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Abstract Atherosclerosis is becoming the number one

cause of death worldwide. In this study, three-dimensional

computer model of plaque formation and development for

human carotid artery is developed. The three-dimensional

blood flow is described by the Navier–Stokes equation,

together with the continuity equation. Mass transfer within

the blood lumen and through the arterial wall is coupled

with the blood flow and is modeled by a convection–dif-

fusion equation. The low-density lipoproteins transports in

lumen of the vessel and through the vessel tissue are cou-

pled by Kedem–Katchalsky equations. The inflammatory

process is modeled using three additional reaction–diffu-

sion partial differential equations. Fluid–structure interac-

tion is used to estimate effective wall stress analysis. Plaque

growth functions for volume progression are correlated with

shear stress and effective wall stress distribution. We

choose two specific patients from MRI study with signifi-

cant plaque progression. Plaque volume progression using

three time points for baseline, 3- and 12-month follow up is

fitted. Our results for plaque localization correspond to low

shear stress zone and we fitted parameters from our model

using nonlinear least-square method. Determination of

plaque location and composition, and computer simulation

of progression in time for a specific patient shows a

potential benefit for the prediction of disease progression.

The proof of validity of three-dimensional computer mod-

eling in the evaluation of atherosclerotic plaque burden may

shift the clinical information of MRI from morphological

assessment toward a functional tool. Understanding and

prediction of the evolution of atherosclerotic plaques either

into vulnerable or stable plaques are major tasks for the

medical community.
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formation and progression � Computer modeling � MRI

1 Introduction

Atherosclerosis is an inflammatory disease. A prominent

role of low-density lipoproteins (LDL) for inflammation in

atherosclerosis is well known [11]. The process of

inflammation starts with penetration of LDL in the intima.

This penetration is followed by leucocyte recruitment in

the intima. It may participate in formation of the fatty

streak, the initial lesion of atherosclerosis and then in

formation of a plaque [12].

The blood flow and its influence to arterial wall have

been studied for decades. Computational techniques and

simulations have been developed to understand the blood

flow dynamics and the mechanical behavior of the arterial

wall. Several mathematical models have recently been set

up for the transport of macromolecules, such as LDPs,

from the arterial lumen to the arterial wall and inside the

wall [15, 19, 22]. These models are usually classified into

three categories according to the level of description of the

arterial wall. The simplest model is called the wall-free

model, since in this model, the arterial wall is simply
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described by means of an appropriate boundary condition.

Kaazempur-Mofrad and Ethier [7] simulated the mass

transport in a realistic human right coronary artery and

Wada et al. [20] used a wall-free model to study the con-

centration polarization phenomenon. The wall-free model

does not provide any information on the transmural flow

and solute dynamics in the arterial wall. The fluid-wall

models that can be either single-layer or multilayer account

for the solute dynamics not only in the lumen but also in

the arterial wall. Stangeby and Ethier [18] analyzed the

wall as single-layer porous medium and solved the coupled

luminal blood flow and transmural fluid flow using

Brinkman’s equations. Sun et al. used single and Al and

Vafai [1] used multilayer models which represent intima

and media separately. Olgac et al. [14] used a three-pore

model for LDL transport.

The early stage of the inflammatory disease is the result

of interaction between plasma LDL that filtrate through

endothelium into the intima, cellular components (mono-

cytes/macrophages, endothelial cells and smooth muscle

cells) and the extracellular matrix of the arterial wall [16].

Our working hypotheses are:

The local arterial wall volume increases as the result of

newly formed foam cells.

Monocytes evolve in macrophages which phagocyte

oxidized LDL and in foam cells by massive ingestion of

oxidized LDL. Transformation of macrophages into foam

cells contribute to the recruitment of new monocytes. It

yields the secretion of a pro-inflammatory signal (cyto-

kines). It is a self-supportive inflammatory reaction. Newly

formed foam cells are responsible for the local volume

increase. Under a local incompressibility assumption, when

foam cells are created, the intima volume is locally

increasing. We further assume that arterial wall perme-

ability increase in the zone of low wall shear stress (WSS)

and elastic property of the arterial wall for fluid–structure

interaction problem.

In what follows, we describe mass transport of LDL

through the wall and a simplified inflammatory process by

coupling the Navier–Stokes equation, the Darcy equation

for blood filtration and Kedem–Katchalsky equations [9,

8], for the solute and flux exchanges between the lumen

and intima. A system of three additional reaction–diffusion

equations is formed for the inflammatory process and

lesion growth in the intima. Fluid–structure interaction is

used for effective wall stress analysis. Arbitrary Lagrang-

ian–Eulerian (ALE) formulation is used for mesh moving.

The procedure for fitting of plaque-growing function which

depends on shear stress and effective wall stress is devel-

oped. Presentation of the basic equations is followed by

results of modeling the plaque development in human

carotid artery for baseline, 3 and 12 months. Finally, we

discuss and summarize the computational results.

2 Materials and methods

Fifty patients with carotid atherosclerotic disease under-

went high-resolution MRI of their carotid arteries in a

1.5-T MRI system (Signa HDx GE Healthcare, Waukesha,

WI) with a 4-channel phased array neck coil (PACC,

Machnet BV, Elde, The Netherlands) [17]. The study

protocol was reviewed and approved by the regional

research ethics committee and all patients gave written

informed consent.

After an initial coronal localizer sequence, axial 2D time-

of-flight (TOF) MR angiography was performed to identify

the location of the carotid bifurcation and the region of

maximum stenosis. The following sequences were used to

depict the various contents within the plaque structure: T1

weighted (repetition time/echo time: 1 9 RR/7.8 ms) with

fat saturation; T2 weighted (repetition time/echo time:

2 9 RR/100 ms) with fat saturation; proton density (PD)

weighted (repetition time/echo time: 2 9 RR/7.8 ms) with

fat saturation; short tau inversion recovery (STIR) (repeti-

tion time/echo time/inversion time: 2 9 RR/46/150 ms).

The field of view was 10 cm 9 10 cm and matrix size

256 9 256. The in-plane spatial resolution achieved was of

the order of 0.39 mm 9 0.39 mm 9 3 mm. Plaque com-

ponents, i.e., lipid and fibrous tissue were manually delin-

eated by two experienced MR readers using CMR Tools

(London, UK) with previously published criteria [17]. Two

specific patients with high plaque progression were chosen.

We did manual segmentation of plaque components, such as

fibrous cap and chronic hemorrhage tissue, calcium and PH,

using carotid MR images.

The fundamental equations for the LDL transport

through blood vessel lumen and vessel wall and for plaque

development are given. In addition, procedure for estima-

tion of plaque growth function is described. The three-

dimensional blood flow in lumen domain is modeled by the

Navier–Stokes equations, together with the continuity

equation of incompressible fluid:

otul � lr2ul þ q ul � rð Þul þrpl ¼ 0 ð1Þ
rul ¼ 0 ð2Þ

where ul is blood velocity in the lumen, pl is pressure, l is

the dynamic viscosity of blood, and q is blood density [10].

Mass transfer in the blood lumen is coupled with the

blood flow by a convection–diffusion equation,

r � �Dlrcl þ clulð Þ ¼ 0 ð3Þ

in the fluid domain, where cl is the solute concentration in

the blood lumen, and Dl is the solute diffusivity in the

lumen. Mass transfer in the arterial wall is coupled to the

transmural flow and modeled by a convection–diffusion-

reaction equation as follows
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r � �Dwrcw þ kcwuwð Þ ¼ rwcw ð4Þ

where cw is the solute concentration and Dw is the solute

diffusivity in the arterial wall; uw is blood velocity in the

wall, k is the solute lag coefficient, and rw is the

consumption rate constant. The LDL transports in lumen

and in the vessel wall are coupled by the Kedem–

Katchalsky equations:

Jv ¼ Lp Dp� rdDpð Þ ð5Þ

Js ¼ PDcþ 1� rfð ÞJv�c ð6Þ

where Lp is hydraulic conductivity of the endothelium; Dc

is the solute concentration difference, Dp is the pressure

drop and Dp is the oncotic pressure difference, all across

the endothelium; rd is the osmotic reflection coefficient, rf

is the solvent reflection coefficient, P is the solute endo-

thelial permeability, and �c is the mean endothelial con-

centration. The first term in Kedem–Katchalsky equations

PDc of the right hand side in (Eq. 6) defines the diffusive

flux across the endothelium, while the second term

1� rfð ÞJv�c defines the convective flux. Only the oncotic

pressure difference Dp is neglected in our simulations

because of decoupling the fluid dynamics from solute

dynamics. We assume that term P is a function of the WSS

as higher permeability to areas with low shear stress

P ¼ a0 log 1þ a1

WSSþa2

� �
, where a0, a1 and a2 are positive

parameters.

The above governing equations are transformed into a

finite element system of incremental–iterative equations

and solved over time steps.

The atherosclerotic process starts with the accumulation

of LDL in the intima, where part of them are oxidized and

become pathological. To remove the oxidized particles,

circulating immune cells (e.g., monocytes) are recruited.

Once in the intima, the monocytes differentiate and

become macrophages that phagocyte the oxidized LDL.

Fatty macrophages then transform into foam cells. Foam

cells are responsible for the growth of a subendothelial

plaque which eventually emerges in the artery lumen.

The inflammatory process is modeled using three addi-

tional reaction–diffusion partial differential equations [5]

[4]:

otO ¼ d1DO� k1O �M
otM þ divðvwMÞ ¼ d2DM � k1O �M þ S=ð1þ SÞ
otS ¼ d3DS� kSþ k1O �M þ cðO� OthrÞ ð7Þ

where O is the oxidized LDL in the wall, M and S are

concentrations in the intima of macrophages and cytokines,

respectively; d1, d2, d3 are the corresponding diffusion

coefficients; k and c are degradation and LDL oxidized

detection coefficients; vw is the inflammatory velocity of

plaque growth, which satisfies Darcy’s law and

incompressibility continuity equation [3]:

vw �r � pwð Þ ¼ k1O �M ð8Þ
rvw ¼ 0 ð9Þ

in the wall domain. Here, pw is the pressure in the arterial

wall.

To follow change of the vessel wall geometry during

plaque growth, a 3D mesh-moving algorithm ALE is

applied [3].

2.1 Mesh-moving algorithm

The governing equations, which include the Navier–Stokes

equations of balance of linear momentum and the conti-

nuity equation, can be written in the ALE formulation as

[3].

Fig. 1 Simulated contour plots

compared with target contours

at time steps T2 (3 months) and

T3 (12 months). Green
simulated contours, red target

contours (color figure online)
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q otu
� þ u� umð Þ � ru½ � ¼ �rpþ lr2uþ fB ð10Þ

ru ¼ 0 ð11Þ

where vi and vm
i are the velocity components of a generic

fluid particle and of the point on the moving mesh occupied

by the fluid particle, respectively; q is fluid density, p is

fluid pressure, l is dynamic viscosity, and f B
i are the body

force components. The symbol ‘‘�’’ denotes the mesh-

referential time derivative, i.e., the time derivative at a

considered point on the mesh,

ðÞ�¼ oð Þ
ot

ni¼const

�� ð12Þ

and the symbol ‘‘;i’’ denotes partial derivative, i.e.,

ð Þ;i ¼
oð Þ
oxi

: ð13Þ

We use xi and ni as Cartesian coordinates of a generic

particle in space and of the corresponding point on the

mesh, respectively. The repeated index means summation,

from 1 to 3, i.e., j = 1, 2, 3 in Eq. (10), and i = 1, 2, 3 in

Eq. (11). In deriving Eq. (10), we used the following

expression for the material derivative (corresponding to a

fixed material point) Dðqvi Þ=Dt,

Dðqvi Þ
Dt

¼ oðqvi Þ
ot

nj þ ðvj � vm
j Þ

oðqvj Þ
oxi

ð14Þ

The derivatives on the right-hand side correspond to a

generic point on the mesh, with the mesh-referential

derivative and the convective term.

Using the linearization (14), we obtain from (10) and (11)

the system of ordinary differential equations in the form

tMð1ÞU
� þ tKð1ÞuuDUþ tKupDP ¼ tþDt Fð1Þ � t Fð1Þ ð15Þ

and

tMð2ÞU
� þ tKð2ÞuuDU ¼ tþDt Fð2Þ � t Fð2Þ: ð16Þ

The matrices and vectors follow from the volume and

surface integrals given in [3].

2.2 Fluid–structure interaction

For fluid–structure interaction problem, the wall displace-

ments can be large, hence, the problem becomes geomet-

rically nonlinear. In addition, the tissue of blood vessels

has nonlinear constitutive laws, leading to materially

nonlinear finite element formulation. For a nonlinear wall

tissue problem, the incremental–iterative equation is using:

nþ1K̂
ði�1Þ
tissue DU

ðiÞ
tissue ¼ nþ1F̂

ði�1Þ � nþ1Fintði�1Þ ð17Þ

where DU
ðiÞ
tissue are the nodal displacement increments for the

iteration ‘i’, and the system matrix nþ1K̂
ði�1Þ
tissue , the force vector

nþ1F̂
ði�1Þ

and the vector of internal forces nþ1Fintði�1Þ corre-

spond to the previous iteration, n is the current time step.

The geometrically linear part of the stiffness matrix,

nþ1KLð Þði�1Þ
tissue, and nodal force vector, nþ1Fintði�1Þ, are

defined:

nþ1KL

� �ði�1Þ
tissue
¼
Z

V

BT
L

nþ1C
ði�1Þ
tissue BLdV ; nþ1Fint

� �ði�1Þ

¼
Z

V

BT
L

nþ1rði�1ÞdV ð18Þ

where the consistent tangent constitutive matrix nþ1C
ði�1Þ
tissue

of tissue and the stresses at the end of time step nþ1rði�1Þ

depend on the material model used. BL is the linear strain–

displacement matrix. Calculation of the matrix nþ1C
ði�1Þ
tissue

and the stresses nþ1rði�1Þ for the tissue material models are

performed at each iteration.

The overall strategy of fluid–structure interaction

adopted here consists of the following steps [10].

a. For the current geometry of the blood vessel, deter-

mine blood flow (with use of the ALE formulation

when the wall displacements are large). Wall velocities

at the common blood—blood vessel surface are taken

as the boundary condition for the fluid.

b. Calculate the loads, arising from the blood, which act

on the walls.

c. Determine deformation of the walls taking the current

loads from the blood.

d. Check for the overall convergence which includes fluid

and solid. If convergence is reached, go to the next

time step. Otherwise, go to step (a).

e. Update blood domain geometry and velocities at the

common solid–fluid boundary for the new calculation

of the blood flow. In case of large wall displacements,

update the FE mesh for the blood flow domain. Go to

step (a).

2.3 Fitting procedure for plaque volume growing

function

For plaque volume growing, a fitting procedure for growth

function which takes into account change of the coordi-

nates, shear stress as well as effective wall stress data from

fluid–structure interaction calculation is developed.

In this methodology, we used three known times T1, T2

and T3 [21] for estimation of plaque volume growth.

Fig. 2 a Cross-section areas changes for patient #1 (area between the

inner and the outer wall). b Cross-section areas versus time (0, 3 and

12 months) for patient #1. c Correlation of cross-sections changes

with wall shear stress for patient #1

b
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Starting from the plaque geometry at T1, we used three

different growth functions to simulate plaque progression

and tried to reach the best agreement with plaque geometry

obtained from image reconstruction at T2 and T3:

• GF1-growth function which uses nodal coordinates data

only,

• GF2-growth function which uses nodal coordinates and

shear stress data,

• GF3-growth function which uses nodal coordinates,

shear stress and solid stress data.

These growth functions as well as the fitting procedure

are described in detail in ‘‘Appendix’’.

Overlapping contour plots of the target and simulated

results for time steps T2 and T3 is presented in Fig. 1.

3 Results

We compared changes in the cross-section areas for dif-

ferent patients with carotid artery progression. From 50

patients, we choose two with significant evidence of MR

plaque progression to estimate parameter for our model of

plaque formation and development. From MR slices, we

segmented the inner and outer wall at nine cross-sections

for baseline, 3 and 12 months. Segmented data for patient

#1 are presented in Fig. 2a. Trends for increasing or

decreasing cross-section areas versus time for patient #1

have been shown in Fig. 2b. It can be seen that almost all

cross-section areas are increasing during follow-up time.

For same patient, the correlation with WSS zones is shown

in Fig. 2c. We used three categories as colors for the light:

red denotes large decreasing in the cross-section area

changes and middle WSS, yellow denotes small decrease in

the cross-section area changes and middle WSS, while

increase in the cross-section area changes and low WSS is

denoted by green. Obviously from Fig. 2c, it can be con-

cluded that there is a significant correlation with large

increase in the cross-section areas and low WSS for patient

#1. Similar analysis was done with patient #2. Cross-sec-

tion areas versus time (0, 3 and 12 months) for patient #2

has been shown in Fig. 3a. Green light which denotes large

increasing in the cross-section area changes and low WSS

also is mostly dominant for patient #2 (Fig. 3b).

The different material properties for patient #1 have

been shown in Fig. 4a, b. There are three different parts in

Fig. 3 a Cross-section areas versus time (0, 3 and 12 months) for patient #2. b Correlation of cross-section areas changes with wall shear stress

for patient #2
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the carotid arterial wall and Young’s elasticity modules:

artery tissue E = 3.0e6 Pa, fibrous cap E = 6.0e6 Pa,

subacute hemorrhage E = 4.5e6 Pa.

Effective wall stress for three different times (0, 3, and

12 months) at the maximum peak systole is presented in

Fig. 5.

Volume of the plaque progression obtained from MRI

system was fitted by employing a nonlinear least-square

analysis [2], to determine material parameters in equations

of Sect. 2. The fitted numerical parameters are given in

Table 1.

4 Discussion

A three-dimensional computer model for plaque forma-

tion coupled with the LDL transport within artery and

through the vessel wall is presented. The governing

partial differential equations for plaque formation rely on

the mass balance and Darcy’s law in the domain of

plaque development. The Navier–Stokes equations and

diffusion equations are used for the LDL transport within

the arterial lumen; and the transport–diffusion-reaction

equations are employed for the transmural mass transport,

Fig. 4 a Different material properties for a specific patient #1 for follow-up study. b 3D presentation of plaque composition and different

material properties for patient #1
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including the Kedem–Katchalsky equations to couple the

transmural and transport within the lumen. The wall

permeability was assumed to be a function of the WSS

with lower permeability at low and oscillatory shear

stress.

We described inflammatory process with reaction–dif-

fusion PDE system. Our model starts with passive pene-

tration of LDL in particular areas of the intima. We

assumed that once in the intima, the part of LDL is

immediately oxidized. When the oxidized LDL exceeds a

threshold there is recruitment of monocytes. The incoming

monocytes immediately differentiate into macrophages.

Transformation of macrophages into foam cells contribute

to the recruitment of new monocytes. It yields the secretion

of a pro-inflammatory signal (cytokines), self-supportive

inflammatory reaction. Newly formed foam cells are

responsible for the local volume increase. Under a local

incompressibility assumption, when foam cells are created,

the intima volume is locally increasing. Volume changing

of the wall has influence on the fluid lumen domain which

means that complete coupling is achieved. The specific

numerical procedures with ALE formulation were devel-

oped for this purpose. Our current approach is concentrated

more on the process on plaque initiation and intimal

thickening rather than a huge plaque progression and rup-

ture. We did not take into account smooth muscle cell

proliferation in this model and this will be investigated in

our future study.

Fifty patients with carotid atherosclerotic disease are

analyzed with MRI. Plaque components, i.e., lipid and

fibrous tissue were manually delineated by two experi-

enced MR readers.

Elastic material property of the wall was assumed.

Mass-transfer equations for wall are considered to be sta-

tionary due to very slow process of plaque formation and

development.

We examined patient data at three time points for the

carotid artery, 0 (baseline), 3 and 12 months to make fitting

of the parameter model for specific patient. Three-dimen-

sional reconstruction was performed using high-resolution

MRI system. Boundary conditions for the inlet velocity

waveforms are measured from MR. Shear stress distribu-

tion mostly corresponds to the localisation of the plaque

volume progression. Fluid–structure interaction was

implemented to analyse effective wall stress distribution.

We fitted patient data for plaque volume progression with

growth functions which depend from fluid shear stress and

arterial wall effective stress. Future research will go more

into plaque structure for human data and additional dif-

ferent mechanisms for plaque progression and new concept

to use exact geometrical model as in the isogeometric

analysis [6].

Fig. 5 Effective wall stress calculation for follow-up time baseline, 3 and 6 month for patient #1 (units 1 = 1e5 Pa)

Table 1 Computer model values for clinical data

Lumen q = 1,000 kg/m3 l ¼0.035 (P) Dl = 3.8e-11 m2/s Umean = 0.5 m/s Pout = 100 mmHg Co = 2.5e-12 kg/m3

Intima Dw = 1.6e-11 m2/s rw = -2.4e-4 Pmed = 100 mmHg

Inflammation d1 = 1e-7 m2/s d2 = 1e-9 m2/s d3 = 1e-7 m2/s k1 = 2e-6 m3/kg s k = 25 s-1 c = 2 s-1
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Matching computed plaque location, composition and

volume progression in time with clinical observations

demonstrates a potential benefit for future prediction of this

vascular disease using computer simulation.

We implemented a fitting procedure for plaque volume

growing which takes into account change of the coordi-

nates, shear stress as well as effective wall stress data from

fluid–structure interaction calculation. Obviously low shear

stress is not the only factor for local plaque development.

Wall stress analysis as well as inflammation model with

cell-level transformation and progression should be taken

into account.
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Appendix: Growth functions and the fitting procedure

For simulation of the plaque growth, the following proce-

dure was used.

Step 1: Start from the original in geometry at T1;

Step 2: Set

ft1 0 i; jð Þ ¼ fT1 i; jð Þ
ft1 1 i; jð Þ ¼ fT1 i; jð Þ þ fT2 i; jð Þ � fT1 i; jð Þð Þ=m

st1 0 i; jð Þ ¼ sT1 i; jð Þ
st1 1 i; jð Þ ¼ sT1 i; jð Þ þ sT2 i; jð Þ � sT1 i; jð Þð Þ=m

rt1 0 i; jð Þ ¼ rT1 i; jð Þ
rt1 1 i; jð Þ ¼ rT1 i; jð Þ þ rT2 i; jð Þ � rT1 i; jð Þð Þ=m

Step 3: We use m time steps to go from T1 to T2 and n

time steps to go from T2 to T3. This means that we use total

nþ m time steps to go from T1 to T3. For k ¼ 1; . . .nþ m

do the following:

• GF1:

ft1 ðkþ1Þ i; jð Þ ¼ a0 jð Þ þ a1 jð Þ
� wðjÞ � ft1 k i; jð Þ þ 1� wðjÞð Þ � ft1 0 i; jð Þð Þ

þ a2 jð Þ � df

dt

����
T1 k

ði; jÞ � Dtk

• GF2:

ft1 ðkþ1Þ i; jð Þ ¼a0 jð Þ þ a1 jð Þ � wðjÞ � ft1 k i; jð Þð
þ 1� wðjÞð Þ � ft1 0 i; jð ÞÞ

þ a2 jð Þ � df

dt

����
T1 k

i; jð Þ � Dtk

þ a3 jð Þ � st1 k i; jð Þ þ a4 jð Þ

� ds
dt

����
T1 k

i; jð Þ � Dtk

• GF3:

ft1 ðkþ1Þ i; jð Þ ¼ a0 jð Þ þ a1 jð Þ � wðjÞ � ft1 k i; jð Þð
þ 1� wðjÞð Þ � ft1 0 i; jð ÞÞ

þ a2 jð Þ � df

dt

����
T1 k

i; jð Þ � Dtk þ a3 jð Þ

� st1 k i; jð Þ þ a4 jð Þ � ds
dt

����
T1 k

i; jð Þ

� Dtk þ a5 jð Þ � rt1k
i; jð Þ

þ a6 jð Þ � dr
dt

����
T1 k

i; jð Þ � Dtk

where df

dt

���
T1 k

i; jð Þ ¼ ft1 kði;jÞ�ft1 ðk�1Þði;jÞ
tk�tk�1

; ds
dt

���
T1 k

i; jð Þ ¼
st1 kði;jÞ�st1 ðk�1Þði;jÞ

tk�tk�1
, and dr

dt

���
T1 k

i; jð Þ ¼ rt1 kði;jÞ�rt1 ðk�1Þði;jÞ
tk�tk�1

are

derivatives of displacement, shear stress and solid stress,

respectively, Dtk ¼ tkþ1 � tk ¼ T3�T1
mþn is a time step, f are x

and y coordinates, s are WSS values, r are solid stress

values of nodal points, j ¼ 1; 2; . . .; 24 is the slice number

and i is the index for the points on each slice.

a0ðjÞ; a1ðjÞ; a2ðjÞ; a3ðjÞ; a4ðjÞ; a5ðjÞ; a6ðjÞ and wðjÞ are

coefficients of growth functions GF1, GF2 and GF3 to be

determined in such a way to obtain the best match of cal-

culated geometries and experimental geometries at times

T2 and T3. Since we use m time steps to go from T1 to T2

and n time steps to go from T2 to T3, we compared ft1 m

with experimental geometry at time T2 and ft1 ðmþnÞ with

experimental geometry at time T3. The previous formulas

of growth functions are very similar with the formulas that

Yang used in his paper [21].

Coefficients of the plaque volume growth functions

(GF1, GF2 and GF3) a0; a1; a2; a3; a4; a5; a6 and w are

calculated, independently for all 24 slices using simplex

optimization method, the method which does not involve

derivative calculations, developed by John Nelder and

Roger Mead [13]. We minimized sum of the squared errors

between calculated and real geometry at times T2 and T3

for each of 24 slices.

ESS jð Þ ¼
XNj

i¼1

xT2;i jð Þ � �xT2;i jð Þ
� �2þ yT2;i jð Þ � �yT2;i jð Þ

� �2
� �

þ
XNj

i¼1

xT3;i jð Þ � �xT3;i jð Þ
� �2þ yT3;i jð Þ � �yT3;i jð Þ

� �2
� �

where Nj is the number of nodes for slice j, xT2;i jð Þ, yT2;i jð Þ,
xT3;i jð Þ, and yT3;i jð Þ are real x and y coordinates at time

steps T2 and T3 for slice j, �xT2;i jð Þ, �yT2;i jð Þ, �xT3;i jð Þ and

�yT3;i jð Þ are calculated x and y coordinates at time steps T2

and T3 for slice j.
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The best results we obtained using growth function GF3

which takes into account wall shear and solid stress. Total

squared error is calculated as:

ESS ¼
X24

j¼1

ESSðjÞ

Total squared errors for all growth functions are

GF1 = 36.02, GF2 = 29.98, GF3 = 26.31.

Total squared error does not give a picture of how our

model is really accurate, it only serves to compare the

results obtained with different growth function. Because of

that, we calculated mean relative percent error:

RE jð Þ ¼ 1

2Nj

XNj

i¼1

DPT2;i jð Þ
rT2;i jð Þ þ

XNj

i¼1

DPT3;i jð Þ
rT3;i jð Þ

 !
� 100

RE ¼ 1

24

X24

j¼1

RE jð Þ

where DPT2;i jð Þ and DPT3;i jð Þ are distances between real

and predicted position of ith point of jth slice at times T2

and T3. rT2;i jð Þ and rT3;i jð Þ are distances between real

position of ith point and center of gravity for jth slice at

times T2 and T3.

Mean relative percent errors for all growth functions are

GF1 = 2.7 %, GF2 = 2.62 %, GF3 = 2.51 %. It can be

observed that model which uses growth function GF3 is the

most accurate. Mean relative percent errors for GF3 is

2.51 %, which means that distance between predicted

position of point and real position of point is in average

only 2.51 % of distance between real position of point and

slice center of gravity. This seems to be very good result.
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