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Abstract
Computational fluid dynamics (CFD) has the potential for use as a clinical tool to predict the aerodynamics and respiratory 
function in the upper airway (UA) of children; however, careful selection of validated computational models is necessary. 
This study constructed a 3D model of the pediatric UA based on cone beam computed tomography (CBCT) imaging. The 
pediatric UA was 3D printed for pressure and velocity experiments, which were used as reference standards to validate the 
CFD simulation models. Static wall pressure and velocity distribution inside of the UA under inhale airflow rates from 0 to 
266.67 mL/s were studied by CFD simulations based on the large eddy simulation (LES) model and four Reynolds-averaged 
Navier–Stokes (RANS) models. Our results showed that the LES performed best for pressure prediction; however, it was 
much more time-consuming than the four RANS models. Among the RANS models, the Low Reynolds number (LRN) SST 
k-ω model had the best overall performance at a series of airflow rates. Central flow velocity determined by particle image 
velocimetry was 3.617 m/s, while velocities predicted by the LES, LRN SST k-ω, and k-ω models were 3.681, 3.532, and 
3.439 m/s, respectively. All models predicted jet flow in the oropharynx. These results suggest that the above CFD models 
have acceptable accuracy for predicting pediatric UA aerodynamics and that the LRN SST k-ω model has the most potential 
for clinical application in pediatric respiratory studies.

Keywords  Upper airway · Cone-beam computed tomography · Computational fluid dynamics · Medical image-based 
modeling

1  Introduction

Airway diseases, such as adenoid and tonsil swelling, are 
common and can reduce airway ventilation in children [1], 
which may lead to obstructive sleep apnea (OSA) and other 

diseases with severe consequences [2]. Airway diseases and 
their resulting decreased respiratory capacity are tradition-
ally assessed by imaging examination, endoscopy, polysom-
nography (PSG), and nasal resistance examination [3–6]. 
Patients are primarily diagnosed by imaging examination 
or endoscopy to determine airway morphology and then be 
recommended to perform ventilation tests by PSG or nasal 
resistance meter; however, these conventional methods are 
challenging for clinicians because of high costs, complex 
diagnostic processes, or poor understanding of the cause of 
disease. Therefore, more prospective clinical studies and 
aerodynamic studies are warranted to investigate associa-
tions between upper airway (UA) morphology, respiratory 
function, and clinical symptoms to better understand patients 
with airway diseases.

In recent years, computational fluid dynamics (CFD) meth-
ods have been widely used to investigate the aerodynamic fea-
tures of human airways [7–9] using patient volumetric imag-
ing data; for example, data acquired by cone-beam computed 
tomography (CBCT) [10]. Rapid predictions of respiratory 
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aerodynamic features by CFD and understanding their asso-
ciations with airway morphology and ventilation could provide 
considerable assistance to surgeons for patient management [5, 
11–13]. Therefore, using CFD based on patient-specific image 
scan data may be an ideal procedure for surgeons to quickly 
assess an individual’s aerodynamics and the causes of respira-
tory problems without invasive endoscopy [14].

Nevertheless, the clinical application of CFD in respira-
tory diagnosis in various populations has been limited due 
to a lack of experimental validation of simulation methods. 
The simulation methods of CFD can significantly influ-
ence prediction results, which makes it essential to study 
the appropriate turbulence model to precisely predict the 
airflow inside of human UA before clinical application 
[15]. Three simulation methods are commonly applied in 
turbulence modeling of CFD: direct numerical simulation 
(DNS), large eddy simulation (LES), and Reynold-aver-
aged Navier–Stokes (RANS). DNS and LES are generally 
considered to have good accuracy that can resolve large-
scale airflow motion when the computational grids used are 
sufficiently fine, especially the DNS can resolve all scales 
[16–20]. The long computational time is currently one of 
the cons of DNS and LES methods, which a more powerful 
computing system may overcome in the future. Many pre-
vious clinical studies have applied RANS models, as these 
models require less time and computational resources than 
LES and DNS [13, 21–26]; nevertheless, the RANS models 
will time-average airflow turbulence and reduce the tempo-
ral and spatial resolution of airflow simulations. Therefore, 
the clinical application of RANS models on human airways 
should be discussed based on experimental results.

To our knowledge, few experimental studies have validated 
turbulence models for use in pediatric UA. For adult UA, the 
estimated Reynolds number varies from 800 to over 12,000 
under different breathing conditions [27, 28]. Some studies have 
indicated that the standard k-ω model has the best overall per-
formance among RANS models for studying airflow in enlarged 
nasal cavities [18, 29]. Phuong and Xu both performed valida-
tion studies in the adult trachea by particle image velocimetry 
(PIV) but reached different conclusions regarding the optimal 
RANS model for this purpose [30, 31]. Phuong suggested the 
Abe-Nagano-Kondoh (LR-ANK) k-ε model, while Xu selected 
the RNG k-ω and SST k-ω models. In a wall static pressure test 
experiment in complete adult UA, Mylavarapu reported that the 
standard k-ω model was the best option among RANS models 
under an extremely high flow rate [32]. As the pediatric airway 
is usually smaller in diameter and has a lower inspiratory airflow 
rate than adults’ [33], it has a lower estimated range of Reynolds 
number from 930 to 2420 [6, 34], which may cause more transi-
tional airflows than adult UAs. Therefore, it is critical to test and 
verify computational models specifically for this young group 
of patients before clinical application.

This study aimed to propose a CFD simulation strat-
egy that best represents in vivo airflow characteristics of 
pediatric UAs. The performances of four RANS methods 
were evaluated by both in vitro pressure, and PIV meas-
urements in a pediatric UA model imaged using CBCT.

2 � Materials and methods

2.1 � Image acquisition and UA model construction

The patient in this study was a 13-year-old boy with adenoid 
and mild tonsil hypertrophy diagnosed by CBCT imaging. His 
clinical features were not assessed, including respiratory symp-
toms and nasendoscopy examination. CBCT scan data were 
retrospectively selected and used as a 3D model of the upper 
airway (3D eXam; KaVo, Biberach an der Riss, Germany). The 
recorded scanning parameters were 120 kV and 5 mA, with a 
scanning time of 14.7 s. Voxel size was 0.2 mm, and each layer 
was scanned at a 0.2-mm interval, with 14-bit pixel depth and 
13 × 17-cm field of view. During image acquisition, the patient 
was asked to sit and breathe peacefully without swallowing or 
mouth breathing. The CBCT scan was exported in digital imag-
ing and communications in medicine format for further analysis.

The airway boundary was defined using a grayscale 
threshold from − 1024 to − 800 (approximately − 1000 
Hounsfield units for air region) using Mimics software 
(Materialise, Belgium). A 3D segmented UA model was 
then obtained, which included the nasal cavity, bilateral 
maxillary sinus, nasopharynx, velopharynx, oropharynx, 
and laryngopharynx. The UA contour was smoothed three 
times using the built-in algorithm (Fig. 1). In this study, the 
inlet (nostril) and outlet (base of the epiglottis) were elon-
gated to 3 mm and 30 mm, respectively, to avoid reverse 
flow in simulations [35].

2.2 � Grid independence and CFD procedures

A computational UA model was obtained by filling the air space 
in the segmented UA model with tetrahedral grids (ANSYS, 
Inc., Canonsburg, PA). Five layers of hexahedral grids were used 
as prism layers to resolve the viscous sub-layer. The flow rate at 
rest breathing for children has rarely been mentioned in previ-
ous reports; for grid independence tests, an inhale flow rate of 
200 mL/s was chosen, according to one previous study [36]. The 
grid independence of the turbulence model under the RANS 
framework was verified (Fig. 2) by studying the pressure dif-
ference between probe 6 (P6) and probe 1 (P1) under different 
mesh resolutions. Finally, grid 2, which had a body grid size of 
0.5 mm and a height of the first element in the prism layer of 
10 μm, was selected for RANS simulation. Grid 5, with the same 
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body grid size (0.3 mm) previous LES study [17], was used for 
LES simulation.

During simulations, the pressure at the nostril inlet was set as 
zero, and the airflow rate at the outlet was controlled. The UA 
boundary was considered non-slip, stationary, and rigid [23]. 
The low Reynolds number turbulence (about 930 to 2420 in the 
pediatric airway [6, 34]) induced by stenosis airway structure 
[37, 38] was resolved using RANS models.

Steady simulations under the reliable grid 2 were performed 
with a series of Q values: 66.67, 100, 133.33, 166.67, 200, 
233.33, and 266.67 mL/s. The numerical RANS simulations 
under the k-ω model framework were applied in this study using 
ANSYS Fluent with the standard k-ω, Low Reynolds number 

(LRN) k-ω, SST k-ω, and LRN SST k-ω models in the steady-
state, while the LES model in the transient state was applied 
using the finest grid. The airflow inside the UA was considered 
to be incompressible Newtonian fluid with a constant density 
(ρ) because of the very low Mach number (Ma < 0.02).

A second-order finite-volume scheme was applied 
to discretize governing equations in the computational 
domain, and second-order implicit discretization was 
employed for time integration. The coupling of pressure 
and velocity was implemented using the SIMPLE algo-
rithm [39]. The Smagorinsky-Lilly subgrid-scale model 
was applied for LES simulation. The data presented were 
averaged from 0.3 to 1.2 s, achieving convergent solu-
tions in each time step (time step = 1e−5 s), as shown 
in Fig. 3. LES simulation took approximately 80 h in 
a computer with 16 threads, whereas RANS took < 2 h.

Fig. 1   Process of 3D upper airway reconstruction from CBCT scans

Fig. 2   Grid independence test of RANS simulations in 200  mL/s 
under different mesh resolutions. Element number and maximum 
grid size: grid 1, 3.02 million, 0.6 mm; grid 2, 4.52 million, 0.5 mm; 
grid 3, 13.02 million, 0.4 mm; grid 4, 18.12 million, 0.35 mm; grid 5, 
26.80 million, 0.3 mm

Fig. 3   Instantaneous static pressure difference with a time step of 
simulation in unsteady LES simulations at an inspiratory airflow rate 
of 200 mL/s between P6 and P1 (time step = 10.−5 s)
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2.3 � Pressure test experiments

To validate CFD simulations, physical experiments were 
performed using a 3D-printed mechanical UA model 
with the facility presented in Fig.  4. The mechanical 
UA model was fabricated by stereo lithography (STL) in 
actual scale with resin (DSM IMAGE 8000), yielding a 
uniform thickness of 2 mm, with 0.1-mm roughness. The 
outlet was connected to a vacuum pump group through 
two airflow stabilizers. Airflow driven by negative pres-
sure passed through the unrestricted nasal inlet into the 
mechanical UA model to perform the same aerodynamic 
process as those in a human UA. An afloat flowmeter 
was set between stabilizers and the vacuum pump group, 
simultaneously recording the real-time airflow rate. Nine 
pressure probes (diameter, 1/32 inch) were mounted on 
the wall of the experimental model. As shown in Fig. 3, 
most pressure probes (P2–P9) were located along the 
posterior and anterior wall downstream of the nasal cav-
ity, while P1 was set near the nostril. Dwyer gage pres-
sure transducers (MS2-W101, Magnesense, USA), with 
an accuracy of ± 1.0% f.s. and 0–10 VDC output, were 
installed to measure the wall static pressure difference 
(△Pw) between pressure probes and P1. Error analysis 
is shown in Appendix 1. The piezoelectric signals from 
pressure transducers were received by a data collector 
(Agilent 34972A, Keysight Technologies, USA). The 

vacuum pump group was constructed from four dia-
phragm pumps, which controlled the airflow rate accord-
ing to a defined power-flow relationship.

2.4 � Particle image velocimetry setup

An in vitro airflow field experimental platform was con-
structed; the apparatus is illustrated in Fig. 5. A transpar-
ent UA model, with the same precision described above, 
was printed using transparent light resin (refractive index 
(RI), approximately 1.53) and held in a square water 
chamber. A saturated NaI solution (RI, about 1.49) was 
injected into the UA model and water chamber to match 
the refraction. The RI difference between the resin and 
solution led to laser refraction near the experimental walls 
(with high curvature); therefore, the observed window was 
limited to the central part of the airway. A water pump was 
connected downstream of the airway, and the flow rate was 
manually controlled while reading the flow meter.

A standard PIV system from Dantec was applied 
[40]. The experiments used a high-frequency dual-pulse 
double-exposure CCD camera to quickly capture two 
flow field images in a relatively short time and record 
instantaneous flow field characteristics by studying the 
motions of tracer particles in the images. The PIV tech-
nique was employed to measure the velocity distribu-
tion in the oropharynx and laryngopharynx, with a dual 

Fig. 4   a Experimental facility for wall static pressure difference 
measurements in the UA model. (b) Mechanical UA models and 
measurement points. (c) Schematic diagram of the experimental facil-

ity. ① UA model; ② Airflow stabilizers; ③ Float flowmeter; ④ Vacuum 
pumps group; ⑤ Function generator; ⑥ Pressure transducers; ⑦ Piezo-
electric receiver
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200 mJ pulse-1 10 Hz Nd-YAG double-cavity laser illu-
minating the central sagittal plane of the pharynx. The 
settings and data postprocessing for PIV equipment are 
presented in Appendix 2.

To duplicate actual breathing conditions, fluids should 
have a similar Reynolds number (Re) in both numerical 
simulations and experimental measurements. The relation-
ship can be described as follows:

where Qsolution is volumetric flow rate, ρ is density, and 
μ is dynamic viscosity. The parameters of NaI solution 
at 25℃ during experiments were ρsolution = 1.904 g/cm3, 
μsolution = 3.196 × 10−3 Pa s. Qsolution was approximately 96 
L/h during experiments, which was the same Reynolds 
number as an airflow rate of 233.33 mL/s in UA. The mean 
velocity contour shown in (Fig. 9a) was determined using 
the time-averaged velocity vector field of the pharynx sagit-
tal plane, calculated based on 300 instantaneous velocity 
vector maps.

3 � Results

The wall pressure difference (△Pw) values at a flow rate 
of 200 mL/s for the experimental model and its corre-
sponding predictions from the five CFD models at vari-
ous measuring points are illustrated in Figs. 6 and 7. The 
△Pw increased along the airflow direction, with 19.9 Pa 
(P1–P2) in the posterior wall of the nasopharynx and 
37.0 Pa near the outlet (P1–P9). An abnormal decrease 
of △Pw was found at P5 and P6, the level of the tongue 
base and the top of the epiglottis, implying that the air 

(1)Q
solution

=
�
solution

�
air

�
air
�
solution

Q
air

pressure recovers downstream of the velopharynx, which 
corresponds to the recirculation flows [41] and split flows 
caused by the pharyngeal jet [27, 42]. All numerical mod-
els used in this study showed similar trends to those of 
experiments, except for the P4 monitoring point in the 
anterior wall of the oropharynx. Two models predicted 
a decrease of △Pw in P4, while the predictions of the 
LRN SST k-ω, standard k-ω, and LES models were for 
an increase, consistent with the experimental results. 
All CFD models tended to underestimate △Pw; it was 
approximately 7% lower using the LES model, 10% lower 
using LRN SST k-ω and standard k-ω models, and 20% 
lower using other models for the overall prediction rela-
tive to the actual measurement. As shown in Fig. 7, dif-
ferent RANS models showed an apparent discrepancy in 

Fig. 5   Schematic of the PIV experimental platform and apparatus setup

Fig. 6   Comparison of wall static pressure difference with error bar (at 
the measurement points shown in Fig.  4) between experiments and 
five CFD models at a fixed inspiratory flow rate of 200 mL/s
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prediction only close to P4, where there is usually consid-
ered to be a region that forms a recirculation bubble. The 
comparisons of △Pw in Figs. 6 and 7 show that the LES 
and LRN SST k-ω models exhibit better agreement with 
experimental results than the other three RANS models.

CFD predictions and experimental results generated 
using multiple flow rates varied similarly. △Pw at P1–P2 
and P1–P8 (Fig. 8a, b) exhibited an increasing trend, 
growing with nonlinear relationships to both Q and Q2. 
CFD simulations still underestimated △Pw, and the errors 

rose with increasing Q. The LES model performed bet-
ter than the RANS models, while there was no signifi-
cant difference in performance as the flow rate increased 
between the LRN SST k-ω and k-ω models.

Velocity contours in the sagittal plane are shown in 
Fig. 9. The laser refraction leads to failure in identifying 
the near-wall velocity in PIV experiments, but all PIV 
experiments and CFD simulations generated high veloc-
ity in the central part of the airway (Fig. 9), indicating 
a right-lateral jet flow in the laryngopharynx; however, 
CFD simulations predicted a longer jet flow. The three 
cross-sectional velocity profiles presented in Fig. 10 
demonstrate that the simulations performed well in pre-
dicting maximum velocity while they overestimated jet 
flow width. The maximum velocity of jet flow in sec-
tion b′ was 3.617 m/s in PIV, while the corresponding 
values at the same spatial location were 3.681, 3.532, 
and 3.439 m/s for the LES, LRN SST k-ω, and standard 
k-ω, respectively.

4 � Discussion

There is no consensus on the most representative RANS 
model for analysis of the pediatric UA, resulting in con-
tinuing uncertainty in the clinical diagnosis of respira-
tory disease using CFD. In this study, CFD simulations 
were performed in a complete pediatric UA without 
simplification of airway structures and verified by pres-
sure and velocity distribution measured in vitro physical 
experiments.

Fig. 7   Comparison of wall static pressure difference with error bar 
between experiments and five different CFD models at a fixed inspir-
atory flow rate of 200  mL/s. The measurement points are located 
around the top of the oropharynx (see Fig. 4)

Fig. 8   Comparison of wall static pressure difference between numerical predictions and experimental measurements at various flow rates. (a) 
Wall static pressure difference in nasopharynx at P1-P2. (b) Wall static pressure difference in the posterior wall of epiglottis at levels P1-P8
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Wall pressure is an important parameter in clinical 
respiratory diagnosis since it is directly related to airway 
collapse and ventilation function. This study investigated 
four CFD models to predict wall pressure and compared 
the results with experimental results and LES results. 
The LES model exhibited better performance than RANS 
models for all flow rates (Figs. 6, 7, and 8), consistent 
with the previous theory. In this study, the LRN SST 
k-ω model showed the best performance among RANS 
models, followed by the standard k-ω model. This can 
be partly attributed to better accounting for the transport 

of principal turbulence shear stress in adverse pressure 
gradient boundary-layers under low Reynolds number 
conditions using the LRN SST k-ω model compared with 
the standard k-ω model [43]. Both the LRN SST k-ω and 
standard k-ω models showed good consistency with the 
reference standard, and with the prediction results of the 
LES model at low flow rates, despite being performed 
using relatively coarse grids (Fig. 6). Although the pre-
diction errors of these two models increased slightly as 
the flow rate rose, their trend was consistent with the 
experimental results (Fig. 8).

Fig. 9   Velocity contours from 
PIV and CFD predictions at the 
sagittal plane of the pharynx 
(233.3 mL/s). (a) Instantane-
ous and mean velocity contour 
of PIV, (b) Instantaneous and 
mean velocity contour of LES. 
(c) LRN SST k-ω, (d) k-ω. 
The maximum velocity of PIV 
occurs in the center of section b′
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In previous experimental studies, velocity distribution has 
been widely applied for flow pattern matching. Some studies 
have suggested that the SST k-ω model is sufficiently accu-
rate for predicting velocity profiles in the trachea [20, 30, 31]; 
however, the accuracy of simulations may reduce with a higher 
Reynolds number or complex UA [18]. Although our experi-
ment failed to capture the near-wall flow field due to laser reflec-
tion, both experiments and numerical simulations indicated a 
pharyngeal jet flow in the central part of the airway (Figs. 9 and 
10) [44]. All CFD simulations can roughly predict the maximum 
velocity in the oropharynx and laryngopharynx, but with a more 
obvious jet flow than PIV, possibly induced by different vis-
cous diffusion in the pulsing flow between air and NaI solutions 
[45]. Compared with the standard k-ω model, velocity prediction 
using the LRN SST k-ω model was closer to that achieved by the 
LES model. These works support the use of the LRN SST k-ω 
model to predict pediatric airway aerodynamic characteristics, 
especially after further validation for near-wall velocity. Hence, 
the turbulence model and simulation processes applied in this 
study are an effective CFD simulation strategy that best repre-
sents in vivo airflow characteristics of pediatric UA and has the 
potential for future applications of clinical respiratory research.

This study also yielded some insights useful for the evalua-
tion of UA aerodynamics. In previous investigations [42, 46] and 
this study, the pressure difference to flow rate ratio was incon-
sistent as the flow rate varied. These results suggest that the 
widely used airway resistance equation ( R =

ΔP

Q
 ) may not be a 

good indicator for evaluating airway ventilation function at dif-
ferent flow rates [13, 22, 47, 48].

This study has some limitations. The current pilot study 
employed only one pediatric UA. Future studies with larger 
cases are warranted to account for the influence of UA ana-
tomical variation among individuals. Furthermore, the inlet and 
outlet boundary conditions were not patient-specific, and the 
accuracy of CBCT reconstruction could not be verified due to 
the study design. Despite these limitations, this is the first study 
that has tested and verified several CFD models for a pediatric 
UA. Our data represent a valuable foundation for the develop-
ment of future clinical applications for CFD in pediatric airway 
diagnosis.

5 � Conclusion

In conclusion, here we introduce two experiments on an image-
based actual model of a child’s UA as benchmarks and evaluate 
the overall performance of four RANS models. The LRN SST 
k-ω model exhibited acceptable accuracy in predicting veloc-
ity and △Pw and performed better than the other three RANS 
models at fixed flow rates, making it a potential choice for the 
simulation of pediatric UA in future clinical practice.

Fig. 10   Cross-sectional velocity profiles of sections a′, b′, and c′. (a) 
CFD simulations present a wider jet flow in the oropharynx. (b) Sim-
ulations predicted an approximate value in the same location of sec-
tion b′, which is the maximum velocity of mean PIV. (c) PIV and all 
simulations indicated a right-side jet flow in the laryngopharynx
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Appendix 1

In this study, experimental errors of pressure were tested 
by time-averaged and repeated measurements. The pres-
sure sensors were set to measure for 1 min and collect the 
data every 50ms. Each measurement yielded 1200 data 
points and averaged as a pressure result (see Fig. 11). Two 
ranges were applied during experiments, the equipment 
error is ±1% F.S. and drawn by dash lines. More than 98% 
of data points were within the error range and proved the 
reliability of the equipment.

To reduce manual error, data were measured five times 
under the same working condition. The manual errors at 
different flow rates were as follows (see Table 1), which 
were much smaller than the equipment error.

Appendix 2

In the PIV measurement of this study, a two-dimensional 
flow field was measured using polystyrene microspheres 
(20  μm) as tracers for visualization. A standard PIV 
system from Dantec was applied. Some parameters of 
key components in the PIV system were introduced as 
follows: the double-pulsed Nd-YAG (YAG-yttrium alu-
minum garnet) lasers with an output of 200 mJ/pulse; 
the CCD camera (FlowSense 4MEO Model-81C92) 
with a resolution of 2048 × 2048 pixels. Here, the area 
of PIV image was larger than the size of experimental 
setup to obtain the whole flow field in the convection 
cell. The interrogation area was set to be 32 × 32 pixels 
(with 50% overlap in each direction). The mean density 
of particles was 1.05 g/cm3, and their Stokes number 
was about 0.0088. The thickness of laser light was about 
1.0 mm. The time gap between two subsequent image 
pairs was about 25 ms. Here the diameter of particles 
was only about 1.25 pixels in the image. The diameter of 
the particle was close to the estimated pixel size, and the 
displacements of particles tended to be biased towards 
integer values in PIV results. The measurements were 
affected by peak locking. The system error of the image 
analysis by peak locking was about 0.03 pixels. There-
fore, the uncertainty analysis of velocity in PIV measure-
ment was 2%.

The postprocessing of PIV data includes cross-corre-
lation, universal detection, coherence filter, average fil-
ter, and moving average validation. The cross-correlation 
and universal detection adopt recommended settings, but 
the limited radius to be 30 pixels in the Coherence filter. 
Set the box size of the average filter and moving average 
validation was 3 × 3 and 5 × 5, separately. Time-varying 
velocity measurement at fixed points is shown in Fig. 12.

Fig. 11   Time-varied pressure in experiments

Table 1   Manual errors in 
measurements (Pa)

0 mL/s 66.7 mL/s 100 mL/s 166.7 mL/s 200 mL/s 266.7 mL/s

Test 1 0.158195 3.618384 11.35016 24.22822 37.40453 58.73486
Test 2 0.181308 3.758432 11.39164 24.24818 37.48394 58.89892
Test 3 0.182545 3.774362 11.45445 24.26737 37.42056 58.91033
Test 4 0.110604 3.839512 11.48745 24.34856 37.60317 58.87923
Test 5 0.120228 3.887617 11.48007 24.35668 37.59739 58.97015
Max 0.182545 3.887617 11.48745 24.35668 37.60317 58.97015
Min 0.110604 3.618384 11.35016 24.22822 37.40453 58.73486
Mean 0.150576 3.775661 11.43276 24.28980 37.50192 59.87870
Maximum error 0.071941 0.269233 0.13729 0.12846 0.19864 0.23529
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