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Abstract. We describe a setting where convergence to consensus in a population of autonomous
agents can be formally addressed and prove some general results establishing conditions under
which such convergence occurs. Both continuous and discrete time are considered and a number
of particular examples, notably the way in which a population of animals move together, are
considered as particular instances of our setting.
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1. A basic example: flocking

A common situation occurring in a number of disciplines is that in which a
number of autonomous agents reach a consensus without a central direction.
An example of this is the emergence of a common belief in a price system
when activity takes place in a given market. Another example is the emergence
of common languages in primitive societies, or the dawn of vowel systems.
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Yet a third example is the way in which populations of animals move together
(referred as “schooling”, “flocking”, or “herding” depending on the considered
animals).

As a motivating example in this introduction we consider a population, say
of birds, whose members are moving in E = R>. This situation has been recently
studied in [6] and in what follows we freely draw from this paper.

It has been observed that under some initial conditions, for example on the
positions and velocities of the birds, the state of the flock converges to one in
which all birds fly with the same velocity. A way to justify this observation is
to postulate a model for the evolution of the flock and exhibit conditions on the
initial state under which a convergence as above is established. In case these
conditions are not satisfied, dispersion of the flock may occur.

The model proposed in [6] postulates the following behavior: every bird ad-
justs its velocity by adding to it a weighted average of the differences of its
velocity with those of the other birds. That is, at time ¢ € N, and for bird i,

k
v,-(t—|—h)—v,-(t) :h;aij(vj(t)—v,-(t)). (1)

Here £ is the magnitude of the time step and the weights {a;;} quantify the way
the birds influence each other. It is reasonable to assume that this influence is
a function of the distance between birds. This assumption is given form via a
non-increasing function 1 : Ry — R such that the adjacency matrix A, has

entries
H

W PP (2)
for some fixed H > 0 and 3 > 0.
We can write the set of equalities (1) in a more concise form. Let A, be the
k x k matrix with entries a;;, D, be the k x k diagonal matrix whose ith diagonal
entryisd; =} j<ia;jand Ly = Dy — A, the Laplacian of A, (a matrix increasingly
considered in the study of graphs and weighted graphs [3, 12]). Then

(D) ) = ~h Y a0 () v, 0)

n n
= —h(z aij)vi(t) +h Z aijvj(t)
j=1 j=1
= —h[Dw(t)]; + h[Av(1)];
= —h[Lw(t)];.
Note that the matrix notation A,v(t) does not have the usual meaning of a

k x k matrix acting on R¥. Instead, the matrix A, is acting on Ef by mapping
(Vi,...,vk) to (aj1vi + - - - + aivk i<k The same applies to L.
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Adding a natural equation for the change of positions we obtain the system

x(t+h) =x(t)+hv(r) 3)
v(t+h) = (Id — hLy) v(z).

We will consider evolution for continuous time. That is, x, v € [E are functions
of + € R. The corresponding model is obtained by letting 4 tend to zero and is
given by the system of differential equations

¥=v 4)

/
Vv = — xv.

One of the main results in [6] (Theorem 2 there) can be restated as follows
(and is a particular case of one of the main results in this paper, Theorem 2
below).

Theorem 1. Let xo,vy € E. Then, there exists a unique solution (x(t),v(t)) of
(4), defined for all t € R, with initial conditions x(0) = xy and v(0) = vo. If
B < 1/2 then, when t — oo the velocities vi(t) tend to a common limit v € E and
the vectors x; — x; tend to a limit vector X;j, for all i, j < k. The same happens if
B > 1/2 provided the initial values xo and v satisfy a given, explicit, relation.

2. A more general setting

In what follows we extend the situation considered in Section 1 to a more gen-
eral setting.

We consider two variables: v —describing the object whose emergence is of
interest— and x —describing other features of the agents— both varying with
time. We assume the existence of two inner product spaces X and I such that
xeXandvel.

When we talk of convergence of (vi(z),...,v(f)) to a common value we
mean the existence of a point v € F such that, when t — oo, (v{(),...,v(2)) —

A~ AN

v,...,v).
Let Ar denote the diagonal of FX, i.e.,

Ap ={(v,...,v) |veTF}.

Then, convergence to a common value means convergence to the diagonal or, if
we let V = IF* /Ag, convergence to 0 in this quotient space. To establish such a
convergence we need a norm in V. In the following, we will fix an inner product
(, ) in V and we will consider its induced norm || ||. We will often write A(v)
for ||v||? and I"(x) for ||x||>.
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We next give an extension of system (4) in Section 1. We will assume a
(Lipschitz or €'!) function
F:XxV -V

satisfying, for some C,8 > 0 and 0 < y < 1, that
forxeX,veV,|F(xv)| <C(l1+ Htz)% Iv)|®. 5)

Let .# (k x k) be the space of k x k real matrices. We consider (Lipschitz or
€') maps

L:X — M (kxk)
x— L,
satisfying that L,(1,1,...,1) = 0. Note that any such L, induces a linear operator
on V which, abusing language, we will also denote by L,.

To a pair (F,L) as above, we will associate the system of differential equa-
tions

F(x,v) (6)

/
X

/
1% - xv.

Our first main result deals with convergence to consensus for (6). To state it,
we need to impose a hypothesis on L. We next describe this hypothesis.
For x € X define
. (Lyv,v)
&, = min 5
vev ||
v£0

(7)

In what follows we fix a map L satisfying that there exists K, 8 > 0 such that,

Kk
(1+T(x)P

For a solution (x,v) of (6), at a time t € R, x(r) and v(¢) are elements in X and
V, respectively. In particular, x(t) determines a matrix L) and an associated
real .’jx(,). For notational simplicity we will denote them by L, and &,. Similarly,
we will write A(z) and I'(¢) for the values of A and I, at v(¢) and x(¢), respec-
tively. Finally, we will write Iy for I'(0) and similarly for Ay.

forallxe X, & > 3)

The following quantities, independent of 7, will repeatedly occur in our ex-
position:

2 .5
o= 2P azz‘ﬂ((l—Y)C):YAow

. and b=2T7(1+Ty).
I—y (8K)T

<

<

Note that ¢ varies in (0, +co).
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Theorem 2. Assume that F satisfies condition (5) and that L satisfies condi-
tion (8). Let xg € X and vy € V. Then, there exists a unique solution (x(t),v(t))
of (6) for all t € R. Furthermore, assume that one of the three following hy-
potheses hold:

. 1—
b= 177 (6K)?
(ii) B = =¥ and A < s —prcp
(iii) B > 15¥ and

ONORON

Then there exists a constant By (independent of t, made explicit in the proof of
each of the three cases) such that I'(t) < By for allt € R.. In addition, for all
t>0,

>b

2K
0

A(l‘) < Age

and therefore A(t) — 0 whent — oo. Finally, there exists x € X such that x(t) — X
when t — oo and there exists By > 0 such that, for every t > 0,

() =] < Bie ™.

Remark 1. (1) Write

)

n=2(3) (@) 7))

In contrast with Iy and Ag, which describe the initial state of the system, the
constant A is a constant associated to the model (i.e., to (6) only). The condition
in Theorem 2(iii) can now be written as

_ )
Ay PTTA > 14T,

This expression exhibits a neat trade-off between the initial values v(0) and
x(0). If Ty is large (i.e., under the assumption that x represents positions, if the
population is dispersed) then Ag needs to be small to ensure convergence to
consensus (i.e., the original £ values of v need to be clustered). Conversely, if
Ay is large then I'g needs to be small but note that there is a critical value for
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(2B+7)-1 . .
Ao, namely A~ 5, above which convergence to consensus is not guaranteed
for any initial value of x.

(i1) We note that Theorem 1 follows from Theorem 2. We will see this in

§3.2 below.

3. Some examples

In this section we give substance to the general setting we just developed by
describing how it applies in several examples (and, in particular, how assump-
tions (5) and (8) are checked). Before doing so, we describe some features of
the matrix L, we associated to A, in Section 1.

3.1. On Laplacians of non-negative, symmetric matrices

The most interesting instances of the map L are those for which, as in Section 1,
L, depends on an adjacency matrix. We define adjacency functions to be smooth
functions

A:X — M (kxk)

X — Ay,
Given a k X k matrix A, the Laplacian L, of A, is defined to be
L,=D,—A,

where D, = diag(dy,...,d;) and dy = Z’;zlagj. Note that L, does not depend
on the diagonal entries of A,. Note also that, in contrast with the contents of
Section 1, we did not require here that A, is symmetric, or even non-negative,
let alone be defined by a distance function in Euclidean 3-space. Our use of the
word “Laplacian” in this context follows the one in [1] rather than the one in [4].

The Laplacian of a non-negative, symmetric matrix Ay, however, has a num-
ber of properties which deserve attention. Therefore, for some time to come,
we assume that A, is non-negative and symmetric. In this context the Laplacian
has its origins in graph theory where the matrix A, is the adjacency matrix of a
(possibly weighted) graph G and many of the properties of G can be read out
from L, (see [12]).

The space F¥ inherits an inner product from that of F. Moreover, the Lapla-
cian L, acts on IF* and satisfies the following:

(a) ForallveT, Ly(v,...,v)=0.
(b) If A,..., A are the eigenvalues of L, then

0=A << <=L £k
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(c) For all v € Fk,

k
(L) =5 Y aylvi— v
i,j=1
A proof for (c) can be found in [3]. The other two properties are easy to prove
(but see [12, Theorem 2.2(c)] for the inequality A; < k). Note that (b) implies
L, is positive semidefinite.

The second eigenvalue A, of L, is called the Fiedler number of A,. We denote
the Fiedler number of A, by ¢,. Note that, since L,(Ar) = 0, L, induces an
endomorphism on V which we will also denote by L,. In addition, since L, is
positive semidefinite it follows that

Lyv,
%:mleg. 9)
A

That is (when A, is non-negative and symmetric), ¢, coincides with &, as de-
fined in (7). Note also that since ¢, is the second smallest eigenvalue of L, (the
smallest being 0) one has that

L
%:mm<mp (10)
vear [V
v#£0

where now ( , ) is the inner product in F¥ induced by that on F and Ay is the
orthogonal subspace to Ar (and hence the eigenspace of A, ..., A).

In all the examples in this section, the matrix L, is obtained, given an adja-
cency function A, by taking the Laplacian of A,. We have just seen that when
A, is non-negative and symmetric all the eigenvalues of L, (as an element in
A (k x k)) are non-negative, and that the number &, is the second smallest of
these eigenvalues, the smallest being 0. Therefore, in this case, to check con-
dition (8) amounts to prove a lower bound on the Fiedler number. This is not
necessarily true when A, is non-symmetric.

3.2. The basic flocking situation

We refer here to the flocking situation considered in Section 1. In this case we
have spaces E = F = R? and the space X is defined as V, by letting X = E¥/Ag.
We next need to define inner products in X and V. While we could use those
induced by the inner products of £ and [, respectively, it appears to be more
convenient to proceed differently.

We let Op : F¥ x F¥ — R defined by

1 k
Q]F(M,V) = 5 Z (ui—uj,vi—vj>.
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Then Qr is bilinear, symmetric, and, when restricted to V x V, positive definite.
It follows that it defines an inner product ( , )y on V. In a similar way we define
Or and its induced inner product ( , )x on X. Since the norms || ||y and || ||x are
the only ones we consider on V and X, respectively, we will drop the subscript
in what follows.

Recall, given x € [E*, the matrix A, has entries

H
aji =
T (T [l - x]2)B

for some H > 0 and B > 0. Note that the dependence of the elements a; jonxis
only through the class x of x in X. Hence the notation A,. A key feature of this
matrix is that it is non-negative and symmetric. We are therefore interested in a
lower bound on ¢,. The following result, which we will prove in §3.3, provides
such a bound.

Proposition 1. Let A be a nonnegative, symmetric matrix, L = D — A its Lapla-
cian, ¢ its Fiedler number, and

p = mina;;.
i#]

Then ¢ > k.

The following corollary shows that condition (8) holds in the basic flocking
situation.

Corollary 1. If a;; = (#ﬁ then ¢ > —1

L {|xi—x;]1%) (14T (x))P
Proof. We apply Proposition 1 and use that u > m. 0

Corollary 1 shows that condition (8) holds with K =kH. Also, F : X xV —V
is given by F(x,v) = v which satisfies condition (5) withC=1,y=0,and § =1
due to the choice of norms in V and X. In this case @ = 23 and

SRR O

We can therefore apply Theorem 2 to obtain, as a special case, Theorem 1.

3.3. Flocking with unrelated pairs: 1

We next extend the basic flocking situation to one where some pairs of birds
do not communicate. We do require, however, that there is “sufficient connec-
tion” between the birds. To do so, we recall a few relations between graphs and
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matrices. Any k X k symmetric matrix S with entries in {0, 1} induces a (undi-
rected) graph G(S) with vertex set {1,...,k} and edge set E = {(i, ) | a;j = 1}.
Conversely, any graph G with k vertices induces a k X k symmetric matrix S(G)
with entries in {0, 1 }. Furthermore, these constructions are inverse to each other
in the sense that G(S(G)) = G and S(G(S)) = S. One can extend these consid-
erations to nonnegative matrices. A non-negative symmetric matrix A induces a
matrix A over {0,1} by replacing each non-zero entry of A by a 1, and hence, a
graph G(A).

Fix a k x k symmetric matrix M = (m;;) over {0,1} such that G(M) is con-
nected. Given x € EXF we take the adjacency matrix A, given by

H
(U [l — x52)P

ajj = (1 1)
Since the actual value of the diagonal elements a;; of A, are irrelevant (they do
not affect L) in the sequel we assume, without loss of generality, that m;; = 0
for all 1 <i <k, and therefore, that a;; = 0 as well. The matrix A, thus defined is
symmetric and G(A,) coincides with G(M). In particular, G(A,) is connected.
Now let A be a nonnegative symmetric matrix. Denote by ¢ its Fiedler num-
ber and by ¢ the Fiedler number of A. It is well known [12, Theorem 2.1(c)]
that G(A) is connected if and only if the Fiedler number ¢ of A is positive. This

gives context to the next result (extending Proposition 1).

Proposition 2. Let A be a nonnegative, symmetric matrix, L = D — A its Lapla-
cian, ¢ its Fiedler number, and

U = min a;;.
a,-ﬁéO
i#J
Then ¢ > ¢z

Proof. For all v € [Fk, using (c) above twice,

1 1 _
vy =5 ¥ ajlvi—vilP = 50 ¥ [vi—villP = w{Iv,v)
aij70 a;j7#0
i#j i#j
with L the Laplacian of A. Therefore, using (10) twice,

L L
o= min< v.Y) > min< v.v)

vear IVIIP " vear VN2
V40 v£0

= Uy

O

Note that Proposition 2 factors a lower bound for the Fiedler number ¢, of A,
as a product of two quantities, one related with the size of the non-zero entries
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in A, and the other to “how much connected” is G(A,) = G(M). Proposition 1
can be now easily proved.

Proof of Proposition 1. 1t is well known (take, e.g. G to be the graph with &k
isolated points in [12, Theorem 3.6]) that the Fiedler number of the complete
graph K with k vertices is k. Now apply Proposition 2. ]

Let ¢y be the Fiedler number of M, which coincides with that of A, for all
x € X. We can also use Proposition 2 to deduce that condition (8) holds with
K = ¢y H, since, for all x € X,

(Lyv,v) :
min —-- =@, > ¢ ming;; > Opyy——————.
e T = A = M T

Remark 2. One could define

and the reasoning above would yield min, {Lavy) 7, an inequality

> Py
[v ||2 — " (14Tu(x))
stronger than (8).

We have seen that condition (8) holds with K = ¢yH. Asin §3.2, F(x,v) =v
which satisfies condition (5) with C =1, y =0, and 6 = 1. The following result
thus follows from Theorem 2.

Proposition 3. Let M be a k x k symmetric matrix such that G(M) is connected
and, for x € EX, let A, be given by

H
Y1+ lx = x]2)P

a,-j:

Let xo € X and vo € V and (x(t),v(t)) be the unique solution of
X =v
vV = —Lw

where L, is the Laplacian of Ayx. Furthermore, assume that one of the three
following hypotheses hold:

mﬁ<;

(9mH)*
(ii) B = andA < Ser
(iii) B > 5 and

(&)
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where )
2C° Ay
a=20, a=————, and b=2(1+1Yy).
P (w2 (1o
Then there exists a constant By such that I'(t) < By for all t € R.. In addition,
forallt >0,

A(r) < Age %
and therefore A(t) — 0 whent — oo. Finally, there exists x € X such that x(t) — X
when t — oo and there exists By > 0 such that, for every t > 0,
_2¢M_Ht

|x(r) —%|| < Bje %

Proposition 3 provides an extension of Theorem 1 which models a situation
in which not all birds necessarily communicate, no matter what their distance
18.

3.4. Flocking with unrelated pairs: 11

We can further extend the contents of §3.3 to model a situation where the flock
remains connected all time but the connection pattern (which birds communi-
cate with which others) changes.

Proposition 4. Let A : EX — _# (k x k) be an adjacency matrix, H > 0, B > 0,
and S : EF — {0,1}**¥ given by

H
(1 [lxi(r) = x; (1) [[)P

1 ifaj(x)>

0 otherwise.

5ij(x) =

Let xo € X and vo € V and (x(t),v(t)) be the unique solution of
X =v
vV = —Lw
where L, is the Laplacian of A, and assume that the graph G(Sy)) is connected

for all t > 0. Furthermore, assume that one of the three following hypotheses
holds:

(i) B < 3.
2
(i)) B =} and Ao < s,
(i) B > % and

(&)
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where

_ 2
o =28, a:z(k(kmbl{))? 8 and b=2(1+Ty)

Then there exists a constant By such that I'(t) < By for all t € R. In addition,
forallt >0,
_o_4H
A(t) < Age k(kfl)Bg

and therefore A(t) — O whent — co. Finally, there exists x € X such that x(t) — X
when t — oo and there exists By > 0 such that, for every t > 0,

_247Hﬁt
||x(¢) —x]|| < Bie ** Vo |

Proof. For x € EX let B € .# (k x k) be defined by

a;j if a;;(x) > H
bij(x) =9 7 T (T ||xie) —x5(0)[12)P
0 otherwise

and R = A — B. Then, B and R are both non-negative and symmetric and their
Laplacians L? and LF satisfy L, = LB + LF (here L, is the Laplacian of A,).
Therefore,

L LB LR
&, = min < xv’;> = min (L) +§ xV:V)
veV ||V|| veV ||V||
v#£0 v#£0
. (LBvv) . {LRvv) 4H
> min + min > 0p >

vev  [V[2 ey v k(k—1)(1+ [[x; — x;([*)P
v£0 V20

where the last inequality is derived as follows. One has G(B) = G(S) which is
connected. Therefore, its diameter is at most k — 1 and hence (see [12, (6.10)]),
Os > k(k4—71)' Now apply Proposition 2.

Condition (8) therefore holds with K = k(,‘:—ﬂ) and we can apply Theorem 2
to obtain convergence to the diagonal. ]

Proposition 4 extends both Theorem 1 and (a continuous time version of)
Theorem 1 in [10]. In the former, birds influence one each other always but their
influence decreases with their distance. In the latter, non-zero influences have a
lower bound of 1 (in the adjacency matrix) but zero influences are allowed as
long as the associated graph G(A) remains connected.
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3.5. Other extensions with symmetric A,

(i) In all the situations considered so far, we have taken X = EX /Ag and a specific
norm in X, namely, that induced by Or. We now note that we could take as X any
Euclidean space R’ and, forx€ X, a symmetric matrix A, such that condition (8)
is satisfied. In particular, entries a;; may be functions of x € X which are not
necessarily functions of the distance between birds i and j. Theorem 2 will
apply provided that, for some H > 0 and 8 > 0, and for all x € X,

H
ajj(x) = aji(x) > N CEL

(ii) Also, in all the previous examples, we have considered matrices A, which
are nonnegative. For (8) to hold this need not to be the case. For instance, let

0 3 2
A, =13 0-1
2—-1 0
for all x € X. Then
5-3-2
L.=1-3 2 1
-2 1 1

whose characteristic polynomial is (1) = A®> — 842 4+ 3A. The roots of this
polynomial are 0, 4 — /13, and 4 + +/13. Therefore, condition (8) holds with
K =4—+/13 and B = 0. Thus, Theorem 2 applies.

3.6. Three birds with a leader

Now consider a set of three birds and the communication scheme given by the
(non-symmetric) matrix
000
M=|100
100

This matrix models a situation in which bird 1 influences birds 2 and 3 and
no other influence between different birds occur. In this situation birds 2 and 3
follow bird 1, the leader. To simplify ideas, we assume that E = F = R. Given
x € &3 we take as adjacency matrix

000
Ax: aleO
a3; 00
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. L # . . .
with a;; = (e P We consider again the Laplacian
0 0 O
Ly=|—axax 0O
—az 0 az

whose eigenvalues are 0, az;, and a3;. Their corresponding eigenvectors are
wp = (1,1,1), w, = (0,1,0), and w3 = (0,0, 1). In this case we have

V =F*/Ar ~ span{wa,w3} = {(0,,2) | y,z € F}.

In contrast with the situation in the two previous cases, we take in V the inner
product induced by that in IF. Then, for v=(0,y,z) € V, Lv = (0,a21y,a31z), and
(Lv,v) = az1y* +a31z*. This implies

£, = min (Lv,v) ; any* +azz
A0 V2 a0 ¥EHZ2

Z min{a21 ,as31 }

Now, taking the norm on X considered in the previous situations (i.e., that in-
duced by QOp) we have

b1 = x21* < [lx]* =T (x)

and the same for ||x; — x3||?. This shows that condition (8) holds with K = H.
On the other hand, since x' = v,

]I = Qe(',) = Qr(v,v) < 18]]v]?

which shows that condition (5) holds with C = 31/2, y=0,and 6 = 1.
The situation we just considered trivially extends to an arbitrary number k of
birds.

3.7. A different leadership structure

Now consider a set of three birds and the communication scheme given by the

matrix
000

M=1{100
010

In this situation bird 1 influences bird 2 and bird 2 influences bird 3 but bird 1
has no direct influence over bird 3. Given x € X we take

000
A,=1a00
060
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with a, b functions of x satisfying

>b> H
a —_—.
T (14T)P
We consider again the Laplacian
0 00
Li=|—a a 0
0 —bb

whose eigenvalues are 0, a, and b, and, as in §3.6,
V=F/Ar~{(0,y,2) | y,z € F}

and we take in V the inner product induced by that in IF. Then, for v = (0,y,z) €
V, Lv=(0,ay,b(z—y)) and

(Lv,v) = ay* +bz* — bzy
> b(y* +2° —2y)

1

= 50(0"+2)+(r—2)%)
1

> —b(y* +77)
2

This implies
L 1 y+22 1
Cx = min< »v) > min —b)i = —b.

A0 |[VI[2 T po)£02 y2 42 2

This shows that condition (8) holds with K = % and Theorem 2 applies.

The situations considered here and in §3.6 extend to more general leader-
ship structures, giving rise to triangular Laplacian matrices. Jackie Shen (in a
personal communication) told us that he has proved convergence results in this
extended setting.

4. Proof of Theorem 2

Denote ®; = min &;.
7€(0,t]

Proposition S. Forallt > 0

A(t) < Age 2@,
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Proof. Let T € [0,t]. Then

N (7) = (@) (o))
= 2(v/(7),v(1))
- _2<L’CV(T)7V(T)>
< —28:A(1).
Using this inequality,
A

(A = [ A

t
dt < / —2&.dT < 210,
0

o In(A(t)) — In(Ag) < —20,

from which the statement follows. U]
Proposition 6. For T > 0and y < 1

1+

O(T) <277 [ (14+Tg)+

<
—~
—~
—
I
=
@)
~—
0
<
>
S —
4

Proof. We have
[T'(0)] = 12{F (x(2), v(1)),x()) | < 2| F (x(&), v(O) | lx(®)]]
< 2C(1+ [lx(6) [ F [v() [P ()]} < 2C(1 + () |2) = [v(0) 1%
But 1+ ||x(t)||> = 1+T(¢) and ||v(¢)||*> = A(t) < Age *®", by Proposition 5.
Therefore,
(1) < |T(e)] <2C(1+T() 7 (Ag.e—zf@f)g

and, using that f — ©; is non-increasing,

T / T )
/ (F—(t)dtSZC / (Age ) ar
0 0

(12)

1+y

14+T()) 7
T
<2C / ASPe130r gy
0

T 5/2
5/2 1\ _is0 2CA,
= 2CA —— < —
0 ( 5@7") ¢ 0 007
which implies, since ¥ < 1,
T 5/2

(1+T(@)

— T / —
1 y/ r'w . (1=7)CA
2 Jo (141

0 Q)
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from which it follows that

5/2
Ly (1-7)CA ) L

F(T)<<(1+Fo) + 50,

The statement now follows from the elementary inequality, for s > 2, (a+f3)° <
2~ as + B%). O
A proof of the following lemma is in [5, Lemma 7].
Lemma 1. Let ¢1,c; > 0 and s > g > 0. Then the equation
Fiz)=Z—c1z7—c=0

has a unique positive zero z,. In addition

@ =

2 < max{(2cl)ﬁ,(2c2)

j

and F(z) <0 for0 <z <z O

Remark 3. Although we will not use this in what follows, we mention here that
it is possible to prove a lower bound for z, in Lemma 1 namely,

1 1
Zx > max {cl ,Ch }

Proof of Theorem 2. The existence and uniqueness of a solution under assump-
tions (5) and (8) follows from [9, Chapter 8].
Lett > 0 and " € [0,¢] be the point maximizing I" in [0,¢]. Then, by (8),

O, = min &; > min K = K
" rel0d]) T T reod) (140(T))B T (14+D())B”

Using this bound on ®, and Proposition 6 we deduce

)

=
AO

1+

T(t) <277 | (14+T) + (=ne)™

(6K) ™7

<

_B
-1, 13)

(1+T(")) ™

'_‘ —_
™ |N

Since t* maximizes I"in [0,¢] it also does so in [0,7*]. Thus, for t = ¢*, (13) takes
the form

(14+T(*)) - 29((1_”@;’\?(1%( £))
(5K)™

Let z=14T(t*). Then (14) can be rewritten as F(z) < 0 with

ﬁ 1+y
1-

21—(1+Fo) <0. (14)

F(z) =z—az*—b.
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(i) Assume B < 5¥. By Lemma 1, F(z) < 0 implies that z = 1 +I'(r*) < By
with

1—
Bo = max {(2a) o ,Zb} :

Since By is independent of 7, we deduce that, for all r € Ry, 1 +TI'(¢) < By. But
this implies that & > B% for all # € R, and therefore, the same bound holds for

0

®;. By Proposition 5,

—2%1
A(t) < Age  *0 (15)
which shows that A(r) — 0 when ¢t — oo. Finally, for all T' > 1,
() =0l = | [ P vionas] < [ 166 1as
VNI
< [ Ct I r|5ds—/ C(1+T(s)) FA(s)’

_8K¢ Bﬁ _8K¢ T
/ CBzA‘S/z 50 ds:CB2A5/2 <—_0e B§>

oK

§/2p5+B / _k _K

:CAO B(% e Bgt_e BgT
oK

t

) Y
CAO/2B5+13 e—%t.
- oK

Since the last tends to zero with ¢ and is independent of 7 we deduce that there
exists X € X such that X — X.

(ii) Assume now 8 = —Z. Then (14) takes the form

, b
+r ((1— =TALT +
(+1)) [ 122734 (?C))zy 0| 27 (14Ty) <0.
K)Tr

: S (8K)? : . .
Since Aj < (=7 O the expression between parenthesis is positive, and

therefore

1+F(I*) <By=

We now proceed as in case (i).
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(iii) Assume finally B > —¥ (i.e., that o > 1). The derivative F'(z) = 1 —

1
aaz®~! has a unique zero at z, = (%) *=1 and

the last by our hypothesis. Since F(0) = —b < 0 and F(z) — —eco when z — o
we deduce that the shape of F is as follows:

Fig. 1.

Even though ¢* is not continuous as a function of #, the mapping t — 1 +1I'(¢*) is
continuous and therefore, so is the mapping 7 — F (1 +T'(¢*)). This fact, together
with (14), shows that, for all # > 0, F(1 +1TI'(#*)) < 0. In addition, when r = 0
we have r* = 0 as well and

1+1“0<2li +T)

11[ % )]
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RONCON

= Tx-

This implies that 1 41y < zy (the latter being the smallest zero of F on R, see
the figure above) and the continuity of the map ¢ — 1+ I'(+*) implies that, for
allt >0,

1+T(") <zp < z4.

Therefore

We now proceed as in case (1). L]

5. Emergence with discrete time

We next extend system (3) in Section 1. Similarly to our development in Sec-
tion 2, for discrete time now, we assume a map . : X — End(V') and consider
the dynamics

x(t+h) = x(t) +hF (x(2),v()) (16)
v(t+h) =7 (x(t))v(t).

We assume that . satisfies, for some G > 0 and 8 > 0, that

hG

forallx € X <l————=.
orallxeX, [SL(x)] < EOIL

(17)

We also assume that 0 < & < % which makes sure that the quantity in the right-
hand side above is in the interval (0, 1).

Remark 4. We note that, in contrast with the contents of Section 2, for Theo-
rem 3 below to hold, we do not require an inner product structure in neither X
nor V. Only that they will be endowed with a norm. In this sense, the expression
||-#(x)|| above referes to the operator norm of .%(x) with respect to the norm
onV.

Theorem 3. Assume that F satisfies condition (5), . satisfies condition (17),
and 0 < h < é Assume also that one of the three following hypothesis hold:

(i) B <2,

- 2/5
(ii) B =52 and Ao < () -
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O[O O B
< ([-a)-Ga) ) o) @ o0

Here o« =2 + 7, R(6) = max{1, %} and

(iii) B > 52,

and

A8/
a:%@ and b—l—I—l“l/2

Then there exists a constant By (independent of t, made explicit in the proof
of each of the three cases) such that ||x(t)||*> < By for all t € N. In addition,
||lv(t)|| — O when t — oo. Finally, there exists x € X such that x(t) — X when

I — oo,

Remark 5. Note that, besides the hypothesis 7 < é which is assumed in all three
cases, case (ii1) also requires an additional condition on /4. Furthermore, this
extra condition depends on the initial state of the system and this dependence is
clear: the larger I'y and Aq are the smaller / needs to be.

In the sequel we assume a solution (x,v) of (16). To simplify notation we
write v(n) for v(nh) and the same for x(n). In addition, we will write I'(n) in-
stead of I'(x(n)).

Proof of Theorem 3. First note that, for all n € N,

o —D))v()|° ——hG ’ v(n—1)||°
o)) = 1 tn= D P < (1= s ) vl

and therefore,

G \°
I1? <O TT (1 e ) 20

Let n > 0 and n* be the point maximizing I'(¢) in {0,4,2h,...,nh}. Then,
forall 7 <n,

T—1
(D) < 1)1+ Y llx(j +1) =x()

j=0

T—1
< [x(O) | + X AC(+ ()P 2 V()1

J=0
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X Vv 6 v 1 %j_l —h—G 8

< [|x(0) | + [v(0)]] hc;)ﬂmf)) Q(l <1+r<i>>ﬁ)
7—1 i

< [[x(0)| + [Iv(0) |°AC(1 + L)) l‘h—G»ﬁ>

< x(O)| + [V(0) I *AC(1 +T'(n"))

< x(O)]| + [VO)[I°C(1 +T(n*))

where R(9) = max{1, %} For 7 = n*, the inequality above takes the following
equivalent form

()| < % (0) |+ [[v(0)[°C(1 +T(n*))

which implies

(14T(n"))? < 1+T(n")2 < (1+Ty ) +A2C(1+T(n*)) = R(3)
or yet

\ 12, AYPCR(8)

(1+T(n*)2 < (14T, )+°T(1+r(n*))ﬁ+f (21)
Let z = (1 +T(n*))"/2,
52
A R
a:%@ and b:1+F(1)/2.

Then (21) can be rewritten as F(z) < 0 with

F(z) =z—az?P*7 —b.

(i) Assume f8 < 1%7' By Lemma 1, F(z) < 0 implies that (1 +T'(n*))"/? < Uy
with -
Up = max {(2a) 7% ,2b} .

Since Uy 1s independent of n we deduce that, for all n > 0,
Ix(n)||* < Bo = Ug — 1

and therefore, using (20),

o0l < IO (1- 555 )
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and this expression tends to zero when n — oo,
(ii) Assume 8 = 1%7’ . Then the inequality F(z) < 0 takes the form

5/2
AY*CR(8) 12
z(l——O e >§1+ro/.

Since, by hypothesis, the expression between parenthesis is positive we deduce

that 12

14T,

1 APCR(8)
G

ZSU():

We now proceed as in case (1).

(iii) Assume finally 8 > 1%7 . Letting = 23 + y we have F/(z) = 1 — aaz*"!

and the arguments in the proof of Theorem 2 show that F’(z) has a unique
1 1 1 o

zero at z, = (L) *~1 and that F(z,) = (l) ol {(l) ot — (l) ““} —b. Our

aa a (04 (04

hypothesis (18) then implies that F(z,) > 0. Since F(0) = —b < 0, we have that
the graph of F'is as in Fig. 1.
Forn € Nlet z(n) = (1 +T'(n*))"/2. When n = 0 we have n* = 0 as well and

1 1
1\t /1)\aT
0)= (14T 2 < 1417 =b < (‘) (a) I

This actually implies that z(0) < z,. Assume that there exists n € N such that
z(n) >z, and let N be the first such n. Then N = N* > 1 and, foralln < N

(1+T(n)2 < z(N—1) < z.
This shows that, for all n < N,
I'(n) <By=z; — 1.

In particular,
I(N—1)<z —1.

For N instead, we have
I['(N)>z2—1.

This implies
T(N)-T(N=1)>22—22>22—20 > (2. —20)2x. (22)

From the intermediate value theorem, there is § € [zy,z.] such that F(z,) =
F'()(ze —z¢). But F/({) >0and F'({) =1 —aal%! < 1. Therefore,

Lo — 20 > F(Z*)
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and it follows from (22) that
L(N)—T(N—1) > z.F(z.). (23)
But

[(N) | =[xV = D} < [lx(N) =x(N = 1)]]
= hC(1 +[lx(N — 1)||2)%|| (N=1)|°

1)
< hC(1+|x(N=1)|P) |5H< ujl%o))ﬁ)

< hC(14Bo)iA)

Therefore,

e (V)= [N = D)2 = () | + 1N = D x| =[xV = 1)1
= (N = DI+ [Ie(N) | = [lx(V = DI e(N) [| = [lx(NV = 1)]])
< (2By/* + hC(1+ Bo)  AY*)hC(1+ Bo) AL,
Putting this inequality together with (23) shows that
2F(z.) < (2BY* + hC(1+ Bo) A )C(1 4 Bo) P AL

or equivalently, using that By < z2 — 1,

ONORONE

< (2BY* +hC(1+ Bo)? AY*)hC(1 +Bo)* A

CIAS? CA5/2
§<2Z*+ ZGO )hC TAS? < <2+ o | ez 2002

1
or yet, since z, = (&) ot

5/2

@767 oe (e (a2)

which is equivalent to

i () o= G

which contradicts hypothesis (19).
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We conclude that, for all n € N, z(n) < zy and hence, I'(n) < By. We now
proceed as in case (i). L]

In our central example, we take .#(x) = Id — hL, where L, is the Laplacian of
the matrix A, for some adjacency function A. One is then interested in conditions
on A and & which would ensure that (17) is satisfied. The following result gives
such conditions under assumption (8) (with G < %). Note that to do that, we
need to assume an inner product ( , ) in V w.r.t. which the norm on V is the
associated norm.

Proposition 7. Assume that there exists U > 0 such that, forallx € X, ||L,|| < U.
Then Theorem 3 holds with hypothesis (17) replaced by condition (8) with any
G satisfying G < X, and the inequality

h < L
U2(1+By)P

where By is the constant in Theorem 3 (and therefore depends on the initial state
(x(0),v(0)) of the system).

Proof. The proof follows the steps of that of Theorem 3 using an additional
induction argument to show that if I'(i) < By for all i < n then I'(n+ 1) < By.
The only thing we need to do is to show that the new hypothesis, i.e., the bound
U, (8), and the additional bound on A, imply (17).

By hypothesis, for all i < n,

e K _ K
U2(1+Bo)f — U2(1+T(i))B"

Now use Lemma 2 below with £ = —X i

5P (note that (8) ensures that the hy-
pothesis of the lemma are satisfied) to deduce that

E____ MK K
fa=hl = 1=y = oy = o)y

1.e., condition (17). ]
Lemma 2. Let L:V — V be such that ||L|| < U and
L
min< %)

vev |3l
v#£0

>¢&>0.

Then, for all h < %

I1d—hL|| < 1—h§
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Proof. Take v € V such that ||v|| = 1 and ||Id — AL|| = ||(Id — AL)v||. Then

J1d—hLJP = || (d— kL)

((Id — hL)v, (Id — hL)v)

[v||* — 2 {Lv,v) 4 h*(Lv, Lv)
—2hé 4+ H*U?

_2hE + hE

_ h<§
from which it follows that [[Id —AL|| < 1—4&. O

VANVA

1
1
1

6. On variations of Vicsek’s model

The goal of this section is to give a proof, from our Theorem 3, of a result in [10,
page 993]. Namely, we prove the following.

Proposition 8. For g > % consider the system

x(n+1) = x(n) +v(n)
v(n+1) = (Id— g 'L)v(n)

where Ly is the Laplacian of Ay, given by

ajj = { L if [lxi(n) —xj(n)|[ < r

0 otherwise

for some fixed r > 0. If the graphs G(A(,)) are connected for all n € N then the
sequence {v(n) },en converges to an element in the diagonal Ap. O

We provide some background for Proposition 8. Very recently [10], con-
vergence to consensus was proved in some situations for a (flocking) model
proposed in [19], which we will call Vicsek’s model, and some variations of it.

This is a discrete time model based upon adjacency matrices A, = (a;j) with
a;j = n(||x; —x;||*) but where now

1 ify<i?
nW) = {0 otherwise

for some fixed r > 0. For such a matrix A,, one considers its associated diagonal
matrix D, and Laplacian L,. Then, matrices .#(x) of the form

S(x)=1d—M]'L,
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are considered for various choices of M, (cf. [10, Equations (20) to (24)]) and
convergence to consensus is proved for some choices of M, under certain con-
ditions on the sequence of subjacent graphs G(Ax(n)), n € N. The simplest of the
conditions considered in [10] requires the graphs G(Ax(n)) to be connected for
alln € N.

Vicsek’s model corresponds to the choice M, = (Id + D,) (this follows im-
mediately from [10, Equation (3)]). A variation of Vicsek’s model considered
in [10] (see Equation (27) therein) consists on taking M, = g, with g € R, g > £,
for all x € X. As a simple application of Theorem 3 we next show that for this
choice of M,, if G(A(,)) is connected for all n € N, there is convergence to a
common v € F¥. We will actually show this with a slightly weaker condition,
namely g > %

Indeed, we have seen in §3.1 that the eigenvalues of L, lie in the interval [0, k]
and we know that, since G(A,(,)) is connected its eigenvalues of the restriction

of L, to V lie on the interval [k(lf——l)’k} (see §3.4). Therefore, those of éLx(n)

lie on the interval [ﬁ, ﬂ and those of .%'(x(n)) =Id —g 'L, on the

. k 4
interval [1 — 3 11— m] . It follows that

k 4
S (x(n §W::max{‘1—— ,1—7} <1
|- (x(m))] R
and therefore, that condition (17) holds with f =0 and G = 1 — W. Note that
G € (0,1) and therefore, part (i) of Theorem 3 applies with 2 = 1 (which is the
time step considered in [10]).

7. On bounds for &, and ||.77 (x)||

The inclusion R < C and the inner product in R¥ induce a Hermitian product
(, ) and anorm || || in C* which we will consider in what follows.

Let L: Ck! — C*k! be a linear operator with eigenvalues A;,..., A4,_;. As-
sume that there exists a basis of eigenvectors wi,...,wr_; € CK! for A,...,
Ax—1. Without loss of generality we assume ||w;|| =1 fori=1,...,k— 1. Let

bij = (wi,w;), the distortion matrix B = (b;;), and B = B —1d. Also, let
¢ =min{ReA | A € Spec(L)} >0
and |Amax| = max;<x—1{|Ai|}

Lemma 3. Let L : R"! — R pe g linear operator with k — 1 different eigen-
values. Then, for all v € RAT

L) _ €~ A |B]
v = Bl
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Proof. Let v e R¥!. For some weC,i=1,...,k—1,

k—1
V= Z MHiw;.
i=1

Since the left-hand side of the inequality in the statement is homogeneous of
degree 0 in v, by scaling v if necessary, we may assume ||u|> = Y4 i = 1.

Then
k—1

Lv =Y Aipw
i=1

and therefore

(v, Lv) <Zkulwl,2u,wj> Zlu,u,||wl||2+2/lulu,w,,wj>

i#]

We now take real parts in the right-hand side. For its first term we have

k—1
Re (Zliuimlwz-V) ZRe uzuz>CZulul—C-

i=1 i=1

For the second term,

Re (Z%Hi#ﬂwia“’ﬁ) < Zliﬂi/"_jbij

i i

k—1
Z Aild; Z bijl;

i=1 i

k—1 .
= ; Aili (Bli)i‘
< Vmantt | |[Bue|
< [Amax|

IA

B
Similarly, (v,v) < <Zf i /.L,w,,Z’J‘-;} /.ijj> < ||B]|. It follows that

(L) _ €~ A |B]
v S T8l

O

We next consider bounds for ||.(x)]|. Let Ay,..., A be the eigenvalues of
a linear operator S : R¥~! — R¥~!_ Assume that there exists a basis of eigenvec-
tors wi, ... ,wi_1 € CK=! for Aq,..., 4. Without loss of generality we assume
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|lwil| =1fori=1,... k. Let b;; = (w;,w;), and the distortion matrix B = (b;;).
Also, let | Amax| = max;<x{|Ai] }-

Lemma 4. Let S : R“"!1 — R¥1 pe a linear operator with k — 1 different eigen-
values. Then ||S|| < (|[BI|[IB~1)"/| Amax]

Proof Letv e RK1 vy £ 0. Forsome w; € C,i=1,...,k,

k—1
V= Z MHiw;.
i=1

Without loss of generality, we may assume ||i||> = Y*~ u;Ii; = 1. Then
k—1

Sy = Z Ailiw;
i=1

and therefore

k—1 k—1 -
(Sv,Sv) = < Y Aipiwi, ) lj.ujwj> =Y A ;b
: P :

i=1 i,j
< (M, A=) " B(AM s - A fie—1)
< | Amax ||| B

Similarly, since B is self-adjoint, (v,v) > ||B~!||~!. It follows that

(Sv, Sv) _
< |IB[||IB] ™" | Amax|?
(v,v)
from where the statement follows. U]
Corollary 2. Forall £ € N, ||S¢|| < (|IB||||B="||)"/?| Amax|"-

Proof. The eigenvectors of S¢ are those of S. Therefore, S and S¢ have the same
distortion matrix B. Also, Amax (S) = (Amax (S))". O

8. A last example

Let A = (a;;) be a fixed k x k non-negative real matrix. Let L be the Laplacian
of A and 0,A,...,A4_; its eigenvalues, which we assume are different. It is
known [1] that Re (4;) >0, fori=1,... k—1.

For every g € R, g > 0, the linear map gL has eigenvalues 0,gA;,...,gA;_1.
In addition, a basis of eigenvectors for L is also a basis of eigenvectors for gL.
Therefore, the distortion matrix B associated with the matrices gL is indepen-
dent of g.
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Assume that A satisfies > [Amax|||B]| Where ¢, Amax and B are as in Sec-

tion 7 and let R
C B M'max| ||B||

|1B]]
Note, this quantity depends only on A. We now make g a function of x € X.
More precisely, for some H > 0 and B > 0, we define

H
0=y

We finally define the adjacency function A : X — . (k x k) given by
Ay =g(x)A.

7 —

> 0.

If we denote by L, the linear operator on V induced by the Laplacian of A, we
can apply Lemma 3 to deduce that

Therefore, condition (8) holds with K = HZ and Theorem 2 applies.

9. Relations with previous work

Literature on emergence is as scattered as the disciplines where emergence is
considered. Our first interest in the subject was raised by the problem of the
emergence of common languages in primitive human societies as described
in [11]. Some results in this direction were worked out in [7]. The recent mono-
graph by Niyogi [13] gives a detailed picture of the subject of language evolu-
tion and lists many of the different contributions.

Flocking, herding and schooling have been also the subject of much research
in recent years. Computer simulations have been particularly adapted to test
models for these problems.

Yet another area where emergence is paramount is distributed computing
(see, e.g. the PhD thesis of Tsitsiklis [17]) where the reaching of consensus is
of the essence.

This paper is an extension of [6], where we proposed and analyzed a model
for flocking. A starting point for [6] was the model proposed in [19], which
we mentioned in Section 6 as Vicsek’s model. Its analytic behavior was subse-
quently studied in [10] (but convergence could be simply deduced from previous
work [17], [18, Lemma 2.1]) and this paper, brought to our attention by Ali Jad-
babaie, was helpful for us. Other works related to ours are [2,8,14-16,18].

Acknowledgements. We are grateful to Jackie Shen for discussions in the late stages of this pa-
per.



On the mathematics of emergence 227

References

[1] R. Agaev and P. Chebotarev, On the spectra of nonsymmetric Laplacian matrices, Linear
Algebra Appl., 399 (2005), 157-168.

[2] Y. L. Chuang, Y. R. Huang, M. R. D’Orsogna and A. L. Bertozzi, Multi-vehicle flocking:
Scalability of cooperative control algorithms using pairwise potentials, preprint, 2006.

[3] F. Chung, Spectral Graph Theory, Amer. Math. Soc., Providence, RI., 1997.

[4] F. Chung, Laplacians and the Cheeger inequality for directed graphs, Ann. Comb., 9 (2005),
1-19.

[5] F.Cuckerand S. Smale, Best choices for regularization parameters in learning theory, Found.
Comput. Math., 2 (2002), 413-428.

[6] F. Cucker and S. Smale, Emergent behavior in flocks, to appear at IEEE Trans. Automat.
Control (2007).

[7] F. Cucker, S. Smale and D. X. Zhou, Modeling language evolution, Found. Comput. Math.,
4 (2004), 315-343.

[8] G. Flierl, D. Griinbaum, S. Levin and D. Olson, From individuals to aggregations: The inter-
play between behavior and physics, J. Theoret. Biol., 196 (1999), 397-454.

[9]1 M. Hirsch and S. Smale, Differential equations, dynamical systems, and linear algebra, Pure
Appl. Math., 60, Academic Press, 1974.

[10] A.Jadbabaie,J. Lin and A. S. Morse, Coordination of groups of mobile autonomous agents
using nearest neighbor rules, IEEE Trans. Automat. Control, 48 (2003), 988—1001.

[11] J. Ke, J. Minett, C.-P. Au and W. S.-Y. Wang, Self-organization and selection in the emer-
gence of vocabulary, Complexity, 7 (2002), 41-54.

[12] B. Mohar, The Laplacian spectrum of graphs, In: Graph Theory, Combinatorics, and Appli-
cations, (eds. Y. Alavi, G. Chartrand, O. R. Oellermann and A. J. Schwenk), 2, John Wiley
& Sons, 1991, pp. 871-898.

[13] P. Niyogi, The Computational Nature of Language Learning and Evolution, The MIT Press,
2006.

[14] H. G. Tanner, A. Jadbabaie and G. J. Pappas, Stable flocking of mobile agents, Part I: Fixed
topology, In: Proceedings of the 42nd IEEE Conference on Decision and Control, 2003, pp.
2010-2015.

[15] H. G. Tanner, A. Jadbabaie and G. J. Pappas, Stable flocking of mobile agents, Part II:
Dynamic topology, In: Proceedings of the 42nd IEEE Conference on Decision and Control,
2003, pp. 2016-2021.

[16] C. M. Topaz, A. L. Bertozzi and M. A. Lewis, A nonlocal continuum model for biological
aggregation, Bull. Math. Biol., 68 (2006), 1601-1623.

[17] J. N. Tsitsiklis, Problems in decentralized decision making and computation, PhD thesis,
Department of EECS, MIT, 1984.

[18] J. N. Tsitsiklis, D. P. Bertsekas and M. Athans, Distributed asynchronous deterministic and
stochastic gradient optimization algorithms, IEEE Trans. Automat. Control, 31 (1986), 803—
812.

[19] T. Vicsek, A. Czirdk, E. Ben-Jacob and O. Shochet, Novel type of phase transition in a
system of self-driven particles, Phys. Rev. Lett., 75 (1995), 1226-12209.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


