.3 × 10−3 Pa · s Tiffany (1991)

Vw Molar volume of water 1.8 × 10−5 m3 · mol−1 Water

Po Permeability of cornea 12.1 × 10−6 m/s Braun et al. (2015)

Ds Surface diffusion
coefficient

3 × 10−8 m2/s Sakata and Berg (1969)

D f Diffusivity of fluorescein 0.39 × 10−9 m2/s Casalini et al. (2011)

Do Diffusivity of salt 1.6 × 10−9 m2/s Riquelme et al. (2007)

ε f Naperian extinction
coefficient

1.75 × 107 m−1 M−1 Mota et al. (1991)

A∗ Hamaker constant 6π × 3.5 × 10−19 Pa · m3 Winter et al. (2010)

co Isotonic osmolarity 3 × 10−4 mol/m3 Lemp et al. (2011)

σ0 Surface tension 0.045N · m−1 Nagyová and Tiffany
(1999)

(∂Γ σ)0 Composition dependence 0.01N/m Aydemir et al. (2010)

(Δσ)0 Change in surface tension 10−4 N/m Γ0(∂Γ σ)0

� Characteristic length 0.0742mm [σ0/(Δσ)0]1/2 d ′

U Characteristic velocity 0.0036m/s [(Δσ)0]3/2/[μ(σ0)
1/2]

ts Timescale 0.0205s σ0dμ/[(Δσ)0]2

are:

∂xux + ∂zuz = 0, (35)

∂zzux − ∂x p = 0, ∂z p = 0, (36)

∂t c + ux∂xc + uz∂zc = Pe−1
c (∂xx c + ε−2∂zzc), and (37)

∂t f + ux∂x f + uz∂z f = Pe−1
f (∂xx f + ε−2∂zz f ). (38)

At the aqueous/cornea interface z = 0 and 0 < x < XL , we have no-slip and water
permeability boundary conditions,

ux = 0, uz = Pc(c − 1). (39)

We also assume there is no fluxes of solutes:

ε−2Pe−1
c ∂zc = uzc and ε−2Pe−1

f ∂z f = uz f . (40)

Across the domain [0, XL ] at tear film surface z = h(x, t), our kinematic boundary
condition, tangential stress boundary condition and conservation ofmass solutes result
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in the following dimensionless form,

∂t h + ux∂xh − uz = − J (x), (41)

p = − S∂xxh − Ah−3, (42)

∂zc = ε2(Pec Jc + ∂xh∂xc) and ∂z f = ε2(Pe f J f + ∂xh∂x f ). (43)

Boundary conditions for the tangential immobility and fixed lipid concentration at the
aqueous/glob interface 0 ≤ x ≤ XI become

ux = 0 and Γ = 1. (44)

At the aqueous/air interface [XI , XL ], conservation of surfactant is now

∂zux = − M∂xΓ and ∂tΓ + ∂x (usΓ ) = Pe−1
s ∂2xΓ . (45)

Here, u′
s is the surface velocity and is defined as u

′
s = ∇′

su. The dimensionless surface
velocity is

us = 1

1 + ε2(∂xh)2
(u + ε2uz(∂xh)2, ε3uz(∂xh)2 + εu∂xh) (46)

If only keep the leading order, us = (u, 0). To make a difference between us and u,
we denote the surface velocity in the x direction using us .

B.3 Reduction of the PDE System

The model in preceding section can be reduced to the lubrication approximation in the
following ways. The process are similar for streak model and spot model. We show
example in the streak case.

Equation (36) shows that p = p(x, t), which results in

ux = ∂x p

2
z2 + C(x, t)z + D(x, t). (47)

The boundary conditions on corneal surface and tear film surface for u are:

ux = 0 at z = 0, u(1 − B(x)) + (∂zux + M∂xΓ )B(x) = 0 at z = h, (48)

which implies that

ux = ∂x p

2
z2 + C(x, t)z, C(x, t) = − ∂x p

2 h[h(1 − B) + 2B] − MB∂xΓ

h(1 − B) + B
. (49)

Integrating Eq. (35) in z and combined with Leibnitz rule, we have the following:

∂xhux (x, h, t) − uz(x, h, t) = ∂x (hū) − Pc(c(x, 0, t) − 1), (50)
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where ū(x, t) = 1
h

∫ h
0 ux (x, z, t)dz is the depth averaged velocity along the film.

Substituting it into Eq. (41), we arrives at

∂t h = − ∂x (hū) + Pc(c(x, 0, t) − 1) − J (x). (51)

Solving for c and f are similar (Jensen and Grotberg 1993); here we only illustrate
the process for c. Assume c has the following expansion,

c(x, z, t) = c0(x, z, t) + ε2c1(x, z, t) + · · · (52)

Substitution into Eq. (38) and collecting terms, we obtain the leading-order equation

∂zzc0 = 0. (53)

The leading-order term from either boundary is ∂zc0 = 0; using the boundary condi-
tions results in

c0 = c0(x, t). (54)

We then further collect terms corresponding to O(ε2) in (38) to obtain

Pec(∂t c0 + ux∂x c0) − ∂xx c0 = ∂zzc1. (55)

Integrating Eq. (55) with respect to z over (0, h), we obtain

Pech(∂t c0 + ū∂x c0) − h∂xx c0 = ∂zc1(x, h, t) − ∂zc1(x, 0, t). (56)

The boundary condition at z = 0 from Eq. (40) and z = h from Eq. (43) becomes,
at the first nonzero order,

∂zc1(x, 0, t) = Pecuz(x, 0, t)c0, and ∂zc1(x, h, t) = Pec Jc0 + ∂xh∂xc0. (57)

Using these conditions to eliminate c1 in Eq. (56) results in, after dropping the sub-
script,

h(∂t c + ū∂xc) = Pe−1
c ∂xx c + Jc + ∂xh∂xc − Pc(c − 1)c. (58)

Proceeding in a similar way with fluorescein, we obtain

h(∂t f + ū∂x f ) = Pe−1
f ∂xx f + J f + ∂xh∂x f − Pc(c − 1) f . (59)

Now, in summary, we have the following five PDEs.

∂t h = − ∂x (hū) + Pc(c − 1) − J , (60)

p = − ∂xxh − Ah−3, (61)

∂tΓ = [Pe−1
s ∂2xΓ − ∂x (usΓ )]B(x), (62)

h(∂t c + ū∂xc) = Pe−1
c ∂xxc + Jc + ∂xh∂xc − Pc(c − 1)c, (63)

h(∂t f + ū∂x f ) = Pe−1
f ∂xx f + J f + ∂xh∂x f − Pc(c − 1) f . (64)
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Here,

ū = − 1
3∂x ph

2[ 14 (1 − B)h + B] − 1
2∂xΓ Bh

(1 − B)(β + h) + B
, (65)

us = −B
[
(h2/2)∂x p + h∂xΓ

]
(1 − B)h + B

. (66)

B.4 Streak Boundary and Initial Conditions

As in the spot problem, we apply symmetry at the origin and no-flux conditions at the
other end of the domain. At the center of glob x = 0, the boundary conditions enforce
symmetry and thus no flux via

∂xh = ∂x p = ∂xΓ = ∂xc = ∂x f = 0. (67)

We enforce no-flux conditions on h, p, Γ , c and f at x = XL , and these end up being
Eq. (67) applied at the other end.

The initial conditions are again spatially uniform (except for Γ ); on 0 ≤ x ≤ XL ,

h(x, 0) = c(x, 0) = f (x, 0) = 1, and p(x, 0) = − A. (68)

We assume that the glob has high surfactant concentration and the mobile tear/air
interface outside of it has a lower concentration initially. From our scalings, Γ = 1
under the glob and Γ = 0.1 outside the glob. Using the transition function B(x), the
initial condition for Γ is then

Γ (r , 0) = 1 · [1 − B(x)] + 0.1 · B(x). (69)

B.5 Reduced Dimensionless Spot Model

The derivation for spot model in axisymmetric cylindrical coordinate is similar to the
streak model in one dimension. In this subsection, we will just list the dimensionless
model with only leading-order terms.

Inside the aqueous layer 0 < z < h, 0 < r < RL , the conservation laws of mass
of water, momentum and mass of solutes are

1

r

∂

∂r
(rur ) + ∂uz

∂z
= 0, (70)

∂r p = − ∂2z ur & ∂z p = 0, (71)

∂t c + ur∂r c + uz∂zc = Pe−1
c

[
1

r
∂r (r∂r c) + ε−2∂2z c

]
, (72)

∂t f + ur∂r f + uz∂z f = Pe−1
f

[
1

r
∂r (r∂r f ) + ε−2∂2z f

]
. (73)

123



Dynamics of Fluorescent Imaging for Rapid Tear Thinning 75

At corneal surface z = 0, 0 < r < RL , the no-slip boundary conditions and osmotic
flow through semipermeable membrane are defined as follows:

ur (r , 0, t) = 0 and uz(r , 0, t) = Pc(c − 1). (74)

In addition, there are two more conditions for non-flux of solutes,

ε−2Pe−1
c ∂zc = uzc and ε−2Pe−1

f ∂z f = uz f . (75)

At the tear film surface (z = h, 0 < r < RL), the kinematic boundary condition and
normal stress balance are simplified to be

∂t h + ur∂r h − uz = − J , and p − pv = − S
1

r
∂r (r∂r h) − Ah−3. (76)

The equations of no fluxes of solutes are

∂zc = ε2[Pec Jc + ∂r h∂r c], and ∂z f = ε2[Pe f J f + ∂r h∂r f ]. (77)

At the aqueous/glob interface, z = h and 0 < r < RI , the no-slip boundary condition
and a fixed surfactant concentration are as follows:

ur = 0, Γ = 1. (78)

At the aqueous/air interface, z = h and RI < r < RL , the boundary condition for Γ

reduced to be

∂zur = − M∂rΓ , and ∂tΓ = Pe−1
s

[
1

r
∂r (r∂rΓ )

]
− 1

r
∂r (rΓ ur ). (79)

The boundary and initial conditions are given in the text.

C Other Evaporation Fluxes

Besides the evaporation fluxes in Eq. (10), three other fluxes also have been used here.

Case (a): If lipid with higher concentration provides a better barrier to evaporation, we
may assume that there is no evaporation over the glob. The edge of the glob corresponds
to the highest evaporation rate vmax due to the abnormal decreasing of concentration
of lipid. The aqueous/air interface corresponds to the uniform evaporation rate vmin
for the uniform distributed lipid concentration.

J (r) = a(1 − vmin)(r − RI )e
− (r−RI )2

2R2W + vmin tanh

(
r − RI

RW

)
, (80)

where the constant a is given by
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a = e1/2[vmax − vmin tanh(1)]
(1 − vmin)RW

. (81)

Case (b): If the higher concentration of lipid results in a poor barrier to evaporation,
we let the evaporation rate be low on the glob and high at the aqueous/air interface:

J (r) = vmin [1 − B(r)] + vmaxB(r). (82)

Case (c): The different compositions of glob are assumed to have no effect on evapo-
ration; in that case, the evaporation rate is uniform across the entire domain,

J (r) = vmax. (83)
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