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Abstract

In this paper, we study the M/M/1 queue with working vacations and vacation interruptions. The
working vacation is introduced recently, during which the server can still provide service on the
original ongoing work at a lower rate. Meanwhile, we introduce a new policy: the server can come
back from the vacation to the normal working level once some indices of the system, such as the
number of customers, achieve a certain value in the vacation period. The server may come back from
the vacation without completing the vacation. Such policy is called vacation interruption. We connect
the above mentioned two policies and assume that if there are customers in the system after a service
completion during the vacation period, the server will come back to the normal working level. In terms
of the quasi birth and death process and matrix-geometric solution method, we obtain the distributions
and the stochastic decomposition structures for the number of customers and the waiting time and
provide some indices of systems.
Keywords: Working vacation, vacation interruption, matrix-geometric solution, stochastic

decomposition

1. Introduction

Working vacations is a kind of semi-vacation
policy and is also a new vacation policy that was
introduced by Servi and Finn (2002): a customer
is served at a lower rate rather than completely
stoping the service during a vacation. In the
classical vacation queueing models, during the
vacation period the server doesn’t continue on

the original work and such policy may cause the

loss or dissatisfaction of the customers. For the
working vacation policy, the server can still
work during the vacation and may accomplish
other assistant work simultaneously. So, the
working vacation is more reasonable than the
classical vacation in some cases.

Servi and Finn (2002) studied an M/M/1
queue with working vacation, and obtained the

probability generating function of the queue
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length and the LST of the waiting time, and
applied their results to performance analysis of a

gateway router in fiber communication networks.

Subsequently, Kim, Choi and Chae (2003), and
Wu and Takagi (2003) generalized the study in
Servi and Finn (2002) to an M/G/1 queue with
working vacations. Baba (2005) extended the
study to a GI/M/1 queue with working vacations
by the matrix-analysis method.

In this paper, we will consider an M/M/1
queue with vacation interruptions and working
vacations. Vacation interruption was introduced
by the authors in this paper. The server can stop
the vacation once some indices of the system,
such as the number of customers, achieve a
certain value in the vacation period. Certainly, it
is possible for the server to take an interrupted
vacation, so we call this policy vacation
interruption. The working vacation and vacation
interruption are connected in this paper and the
server enters into vacation when there are no
customers and he can take service at a lower rate
in the vacation period. If there are customers in
the system at the instant of a service completion
in the vacation period, the server will come back
to the normal working level. If there are no
customers after a service, the server continues
the vacation until after a service or a vacation
ends if there are customers. In terms of the quasi
birth and death process and matrix-geometric
solution method, we provide expressions for the
distributions of the queue length and the waiting
time. Furthermore, we indicate the stochastic
decomposition structures. There is the specific
relationship between the results of this model
and the results of the classical M/M/1 queues
without vacations.

The rest of this paper is organized as follows.
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In section 2, we describe the quasi birth and
death process of the model. Section 3 obtains the
distribution of the queue length and the state
probabilities of the server in steady state. Finally,
in section 4, we indicate the stochastic
decomposition structures of the queue length
and the waiting time in such a system.

In this paper, we consider the case where the
service and inter-arrival times are exponentially
distributed. The cases where those times are not
exponential are important in practice. We can
also set a threshold for the vacation interruption.

These cases are left for future study.

2. A Quasi Birth and Death Process

Model

Consider a classical M/M/1 queue with an
arrival rate 4 and a service rate 4, . Upon the
completion of a service, if there is no customer
in the system, the server begins a vacation and
the vacation durationV follows an exponential
distribution with the parameter 8. During a
vacation period, arriving customers can be
served at a mean rate of u, Upon the
completion of a service in the vacation, if there
are also customers in the queue, the server ends
the vacation and comes back to the normal
working level. Otherwise, he continues the
vacation until there are customers after a service
or a vacation ends. Meanwhile, when a vacation
ends, if there are no customers, another vacation
is taken. Otherwise, the server also switches the
rate to 44, and a regular busy period starts. In this
service discipline, the server may come back
from the vacation without completing the
vacation. And, the server can only go on
vacations if there is no customer left in the

system upon the completion of a service.
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Meanwhile, the vacation service rate can be only
applied to the first customer arrived during a
vacation period.

We assume that the inter-arrival times, the
service times, and the working vacation times
are mutually independent. In addition, the
service discipline is first in first out (FIFO).

Let Q,(t) be the number of customers in
the system at time ¢ and let

0, the system is in a working
Ity = vacation pejrif)d at time ¢,
1, the system isin a regular

busy period at time ¢.

Then { Q,(¢), J(¢) } is a quasi birth and
death process (QBD) with the state space
Q={0,00}U{(k, j): k=1, j=0,1}.

Evidently, when there is no customer, the
server only stays in the vacation period.
Using the lexicographical sequence for the

states, the infinitesimal generator can be written

as
4 G
0= B A C

B A C
where C, = (4,0); B, = (u,, 14,)";

A O,B:O /zv,
0 4 0 u,

A{—(/Heﬂtv) ] }

C

0 —(A+ )

To analyze this QBD process, it is necessary
to solve for the minimal non-negative solution
of the matrix quadratic equation

R’B+RA+C=0 1)

This solution is called the rate matrix and
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denoted by R. Obviously, we have
Lemma 1 If p=A(w,) "' <1, the matrix

equation (1) has the minimal non-negative

solution
A 0 A+0
R=|A+0+u, A+0+u, |. 2)
0 P

Proof. Because the matrices A, B, C of (1) are
all upper triangular, we can assume that R has

the same structure as

R= n o .
0 n

Substituting R* and R into (1), we obtain the
following set of equations:
—(A+60+u,)n,+A=0,
,ubrzzz —(A + 1)1y, +A4=0,
M+ My (1 + 1))+ Oy = (A 14,135 = 0.

3)
To obtain the minimal non-negative solution
of (1), we obtain 5, =p (the other root
is7, =1) in the second equation and 7, can be
derived in the first equation of (3) and is noted
by r. Evidently, 0<r; <1 for any >0
and 4, >0 . Substituting r and p into the last
equation of (3), we get the expression for 7, .
Based on the expression for R in Lemma 1
and Theorem 3.1.1 in Neuts(1981), it is easy to
prove that the QBD process is positive recurrent

if and only if p=Au," <1.

3. Queue Length Distribution
If p<1,let (Q,,J) be the stationary limit

of the QBD process {Q,(),J()}. Let
7Ty = Moos M = (M5 7). k21
m;=PO, =k, J=j}= tli_g_},P{Qv(t) =k,J (@)= j},

(k, j)€ Q.
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With regard to the queue length, we have
Theorem 1 If p <1, the stationary probability

distribution of (Q,,J) is

Ty = K(#)k, k=0,
A+0+u,
k-1
Ty =K A6 Z o,
/1+0+y = /1+9+y
>1.
(4)
where K = 0+ 1, 1+ 0+4 P -
A+0+u, A+0+u,1-p

Proof. In terms of the matrix-geometric solution
method (Neuts, 1981), we have

7, = (400 70) = (o DR, k=10 (5)

and (7, 7,,77;,) satisfies the set of equations

(o0s 7105711 BIR1 =0 ©6)
where
BIR] = Ay G
_BIO RB+A
B A 0
=\, —(A+0+u) A+0|
L4 0 My

Substituting B[R] into the above relation,
we obtain the set of equations
— Ao + 1, 7010 + 70y =0,
Ay —(A+ 60+ u,)m, =0, ™)
A+60)7y— mpmy, =0.
Taking 7, = K , from the second and third

equations in (7), we get
A A+6
o =K(G——), m=Kp7—7—
A+0+u, A+60+u,

For k=>1, note that
k ﬂ‘i‘ 0 k-l ik—1—7
7 _ Jy J

R¥ = '0/1+9+,uv].§‘)'0

0 pk

, k=1
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And r=A(A+6+u,)"". Substituting (7,y,7,,)
and R into (5), we obtain (4). Finally, the
constant factor K can be determined by the
normalization condition.

Thus, we can obtain the distribution of the

number of customers Q,

A

=k}=m o+, = K(——)
plO, =k} =m+ 7 (ﬂ+0+#v)
k-1 )
k-0 Az
A+0+u, o A+0+u,

Meanwhile, we can easily obtain the state

probabilities of a server in the steady-state.

+o0
plJ =0}=3 7

k=0
:K/1+9+uv: 14 O+A 0
0+ u, A+O0+u, 1-p

plJ=1}=> 7,

k=1

0+ o 0+A 0 A
A+O0+u,1-p A+0+u,1-p0+u,

_ 0+A p 14 O+ A P\t
A+0+u,1-p  A+0+u,1-p

(8)
Remark 1: If 1, =0, i.e., the server can not take
the service in the vacation period, we obtain the
classical results of the steady-state distribution
for the M/M/1 queue with multiple vacations. So
we can set up the relationship between the

classical vacation model and our present model.

4. Stochastic Decomposition Results
We know that the classical vacation queues
have the stochastic decomposition property for
the queue length and the waiting time. The
model in this paper also has this property. Now,
we give stochastic decomposition structures of
the stationary queue length and the waiting time,
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denoted by QO and W, respectively.
Firstly, we discuss the distribution of the

number of customers in the system.

Theorem 2 If p<1landu, > u,, the stationary

queue length Q, can be decomposed into the

sum of two independent

variables: Q, =0, +Q; . Where Q,

stationary queue length of a classical M/M/1
queue without vacations, and follows a
geometric distribution with the parameter1—p ;

random
is the

the additional queue length Q,; has a modified
geometric distribution

P{Q, =0}=K"4,,

k

* A A
P =k =K§ 1— ’
1Qa=H) 2[ ﬂ+0+,uvj[/1+0+yvj

k>1.
©)
where
1 o+p, 1 A-pu,
Y epAt6+u, C 1-pA+0+u,
And K=+ 2FA P 1,
A+0+u,1-p

Proof. From Theorem 1, the probability

generating function of Q, is as follows

0(z)=). 2*plo, =k}

k=0
_K 1 N O+ A 1 1
l-rz = A+60+u,1-pzl-rz
_ 1-p K 1-r 1—,0z+
1-pz I-rz 1-p
0+ o (A-rz
A+0+u,1-p 1-rz
_ 1-p K" 0+u, 1 N
1-pz A+0+u,1-p

A-pu, 1 (A-r)z
A+O0+u,1-p 1-rz
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— 1_:0 K*|:51+52 (l_r)Z:|
1-pz 1-rz

=0, (2)0,(2) (10)
where r=A(A+6+u,)" , and 6,,6,,K* are
defined as in the theorem. We can verify
that 8, + &, = ([(*)_1 . Thus, we can get the (9).

Equation (9) indicates that the additional
delay Q, can be written as the mixture of two
random variables 0, =qp Xy +q X,
where g, =K"8,q,=K"5, , and X,=0,X,
follows a geometric distribution with the
parameter (1-r) on the set{l,2,---}.

With Theorem 2, we can easily get means

1 j'_p/uv
% 1 l—p 9+ﬂ,
E(Q,)=K 0, = !
1- A L+ O+ A o,
A+0+u, A+0+u,1-p

EQ,)=—L—+EQ,).
I-p
Now, we analyze the waiting time of each
customer. Denote the LST of W by W (s).
Theorem 3 If p<l1

stationary waiting time W can be decomposed

and u, > u,, the

into the sum of two
variables: W =W, +W, ,

waiting time of a customer in a corresponding

independent random

where W, is the

classical M/M/1 queue without vacations, which

has an exponential distribution with the

parameter (4, (1—p) ; the additional delay W,
has the LST

. . O+u
W =K |oj+0,———|. 11
4 (8) {1 2s+6+/¢v} (11)
where 0_1:51_6'-;,% 52;0-2:52@'

And 6y, 6, are noted as Theorem 2.

Proof. In the model, the queue length and the
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waiting time of a customer have the relationship

below as in the other vacation queues:

0(2) =W" (A1~ 2)).

So, lets=A(l—z), z=1-sA"" is replaced into
the equation above, and we easily obtain the
theorem above. Evidently, ¢, +0, =(K “

Similarly, the equation (11) indicates that the
stationary additional delay is the mixture of two
variables W, = q,Y, + q,Y,. Y, =0,Y, follows an
exponential distribution with the parameter
(O+u,).

With the stochastic decomposition structure

in Theorem 3, we can easily get means

1 1 A-py,
EW,)=K = y
W) 0-294',% o 0+4  p
A+0+u, 1-p
1 1
EW)=———+EW,)=—EQ,).
Hy,(1= p) T

Remark 2: From the equation above, we can
find that the Little’s formula, E(Q,)=AEW)
also exists in the M/M/1 queue with multiple

working vacations and vacation interruptions.
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