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Abstract. We prove that, for a Poisson vertex algebra 7', the canonical injective
homomorphism of the variational cohomology of ¥ to its classical cohomology is an
isomorphism, provided that ¥, viewed as a differential algebra, is an algebra of dif-
ferential polynomials in finitely many differential variables. This theorem is one of the
key ingredients in the computation of vertex algebra cohomology. For its proof, we
introduce the sesquilinear Hochschild and Harrison cohomology complexes and prove a
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1. Introduction

In the series of papers [BDSHK19]|, [BDSHK20]|, [BDSK20|, [BDSKV21],
IBDSK21|, the foundations of cohomology theory of vertex algebras have
been developed. The main tool for the computation of this cohomology is
the reduction to the variational Poisson vertex algebra (PVA) cohomol-
ogy. The latter is a well-developed theory with many examples computed
explicitly |[DSK13|, [BDSK20|. Its importance stems from the fact that
vanishing of the first variational PVA cohomology leads to the construc-
tion of integrable hierarchies of Hamiltonian PDEs.

The reduction of the computation of the vertex algebra cohomology
to the variational PVA cohomology is performed via the classical PVA
cohomology in three steps as follows. First, let V' be a vertex algebra
over a field IF, with an increasing filtration by F[0]-submodules such that
¥ = grV carries a canonical structure of a PVA. Let (Ce,(V),d) be
the vertex algebra cohomology complex of V. A filtration on V induces

a decreasing filtration on Cq,(V'), and we have a canonical injective map
[BDSHK19]:

grCop (V) — Cu (7)), (1.1)
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where (C(7), grd) is the classical PVA cohomology complex of #". More-
over, the map (1.1) is an isomorphism, provided that ¥ ~ V. as F[J]-
modules [BDSHK20].
Second, in [BDSK21]|, we constructed a spectral sequence from the
classical PVA cohomology of 7 to the vertex algebra cohomology of V.
Third, in [BDSHK19], we constructed a canonical injective map

Hpy (V) — Ha(?) (1.2)

from the variational PVA cohomology of ¥ to its classical PVA cohomol-
ogy, and we conjectured that (1.2) is an isomorphism, provided that ¥,
viewed as a differential algebra, is an algebra of differential polynomials
in finitely many differential variables. The main goal of the present paper
is to prove this conjecture.

Recall that a Poisson vertex algebra (abbreviated PVA) is a differential
algebra 7 with a derivation 0, endowed with a bilinear A-bracket ¥ x
¥ — V[N, satisfying the axioms of a Lie conformal algebra and the
Leibniz rules (see (i)—(iii) and (iv)—(iv’), respectively, in Definition 2.1). In
order to construct the variational PVA cohomology complex (Cpy (%), d),
introduce the vector spaces

V=T, s ]/ (O+ M+ + )Y [\, s ], n>0, (1.3)

where A1,...,\, are indeterminates. Then the space of n-cochains Cpy (7))
consists of all linear maps

f2VO" — A v ), (1.4)

satisfying the sesquilinearity conditions (2.2), the skewsymmetry condi-
tions (2.3), and the Leibniz rules (2.4). The variational PVA differential
d: CBy (V) = CoE (¥) is defined by formula (2.5).

In order to define the classical PVA cohomology complex (C¢ (%), d),
denote by ¥(n) the set of oriented graphs with vertices {1,...,n} and
without tadpoles. Then the space of n-cochains Cj(7#') consists of linear

maps (cf. (1.3), (1.4))
YV:F9(n)@ V" — ¥, Tv— Y/\Fl,...,An (v), (1.5)

satisfying the skewsymmetry conditions (4.3), the cycle relations (4.4),
and the sesquilinearity conditions (4.7). The classical PVA differential is
defined by formula (4.9).

The complexes (Cpy(¥),d) and (C¢(¥),d) both look similar to the
Chevalley—Eilenberg complex for a Lie algebra with coefficients in the
adjoint representation. The reason for this similarity is the operadic origin
for all these cohomology theories, as explained in [BDSHK19|.
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An important observation is that we have a canonical injective map of

complexes ¢: Cpy(¥) — Cq(¥) defined by
(NI @ (W1@ - @vn)) = 0p,p f (01 @ -~ @ wn), (1.6)

where [n] denotes the graph with n vertices and no edges. It was proved
in [BDSHK19] that the map (1.6) induces an injective map in cohomology

¢ Hpy(V) = Ha(V'). (1.7)
The main result of the present paper is the following (see Theorem 5.2).

Theorem 1.1. Provided that, as a differential algebra, the PVA V is a
finitely-generated algebra of differential polynomials, the map ¢©* s an
1somorphism.

The proof of this theorem uses the s-sesquilinear Hochschild cohomol-
ogy complex, defined for an associative algebra A with a derivation 9 and
a differential bimodule M over A as follows. For s = 1, this complex is
the differential Hochschild cohomology complex, for which the space of
n-cochains is Hompg) (A®", M) and the differential d is defined by the
usual Hochschild’s formula

(df)(a1 ® -+ @ ant1)
=a1f(aa® @ apy1)
- (1.8)

) (1) f(a1® ®ai—1 ® aiai41 @ Qo @+ @ Any1)

=1
+ (_1)n+1f(al ® -+ @ an)ant1.

For an arbitrary positive integer s, the definition is similar but more com-
plicated. Given k = (ki,...,ks) € Z%, let

K():O, Kt:kl+"'+kt, tzl,...,S,

and
n=Ks=k + -+ ks.
Given v1,...,v, € A, we denote
Utk = VK, 1+1 Q- Vg, €A®kt, t=1,...,s,
so that

v:v1®--~®vn:vlk®~--®v‘;.

Then the space of s-sesquilinear Hochschild n-cochains consists of linear
maps (cf. (1.3), (1.4)):

FAl;---yAS: A®" —>M[A1,,As]/(8+A1 +"'+A3)M[A1,...,AS],
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satisfying the sesquilinearity conditions (t =1,...,s),
Fpyop (v @00 - @03) = —AFayoa,(0). (1.9)

The definition of the differential is similar to (1.8): see formulas (6.12) and
(6.14). Note that for s = 1 this coincides with the differential Hochschild
complex if we identify M with M[A1]/(0 4+ A1) M[A4].

If A is a commutative associative algebra and M is a symmetric bi-
module over A, the differential Hochschild complex contains the Harrison
subcomplex, defined by the Harrison conditions (6.5). We define a similar
s-sesquilinear Harrison subcomplex of the s-sesquilinear Hochschild com-
plex by Proposition 6.6. Moreover, we define by (6.15) the action of the
symmetric group Ss on the s-sesquilinear Harrison complex, and the sym-
metric s-sesquilinear Harrison complex of Ss-invariants, which we denote
by (C? cym, Har (A, M), d).

Our key observation is that the classical PVA complex (C¢ (%), d) is
closely related to the complex (CF 11, (7, 7), d). Namely, introduce an
increasing filtration of C7j by letting

FCt={yect|Y'=0 if s>n—el)},
where e(I") is the number of edges of the graph I". We prove the following
(see Theorem 7.2):

Theorem 1.2. For a PVA Y and s > 1, we have a canonical isomorphism
of complexes:

gr,Coq(V) ~ (7, 7),
where on the right the first ¥ is viewed as a commutative associative
differential algebra and the second ¥V as a symmetric bimodule over it.

sym Har

Consequently, Theorem 1.1 follows from Theorem 1.2 and the following
vanishing theorem for the sesquilinear Harrison cohomology (see Theorem

8.7).

Theorem 1.3. Let V' be a finitely-generated algebra of differential poly-
nomzials. Then
H"(C (7,7),d)=0 for 1<s<n.

sym,Har

In order to simplify the exposition, we restricted to the purely even
case. However, the same proofs work in the super case. Namely, Theorem
1.2 holds for any Poisson vertex superalgebra 7', while Theorems 1.1 and
1.3 hold if ¥ is a superalgebra of differential polynomials in finitely many
commuting and anticommuting indeterminates.

Throughout the paper, the base field IF has characteristic 0, and, unless
otherwise specified, all vector spaces, their tensor products and Homs are
over [F.
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2. Variational PVA cohomology
2.1. Poisson vertex algebras

Definition 2.1. A Poisson vertex algebra (PVA) is a differential algebra
YV, i.e., a commutative associative unital algebra with a derivation O, en-
dowed with a bilinear (over F) X-bracket [- x-]: ¥ x ¥ — V[A] satisfying:

(1) sesquilinearity: [0axb] = —Alaxb], [ax0b] = (A + 0)[arb];

(ii) skewsymmetry: [axb] = —[b_x_pa|, where O is moved to the left to
act on coefficients;
(111) Jacobi identity: [ax[byc]] — [bularb]] = [[axb]a+ucl;

(iv) left Leibniz rule [axbc] = [axb]c + [axc]b.

From the skewsymmetry (ii) and left Leibniz rule (iv) we immediately
get the

(iv") right Leibniz rule [abyc] = [axtoc] b+ [brrac]—a,

where the arrow means that 0 is moved to the right, acting on b in the
first term, and on a in the second term.

2.2. Variational PVA complex

Given a Poisson vertex algebra 7', the corresponding wvariational PVA
cohomology complex (Cpy,d) is constructed as follows [DSK13]; see also
[IBDSK20|. The space Cpy; of n-cochains consists of linear maps

FoVO VA, A O+ M+ M), (2.1)

where (®) denotes the image of the endomorphism ®, satisfying the sesquilin-
earity conditions (1 < i < mn):

Paedn (01 @@ (00) @ -+ @ vp) = =Aifa. 2, (01 @ - ®@vpn), (2.2)
the skewsymmetry conditions (1 < i < n):

I didis 1y dn (V1@ - @ U @ Vi1 @ - @ V)

(2.3)
= —f,\l,...,,\iﬂ,,\,-,...,,\n(Ul Q- QU1 QU Q-+ ® Up),
and the Leibniz rules (1 <1i <n):
f)\l,---,>\n (Ula <oy UiWy, .. 7vn) - f>\1,...,>\i+a,...,>\n (Ula ceey Ugy .. 7vn)—>wi
+ f)\l,...,)\,»+8,...,>\n (vla ceey Wiy e e 7vn)—>ui'

(2.4)



Classical and variational Poisson cohomology 209

For example, C3y, = ¥/0¥ and Chy = Der?(¥) is the space of all
derivations of ¥ commuting with 0.

The variational PVA differential d: Cpy, — C';,ﬁl, for n > 0, is defined
by

(df)Al,...,/\nH (’Ul Q- & ’Un+1)
n+1

DS oS (0. Gvne)]

i—1 1,...,)\n+1

L iJ
+ (=DM Y ()T f i (il ®@u® .1 @uag).
1<i<j<n+1 At A, An+1

(2.5)
One shows that d?> = 0, hence we can define the wvariational PVA coho-
mology

Hpy (V) = @@ Hpy(¥), Hpy(¥) = Ker (d|cg, ) /d(CEy").  (2.6)

n>0

Remark 2.2. It was shown in [DSK13] and [BDSHK19]|, that the varia-
tional PVA cohomology complex associated to the PVA 7 has the struc-
ture of a Z-graded Lie superalgebra. The element X & 0123\/? given by

Xx-a-a(a ®b) = [axb], (2.7)

is odd and satisfies [X, X] = 0. Hence, (ad X)? = 0, and d = ad X was
taken as the differential of the variational PVA cohomology complex. As
a consequence, the variational PVA cohomology Hpy(?') has an induced
Lie superalgebra structure. Actually, what we call here variational PVA
cohomology was called in [DSK13] PVA cohomology; the variational PVA
cohomology was a subcomplex there, which is equal to the PVA cohomol-
ogy if 7 is an algebra of differential polynomials.

3. Preliminaries on the symmetric group and on graphs
3.1. Shuffles

A permutation o € Sy, is called an (m,n)-shuffle if
ol)y<---<o(m), om+1)<---<olm+n).

The subset of (m,n)-shuffles is denoted by Sy, C Spm4n. Observe that,
by definition, Sy, = Spo = {1} for every n > 0. If either m or n is
negative, we set Sy, , = () by convention.



210 B. Bakalov, A. De Sole, R. Heluani, V.G. Kac and V. Vignoli

3.2. Monotone permutations

The following notion is due to Harrison [Har62| (see also [GS87]), and it
will be used in Sect. 6 to define Harrison cohomology.

Definition 3.1. A permutation m € S, is called monotone if, for each
1 =1,...,n, one of the following two conditions holds:

(a) w(j) < w(i) for all j <i;
(b) w(j) > w(i) for all j < i.

(Not necessarily the same condition (a) or (b) holds for every i.) When
(b) holds, we call i a drop of m. Also, w(1) = k is called the start of
(and we say that 7 starts at k).

We denote by ., C S, the set of monotone permutations, and by
MF C M, the set of monotone permutations starting at k.

Here is a simple description of all monotone permutations starting at k.
Let us identify the permutation 7 € S,, with the n-tuple [7(1),...,7(n)].
To construct all T € ., we let w(1) = k. Then, for every choice of k — 1
positions in {2,...,n} we get a monotone permutation 7 as follows. In
the selected positions we put the numbers 1 to £k — 1 in decreasing order
from left to right; in the remaining positions we write the numbers k + 1
to m in increasing order from left to right. (The selected positions are the
drops of 7.)

Ezxample 3.2. The only monotone permutation starting at 1 is the identity,
while the only monotone permutation starting at n is

opn=[nmn-1---21]. (3.1)

Ezxample 3.3. Let n = 5 and k = 3. The monotone permutations starting
at 3 are

4
5

32 145, [3
34215, [3

5], [3

241
425 1], 3

4 2
2 4

|[\DU(

where we underlined the positions of the drops.

Given a monotone permutation 7, we denote by dr(7) the sum of all the
drops with respect to m. According to the previous description, we can

easily see that
(~1)*™ = (=1)* " sign(m), (3.2)

if k£ is the start of .
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3.3. Graphs

For an oriented graph I', we denoted by V(I') the set of vertices of I,
and by E(I') the set of edges. We call an oriented graph I' an n-graph
if V(I') = {1,...,n}. Denote by ¢(n) the set of all n-graphs without
tadpoles, and by %(n) the set of all acyclic n-graphs.

An n-graph L will be called an n-line, or simply a line, if its set of
edges is of the form {i; — 49, 19 — i3,..., in—1 — in}, where {iy,... iy}
is a permutation of {1,...,n}.

We have a natural left action of S,, on the set ¢ (n): for the n-graph I’
and the permutation o, the new n-graph o(I") is defined to be the same
graph as I" but with the vertex which was labeled as i relabeled as o (i),
for every © = 1,...,n. So, if the n-graph I' has an oriented edge i — j,
then the n-graph o(I') has the oriented edge o(i) — o(j). Obviously, S,
permutes the set of n-lines.

FExample 3.4. Let

I' =

123456
Fora—(654)and7’—<34‘1562

) , we have:

and

3.4. Graphs of type k and proper k -lines
For s > 1, let

k= (ki,....,ks) €23 and n=ky+ -+ ks,
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and denote
KOZO and Kt:k1—|—"'+kt, t:].,...,S, (33)

so that K, = n. We denote by I'y, € ¥4(n) the standard k-line, union
of connected lines of lengths k1, ..., ks, with the labeling of the vertices
ordered from left to right:

I'y = e—e—.--—e oo . -—e ... —e.
1 2 K1 K1+1 K2 KS—1+1 n
(3.4)

We allow some of the k;’s to be zero, in which case the corresponding
connected component of I';, is empty. In the special case s = 1 we recover
the standard n-line

r, = Yo o —pe . (3.5)

1 2 n

An arbitrary k-line is obtained by permuting the vertices of I';:

[[= e—0e—---—0 eoe—e—---—e --- 00— -0
1 -1 i1 2 2 72 is s 7S (3.6)

ty 3 ko U1 12 ko 1 2 ks
where the set of indices {if} is a permutation of {1,...,n}. Note that, if

['is a k-line, then it is a o( k )-line for every permutation o € Ss. Hence,
when considering k-lines we can (and we will) assume that k1 < -+ < ks.
We say that a k-line is proper if the following further condition holds on
the indices of the vertices:

i =min{d},..., i} Vi=1,...s. (3.7)
We then let
Z(n)
= {proper k-lines I' € 4(n) with k € Z3;, s > 1, k1 +--- + ks = n}.
(3.8)

Note that, in order not to have repetitions in the set (3.8), we may assume
that k&1 < --- < kg, and that, if k; = k;yq, then za < il1+1. Obviously,
I'y € Z(n) for every k € Z%,, while a permutation of I';, does not
necessarily lie in £(n). B

Finally, we say that a graph I" € ¥(n) is of type k if it is disjoint union
of s connected components of sizes k1 < --- < kg. Obviously, any k-line
is of type k.

We can extend the definition of I'j, for £ € Z%, by removing all 0’s
from k. In particular I'g is the empty graph. -
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3.5. Cycle relations on graphs

Let F¥4(n) be the vector space with basis the set of graphs ¥(n), and
Z(n) C F4(n) be the subspace spanned by the following cycle relations:

(i) allT' € 9(n) \ %(n) (i.e., graphs containing a cycle);
(ii) all linear combinations ) .~I"\ e, where I' € ¥ (n) and C' C E(I)
is an oriented cycle.

By convention, F¥4(0) = F and Z(0) = 0.
Note that reversing an arrow in a graph I' € ¥(n) gives us, modulo

cycle relations, the element —I" € F¥(n). For example, for n = 3, a cycle
relation of type (ii) is:

1 1

/ NN e

2—3 + 2——3 + 2

Theorem 3.5 (|[BDSHK?20, Theorem 4.7]). The set £ (n) is a basis
for the quotient space T4 (n)/%(n).

3.6. Harrison relations

The following result will be used in Sect. 7.

Lemma 3.6 ([BDSKV21, Lemma 4.8]). Let I, be the standard n-line,
as in (3.5). For every m € {2,...,n}, the following identity holds:

T+ (=)™ Y L, € Z(n), (3.10)
TEMT

where the sum 1s over all monotone permutations w starting at m and the
action of Sy, on graphs is described in Subsect. 3.5.

3.7. Notation for subgraphs and collapsed graphs

Let us introduce the following notation. For h € {1,...,n} and I' € ¥(n),
we denote by I'\h € ¢4(n — 1) the complete subgraph obtained from I' by
removing the vertex h and all edges starting or ending in A, and relabeling
the vertices from 1 to n — 1. Moreover, for i,j € {1,...,n}, we define
the graph m;;(I') € ¢(n — 1) obtained by collapsing the vertices ¢ and j
(and any edges between them) into a single vertex, numbered by 1, and
renumbering the remaining vertices from 2 to n — 1.
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Ezxample 3.7. For example, if

I = )
2 4
we have
M2 =e—e o, [N\3=e—0—0,
1 2 3 1 2 3
and

I e T IR =

2

For I' € %(n) and ¢ € {1,...,n}, we denote by deg (i) the indegree
of i in I, namely the number of edges of I' incoming to i, by deg;: (i) the
outdegree of 7 in I', namely the number of edges of I' outcoming from i,
and

degp (i) = degp (i) + degf: (),
the degree of i in I'. For 7,5 € {1,...,n}, we also let
1, if i—jeBD),
er(i,j) = ¢ —1, if i+ je E(),
0, otherwise.

Note that, since I' € %(n), i — j and j — ¢ cannot be both in E(T).

4. Classical PVA cohomology
4.1. Space of classical cochains

Let 7 be a Poisson vertex algebra. The corresponding classical PVA coho-
mology complex (C¢,d) is constructed as follows [BDSHK19]. The space
C of classical n-cochains consists of linear maps

Y:FG(n) @V — V[A1, ..., ] /(O 4+ A+ + M), (4.1)

mapping the n-graph I' € ¢(n) and the monomial v; ® -+ ® v, € VO
to the polynomial
Yy, (01® - @), (4.2)
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satisfying the skewsymmetry conditions, cycle relations, and sesquilinear-
ity conditions described below.

The skewsymmetry conditions on Y say that, for each permutation
o € S,, we have

oI .
vyl (@ @) =sign(@)YE |\ (0p0) @ @ Vg, (43)

where o(I") is defined in Subsect. 3.3.
Recall that Z(n) C F¥(n) is the subspace spanned by the cycle rela-
tions (i) and (ii) from Subsect. 3.5. The cycle relations on Y say that

YI'=0 for T € Z(n). (4.4)

Hence, Y induces a map on F¥(n)/Z%(n). As an example, observe that,
by the first cycle relation (i), changing orientation of a single edge of the
n-graph I' € 4(n) amounts to the change of sign of Y.

Let ' =17 U---UTIg be the decomposition of I' as a disjoint union of
its connected components, and let I1,...,I; C {1,...,n} be the sets of
vertices of these connected components. For each 'y, we write

Ar, =Y Xi, O, =) 0 (4.5)
1€ly 1€1,

where 0; denotes the action of 0 on the i-th factor in the tensor product
¥ @™ Then, the sesquilinearity conditions on Y say that, for v € ¥,

Y)\Fh.__’/\n (v) is a polynomial in Ar,,..., Ar,, (4.6)
(and not in the variables A1, ..., A\, separately), and, for every a =1,...,s,
Yy, o ((Or, + Ap,)v) =0. (4.7)

Observe that the second sesquilinearity condition (4.7) implies
Yxrl,...,xn(av) = - Z)\i YAFI,...,/\n(U) = a(YAFh...,)\n<U))7 ve V", (4.8)
i=1

e, YT o 797 & ¥ [\,..., /(0 4+ A + -+ + \p) is an F[d]-module

homomorphism.

Remark 4.1. When the graph IT' is connected, the first sesquilinearity con-
dition (4.6) implies that Y/\Fhm)\n (v) is a polynomial of A\ +---+ X, = —0.
Hence, it is an element of

VM4 ] O+ A+ -+ ) =7

In this case, we will omit the subscript of YT

By convention, for n = 0 the graph I' is empty and s = 0; hence
C% =7 /0¥ . Note also that C}, = Endgpg 7.
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4.2. Differential

The classical PVA cohomology differential d: C7; — CSH is defined by
the following formula:

(@AY )y (V1@ - @ Vpy1)

— T\h h
= Y (UM, Y, (W1 @Y @ vps1)]

hdegr(h)zo )\1,...Y...,)\n+1
4 Z degr (h)+n—h+1

h: degp (h)=1

jrer(4,h)#0 h

T'\h
Y \ (Ul R - e ® U”+1)(’m:Ah+avh)

/\1,...Y... A+, A

1<j:er(i,7)=0 i+, Y At
i,]
¥ (|x1:)\1+81}1) Qe Y ® (‘xn+1:>\n+1+<9vn+1))

+ Y er(d, g)(—1)mHH
i<j N
y i,J
Yﬂ'z](r) . (U@'Uj®vl®"'y"'®vn+1)7
N+ A e Y A

(4.9)

where X (7) is the sum of the variables zj; with k # i in the same connected
component as the vertex 1.

Theorem 4.2. Formula (4. 9) defines a differential on the space of clas-
sical cochains Cg = @n>0 o be., d®>=0.

Proof. As we will see in Subsect. 4.3, formula (4.9) corresponds to the
differential of the classical PVA cohomology defined in [BDSHK19| with
an operadic approach. L]

Remark 4.3. The Poisson vertex algebra structure on 7 defines an element

€eCib
X (a®b) =ab, X3°, 5(a®Db) = [arb]. (4.10)

The skewsymmetry of X is equivalent to the commutativity of ab and the
skewsymmetry of [a)b], while the sesquilinearity of X is equivalent to the
sesquilinearity of [a)b] and the fact that 0 is a derivation of ab. Moreover,
the associativity for ab, the Jacobi identity for [a)\b] and the Leibniz rule
relating them, together are equivalent to the condition that dX = 0, see
[IBDSHK19, Theorem 10.7].
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FExample 4.4. Consider the completely disconnected graph I' =e o --- o.
Then in formula (4.9), all deg-(h), er(i, j) and X (7) vanish, and we obtain

(@Y)3 2 a (01 @ @ vpa)
n+1 .
= Z(—l)n_h[vhxhyh'.h (V1@ Y - ®@upy1)]
h=1 ALy Yo A1
T Z (_1)n—|—i+j—1
I<i<j<n+l B
- 0 ]
Y i ([UiAin]®U1®'“Y"'®Un+1),

)\i—i-)\j,)\l,...‘(]...,)\n_;,_l

which is the same as (2.5).

Ezample 4.5. Consider the case when I" = I'y,4; is the standard (n + 1)-
line (3.5). Then degp(h) = 1 for the endpoints h = 1 or n+1, degp(h) = 2
otherwise, so that the first sum in (4.9) vanishes. The third sum vanishes
as well because, when ep(7,j) = 0, the graph m;;(I') has a cycle. In the
fourth sum we only have the terms with 7 = ¢ + 1. Thus we obtain

(dY) (01 © - @ vpy1)
= (D" YT (0 @ - @ vpp1) YT (01 @ - ®@ v Ui

n
Y DY (0 @ @ v @ - @ Unga)
1=1

For the last term we used the skewsymmetry of Y to bring the factor
vivi+1 in position ¢. This is the formula for the Hochschild differential
[Hoc45].

4.8. Proof of the formula for the differential

In the present paper, the formula (4.9) for the classical PVA cohomology
differential d is taken as a definition. Here, we show how that formula is
derived from the approach of [BDSHK19|. This implies Theorem 4.2.

Recall from [BDSHK19, Section 10] the classical operad & (I17), de-
fined as follows. The space (117 )(n) consists of maps (4.1) satisfy-
ing the cycle relations (4.4) and the sesquilinearity conditions (4.6)—(4.7).
There is a natural action of the symmetric group S, on Z,(I117')(n) de-
fined by simultaneously permuting all the \;’s, the vectors v;’s and the
vertices of the graph I', and multiplying by the sign of the permutation,
since all vectors in IIY are odd. Explicitly (see [BDSHK19, Equation
(10.10)])

(YR, (01®---@u,) = sign(o) Yy ™)

o—1(1)r

(Vo1 (1)®" + BVg—1(p))-
(4.11)

o=1(n)
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Then the skewsymmetry conditions (4.3) are equivalent to the S,, invari-
ance of Y. Therefore

n = WA IY) = (Za(I1¥)(n))™" (4.12)

is the space of fixed points under the action of the symmetric group .5,
in the classical operad 2 (11Y).

The composition products in & (I17") are given by [BDSHK19, Equa-
tion (10.11)|. Here we need the special case of o1-product (see [BDSHK19,
Remark 10.3 and Equation (8.18)]). For A € Py (k), B € Pq(m) and
Ge¥d(m+k—1), the o;-product Aoy B € P(m+ k — 1) is given by

(Aoy B)i A

[} m+k—l(

o G// G/
= AN At rdmsit (BYAG, 406, hm Ay, 406, V1 @ - (413)

V1 ® - @ Upyk—1)

® Vi) @ U4l ® & Uppk—1)-

Here G’ is the subgraph of G' with vertices 1,...,m and all edges from G
among these vertices; G” is the subgraph of G that includes all edges of G
not in G'; and G” is the graph with vertices labeled 1,m+1,..., m+k—1
and edges obtained from the edges of G by replacing any vertex 1 < i <
m with 1, keeping the same orientation. Finally, the graph G; (1 < i < m)
is the subgraph of G” obtained from the connected component of the
vertex ¢ in G’ by removing from it the vertex ¢ and all edges connected
to 1.

By [BDSHK19, Theorem 3.4], W (II?) = @,~_, WE(II¥) has the
structure of a Z-graded Lie superalgebra. In particular, for X € WCII(H”I/)
and Y € Wg_l(ﬂ”f/), their Lie bracket is given by [BDSHK19, Equations
(3.13), (3.16)]:

XY= Y (XoV) +(-)" Y (Yo X)T,  (414)

oE€SH,1 TES2 n—1

where 5,1 and Sy ,—1 denote the sets of shuffles from Subsect. 3.1.

The element X € C4 = WA(II¥) in (4.10) is odd and satisfies [X, X] =
0, see [BDSHK19, Theorem 10.7]. Hence, (ad X)? = 0, and d = ad X
was taken as the differential of the classical PVA cohomology complex in
IBDSHK19, Definition 10.8]. As a consequence, the classical PVA coho-
mology H.(7') has an induced Lie superalgebra structure. Here we show
that the differential d in (4.9) coincides with ad X from (4.14):

Proposition 4.6. For Y € C" = W/~ (I17), we have dY = [X,Y].
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Proof. Recalling from Subsect. 3.1 the definition of shuffles, we have .Sj, 1
= {op}7t] where

(]_ ......... n n_|_1)
op — h )
1---Y---n+1| h
and Sgyn_l = {Ti,j}1§i<j§n+1 Where
12(3--+-----. n_|_1
171 Y- n+1

Clearly,

sign(op,) = (—=1)""* and sign(r; ;) = (—1)"7 71

Hence, formula (4.14) becomes

XY, o (01 ® - ©vnga)
n+1

-1
=) (X1 V)7 ) (01 @ @ vpyn)
h=1

1
+ (D)"Y (Y or X))y, a (01 @+ @ vnga)

i<j
n+1 71(F) A
=3 ()X o V) (01 @Y - ® vt @ vp)
h=1 Ay Yo A4 1,20
+ Z(_Dn—l—i-l-j—l
=<J 1) i,J
(Yo X)™ ViRV VL@ Y -+ @ VUpg1),

i,
Ai,)\j,)\l,... Y oo An41

(4.15)

where \}; denotes a missing factor.

Let us study the two summands in the right-hand side of (4.15) sepa-
rately. To compute the first summand, we use equation (4.13) with A = X,
B=Y,k=2,m=nand G =0, ' (I). Note that o, ' (I') is obtained by
moving the h-th vertex at the end of the graph. Hence, G’ = T'\h and G”
is the subgraph of I' obtained by keeping only the edges in or out of the
vertex h. Then G” is a graph with two vertices labeled 1 and h, and

° ® if degp(h) = O,
G" =4 10—, if degp(h) = degp(h) =1,
10 e, if degp(h) = degf(h) =1,

and G” has a cycle if degp(h) > 2. Moreover, if degp(h) = 0 then G; = 0)
for all 4, while if degp(h) = 1 and there is an edge connecting h with j then
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G; =0 for all i # j and G; = e}. As a result, provided that degp(h) < 1,
we obtain

o, 1(T) ¢
(X01Y) h (Ul@"'y"'®vn+l®vh)

Alyeee Yoi An41,An
oo I\h g
(X—Ah—a,xh(y \ h (V@Y - ®Upy1) Dup)
if degr‘(h) = 0,
h
X.—"(Yr\hh (1}1®"'Y"'®Un+1)®1)h)

= 3 )\1,...Y...,)\j—i-)\h—i-ah,...,)\n+1
if j — h e E(I),
h
xeoe (vt (V1@ Y -+ ®Unt1) @ vp)
)\1,...Y...,)\j—i-)\h—i-ah,...,)\n+1
\ if j « he B(D),

(4.16)

where 0, denotes the action of 0 on vy, while (X oy Y)U}jl(r) = 0 if
degp(h) > 1.

To compute the second summand in the right-hand side of (4.15), we
use equation (4.13) with A=Y, B=X, k=n,m=2and G = Ti’_jl(]__‘).
Note that Tijjl (T") is obtained by moving vertices ¢ and j at the beginning
of I', keeping the order between ¢ and j. Hence,

e e if there is no edge between ¢ and j in I,
G'=Qe—e ifi—j e B,
o—e ifi+— j e E),
while G” = m;;(T). As a result, we obtain
Tiijl(r) %

J
(YO]_X) ’ i (/UZ®/U]®/U1®...Y...®/UTL+1)
Nis A A e Y e At

()
Y7T’LJ( .. (X.. (U®U)
( i , | | - | |
Ai—i—Ajv)\l,...\’(J...)\n_‘_l A1+AG2+8G27)\3+)\GJ +8GJ 2 7
2]
RV - Y "'®vn+1)
- AiFA AL T A Ui 9 05) U1 Vnit
J G ANLyee- e An41
lf 61"(7/,]) = ]_’
o 4,J
Y:j()\)A oo (X0, Qu) @U@+ Y - @ Vpt1)
1,+ YR 1,...Y... n+1
\

if ep(i,j) = —1.
(4.17)
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Combining equations (4.15), (4.16) and (4.17) and recalling (4.10), we
obtain (4.9). m

5. The main theorem

To a Poisson vertex algebra 7 we associate two cohomology complexes:
the variational PVA cohomology complex Cpy introduced in Subsect. 2.2,
and the classical PVA cohomology complex C. introduced in Sect. 4.
Recall also from Remark 2.2 and Subsect. 4.3, that these complexes have
the structure of a Lie superalgebra. It is natural to ask what is the relation
between these two cohomology theories. A partial answer was provided by
the following;:

Theorem 5.1 (|[BDSHK19, Theorem 11.4]). We have a canonical in-
jective homomorphism of Lie superalgebras

Hpv(%) — Hcl(”f/) (5.1)
induced by the map that sends f € Cpy, to Y € C7} such that
Yo =f and YV =0 if |E()|#0.

It was left as an open question in [BDSHK19| whether (5.1) is, in fact,
an isomorphism. The main result of this paper will be the proof that this
is indeed the case, under some regularity assumption on 7.

Theorem 5.2. Assuming that the PVA V', as a differential algebra, is a
finitely-generated algebra of differential polynomauals, the Lie superalgebra
homomorphism (5.1) is an isomorphism.

The remainder of the paper will be devoted to the proof of Theorem 5.2. In
Sect. 6, we introduce a new cohomology complex, called the sesquilinear
Harrison cohomology complex. In Sect. 7, we define a filtration of the clas-
sical PVA cohomology complex and we prove that its associated graded
is isomorphic to the sesquilinear Harrison cohomology complex. We then
show, in Sect. 8 that the cohomology of the sesquilinear Harrison coho-
mology complex vanishes in positive degree. Using that, we complete, in
Sect. 9, the proof of Theorem 5.2.

6. Sesquilinear Harrison cohomology

In the present Section we introduce the sesquilinear Hochschild and Har-
rison cohomology complexes. In order to do so, we first review the differ-
ential Hochschild and Harrison cohomology complexes.



222 B. Bakalov, A. De Sole, R. Heluani, V.G. Kac and V. Vignoli

6.1. Differential Hochschild cohomology complex

Let A be an associative algebra over the base field F, and M be an A-
bimodule. The corresponding Hochschild cohomology complex of A with
coefficients in M is defined as follows [Hoc45]|. The space of n-cochains is

Hom(A®"™, M), (6.1)
and the differential d: Hom(A®"™ M) — Hom(A®" 1 M) is defined by

(df)(a1 ® - @ any1)
=a1f(a2® - ® an+1)

n
+ Z(_l)if(al Q- Q-1 ® aiGir1 @ Uiy @ -+ @ Gpt1)
=1

+ ()" fla1 @ @ ag)anii.
(6.2)

If A is an associative algebra with a derivation 0: A — A, and M is
a differential bimodule over A (i.e., the action of 0 is compatible with
the bimodule structure), we may consider the differential Hochschild co-
homology complex by taking the subspace of n-cochains

HomF[a] (A®n, M) (6.3)

It is clear by the definition (6.2) that the differential d maps Homgs (A®", M)
to Hompg (A®" 1, M). Hence, we have a cohomology subcomplex.

6.2. Differential Harrison cohomology complex

Let us now recall Harrison’s original definition of his cohomology com-
plex [Har62], see also [GS87|, [L13]. Let A be a commutative associative
algebra, and M be a symmetric A-bimodule, i.e., such that am = ma,
for all @ € A and m € M. For every 1 < k < n define the following
endomorphism on the space Hom(A®", M):

(LeF) (a1 @ ®an) = Y (1) F(ayq) @ @ ar),  (6.4)
wEME

where . is the set of monotone permutations starting at k, defined in
Subsect. 3.2.
A Harrison n-cochain is defined as a Hochschild n-cochain F' € Hom(A®", M)

fixed by all operators Ly:
LyF = F for every 2 <k <n. (6.5)
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We will denote by
Ch. (A, M) C Hom(A®" M) (6.6)

the space of Harrison n-cochains.

Furthermore, if A is a differential algebra with a derivation 9 : A — A,
and M is a symmetric differential bimodule, we may consider the space
of differential Harrison n-cochains

Cg,Har(Aa M) - HomF[a] (A(Xm) M)a (67)
again defined by Harrison’s conditions (6.5).

Proposition 6.1 (|[GS87], [BDSKV21]).

(a) The Harrison cohomology complex (Cyar(A, M), d) is a subcomplex of
the Hochschild cohomology complex.

(b) If A is a differential algebra, with a derivation 0 : A — A, the differ-
ential Harrison cohomology complex (Co par(A, M), d) is a subcomplex
of the differential Hochschild cohomology complex.

The cohomology of the complex (Cp par(A4, M),d) is the differential
Harrison cohomology of A with coefficients in M, and is denoted by
Hp nar(A, M). Clearly, H) (A, M) = M and H}y, (A, M) = Der?(A, M)
is the space of all derivations from A to M commuting with 0.

Remark 6.2. It follows from |GS87| that Hf ;.. (A, M) is a direct summand
of the differential Hochschild cohomology, for n > 2.

6.3. The sesquilinear Hochschild cohomology complex

Let 7 be an associative differential algebra with derivation 0, and let M
be a differential bimodule over 7. Fix s > 1 and let, as in Subsect. 3.4,

k= (ki,....ks) €Z%, Ko=0, Kj=ki+---+k, t=1,...,5

and
n=Ks=Fk + -+ ks.
Given vy, ...,v, € ¥, we denote
vtE = VUK, 141 Q- Q UK, € 7/®kt7 t=1,...,s, (68)
so that
v::v1®---®vn:vlﬁ®---®vz67/®”. (6.9)

Note that we allow k; to be 0, and in this case vtk =1¢€cl.
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The s-sesquilinear Hochschild cohomology complex (C? (v, M),d)

sesq,Hoc
of ¥ with coefficients in M, is defined as follows. First we introduce the

space Cﬁo . of all linear maps

FAlv"'vAS : "ﬂ®n — M[A17 s 7AS]/<8 -+ Al + -+ AS>7

(6.10)
v — FAI)""AS (U)7
satisfying the sesquilinearity conditions (t =1,...,s),
FAI,"'aAS (’U]-E ® T 81}2 o ® /USE) = _AtFAla"'yAS (v) (611)

For every t = 1,. .., s, we define the ¢-th differential d® - C’I%O Cc C’I%Otgt,
where ey is the s-tuple with all 0 except for 1 in position ¢, given by

(dOF) py,n, (01 @ - @ V1)

— (—1)¥t—1 F ...Kt_1+1...
(=)™ (g1 +1) FAy o A, A, (01 ® Y ® Vn+1)

Ky
+ Z (—1)'Fa,, A, (01 @+ @ViVi41 @ -+ @ Uny1)
1=K 1+1
Ki+1
+ (_1)Kt+1FA1,...,At—l—m,...,As (Ul K- ¥ Q& 'Un—}-l)<|m:6‘vKt+l)-
(6.12)
In other words, up to the overall sign (—1)%t-1 and up to the shift by
0 in the variable Ay, this is the Hochschild cohomology differential of F,
viewed as a function of v%+et = VK, ;+1 @ -+ @ VK, 41, considering all
other vectors vg Lo, With ¢ # t as fixed parameters. In equation (6.12)

and throughout the rest of the paper, the substitution |,—p means that
the polynomial in x is expanded, x is replaced by 0, and it is applied, in
this case, to the vector vk, ,4+1 in the first term of the right-hand side,
and to the vector vk, 41 in the last term.

Remark 6.3. Note that M[A1]/(0 + A1) ~ M. Using this, we identify
the 1-sesquilinear Hochschild cohomology complex with the differential
Hochschild cohomology complex, defined in Subsect. 6.1.

Remark 6.4. Note that, for s > 1, by the sesquilinearity condition (6.11),
we have C’}ic = 0 if one of the k;’s is zero.

Theorem 6.5. For each k € 7%, equation (6.12) gives well defined maps
t). ~k k+e _
dV: Cf.. — Ot t=1,...,s
which are anticommuting differentials:

dDd®) = —q®)q®  for all t,.t' =1,...,s.
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Hence, we get a Z%,-graded s-complet,

(P G d,... d). (6.13)

kez,

As a consequence, letting

Hoc = @ Cvﬁoc and d = Zd(t) C1Hoc — CI?Igjlv (6'14>
k:Ks=n

we get a cohomology complex (C? Sesa, Hoo (Vs M) = @n>0 o d).
Proof. In order to prove that d® is well defined, we first check that, if

Frpoon,(0) =0+ A1+ -4+ Ag)Gpy..a,(0),

for every v € ¥, then the right-hand side of (6.12) lies in (0 + Ay +
-+ Ag). Indeed, using the fact that 0 is a derivation of the product in
¥, the first term of the right-hand side is equal to

(1) 1O+ A+ + Ay)
Ki_1+1
(GAyo 40, A(VIT® - Y - QUy) LUK, 41)-

The second and third term are similar.
Next, we check that d(*) F' satisfies the sesquilinearity conditions (6.10)
for every t' € {1,...,s} in place of ¢t and for k& + e in place of k. Let

V=0, ® - ®vy, ., be the factorization of v € Y@+ asin (6.9). If

0 acts on the factor vt,; 4o, With t' # t, then in each term of the right-hand

side of (6.12) we get a factor of —Ay, by the sesquilinearity of F'. In the
case when t' =t we observe that

t
Vkte, = VKi 141 ® w, where w = VK, 142 @ - QUK +1-

Then

avt@-f—gt - 8UthH—l QLW+ Vg, 141 ® ow.
Hence, if we replace UtEJrgt by aUtEJrgt in (d(t)F)Al,...,As (v), the first term
in the right-hand side of (6.12) becomes, up to the sign (—1)%¢-1,

Fayohi+o,. A, (01 @ - 0w+ ® Up) 50K, 41

+ EAy o A48, A (V1 @ - w - @ Uy) 5 0VE, 41

= FryoAt 0 A (01 @ w - @) (= Ay — O)uk, 41
+ Fpp A48, A (1 ® W ®@ )5 0VK, 1

= —MeFr, A0 A (VT @ W @ Up) VK, 41
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T(h)e other two terms in (6.12) are similar, proving the sesquilinearity of
dYF.

Next, we prove that d® and d*) anticommute for all ¢,#. For ¢’ # t,
d® and d) act on a different set of variables, hence, due to the overall
signs, they anticommute. For ¢ = ¢ we need to show that (d®)? = 0,
which is similar to the proof that the square of the Hochschild differential
is zero. For simplicity of notation, let us check this for ¢t = 1. Then Ky = k;
will be denoted simply as k. Applying formula (6.12) twice, we obtain:

(d(l)(d(l)F))Al,...(’Ul R QU2 ®@--+)

= (’:c:avl)(d(l)F)A1+:c,...(U2 X QU2 & - )
k+1
+Z (1)F (V@ RV R QU ® )

+ (_ )k+2(d(1)F)A1—|—x,...(vl K- Q& Vk+4+1 Q- )(|m:avk+2)

- (|w=3v1)(|y=8U2)FA1+m—I—y,...(U3 R R®Vgy2 & - )
k+1
+Z |ac 8vl)FA1—|—m (2®"'®’Uj1)j+1®"‘®’l}k+2®---)

+ (_1)k+1(|x:8U1)FA1+x+y,...('02 K QU1 Q- - )(|y:avk+2)
— (la=0(v1v2)) FA 42, (13® - - Q@ Upy2 @ - - +)

k+1

‘f‘z ) (|o=ov1) FAy 1o, (12 ® - @ 0041 @+ @ Uppa ® -+ +)
k-l—l 1—2

+ Z Z(_l)H—JFAl,...(Ul K- VjVj41 (S
i=3 j=1

®vivi—|—1®"'®vk+2®---)

k+1

- ZFAl,...(Ul ® - @V 1VVig] Q- @ Uppo @ - )
1=2

k

+ZFA1,...(7}1 SUEE ®’Ui’Ui+1UZ'+2 S ®’Uk+2 X )
=1
k—1 k+1 o

+ Z z (_1)2+]_1FA1,...(UI R Vi Vi1 Q.-
=1 j=142

®Ujvj+1®"'®vk+2®"')
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k
+ Z(—l)l+k+1FA1+x,...(’U1 ® - RUV1 @ D Upy1 @ -+ )(|le=oVk+2)
i=1

+ FA1+w,...(U1 Q@ QU - )(|m:8(vk+1vk+2))

+ (_1)k(|x:8U1)FA1+x+y,...(U2 K QUE1 - - )(|y:avk+2)
k

+D (DM P e, (01 © - @ 0041 © - @ U1 @ -+ )(|o=gVr42)
=1

— Frytaty, (01 @ @0p @ )(|e=aVk+1) (|y=0Vk+2)-

An inspection of the right-hand side shows that all terms pairwise cancel
with each other. The remaining assertions of the theorem are an immediate
consequence. L]

The symmetric group Ss acts naturally on each Cf. as follows. A

permutation o € S5 maps C’}%OC — ngf), where we recall that o(k) =

(kg=1(1ys - -+, kg-1(5)). Given F' € I%)C, its image F7 € ngf) is given by

o o1 o (s
(F )Al,...,AS (’U) = :tFAa—l(l)""’Aa—l(S) (Uk (1) R-- R ka ( ))’ (615)
where the sign in the right-hand side is
£ = (—1) X<t o) <o Rtk (6.16)

which is the Koszul sign obtained by permuting vectors vy, ..., v,, viewed
as having odd parity, according to (6.15). Moreover, for every o € Sy and
t=1,...,s, we have

cod® =d"® o (6.17)

6.4. The sesquilinear Harrison cohomology complex

Let 7 be a commutative associative differential algebra, and M be a
differential symmetric #’-bimodule. We define the s-sesquilinear Harrison
cohomology complex (Cluy y1ar(?'s M), d) as a subcomplex of the sesquilin-
ear Hochschild cohomology complex of ¥ with coefficients in M. First,
let C&ar be the subspace of C&OC consisting of all linear maps Fi, A, as
in equation (6.10) satisfying, in addition to the sesquilinearity conditions

(6.11), the following Harrison conditions (1 <t < s, 2 <m < k;):

LOF:= Y (-1)"WFy, A, 7 (vh) - 0v}) = Fa,..a, (),
7r€//l,§? - - -

(6.18)

where .7} is the set of monotone permutations in Sy, starting at m, cf.

(6.4).
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Proposition 6.6. For every k € Z>p, 1 < t,t' < s and 2 < m < k; we
have

d(t)LSfL’) — Lfﬁb’)d(t).
]n particular, we obtain a cohomology subcomplexr C? (v, M) of

sesq,Har
Sesal Hoe (Vs M) given by

Har = @ Cﬁar and d = Z d(t) Har — CE:r+1' (619)
k:Ks=n

Proof. Fort # t', the operators d®) and L%) commute because they act on
different sets of variables, vtk and vg respectively. For t = t/, the equation
dO LY = LW 4® holds by a straightforward computation, which is similar
to the proof that the Harrison cohomology complex is a subcomplex of
the Hochschild complex, see [GS87]. O

Proposition 6.7. Equation (6.15) gives a well defined action of the sym-
metric group Ss on Cy.., which maps C’}ir to ngf). Moreover, o com-
mutes with the differential d in (6.14).

Proof. Recall from the end of the previous subsection, that we have an
action o which maps CI%OC to ngf). We only need to check that this
action preserves the Harrison conditions (6.18). This is true because Lgf?

acts on the vectors from the t-th group v( ) , while o permutes the groups.
The claim that o commutes with d follows from (6.17). O

Thanks to Proposition 6.7, we get a cohomology subcomplex given by
the Ss-invariants:

< sym, Har(aj/ M) @(C;Igr)ss d) 52 L. (620)

n>0

We will call this complex the symmetric s-sesquilinear Harrison coho-
mology complex of ¥ with coefficients in M. The degenerate case s = 0
corresponds to setting

k=0, n=Ky=0, v=1cV® =F.

In this case, the symmetric (s = 0)-sesquilinear Harrison cohomology
complex C’Sym Har( 7, M) is concentrated in degree n = 0 and it is equal
to M /OM , with the zero differential.

Remark 6.8. As in Remark 6.3, we have M[A1]/(0+ A1) ~ M, and, using
this, we identify the (s = 1)-sesquilinear Harrison cohomology complex

with the differential Harrison cohomology complex, defined in Subsect.
6.1.
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7. Relation between symmetric sesquilinear Harrison and
classical PVA cohomology complexes

We introduce a filtration of the classical PVA complex (Cq,d) defined
in Subsect. 4.1. For a graph I" we let s(I') be the number of connected
components of I'. Recall that for an acyclic graph I' € 9(n) with n
vertices, we have s(I') = n — |E(I")|. We then let, for s € Z,

F.Cq={Y € Cq|Y" = 0 for every graph I such that s(T') < s}. (7.1)

This defines a decreasing filtration of vector spaces. Note that F,C. = Cg
for s < 0, because any graph I with n vertices and |E(I")] > n has a
cycle and therefore YT = 0 by definition. The same argument also gives
F1CY = Cf for n > 1, because any non-empty graph I' with n vertices and
|E(T")| > n— 1 has a cycle. However, F;CY = 0, and moreover, F,C" = (
for s > n, since s(I') =n — |E([)| < n.

Proposition 7.1. The filtration (7.1) is preserved by the action of the
differential d defined by (4.9).

Proof. For Y € F,C7}, we need to prove that dY € F SC’Q“. This means
that, for any I' € ¢(n + 1) such that s(I') < s, we have (dY)' = 0. Let
us consider separately the four terms in the right-hand side of (4.9).
First, if degp(h) = 0, then h is an isolated vertex of I' and s(I'\h) =
s(I')—1 < s—1, so that YT\ = 0. Second, if degp(h) = 1, then h is a leaf
of T and s(I'\h) = s(T') < s, so that again Y'\* = 0. Third, if ep(i, ) = 0,
then there is no edge connecting ¢ and j. Hence when we collapse them
into a single vertex, either we get a loop in m;;(I"), if ¢ and j are in the
same connected component of I, or else s(m;;(I")) = s(I') — 1 < s. In both
cases Y7™ii(I) = 0. Finally, if er(i,j) # 0, then there is an edge connecting
i and j. In this case s(m;;(I')) = s(I') < s, and again Y™ = 0. In
conclusion, all four terms in the right-hand side of (4.9) vanish if s(I') < s,
as claimed. O

As a consequence, the s-degree component of the associated graded of
the classical PVA complex

gr Ccl — FSCCI/FS—l—lCCI

is again a complex for any fixed s > 0 with the induced action of the
differential d. Note that in the special case s = 0 we have gr, C. = C’gl =
¥ /0¥, which is concentrated in degree n = 0.

By the proof of Proposition 7.1, if I' € ¢4(n + 1) and degp(h) = 0,
then s(I'\h) = s(I') — 1. Moreover, if er(¢,j) = 0, then either m;;(I") has
a loop or s(m;;(I')) = s(I') — 1. As a consequence, for Y € FyC7, the first
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and third term in the right-hand side of (4.9) vanish. Therefore, we get
the following explicit formula for the differential of [Y] =Y + Fs11C] €
gré C™ evaluated at I' € 4(n + 1) with s(I') = s:

cl»
(d[Y])El,...,/\nH (M ®- - ®vpy1)

_ Z (_1)deg1f(h)+n—h—|—1

h:degr(h)=1
j:er(5,h)#0

I'\h h
Y VIR Y - @ Ui _ v
Al,...w'?...,AjJr:c,...,A(nH nr1) (o, 000) (7.2)

+ ) en(i, j)(—1)"
i<j .
g 0]
Y?TZJ(F) . (Uivj®vl®"'y"'®vn+1)'
NN A e Y A

Theorem 7.2. For every s > 0 we have an isomorphism of complexes
between the s-degree component of the associated graded of the classical
PVA cohomology complex and the symmetric s-sesquilinear Harrison co-

homology complex:
gr, Co ~ CS (7.3)

sym,Har*

Ezplicitly, for Y € F,C% and k € 7, such that Ky = n, the image of
the linear map -

YUk O sy N, O+ M+ M)
depends only on the sums
A=Ak, 41+ + Ak, t=1,...,5, (7.4)
and therefore it can be viewed as a linear map
YVe: y®n 5 YA, A/ (04 AL+ 4 AY).
Then the isomorphism (7.3) maps

Y+ FopnChr— Y Y'E e (Cpn)™. (7.5)
kEZS: Ks=n

Proof. The case s = 0 is obvious, so we shall assume s > 1. Clearly, for
k € 7%, we have s(I'y, ) < s. Hence, for Y € F,C}, we have Y'e =0,
and the map (7.5) is well defined.

Next, we show that YTt ¢ C&ar for each k € Z%,. By the first

sesquilinearity condition (4.6), YT is a map ¥®" — ¥[Aq,..., A]/(0+
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Ai+--+Ag), since Ay = A1, ),- The second sesquilinearity condition (4.7)

for Y implies the sesquilinearity (6.11) of YT&. Moreover, the Harrison
conditions (6.18) for Y& follow from Lemma 3.6, or more precisely from
equation (3.10) applied to the t-th connected component (I'y ) = I'y, of

'), and the cycle relations (4.4) for Y. Hence, Y1t € C’}%ﬂ, as stated.
In order to check that the right-hand side of equation (7.5) is invariant

under the symmetric group Ss, pick a permutation o € Sg and consider

its action on Y &, for a fixed k € Z%,,. Using equation (6.15), we find

o1 o~ 1(s
(YT5) ) apns (0) = 273 & (f Voo ). (1)

A g1 (1yreD g1
where £ is as in (6.16). Let 0 € S,, be the permutation

G(Kt_l + Z) = ka—l(l) + -+ ka—l(o(t)—l) 4+, t=1,...,8,1=1,... k.
(7.7)
This permutation is defined so that

’1)'571(1) Q- U'&fl(n) = ’Uzil(l) XX ’Uzil(s). (78)

Indeed, we have, by (6.8),

o1 o 1(s
v Vg o]

= (UK071(1)_1+1 R ® UKUA(D) & (UKU,1(2)_1+1 R ---

RUK, 1) @+ © (UKJ—MSHH ®- vKa—1<s>)'

(2

On the other hand, we obviously have

Va—1(1) @ O U5-1(n)

= (v&_l(l) R R ,Ug_l(ka—l(l))) X (U&_l(kg—l(l)-i-l) Q-
(039 Ug_l(ka—l(l)-i'kg—l@))) R ® (Ug—l(kg_1(1)+...+k0_1(5_1)+1) X -
® /U’O'v*l(k’o_fl(l)‘i"'""kafl(s)))'

The above two formulas match thanks to the definition (7.7) of o with ¢
replaced by o~ 1(¢). Notice also that, for the same reason, (cf. (7.4))

)\5—1(](3071(1)_|_..._|_]<;071(t_1)_|_1)—|—- . '+)\5_1(k0—1(1)+""H€071(t)) = Ao.—l(t)7 (79)

and
o(Tk) =To(k), (7.10)
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or, equivalently, 7 1(I'y) = [y-1(). We then use the skewsymmetry of
Y (4.3) with respect to 61 evaluated on the graph I'y:

g HTy) P |
Ve ) GV (i © 0 0)
(7.11)
Notice that the £ sign in (7.6) is precisely sign(c). Hence, combining

equations (7.6)—(7.11), we get
(YTe)? = ylota), (7.12)

As a consequence, the sum in the right-hand side of (7.5) is Ss-invariant,
as claimed.
. PR . . I‘
Next, we observe that the map (7.5) is injective. Indeed, if ZEGZi J:Ka=n Yk

=0in Chp. = @y . goen CI%M, then YTt = 0 for every k € 7%, and
therefore, by Theorem 3.5, YT = 0 whenever s(I') < s. Hence, Y €
Fy1C7, so its image in gr, C7; is zero.

Now we prove that (7.5) is surjective. Take an element

_ k sn k
F= Z TS C'Har - @ C'Har’
k k:Ks=n

which is invariant under the action of the symmetric group Ss. We want
to construct Y € F;C% such that YTt = FE for every k € Z%,. Note
that, by Remark 6.4, we can restrict to k& € Z%,. In the degenerate case
s =1 and k1 = 0, we have n = 0 and in this case the claim is obvious.
First, we define Y € Z2,(I17)(n), see Subsect. 4.3. Recall by Theorem
3.5 that the proper k-lines I' € Z(n), defined by (3.6), (3.7), form a
basis for the vector space F¥(n)/%(n), if k1 < --- < kg and &4 < 4t
whenever k; = k;;. Hence, it is enough to define YT for each proper
k-line T satisfying these conditions. Given such I', there is a permutation
T € Sy such that I' = 7(I', ), and we set

. k
Y>F1,...,>\n (1 ®- - Quy) = Slgn(T)FA*l?m’As (UT(l), . ,’L)T(n)), (7.13)

where the Ay’s are as in (7.4). This is well defined, since if 7 € S, fixes
I'y, then 7 = o for some o € S; fixing k, and in this case the right-
hand side of (7.13) equals FA%,...,AS (v1,...,v,) by the Sg-symmetry of F.
The cycle relations (4.4) and the first sesquilinearity condition (4.6) on Y’
hold by construction. The second sesquilinearity condition (4.7) follows
immediately from the sesquilinearity (6.11) of F.

We are left to check that the map Y defined by (7.13) satisfies the
skewsymmetry (4.3), or equivalently, the S,-invariance Y = Y? o € S,
with respect to the action (4.11). It is enough to check this separately in
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the cases when the permutation only acts on the vertices of a single line,
or when it permutes the lines. In the first case, the invariance condition
reduces to the case s = 1, for which the sesquilinear Harrison complex is
equivalent to the differential Harrison complex, and the claim was proved
in [BDSKV21, Lemma 4.9]. In the second case, when the permutation o
permutes the lines, the o-invariance of Y holds by construction.

Finally, we show that the map (7.5) commutes with the action of the
differentials (4.9) and (6.14). Recall that the differential (4.9) induces, in
the associated graded complex gr, Cy the differential (7.2). Let us evaluate
the right-hand side of (7.2) for I' = I',. In the first sum, h is a vertex of
degree 1, hence it must be the beginning or end point of one of the s lines in
I';, and j is the vertex adjacent to it in the line. Hence, when h is the first
vertex of the ¢-th line, we get the first term of (6.12), while when & is the
last vertex of the ¢-th line, we get the third term of (6.12). Furthermore,
in the second sum of the right-hand side of (7.2), the only non-zero terms
have er, (i,7) = 1, which means that ¢ and j are consecutive vertices of
the same line in I',. When they are in the ¢-th line we recover the second
term of (6.12). This completes the proof. O

8. Vanishing of the sesquilinear Harrison cohomology

In this section, we prove a vanishing theorem for the (symmetric) sesquilin-
ear Harrison cohomology, introduced in Subsect. 6.4. First, we recall some
basic facts about the Hochschild homology and cohomology, and a weak
form of the Hochschild-Kostant-Rosenberg (HKR) Theorem. Next, we
state an analogous theorem for the differential Hochschild cohomology,
due to P. Etingof, the proof of which is included in Appendix A. We gen-
eralize this to the sesquilinear Hochschild cohomology, introduced in Sub-
sect. 6.3, to derive the vanishing theorem for the (symmetric) sesquilinear
Harrison cohomology, which is used in the proof of the main theorem.

8.1. The Bar complex

Let A be an associative F-algebra. Its Bar-resolution Be(A) is a complex
of A-A-bimodules with

Br(A)=A®---® A, k>0, (8.1)
—_———
k+2-times
where the differential d: By(A) — By—1(A) is given by
k

d(ao QR ak+1) = Z(—l)iao Q- ®aitit1 @+ X A1, k>1.
1=0
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Let A°? be A with the opposite product and A° = A ® A°P?. Then B(A)
is a complex of left A°~-modules by letting

(a@b)al®®ak+2:aal®®ak+2b

Any A-A-bimodule M can be viewed as a right A°-module by letting
m-(a®b)=>b-m-a. Then

Bo(A, M) := M @ 4c B(A)

is a complex of F-vector spaces. The homology of this complex is known
as the Hochschild homology of A with coefficients in M and is denoted by
HH,(A, M).

Given an A-A-bimodule M, we obtain a complex of F-vector spaces

C.(A, M) = HomA—A—bimOd(BO(A)7 M)

The homology of this complex is known as the Hochschild cohomology of
A with coefficients in M. It is easy to see that this cohomology coincides
with the one defined in Subsect. 6.1.

For a unital algebra A, we will use the normalized Hochschild complex
C*(A, M) |L13, 1.5.7] consisting on Hochschild cochains f € C*(A, A)
vanishing on elements of the form ag ® - - - ® ay, where one of the a; is 1.
The inclusion C*(A4,A) — C*(A, A) is a quasi-isomorphism. Indeed the
map

a1 @ - Qagre — 1@ a1 ® -+ Qagya,

induces a homotopy between the identity map of C*(A, A) and its pro-
jection to C'*(A, A). Suppose that the algebra A is unital and augmented,
with an augmentation ideal Ay; in this case we have

C(A, A) = Homp (A%, A). (8.2)

8.2. Kahler differentials

Let A be an associative commutative F-algebra, and I C A ® A be the
kernel of the multiplication map A ® A — A. The A-module QY := I/1?
is called the module of Kdihler differentials of A.

For an A-module M, a derivation of A with values in M is a linear

map D € Homp(A, M) satisfying
D(a-b)=a-D(b)+b- D(a).
The space of all derivations Der(A, M) is an A-module and we have

Der(A, M) ~ Hom4(QY, M).
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In particular, the identity map of Qh gives a derivation d € Der(A, 9}4);
explicitly,
da=a®1—1®a mod I

We define the module of n-forms by

n
= /\AQ}L" n > 0.

Let V' be a F-vector space, and consider the free commutative associa-
tive unital algebra A = S(V') generated by V. In this case,

neAo NV,

since 2}, is a free A-module of rank = dim V. We view Q% = @, as
a complex with zero differential. We have the following map of complexes
e: Q% — Bl(A, A), called the antisymmetrization map, defined by

cla@ui A Nvy) = sign(0)a ® Vo-1(1) @ @ Vg-1()-  (8.3)

Theorem 8.1 (HKR Theorem [L13, Theorem 3.2.2]). Let A =
S(V') as above. Then the antisymmetrization map €, given by (8.3), is
a quasi-isomorphism. In particular, we have an isomorphism e,: Q7 =
HH, (A, A) for all n > 0 induced in homology. Its inverse is given by the
surjective map

Tt HHo(A,A) — Q%, mi(ap ® -+ ® ag) = apday A - - - A dag.
Similarly, we have:
Theorem 8.2. For A = S(V) as above, the inclusion of complezes
b /\1'4 Der(A, A) — Cy(A, A)

18 a quasi-isomorphism. Consequently, we have an isomorphism of coho-
mology groups

e HH*(A,A) — N\ Der(4,4)~ 42 \"v*,

f

defined as the inverse of the map % induced by © in cohomology.
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8.3. The differential setting

Let now A be a differential associative algebra, that is an associative
algebra over IF with a derivation 9. Then the complex B(A) is a complex
of F[0]-modules. Given a differential A-bimodule M, we have the complex
of F-vector spaces

Cé(A7 M) = Hom%—A—bimod(BO (A)v M)a

where the Hom is taken in the category of differential A-A-bimodules.
The homology of this complex is the differential Hochschild cohomology
of A with coefficients in M, denoted by HHS(A, M). It is clear that this
definition coincides with the definition in Subsect. 6.1.

Let A = ]F[:cz(j) |1 <i< N, j>0] be a differential polynomial algebra
in N variables x; = 3:20) and their derivatives szz(j )= xl(j H), j > 0. Let
A4 C A be the augmentation ideal. We will need the following well known
result, whose proof we provide for completeness.

Lemma 8.3. A, is free as an F[0]-module.

Proof. Consider first the case when A is a differential polynomial algebra
in one variable z = (9 that is A = F[2(®), 2() .. .]. An F-basis of A is
given by the monomials

g =0 R N = > A >0, k> 1 (8.4)
We have
k
oz = Z 2D D) (k) (8.5)
i=1

The module A, is a graded F[0]-module with deg 2 = k + Zle Ai, and
deg 0 = 1. Notice that the homogeneous components (A ),, of degree n are
finite dimensional over F. We consider the weighted reverse lexicographic
order on the set of monomials (8.4): for two partitions X, u we let 2V >
™ if degz®™ > degz® or degz®™ = degz™ and there exists ig > 1
such that \; = p; for 1 <7 <ip and A;, > p;,. This is a total ordering on
the set of monomials (8.4).

We construct an F[0]-basis of A, as follows. For each homogeneous
degree component (A4 ),, we consider a set of monomials %, C (A1),
such that their images in (A4 ), /9(A4)n—1 form an F-basis. This set exists
since we have a total ordering of a monomial basis of (A4), over F. We
let # =11,,~; #n. We claim that & is an F[0]-basis of A, .

First, let us prove by induction that % spans A,. Let a € A, be a
homogeneous element of degree n. We prove by induction that a can be
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written as a linear combination with coefficients in F[0] of elements of £.
When n = 1 there is nothing to prove as (A ); has as a basis % = {z(9}.
Assume that every homogeneous element of degree less than n is in the
F[0]-span of #. We can assume that a is a monomial. By the definition
of %, there exist b € (A4), and ¢ € (A4 ),—1 such that a = b+ Jc with
the property that b is an F-linear combination of elements of 4,,. By our
induction hypothesis, ¢ (and therefore dc) can be written as an F[0]-linear
combination of elements of . Therefore, & spans Ay over F[0).

Let us now prove that the elements of 2 are linearly independent over
F[0]. Suppose we are given by, ..., b, € %A such that

a1by + -+, 0, =0, o €F, a;#0, j; >0. (8.6)

We may assume that each summand is homogeneous of degree n and that
j1 > -+ > jp. Since 0 is injective on A, we may assume that j,. = 0. Let
0 be the minimum such that j;; = 0. Thus b; € %, for ip <@ < r. It
follows that )i, a;b; vanishes modulo d(A4 ),—1, which contradicts our
choice of %,,. This proves that Z is an F[0]-basis of A.

For general N, writing A" in place of A and denoting the case N = 1
again by A, we have an isomorphism of F[0]-modules

AN ~ A®N — (A, @ F1)®V,

Hence, the augmentation ideal (AY), is a direct sum of tensor products
of free F[0]-modules, and so is free. O

Now we introduce the subspace of poly-vector fields
P* C Homp(A®*, A),

i.e., alternating maps that are derivations in each argument. We consider
P* as a complex with the zero differential. Since A is a differential algebra,
P* is naturally an F[0]-module; let P§ = Ker 0.

The proof of the following theorem due to P. Etingof is included in
Appendix A.

Theorem 8.4. Let A = ]F[zvz(j)| 1 <i< N, j>0] be a differential polyno-
maal algebra in N wvariables and their derivatives. Then for all k > 0 we

have an isomorphism
HHE(A,A) ~ P}
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8.4. The sesquilinear setting

Let A be an associative differential algebra and s > 1. Consider the total
complex of the s-complex

B(A)®* = B(A) @4+ ©4 B(A).

(.

~
s times

This is a complex of A-A-bimodules and of F[Jy, ..., ds]-modules. Let M
be a differential A-A-bimodule. Define

ASM = M®F[8] F[al,. . .,88],

where the left F[0]-module structure on F[dy, ..., ds] is given by the diag-
onal map 0 — Y 0;. Then A*M is an A-A-bimodule and an F[0y, ..., 0s]-

module. We have the complexes
C** = Hom- A-bimod (B(A)®°, A°M), C5* = Hom(B(A)®*, A*M),

the Hom in the right-hand side being taken in the category of A-A-
bimodules and F[0, ..., ds]-modules. It is clear from the definition that
C5*(A, A) coincides with the complex Cfp°. from (6.14).

Remark 8.5. Notice that the complexes C** and C}* decompose under
the action of products of symmetric groups as follows. For each degree ¢
and a partition k; + - - - + ks = 7, the complex C'** has a direct summand
consisting of maps

BM(A)®---© B*(A) — A°M.

The group Sk, X --- X Sk, acts by permuting the entries on the left-
hand side. The complex C** is a direct sum of these symmetric group
representations for all ¢ and all partitions.

Let now A be in addition commutative, let Q,lq be the module of Kahler
differentials of A, and let

QY = /\A QL

be the module of differential forms. We consider €2% as a complex with
zero differential. We have P®* = Hom(Q*, A). Note that Q! and therefore
Q% are differential A-modules. Hence P§ = Hom 4_p5 (2%, A), where the
Hom is taken in the category of differential A-modules.
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Theorem 8.6. Let A = F[wg‘j) |1 <4< N,j>0] be a differential poly-
nomial algebra, and M be its differential module. Then for every: > 0 we
have isomorphisms

HY(C**(A, M)) ~ H'(Hom((Q%)%%, A*M)),

H'(C5*(A, M)) =~ H'(Hom_gjg, .5, ((2%)%°, A°M)).
Proof. The first isomorphism is simply a consequence of the HKR Theo-
rem 8.1 for A stating that B(A) is quasi-isomorphic to €%. Since the latter
is a free A-module, it is flat, and therefore B(A)®® is quasi-isomorphic to
(£2%)®5. The result follows by taking Homs into A*M.

The quasi-isomorphism B(A4)®* — (2%)%° is a quasi-isomorphism of

complexes of A-modules and F[0, ..., ds]-modules. It follows that we have
a quasi-isomorphism of complexes of A-modules and F[dy, .. ., ds]-modules

C5*(A, M) — Hom4((Q%)%%, A°M),
and hence the following two complexes are quasi-isomorphic

R HomF[al,...,as] (Fa Cs’.(Av M))

o \©5 s (8.7)
— RHomF[al,_._yas](IF,HomA((QA) yASM)).

In order to compute the cohomology of (8.7), we use the Koszul resolution

of F as an [0y, ..., 0s]-module. We consider the free module Q]lF[al 4]
with a basis d', ..., d® and the resolution
k k=1
T /\ Qpiay,..00 — /\ Qioy,..00 — (8.8)
E— Q]lF[al,...,as] — F[alv ce aas] — IF.

This resolution coincides with the two-term resolution (A.2) when s = 1.

The complex (8.8) is non-negatively graded, with F[0y,...,0s] in de-
gree 0. The Koszul differential is defined by d* — 0" and extending by the
Leibniz rule to a derivation of degree —1 of the free commutative superal-
gebra A°® QIIF[al,...,aS]' Hence, in order to compute the cohomology of (8.7),
we need to compute the cohomology of the total complexes with s + 1
rows

AN Foc(4,M) and N\"F ©Homs((2%)%,A°M).  (8.9)

We compute first the vertical cohomology of the complex on the right.
We claim that for each column ¢ > 1 the vertical cohomology in A\°®*F* ®
Hom((9%)®%, A* M) vanishes in positive degrees. Indeed, let T%* be the
set of all maps in C**(A, M) that are derivations in each argument. We
have a split injection Hom((2%)®*, A*M) — T", since the latter splits as
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a representation of the symmetric group as in Remark 8.5. It suffices then
to prove that the vertical cohomology of A®F* ® T'%* vanishes in positive
degrees. For each partition ki + --- + ks = ¢ > 1, the corresponding
summand of T'%* is given by maps

(AL /AZ)*M @ - @ (A [AR)®h — A°M. (8.10)

Notice that if some k; = 0, the corresponding space of maps vanishes since
there are no non-trivial derivations of F. So we may assume that all &£; > 0.
Since A1 /A% is free as an F[9]-module, it follows that the left-hand side
of (8.10) is free as an F[0y, ..., 0s]-module. Hence

Ext{g[ah__.’as](w, T =0, i,j>1,

proving that the vertical cohomology of the second complex in (8.9) van-
ishes in positive degrees for each column ¢ > 1. The zeroth column is
given by the complex A*F ® A*M, where the differential is defined by
d' @ m — mo; extended to a derivation of degree —1. Since the horizon-
tal differentials are zero, we obtain the following description of the total
cohomology. In each degree ¢ > 1, we have

HY (Homy o, o) (%)%, A M) @ H( \'F @AM, (8.11)

where the first summand corresponds to the i-th horizontal cohomology
of the zeroth row, while the second is the i-th vertical cohomology of the
zeroth column. In degree 0, we have F.

We now analyze the vertical cohomology of the first bicomplex in (8.9).
We notice that, in the same way as in the proof of Theorem 8.4, for any
partition ki + - -+ + ks = ¢ where all k; > 0, we have (A+)®ij is a free
F[01,...,0s]-module. Hence, we obtain

Ext%[al’_.’as](]F, C*9)y =0, i,j>1.

The cohomology is therefore again concentrated in the zeroth row and the
zeroth column. The zeroth vertical cohomology is given by C’g", while the
zeroth column is given by A®* ®ASM. We see that the zeroth column con-
tributes the same cohomology to the second summand of (8.11), while the
horizontal cohomology of the zeroth row is now given by H*(C5*(A4, M)),
proving the theorem. [l
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8.5. The sesquilinear Hodge decomposition

We recall here the Hodge decomposition of the Hochschild cohomology of
a commutative algebra A with coefficients in its module M; see [GS87],
|[L13]. The symmetric group S,, acts on

C" := C™(A, M) ~ Hom(A®™, M)

by permuting the n factors. Recall the Eulerian idempotents e € Q[Sy]
of the group algebra of S,, (see [L13, 4.5.2] for an explicit descrlptlon).
They satisfy

1267(11)—#---—}—67(1”),
eg)eg) =0, if # 7, and eg)eg) =¥,

n

It follows from [L13, 4.5.10] that, putting Cley = elF )C” and letting
HH (”)(A, M) C HH™(A, M) consist of cohomology classes of elements in
C&), we obtain a direct sum decomposition

HH™(A,M)=HH}\, (A, M) & & HH, (A, M), n>1

The first summand H H (”1)(14, M) is identified canonically with the Harri-

son cohomology H"(CF,, (A, M)) by |[L13, 4.5.13]. The last summand is
identified with polyvector fields [L13, 4.5.13]:

HH], (A, M) ~ Hom ( A" b, M). (8.12)

The above description generalizes to the sesquilinear setting. Recall
from the proof of Proposition 6.7 that the complexes C3*(A, M) are com-
plexes in the category of representations of symmetric group Ss, so that
the action of the symmetric group S5 as described in Subsect. 6.3 com-
mutes with the differential. In addition, it preserves the Harrison condi-
tions (6.18). For each s and k + --- + ks = n, we have an action of the
product Sy, x - -+ x S, on C5*(A, M) by permuting the entries and com-
muting with the differential. Consider the corresponding FEulerian idem-
potents e,(;j) € Q[Sk;], fori > 0 and j =1,...,s. For i = (i1,...,is) and
k= (k1,...,ks), we let

e(z) = e,il) R ® ek ) e Q[Sk, X -+ X Sk.].

For each i, we set

CiraAM) = @ eloyi(AM).

ki+tks=n

(@), 8(
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We obtain the corresponding decomposition of the sesquilinear Hochschild
cohomology

H™(C5*(A, M)) @H“ (ino(A, M)).

Denote by 1 the s-tuple (1,...,1). The summand for ¢ = 1 is identified
with the sesquilinear Harrison cohomology in the same way as above:

H”(Cse;q Har (A, M) = H”(C’(Slga(A, M)). (8.13)
In the other extreme case, we obtain from (8.12) the identification of
sesquilinear polyvector fields with the following sum

" (Hom o gioy oy (00, AM) ~ @) HNCIL (A, M),
k1++ks:n
(8.14)

The main result of this section is the following:

Theorem 8.7. Let A = ]F[xgj) |1 <i<N,j>0] be a differential polyno-
mial algebra, and M be its differential module. Then for every n > s > 0
the sesquilinear Harrison cohomology of A with coefficients in M wvan-
1shes:

H"(Cieq par(4, M)) = 0.

sesq,

Proof. Let n > s > 0 and consider the sesquilinear Hochschild cohomol-
ogy of A with coefficients in M, namely H"(C*(A, M)). By Theorem 8.6
and (8.14), we have an isomorphism

H'(C3*(AM) ~ P H"(C(5 (A, M)).
k1++ks:n

If n > s this implies that in the sum in the right-hand side we must have
some k; > 1, and hence k # 1. This implies that

H"(C} (A 21) = 0,

and therefore the theorem follows by (8.13). O

Corollary 8.8. With the notation of Theorem 8.7, for everyn > s > 0
the symmetric s-sesquilinear Harrison cohomology of A with coefficients
in M vanishes:

HY(C®* . (A, M)) = 0.

sym,Har
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Proof. 1t follows from Proposition 6.7 that the sesquilinear Harrison co-

homology complex C’;é;q Har 18 @ complex of Ssg-modules. The symmet-

ric s-sesquilinear Harrison cohomology complex C’Ssy:n Har (A, M) is defined
in (6.20) as its subcomplex of Ss-invariants. It follows that the sym-
metric s-sesquilinear Harrison cohomology is a direct summand of the

s-sesquilinear Harrison cohomology. O

9. Proof of the Main Theorem 5.2

Recall that by Theorem 5.1 the map (5.1) is injective, and we only need to
prove that it is surjective. The main step is to show that for every closed
element Y € C7} in the classical complex, dY = 0, there exist Z € C’g_l

and Y € C? such that
Y=dZ+Y, (9.1)

and B
YU =0 if |E(I)|#0. (9.2)

Recall the filtration F;C7} of the classical complex, given by equation (7.1).
Clearly, Y € F1C} = C}, and the condition (9.2) on Y is equivalent to

cl
saying that Y € F,,C}. Hence, by induction, it suffices to prove that, for
1<s<n-1andY, € F;C]} such that dY; = 0, we can find Z5 Cg_l
and Y1 € Fy1C] satisfying

Consider the coset Y+ Fs11CY € gry Cf. Then, since the differential d of
Ca preserves the filtration (7.1), Y, + Fs11CY is a closed element of the
complex gr, C.). By Theorem 7.2, the complex gr, C is isomorphic to the
complex Cs;sym,Har’ which, by Corollary 8.8, has trivial n-th cohomology,
since s < n — 1. As a consequence, there exists Z + FS+1C'3_1 € gr, Cg_l
such that

Vs + Fs1Cl = d(Zs + Fs 1 CIH).
This is equivalent to Yy := Y, —dZ, € Fy11C}, proving the claim (9.1)—
9.2).
( ’%o conclude the proof of Theorem 5.2, we are left to show that all
cocycles Y € (7 satisfying (9.2) are in the image of the map (5.1). Indeed,
by [BDSHK20, Lemma 11.3], the condition (dY)' = 0 for a graph I’ with
one edge implies that f = Y** satisfies the Leibniz rule. Hence f lies in
Cpy. Moreover, again by [BDSHK20, Lemma 11.3], df = (dY)*"* = 0.
Therefore, Y is the image of f under the map (5.1).
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A. Proof of Theorem 8.4 (by Pavel Etingof)

We consider the normalized Hochschild complex C*(A, A) defined in (8.2).
It follows from Theorem 8.2 that 7f: P® — C* (A, A) is a quasi-isomorphism.
Notice also that the inclusion 7* commutes with the F[0]-action. That
is, the complexes P® and C*(A, A) are quasi-isomorphic as complexes of
F[0]-modules. Considering F as a trivial F[0]-module, it follows that we
have a quasi-isomorphism of complexes of vector spaces:

RHomF[a] (F, P.) — RHOHI]F[@] (F, C_'.(A, A)), (Al)

where RHom is the right derived functor of Hom, whose cohomology
computes the Ext groups. To compute the cohomology of these complexes,
we consider the resolution

F[8] -2 F[9] —» F. (A.2)

We replace F by the two term complex F[0] — F[J] in (A.1) and therefore
the space of morphisms of F[0]-modules

(E(0] ~ F[0)) — P*,  (F[0] - F[2]) — C*(4, 4),
are naturally bi-complexes of vector spaces. They consist of complexes

with two rows and infinitely many columns. Thus, the cohomology of the
complexes in (A.1) are given by the cohomology of the total complexes as-
sociated to the two-row bicomplexes P* 9 p* and C* (A A) 9, ¢ (A A).
We compute the vertical cohomology of the complex P* 9, p* first.

We claim that the map 0: P* — P" is surjective for ¢ > 1. In fact, if we
let 7" C C(A, A)" be the subspace of all maps that are derivations on each
argument, we see that P* — T" is a split injection since T* decomposes
as a representation of the symmetric group S; on ¢ elements. It suffices to
prove that 9: T* — T" is surjective for ¢ > 1. This is equivalent to showing
that Ext]llr[a] (F,T") = 0 for i > 1. Indeed, we may replace F by (A.2) and
computing the Ext groups amounts to computing the cohomology of the
complex T* o, T*, which vanishes in degree 1 if and only if 0 is surjective.
Notice that

T' = Homp((A4/A2)®", A),

since a derivation is determined on Ai by the Leibniz rule. Also note that

A4 /A% is a free F[0]-module M ~ F[0]"™, with basis given by {xl(o)}lgigN-
Since M is a free F[0]-module, we obtain

Extllg[a] (F, T = Ext]}[a] (F, Homp(M®*, A)) =0, i>1.
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Since the horizontal differentials of P* % P* vanish (as the differential
of P*® vanishes), we obtain that the total cohomology of the bicomplex

P2 peis given as follows. In degree ¢ > 2, it is Pg, that is the ¢ € P!
such that dp’ = 0. In degree 1, we have P & (A/9A), the first summand
corresponds to the vertical cohomology in degree 0 of P! while the second
is the vertical cohomology of degree 1 of P? = A. Finally, in degree 0, we
have Pg =F.

We now consider the cohomology of the complex C*(A, A) 9, oo (A, A)
which computes the right-hand side of (A.1). It follows from Lemma 8.3

that .
Extyig)(F, Ci(A, A)) = Extg (F, Homg (AT, A))

Thus, the vertical differentials of C*(A4, A) 9 C*(A, A) are also surjec-
tive for ¢ > 1. The vertical cohomology of this bicomplex is therefore
Ch(A,A) for 4 > 1, while in the first column we have the cohomol-
ogy C9(A, A) = A9 = F in degree 0 and C°(A, A)/0C°(A, A) = A/OA
in degree 1. Computing now the horizontal cohomology, we obtain that
the total cohomology of the bicomplex C*(A, A) — C*(A, A) consists of
H(Cy(A, A)) for i > 2. In degree 1 we have H1(Cs(A, A)) ® A/OA, and
in degree 0 we have F. We have therefore obtained H*(Cy(4, A)) ~ P}
for all # > 0 as claimed.
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