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Abstract. This paper uses ideas from biological evolution to analyze the evolution of the securities market

in which rational and irrational traders coexist. A market evolutionary model is developed to describe the

dynamic trajectories of rational and irrational traders’ wealth. The main question is, are irrational traders

eliminated as the securities market evolves. The paper considers the impact of new entrants on the security

market long-term equilibrium. In addition, it discusses the existence and uniqueness of the long-term

equilibrium The paper finds that, under some market conditions, irrational traders could survive in the

long run.
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1. Introduction

Alchian (1951) and Friedman (1953) proposed

that market participants who pursued the max-

imum return would survive and profit. Based

on their ideas, Fama (1965) in his classic work

on the efficient-market hypothesis analyzed ar-

bitrage behavior (EMH), and drew the con-

clusion that financial markets would eventu-

ally become efficient because irrational traders

would be ultimately eliminated due to long

term losses.

Fama’s argument relies on the presupposi-

tion of market validity and is supported by the

assumption that irrational traders would exit

losses caused by rational traders’ arbitrage be-

havior. This is virtually a circular argument

based on the premise of rational expectation.

If the market is not perfectly effective, arbi-

trage based on rational expectation is not risk-

free and rational traders are not a stable mar-

ket force. However new irrational traders will

constantly enter the market even if former irra-

tional traders have left the market due to con-

tinual long-term losses. If irrational traders as

a group, completely disappeared from the fi-

nancial market, rigorous analysis would still

be required. Therefore, the key to analyzing

financial market evolution is the investigation

of the dynamics involved between these two

types of traders and how these dynamics af-

fect market stability.

This investigation divides traders into ra-

tional and irrational traders using the princi-

pals of biological population dynamic evolu-

tion. The irrational traders and rational traders

definition just follow Fama (1970), Fama (1991)

and Hirshleifer et al. (2005) etc. It establishes

a differential dynamic system model as well as

a random dynamic system model to describe

a law of stock market evolution. It aims to de-

scribe the dynamic trajectories and long-term

equilibrium of different types of traders. The

investigation begins with a thorough literature

review regarding market evolutionary dynam-
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ics. Then an evolutionary model based on a

differential dynamic system is developed and

simulations are performed with subsequent

analysis. Finally, the differential dynamic sys-

tem model is extended to a random dynamic

system model which is used to simulate and

analyze market evolution.

2. Literature Review
Alchian and Friedman proposed that natural

selection eliminates market participants who

do not pursue the maximum return. This line

of reasoning is widely recognized but lacks

a formal analysis that encompasses the long-

term behavior of the market. This issue was not

addressed until the early 1990s when Blume

and Easley (1992) deduced the Market Selec-

tion Hypothesis, which modeled long term ar-

bitrage behavior and derived trader survival

fitness. Since then a series of formal models

have appeared that investigate financial mar-

ket evolution, and these are fundamentally di-

vided based on two assumptions.

One line of reasoning relies on the belief

that irrational traders would exit the market

under certain conditions. In 2006, Blume and

Easley discussed the Market Selection Hypoth-

esis further. Their research results showed that

there was doubt in the Market Selection Hy-

pothesis, which relies on the belief that ratio-

nal traders would be eliminated from market

if the market was not perfect. Other schol-

ars have also investigated this hypothesis that

the market would naturally eliminate irrational

traders. Biais and Shadur (2000) considered

the possibility that because irrational traders

might overestimate or underestimate future

profits and “stubbornly” insist that their judg-

ments are correct they may obtain higher yields

than rational traders since their irrational trade

behavior could objectively improve their bar-

gaining power. Based on that research, Biais

and Shadur analyzed the evolution dynamic

of irrational traders and concluded that irra-

tional traders could survive in the long term

with enough assets in the market Chiarella et

al. (2006) divided market traders into two

types, fundamentalists and chartists, which

was a derivation of the rational and irrational

traders reasoning. They demonstrated that

these two types of traders could coexist in the

financial market over the long term. Research

conducted by Zhang et al. (2010) also demon-

strated that the stock market couldn’t eliminate

various types of traders, such as noise traders

and feedback traders with the conditions of

endogenous prices and limits of arbitrage.

Another group of researchers believe that

market evolution can achieve a rational equilib-

rium. Sandroni (2005) proposed that traders

with accurately beliefs could eventually con-

trol the market. Evstigneev et al. (2006) devel-

oped a discretetime model wherein stock mar-

kets can evolve to a stable ideal state. The nec-

essary and sufficient conditions for stable mar-

ket evolution include the assumptions that the

stock price would be equal to the mathematical

expectation of the present value of future divi-

dends Yang and Qin (2006) studied stock mar-

ket evolution using a continuous time model

based on Evstigneev’s work. Their research

show that if one assumes a positive investor’s

initial wealth, using a strategy of buying shares

of relative assets with dividends greater than

the relative price would be an effective strat-

egy that would eventually control the whole

of stock market wealth. The research conclu-

sions of Evstigneev et al., Zhao-jun Yang and

others were a response to the research results

of Blume and Easley (1992), Blume and Easley

(2006). They concluded that rational strategies

are the fittest trading strategies to adapt to the

market environment. Some empirical research

does show that smart money can correct mis-

pricing in stock market (Akbas, Armstrong et

al. 2015).

The question of long-term equilib-

rium in stock market evolution is still
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a pending and controversial problem

with two schools of thought that have

emerged Neoclassical Finance and Be-

havioral Finance. First, previous studies

viewed the stock market as a closed system

without considering the impact of new en-

trants into each group. In fact even if some

groups could be eliminated gradually due to

their own unsuitable trading strategies they

would be replaced by new entrants and their

type would continue to impact the market.

This means stock market efficiency could be

disrupted with irrational traders pouring into

the market and this would change the market

evolution process.

However most market evolutionary re-

search has used only one kind of utility func-

tion to build models and use utility function

to analyze the trading behavior of traders (see

Biais and Shadur (2000), Blume and Easley

(1992), Blume and Easley (2006), Chiarella

et al. 2006, Evstigneev et al. (2006), etc).

Then but as the research of Bottazzi (2014

2017ab) showed: the optimality of a portfo-

lio rule derived from utility maximization re-

lies on agents having perfect foresight on fu-

ture prices. But the hypothesis of the rational

expectation and optimal decision have been

demonstrated to not be reliable (Kahneman

and Tversky 1979 1991). Even if the rational

trader’s behavior can be descripted by optimal

utility function, the irrational traders’ behav-

ior shouldn’t use such functions to analyze (see

Guo and He (2017)). So we didn’t adopt the

utility function method to analyze the evolu-

tionary dynamic of stock market. For simplic-

ity, just assume that rational trader can have

higher returns than irrational traders. It’s just

the points of Alchain and Friedman, and also

confirmed by empirical researchs (see Grin-

blatt and Titman (1993)).

A differential dynamic system model to de-

scribe stock market evolution has been devel-

oped in this study. The model considers the

impact of the new entrants on long-term mar-

ket evolution. At the same time, it considers

the impact of endogenous price on short-term

dynamics and the long-term equilibrium of the

stock market by the setting of specific param-

eters. Parameters such as traders’ wealth at

any time, stock market return, and net market

entry rate are always random in a real market.

Therefore, this study extends the model to a

random dynamic model to simulate and an-

alyze dynamic trajectories and the long-term

equilibrium in stock market evolution.

3. A Stock Market Evolution Model
Based on a Differential Dynamic
System

Consider a market with heterogeneous traders

in which rational traders wealth at time t is

xt and irrational traders wealth at time t is

yt Yields are rx and ry respectively. Market

yield is rx when all participants are rational

traders. Similarly, market yield is ry when

all participants are irrational traders. It was

Friedman’s argument that when the yield of

rational traders was higher than the average

market yield rational traders would gradually

expel irrational traders when the stock market

is composed of heterogeneous traders. Thus it

is apparent that the yields of rational traders

should decrease progressively to the average

market yield with the reduction of irrational

traders to extinction. That is, rx is a function

of market structure, namely rx(x , y; θ1) and in

the same way ry is also a function of market

structure namely ry(x , y; θ2) in which, θ1 , θ2

are parameter vectors. The evolution dynamic

function can be described as follows.{
dxt
dt � f (xt , rx(xt , yt ; θ1))

dyt
dt � g(yt , ry(xt , yt ; θ2)) (1)

3.1 A Stock Market Evolution Model as a
Closed System

To analyze the dynamic trajectory and long-

term equilibrium of market evolution, the
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model needs to find the appropriate function

to model the form of the trajectory. To simplify

the situation, an initial assumption was made

that there are no new entrants to the stock mar-

ket Namely the market will be analyzed as a

closed system. It can be seen from function (1)

that to analyze the above differential dynamic

system it should take the form of f (·) and g(·)
and the yield functions rx(·) and ry(·). The fol-

lowing will attempt to find the functions f (·)
and g(·) first and then analyze the yield func-

tion.

3.1.1 Basic Framework of Closed Model
We posit the growth of rational traders’ wealth

at time t dxt
dt equals the product of rational

traders’ wealth yield and rational traders’

wealth at time t according to the above anal-

ysis. This is expressed as follows.

dxt

dt
� xt · rx (2)

In the same way, the growth of irrational

traders’ wealth
dyt
dt � yt · ry can be described

using the differential function below.

dyt

dt
� yt · ry (3)

Equations (2) and (3) constitute the differen-

tial functions that describe the wealth change

dynamic of the two types of traders.{
dxt
dt � xt · rx

dyt
dt � yt · ry

(4)

3.1.2 Parameter Analysis on Closed Market
Evolution Model

The functions rx(·) and ry(·) are analyzed in

the following manner. Assuming stock mar-

ket yield is rm the following equation can be

deduced:

xt · rx + yt · ry � (xt + yt) · rm (5)

Based on the proposition of Alchian and

Friedman, irrational traders will be seen as

prey in the market. Therefore, we assumed

that the yield of irrational traders would be

described as follows:

ry � rm − α (6)

Function (7) can be obtained by synthesizing

functions (5) and (6):{
rx � α · yt

xt
+ rm

ry � rm − α (7)

From the function (7) we can obtain the

yield of rational traders and the yield of ir-

rational traders. These are related to mar-

ket structure, and are correlated as described

above. Namely xt
xt+yt

→ 1 decreases with the

increase of rational traders’ proportion in the

market Specifically, the properties are the fol-

lowing.

(1) The yield of rational traders decreases

with the enhanced proportion of rational

traders’ yield to the market and this curve is

convex to the origin.

(2) When xt
xt+yt

→ 1 rational traders’ yield is

market yield when rational traders completely

dominate the market. The function properties

are shown in Figure 1.

Figure 1 Characteristic Chart of the Rational Traders
Yield

rx � rm if xt � xt + yt when yt → 0 In

addition, the function curve is convex to the

origin.

3.1.3 The Differential Dynamic Model of
Closed Market Evolution

The differential dynamic system used to de-

scribe the market evolution dynamic was ob-

tained from functions (7) and (4).{
dxt
dt � α · yt + xt · rm

dyt
dt � yt(rm − α) (8)
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In function (8), xt represents rational

traders’ wealth and yt represents the irrational

traders’ wealth at time t rx and ry represent

their yields respectively. rm represents the

market yield. α represents the predation rate

of rational traders on irrational traders.

3.2 The Stock Market Evolution Dynamic
Model as an Open System

The assumptions used in the above model are

too strict. New traders enter the stock market

constantly and traders continue to leave since

the market is an open system. Simplifying the

impact of entrants and quitters into a net en-

try rate in the model is a more comprehensive

and more precise method to describe the dy-

namic trajectory of stock market evolution. In-

tuitively, the net entry rate has several potential

values. One is the constant entry rate which

means a fixed increase of rational traders and

irrational traders at any time t. The second is

linear entry which means rational traders and

irrational traders enter the market with a fixed

proportion of stock of wealth. The third po-

tential value for net entry rate is complex, as it

includes other factors, such as entry rates re-

lated to market boom status and other factors.

Take the Chinese Shanghai Stock Exchange

as an example It assumes that institutional in-

vestors are rational traders and individual in-

vestors are irrational traders. The new annual

account numbers of the two types of investors

shows an increasingly progressive linear char-

acteristic and this is affected by the Shanghai

Stock Exchange boom status. The figure below

shows the correlation between the annual new

account numbers and total account numbers of

individual investors in the Shanghai Stock Ex-

change from 1995 to 2015. The result of regres-

sion analysis showed a regression coefficient of

new account numbers to total account numbers

of 0.062 (R2 � 0.16, t � 1.84). The regression

coefficient of annual new account numbers to

total account numbers of institutional investors

in this market was 0.00023 (R2 � 0.17, t � 1.92).

Figure 2 shows the correlation between annual

new account numbers and total account num-

bers of individual investors in the Shanghai

Stock Exchange.

Figure 2 The Correlation between New Account Num-
ber and Total Account Number in the Shang-
hai Stock Exchange from 1995 to 2015.
(Data Source: Shanghai Stock exchange
Yearbook,421-422, 2016, )

It could be assumed from the above anal-

ysis that there is a linear correlation between

the rate with which rational traders and irra-

tional traders enter the market at time t and the

stock of wealth of institutional and individual

investors Namely, rational traders’ wealth is

ex(xt + yt) in which ex is the net rational traders

entry rate when they enter the market at time t.

Irrational traders’ wealth is ey(xt + yt) in which

ey is the net irrational traders entry rate when

they enter the market at time t. The above

assumptions could be called the Linear Entry

Hypothesis which describes the entry process

dynamics of the two types of traders during

the initial stages of stock market development.

Based on the above analysis, this model uti-

lizes the following assumptions:

Assumption 1 There is no conversion be-

tween rational traders and irrational traders.

Assumption 2 The market investment

strategies of rational traders and irrational

traders are exogenous from asset prices. In ad-

dition, the returns of rational trader are always
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higher than irrational trader returns.

Assumption 3 The net entry ratio of ratio-

nal traders to irrational traders is a linear func-

tion of stock market assets.

Thus, the differential function that de-

scribes stock market evolution as an open sys-

tem is as follows:{
dxt
dt � αyt + rm xt + ex

(
xt + yt

)
dyt
dt � (rm − α) yt + ey

(
xt + yt

) (9)

Considering the meaning of the parameters

rm , α, ex , ey obviously rm , α, ex , ey ≥ 0 in the

true stock market.

3.3 Analysis of the Deterministic Evolu-
tion Model

The following section describes how solutions

of function (9) are calculated and how this ex-

presses the differential dynamic system. Then

the economic meanings of the solutions are dis-

cussed Subsequently, we discuss the solution

obtained under the condition of no new en-

trants to show the impact of new entrants on

evolution. In addition, Matlab software was

used to simulate the model.

3.3.1 Solution to the Model
The solution to Function (9) was obtained as

follows.⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
xt � c1 exp {(rm − α) t}

+c2 exp
{(

ex + ey + rm
)

t
}

yt � c2
ey

ex+α
exp

{(
ex + ey + rm

)
t
}

−c1 exp {(rm − α) t}
(10)

When t � 0, xt � x0 , yt � y0. x0 represents the

rational traders’ wealth at the beginning of the

simulation Meanwhile, y0 represents the irra-

tional traders’ wealth at the beginning. The un-

determined coefficients, C1 , C2 were obtained

as follows:

C1 �
ey x0 − (α + ex)y0

ex + ey + α

C2 �
(α + ex)(x0 + y0)

ex + ey + α

Equation (11) was obtained by taking the pa-

rameters C1 , C2 into the model solution (10)

and simplifying.

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

xt �
ey x0−(α+ex )y0

ex+ey+α
exp {(rm − α) t}

+
(α+ex )(x0+y0)

ex+ey+α
exp

{(
ex + ey + rm

)
t
}

yt �
ey (x0+y0)
ex+ey+α

exp
{(

ex + ey + rm
)

t
}

− ey x0−(α+ex )y0

ex+ey+α
exp {(rm − α) t}

(11)

Equation (9) is the model, and Equation (11) is

the analytic solution. The change of rational

traders’ wealth and irrational traders’ wealth

are related to a series of factors, such as market

yield, predatory rate of rational traders on irra-

tional traders and the net entry rate of the two

types of traders. The following discussion an-

alyzes the model and model’s analytic solution

in detail.

3.3.2 Model Solution Analysis

In the analysis of stock market evolution, the

choice of whether the argument is based on

Behavioral Finance or Neoclassical Financial is

determined by whether or not the researcher

believes the stock market could be perfectly

effective by eliminating irrational traders in

longterm. Namely whether or not
yt

xt+yt
→ 0

when t → ∞ Another concern is model solu-

tion stability. More specifically, whether small

perturbations during the evolutionary begin-

ning could lead to drastic changes later on. The

two cases are discussed below.

-Model solution stability analysis

Initially, model solution stability analysis

(in the Lyapunov sense) and the analysis of

small perturbations at the beginning of evolu-

tion could lead to drastic changes requires an-

alytical investigation. Function (9) is a typical

linear model and is expressed as follows.

d f (x)
dt

� Ax (12)

in which:
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A �

[
rm + ex α + ex

ey rm + ey − α

]
x � (x , y)ᵀ

For such differential function types as equa-

tion (12), zero solution stability discrimination

can be attributed to matrix eigenvalue analy-

sis. The characteristic function of Matrix A in

equation (12) is as follows:

λ2 −(2rm + ey + ex −α)λ+ (rm −α)(rm + ex + ey)
(13)

There are two real roots of characteristic func-

tion.

λ1 � rm − α, λ2 � rm + ex + ey

For λ1 , λ2, at least one is positive in a general

sense. Thus, the solution to equation (9) is

unstable at the initial value (Lyapunov sense).

Specifically, small perturbations at the begin-

ning of evolution can lead to drastic changes.

-Long-term equilibrium analysis of the model
The long-term equilibrium of stock market

evolution with heterogeneous traders is de-

scribed as lim
t→∞

yt
xt+yt

which is the proportion

of irrational traders in the market when t → ∞
Equation (14) is obtained from function (11).

lim
t→∞

yt
xt+yt

� lim
t→∞

ey (x0+y0)
ex+ey+α exp{(ex+ey+rm)t}
(x0+y0) exp{(ex+ey+rm)t}

−
ey x0−(α+ex )y0

ex+ey+α exp{(rm−α)t}
(x0+y0) exp{(ex+ey+rm)t}

(14)

where ex , ey > 0 when the stock market grows.

Equation (15) is obtained from equation (14).

lim
t→∞

yt

xt + yt
�

ey

ex + ey + α
(15)

Equation (15) shows the result of stock market

evolution when there are new entrants. In this

situation, the market could not eliminate irra-

tional traders and obtain a long-term equilib-

rium of heterogeneous trader coexistence even

when the rational traders’ yield was always

higher than the irrational traders’ yield.

-Simulation analysis of model
Simulation analysis was performed based

on function (11). The dynamic trajec-

tory of stock market evolution was intu-

itively observed by setting different levels of

rm , α, x0 , y0, by using the basic assumptions

used in this study. MATLAB 7.0 was used as a

simulation tool to analyze the long-term equi-

librium of stock market evolution as an open

system.

The annual yield of the Shanghai Compos-

ite Index (SCI) is 4.67% and daily yield of the

SCI is approximately 0.022%, according to data

obtained from the Chinese stock market from

the dates of December 31, 1992 to December31,

2013. Therefore, was set to 0.022% and the orig-

inal rational traders’ wealth and original irra-

tional traders’ wealth were set to 20 and 801

respectively. According to function (10), was

set to 0.01%, ex was set to 0.005%, ey was set to

0.02%, and the period was set to 8,000 working

days (in the last 40 years). The dynamic tra-

jectories of the irrational traders’ wealth as a

proportion of the total market wealth were re-

spectively calculated for the two cases of new

entrants and no new entrants.

Figure 3 The Impact of New Entrants on Stock Market
Evolution

New entrants changed the stock market

evolution significantly, as this situation is an

open system. This can be clearly seen in

Figure 3. On the one hand, new entrants

slowed the decline of the proportion of irra-

tional traders’ wealth. On the other hand, the
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market ultimately failed to eliminate irrational

traders but it did converge to a long-term equi-

librium of heterogeneous trader coexistence

even when the rational traders’ yield was al-

ways higher than the irrational traders’ yield.

4. The Random Evolution Dynamic
Model

The above differential dynamic model assumes

the stock market is an open system of hetero-

geneous traders in coexistence to describe mar-

ket evolution dynamics and long-term equilib-

rium.

Because these two types of traders’ total

wealth is obviously random, the above model

was extended to a random model. At the same

time parameter assumptions include a contin-

uous as asset return for both rational traders

and irrational traders. To simplify the prob-

lem, only xt , yt in Function (9) were changed

to random parameters. Additionally, the ran-

dom impact of the market was reduced in the

model. Assuming white noise, the random

dynamic system model was established to an-

alyze short-term dynamics and the long-term

equilibrium of stock market evolution.

The market evolution model, with the ad-

dition of white noise, was calculated by con-

solidating Function (9) and is as follows:{
dξt � [(rm + ex)ξt + (α + ex)ηt]dt + ξtσx dB1t

dηt � [eyξt +
(
rm − α + ey

)
ηt]dt + ηtσy dB2t

(16)

In Function (16), the economic meanings of

rm , α, ex , ey are the same as in Function (9).

To simplify the problem, they are assumed to

be constants. The random variables of ξt , ηt

represent the rational traders’ and irrational

traders’ total wealth respectively. σx , σy rep-

resent the total wealth diffusion coefficients of

the two types of traders. Bit , i � 1, 2 represents

the relatively independent standard Brownian

motion.

4.1 Analysis of The Random Dynamic
System Model

The following is the analysis of the random

evolution dynamic described by function (16).

This function should solve the following ques-

tions: 1) Does the random model have a global

and unique solution? 2) What is the random

evolution long-term equilibrium of the stock

market as an open system? 3) Will irrational

traders become extinct under the random con-

dition? If not, what are the conditions for them

to exist long-term?

4.1.1 The Existence and Uniqueness of the
Global Positive Solution

Theorem 1 for any given initial values of ξ0 , η0,
function (16) has a unique solution described by
ξt , ηt ∈ R+, a.s. when t ≥ 0.

Proof. Theorem 1 could be proved directly ac-

cording to theorem 5.2.1 in Oksendal (2003) be-

cause function (16) satisfies the linear growth

and the local Lipshitz condition. In addition,

inequality (17) can be obtained.

E
[∫ T

0

|Xt |2 dt
]
< ∞ (17)

in which |Xt | �
��ξt + ηt

�� �

√
ξ2

t + η
2
t . The

above proof shows that the random evolution

model of the stock market as an open system

has a unique global solution. In addition, in-

equality (17) shows that the mean square ex-

pectation of the model is limited in any limited

time T. �

4.1.2 The Long-term Evolution Dynamic of the
Random System

The boundary problem of long-term market

dynamic evolution is discussed in this section.

The total wealth growth trend of the two types

of traders is analyzed when time tends to in-

finity.

Theorem 2 The total wealth expecta-
tion of the stock market as described in
function (16) displays a progressively ex-
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ponential growth trend and the lim
t→∞ E

· (ξt + ηt
)
� ∞.

Proof. K � rm + ex + ey and V (X (t)) � ξt + ηt

are defined for the convenience of this anal-

ysis. The following is obtained through Ito’s

formula

dV (X (t)) �∂V
∂ξ

dξ +
∂V
∂η

dη

�K
(
ξt + ηt

)
dt + ξtσx dB1t + ηtσy dB2t

The stopping time is defined as the following

for every integer k ≥ |X (0)|.
τk � inf {t ∈ R+; |X (t)| ≥ k}

The mathematical expectation of V (X (t)) is

calculated as follows:

E (V (X (τk ∧ T))) �V (X (0))

+ K
∫ T

0

E (V (X (τk ∧ t))) dt

Equation (18) is obtained by setting t → ∞ due

to V (X (0)) > 0, K :� rm + ex + ey > 0.

lim
t→∞ E (V (X (t))) � lim

t→∞ V (X (0))E
(
eKt )

� ∞
(18)

Thus theorem 2 is proved which shows that the

total wealth growth trend of the two types of

traders tends to be infinite when time tends to

infinity. �

4.1.3 The Long-term Existence of Irrational
Traders

The long-term existence of irrational traders is

the core issue in market evolution modeling.

The long-term existence of irrational traders

should be clarified by the ability to prove The-

orem 3 when ηt → ∞ and t → ∞ under some

given conditions.

Theorem 3 there is lim
t→∞ ηt → ∞ if rm − α+ ey >

1
2σ

2
y .

Proof. Define: H � rm − α + ey . Function (19)

is obtained from function (16).

ηt �

∫ t

0

eyξt dt +
∫ t

0

Hηt dt +
∫ t

0

ηtσy dB2t

(19)

Define ζt as a stochastic variable that satisfies:

ζt �

∫ t

0

Hζt dt +
∫ t

0

ζtσy dB2t (20)

For ey > 0 and ξt ∈ R+ there is ηt > ζt , t ≥ 0

with a probability of 1 due to the random com-

parison theorem (Ikeda and Watanabe (1977);

Seather et al. (2000)). �

Define: g (t , ζt) � ln ζt . The following is

obtained easily from the Ito formula

ζt � ζ0 exp

((
H − 1

2
σ2

y

)
t + σyBt

)
(21)

The following conclusions were obtained from

the analysis of equation (21).

1) if rm − α + ey > 1
2σ

2
y there is ζt → ∞ a.s.

when t → ∞.

2) if rm − α + ey < 1
2σ

2
y , there is ζt → 0 a.s.

when t → ∞.

3) if rm −α+ ey �
1
2σ

2
y , ζt fluctuates in (0,∞)

a.s. when t → ∞.

At the same time, for ηt > ζt , a.s., Theorem

3 is proved.

Theorem 3 demonstrated that if the sum

of irrational traders return plus the net en-

try yield was sufficiently large as compared

to the perturbation it received, then irrational

traders could exist for the long-term in the mar-

ket and their wealth would keep growing in-

finitely. Conversely, if the market return, pre-

dation rate and irrational traders net entry ratio

was smaller than half the variance of the irra-

tional traders’ wealth change, then it was pos-

sible for irrational traders to become extinct.

On average, the returns of general in-

vestors are positive, and the entry rate

is positive. The volatility variance of the

market is far less than the market return

plus entry rate (0.0003% vs 0.024% cal-

culated on a daily basis, see the Shang-

hai Stock Exchange Statistics Annual 2018).

Therefore, the long-term equilibrium of the

market will be a state of coexistence of het-

erogeneous traders.
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4.2 Simulation Analysis of the Random
Evolution Model

It is very difficult to obtain analytic solutions

of the random evolution dynamic model (func-

tion (16)). Therefore, a simulation method of

the stock market random evolution dynamic

trajectory was considered. In addition, re-

peated simulation means of the sample means

of traders’ wealth long-term expectations were

simulated and analyzed. Then function (16)

was calculated by the method put forward by

Higham (2000).

4.2.1 Sample Trajectory of Random Evolution
Dynamic

Function (22) was obtained by discretization

for function (16) according to the Higham

(2000) method.⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ξt+1 � ξt + [(rm + ex)ξt + (α + ex)ηt]Δt

+ξtσx
√
Δtε1t

ηt+1 � ηt + [eyξt +
(
rm − α + ey

)
ηt]Δt

+ηtσy
√
Δtε2t

(22)

In which ε1t , ε2t are random variables subject

to the standard normal distribution

Using function (22), the setting of parame-

ters is similar to the deterministic model, and

they were set rm � 0.022%, α � 0.01%, ex �

0.005%, ey � 0.02%, σx � 0.01%, σy � 0.01%,

ξ0 � 0.2, η0 � 0.8, and a time period of 8000

working days. Figure 4 shows the simulation

result produced by Matlab.

It can be seen clearly from Figure 4 that as

time progresses, the wealth of rational traders

and irrational traders appears as a growth

trend during normal market growth progress.

Therefore, rational trader wealth grows more

rapidly.

4.2.2 The Long-term Equilibrium of the Ran-
dom Evolution Dynamic

Higham (2000) proposed a method of obtain-

ing expectation by using a random dynamic

system which estimated variable expectation

by obtaining sample means obtained from re-

Figure 4 A Sample trajectory of the Stock Market Ran-
dom Evolution Dynamic

peated simulation runs of the model. Accord-

ing to this, ξt and ηt were solved after function

(22) was simulated one hundred times. At that

time, 100 simulations required approximately

five hours of run time due to limited computer

performance, therefore it was impossible to re-

duce the error value between the sample mean

and the expectation by the way of greatly in-

creasing the number of samples. Then ηt was

solved to represent the proportion of irrational

traders’ wealth in total market wealth. The dy-

namic trajectory of ηt is shown in Figure 5.

Figure 5 Dynamic Trajectory of the Proportion of Irra-
tional Traders’ Wealth to Total Market Wealth

It can be seen from Figure 5 that with time

there was a decrease in the proportion of irra-

tional traders in the market but the amplitude

gradually decreased. This is similar to a deter-

ministic model, where the proportion of irra-

tional traders in the market would converge to

a non-zero long-term equilibrium value in the
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long-term in random model.

4.3 The Extension of the Random Evolu-
tion Model

Research shows that there are different levels of

rationality and behaviors attributed to traders,

such as loss aversion mental account, and other

behaviors. Because the use of the terms ratio-

nal traders and irrational traders is insufficient

to describe the entirety of market characteris-

tics the idea of developing an extending func-

tion using a multivariate random differential

equation set was considered. This is a more re-

alistic and detailed method to describe market

evolution dynamic trajectory and characteris-

tics.

Assuming there exists n different types of

traders including rational traders in the mar-

ket, the return of each type was defined as

ri , i � 1, 2, . . . , n respectively. The net en-

try rate of each type was defined as ei , i �

1, 2, . . . , n. To simplify the problem, linear en-

try for all types of traders was assumed.

Function (16) could then be extended to the

following form under the above assumptions.

dX(t) � AijX(t)dt + σiX(t)dBi(t) (23)

in which

X (t) �
������

x1 (t)
x2 (t)
. . .

xn (t)

������
Aij �

�������
r1 + e1 e2 . . . en

e1 r2 + e2 . . . en
...

e1 e2 . . . rn + en

�������
σi �

�������
σ1

σ2

...

σn

�������

ᵀ

, Bi (t) �
�������
B1t 0 . . . 0

0 B2t . . . 0
...

0 0 . . . Bnt

�������
Where σi , i � 1, 2, . . . , n represents the vari-

ances of all the types of traders’ wealth change.

Bit is independent standard Brownian motion.

The following results were obtained from anal-

ysis of function (23).

1) The system described by function (23)

had a unique global solution.

It could be proved directly according to the-

orem 5.2.1 in Oksendal (2003) because function

(23) satisfies the linear growth and the local

Lipshitz condition.

2) If
n∑

i�1
ri > 0, and

n∑
i�1

ei > 0 total market

wealth increased with time and tended to in-

finity when time tended to infinity.

The proof of this results just the same as the

theorem 2. Define the market return as Rm ,

Rm is the weighted average of ri . Define the

total entry of traders as ET �
∑
i

ei . The market

wealth W (X (t)) � ∑
i

xi (t), Then following is

obtained:

lim
t→∞ E (W (X (t))) � lim

t→∞ W (X (0))E
(
e(Rm+ET )t

)
� ∞

3) For each type of trader existence or extinc-

tion depended on his return and the perturba-

tion received. He could not become extinct as

long as the sum of his return plus net entry

rate was sufficiently large as compared to his

wealth fluctuation.

The proof process of this conclusion is sim-

ilar to that of Theorem 3. For arbitrary type of

traders, there exists:

xi (t) ≥
∫ t

0

(ri + ei)xi (t)t dt +
∫ t

0

xi (t) σi dBit

� xi(0) exp

((
ri + ei − 1

2
σ2

i

)
t + σiBit

)
This result is similar to the results obtained

by Evstigneev et al. (2006) and Yang and Qin

(2006). This thesis proves that the market

as a closed system could eliminate irrational

traders. But in reality the market is an open

system. So further results of this thesis indicate

that long-term market equilibrium can be ob-

tained with the co-existence of rational traders
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and irrational traders due to the impact of new

entrants.

Lo (1999 2004) proposed an adaptive mar-

ket hypothesis that considers the scenario of

the mixed behaviors of rational traders and ir-

rational traders. In addition, it assumes that

traders evolve with and adapt to the market

environment. His conclusions support this hy-

pothesis. Based on this, we can draw the con-

clusion that irrational traders are likely to sur-

vive well when the market is booming and tend

to be eliminated when the market is in reces-

sion (Equation (11)). This conclusion is highly

consistent with the conclusion by Andrew Lo

(2004):

If multiple species are competing for rather
scarce resources within a single market, that market
is likely to be highly efficient, . . . , If, on the other
hand, a small number of species are competing for
rather abundant resources in a given market, that
market will be less efficient.

5. Conclusion
1) Under the condition that the stock price is

endogenous, the stock market evolution sys-

tem is an autonomous system. Evolution re-

sults do not depend on starting time. The evo-

lution process has a series of autonomous sys-

tem characteristics such as uniqueness of the

evolution trajectory and additivity of evolution

process to the time.

2) The wealth expectation of the two types

of traders displays an exponential growth

trend and this total wealth tends to be infinite

when time tends to infinity.

3) The stock market whether as a determin-

istic or random system, failed to thoroughly

eliminate irrational traders even when the ra-

tional traders’ yield was always higher than the

irrational traders’ yield in condition of new en-

trants. Under some conditions the market will

ultimately stabilize into a status of coexistence

of rational traders and irrational traders, with a

constant decline in the proportion of irrational

traders in the market.

4) The zero solution of the stock market

evolution model is unstable in the Lyapunov

sense Small perturbations of the original ra-

tional traders’ wealth and original irrational

traders’ wealth could be amplified in the evo-

lution and ultimately lead to drastic wealth

change But the proportion of the rational to

irrational traders’ wealth remained stable.

5) The random evolution model of the stock

market as an open system had a unique posi-

tive global solution. Further, the mean square

expectation of total wealth in the market was

limited in limited time.

In this investigation market return was set

as a constant parameter to simplify the ques-

tion in the random model. In addition, all ran-

dom factors were summed to represent white

noise and this was included in the analysis of

the model. However, in reality, market evolu-

tion dynamics can be perturbed by one signif-

icant major factor and other secondary factors.

Trader return is a major factor which was in-

cluded in the model as a Markov process A

new extension market evolution model that

contains Markov impact would likely produce

more accurate results.
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Endnotes
1 The initial proportion of traders’ wealth is arbitrary. It

does not affect the final evolution result.
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