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Abstract In magnetic nanoparticle imaging, magnetic

nanoparticles are coated and functionalized to bind to

specific targets. After measuring their magnetic relaxation

or remanence, their distribution can be determined by

means of inverse methods. The reconstruction algorithm

presented in this paper includes first a dipole fit using a

Levenberg–Marquardt optimizer to determine the recon-

struction plane. Secondly, a minimum norm estimate is

obtained on a regular grid placed in that plane. Computer

simulations involving different parameter sets and condi-

tions show that the used approach allows for the

reconstruction of distributed sources, although the recon-

structed shapes are distorted by blurring effects. The

reconstruction quality depends on the signal-to-noise ratio

of the measurements and decreases with larger sensor-

source distances and higher grid spacings. In phantom

measurements, the magnetic remanence of nanoparticle

columns with clinical relevant sizes is determined with two

common measurement systems. The reconstructions from

these measurements indicate that the approach is applicable

for clinical measurements. Our results provide parameter

sets for successful application of minimum norm approa-

ches to Magnetic Nanoparticle Imaging.

Keywords Magnetic nanoparticle � Imaging �
Minimum norm estimate � Magnetic remanence

1 Introduction

Magnetic particles with a diameter in the nanometer

range—referred to as magnetic nanoparticles (MNP)—

show a set of interesting properties including a high satu-

ration magnetization and superparamagnetic behavior at

room temperature. These properties give them a high

potential for use in both medical diagnostics and therapy

[15, 19, 22]. They are used for magnetic hyperthermia [14,

17], magnetic drug targeting [2, 6], cell separation [3], as

labels in immunoassays [8, 30] and as contrast agents in

MRI [5, 26]. The quantitative determination of the nano-

particle distribution over large tissue areas remains a

challenge. To this end, a number of methods have been

applied including contrast reduction in CT [16] and MRI

[21] as well as magnetorelaxometry combined with tissue

dissection [31]. Besides, magnetic particle imaging (MPI)

shows potential to become a stand-alone in vivo particle

imaging method [9, 10].

In this paper, we present a combination of magnetic

nanoparticle immunoassays and magnetic imaging meth-

ods, termed as magnetic nanoparticle imaging (MNPI).

For this technique, magnetic nanoparticles are coated and
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functionalized to bind to specific targets in the human

body. Their magnetic state is read out either by measure-

ment of magnetic relaxation or magnetic remanence. In

relaxation measurements, after switching off an externally

applied magnetic field, the magnetization of an ensemble

of particles relaxes by two different mechanisms. In par-

ticles that are bound to the target, only the magnetization

vector reorientates (Néel relaxation) while unbound parti-

cles relax due to the motion of the particles themselves

(Brown relaxation). From the measured relaxation behavior

or magnetic remanence, respectively, the distribution of the

bound particles and subsequently the location of the targets

can be determined by means of inverse methods.

Like many other inverse problems, this determination is

non-unique. An infinite number of particle distributions

exist that can explain the measured field. A common

method to reconstruct distributed sources without a priori

knowledge are minimum norm estimates (MNE) [12, 29].

The sources are approximated by a number of dipoles in

the region of interest, usually distributed over a regular

grid. The parameters of these dipoles are then determined

by linear estimation in the least-squares sense. Minimum

norm methods have e. g. been used to reconstruct pipeline

defects in nondestructive testing [13]. They have also been

widely applied in the reconstruction of current sources

from EEG and MEG measurements of the human brain and

MCG measurements of the human heart [11, 18, 20].

The progress in the sensitivity of magnetic detection

techniques now enables us to measure magnetic fields of

magnetic particles with diameters of a few nanometers,

today’s computing capacities and sophisticated inverse

methods allow for the reconstruction of distributed, mag-

netostatic sources using a high number of dipoles. The aim

of our work is the in vitro and in vivo imaging of func-

tionalized magnetic nanoparticles bound to specific targets.

With this technique, the localization of cancer tumors and

metastases or inflammations will be possible and their

spatial extent can be determined. Furthermore, the distri-

bution and absorption of administered drugs bound to

nanoparticles can be observed. In contrast to known imag-

ing methods, this technique allows for the quantification of

the nanoparticle distributions. Besides, bound and unbound

particles are dominated by different relaxation processes.

Therefore, particles that are not bound to the targets do not

contribute to the measured Néel relaxation or remanence

signal and do not need to be washed out. In this paper we

present a minimum norm approach for the reconstruction of

the distribution of magnetic nanoparticles from magnetic

remanence measurements. Our aim is the assessment of the

performance of MNE in this application and, more specif-

ically, the quantification of the influence of noise and the

effects of the sensor-source distance and the reconstruction

grid on the inverse solution. For this purpose, we employ

both computer simulations and remanence measurements

on physical nanoparticle phantoms.

2 Methods

2.1 Forward and inverse problem

Essential for every inverse procedure is the knowledge of

the forward solution that explains the field amplitude B in

the sensor points generated by the sources. This amplitude

is either the relaxation amplitude in the case of relaxation

measurements or directly the magnetic remance signal.

Since in our setup both values can be considered as time-

independent, we use the static magnetic dipole model given

in the following equation to compute the forward solution

of the measurements:

BðrÞ ¼ l0

4p
3ðm � rÞr

r5
�m

r3

� �
ð1Þ

where B is the magnetic field, r is the vector from the

position of the dipole to the position where the field is

being measured, r is the absolute value of r, i.e. the

distance from the dipole, m is the (vector) dipole moment

and l0 is the permeability of free space. For static magnetic

fields, provided no metallic implants exist, the relative

permeability of biological tissue is approximately 1 and

can therefore be ignored. Considering magnetic

nanoparticles, a cluster of particles is modelled as a

dipole. The magnetic field in the sensors is a linear

superposition of the magnetic fields emanated by each

modelled dipole. Applying minimum norm methods, the

dipoles to be reconstructed are placed on fixed positions.

The information on these source locations and the

geometry of the sensor array is merged to the lead field

matrix L which links the dipole data vector m with the

forward computed data vector Bf:

Bf ¼ L �m ð2Þ

In our case this is an underdetermined system of equations

as the number of sensors is generally smaller than the

number of unknown dipole parameters. As we use MNEs

for the inverse computation, the difference between the

forward computed data Bf and the measured field Bm has to

be minimized to find the optimal dipole parameters:

D2 ¼ jjBf � Bmjj2 ¼ jjL �m� Bmjj2 ð3Þ

Introducing a Tikhonov regularization term [27] into Eq. 3

leads to

D2 ¼ jjL �m� Bmjj2 þ kjjW �mjj2 ð4Þ
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with the regularization factor k and the weighting matrix

W. The optimal parameters of the dipoles can then be

estimated as

m̂ ¼ ðLT Lþ kWTWÞ�1LT Bm ð5Þ

The reconstructions in this paper are all computed in two-

dimensional planes. For determining the plane of interest, a

single dipole model is fitted to the measured data using the

Levenberg–Marquardt optimizer. The horizontal plane

running through this dipole then serves as the reconstruc-

tion plane where the regular dipole grid is positioned. For

this 2D computation we can use the identity matrix as the

weighting matrix W in Eq. 5.

All formulas and algorithms described above were

implemented into the software toolbox SimBio [1] that

provides a generic environment for electromagnetic source

localization.

2.2 Computer simulation

To evaluate the performance of our approach to magnetic

nanoparticle imaging we simulated different configurations

of distributed sources involving realistic sensor positions

from the setups described below. The fields of the simu-

lated sources in these sensor positions were computed

using Eq. 1. Figure 1 shows an example for a simulated

source configuration with a realistic sensor-source distance

of 40 mm (a), the amplitude of the magnetic field in the

bottom sensor layer simulated with the PTB sensor con-

figuration (b) and the sources reconstructed from the

noiseless data using the minimum norm approach (c). For

this computation the reconstruction plane was positioned in

the plane of the simulated sources. Displayed are the

dipoles in the grid nodes and their amplitudes. To inves-

tigate the reconstruction behavior under different

conditions, sources with different sensor-source distances

were simulated using various grid spacings. Additionally,

the forward computed data were partially superimposed by

white Gaussian noise before the inverse computations.

2.3 Nanoparticle phantoms

Besides the computer simulation we performed remanence

measurements of physical magnetic nanoparticle phantoms

using column phantoms from Senova GmbH Jena (see

Fig. 2a). These columns contain polyethylene filters with

an average pore size of 50 lm. For the phantom mea-

surements the filters were coated with anti-Streptococcus

sobrinus antibody. In a flow-through 3D-immunofiltration

assay S. sobrinus (concentrations ranging from 103 to

105 CFU/ml) bound to the coated antibody. Magnetic

nanoparticles fabricated by Chemagen GmbH, Baesweiler

(average hydrodynamic diameter: 500–700 nm) containing

a magnetite core and coated with streptavidin were used for

the detection of the bound S. sobrinus.

Since streptavidin possesses four high affinity binding

sites for biotin, biotinylated anti-S. sobrinus antibody was

coupled to the magnetic nanoparticle and passed over the

polyethylene filters. The different concentrations of antigen

resulted in the binding of variable amounts of magnetic
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Fig. 1 Example dipole configuration (a), forward computed field (Bz

component; PTB sensor configuration) in the lowest sensor plane (b)

and reconstruction from noisefree data (c)
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nanoparticles which could subsequently be detected. The

columns produced were 10–60 mm in length. A gradient of

the nanoparticles was observed in the longer columns,

which possibly results from the stacking of smaller filters

over one another and a consequent reduction of flow or

from non-specific binding of the nanoparticles to the filters.

2.4 Phantom measurement setups

For the phantom measurements we employed SQUID

systems as the most sensitive technique available today

together with magnetic shielding. The measurements were

performed at two different sites. In the Biomagnetic Center

at the Friedrich Schiller University Jena a 195 channel

Vector-Biomagnetometer ATB Argos 200 [7] was used

(Fig. 2b). The SQUIDs are arranged in orthogonal triplets

in four planes. The lowest level contains 56 triplets with a

mean distance of 27 mm and a measurement plane

diameter of 230 mm. Located parallel above this level in

distances of 98, 196 and 254 mm, respictively, are one

plane containing seven and two planes each containing one

sensor triplets. The measurement system is positioned

within a magnetically shielded room, consisting of three

highly permeable shieldings and one eddy current

shielding.

A 304 channel Vector-Magnetometer [23] in the

strongly magnetically shielded room BMSR-2 [25] with

seven magnetic layers of mu-metal, one highly conductive

Aluminum eddy current layer and active shielding was

used at the Physikalisch-Technische Bundesanstalt (PTB)

Berlin (Fig. 2c). Here, the SQUIDs are grouped in 19

modules with a total sensor area diameter of 250 mm. In

each module the sensors are arranged in four levels. The

distance between the closest sensors measuring the same

field component is 29 mm. Both setups allow for the

measurement of all three spatial components of the mag-

netic field.

The measurements procedure was the same at both sites:

The columns were magnetized in a static field generated by

a Neobdym permanent magnet (Jena; surface flux density:

380 mT) or a Helmholtz coil (Berlin; field intensity:

1 mT). To minimize the influence of the magnetic relaxa-

tion and to ensure remanence measurements, the columns

were positioned under the sensor system a few minutes

after removing the magnet or switching off the magnetic

field. The distance between the bottom sensor layer and the

columns was between 30 and 40 mm. The remanence field

of each of the columns was measured in different positions

and orientations. A baseline was measured before and after

every column and used for the correction of the measured

data. For each column orientation the signal was averaged

over 10 s in order to suppress noise influences (sampling

rate: 1 kHz).

3 Results

3.1 Reconstruction from simulated data

The source configuration we simulated and a reconstruc-

tion from the forward computed data is shown in Fig. 1.

The D-shape formed by the dipoles can still be recognized

in the reconstruction although it appears evidently blurred.

The total amplitudes are 3,500 nAm2 for the simulation

and 3,374 nAm2 for the reconstruction. Figure 3 shows

forward computed data (PTB sensor configuration) for the

same source but superimposed with white Gaussian noise

(a). The signal-to-noise ratio (SNR) of the simulation is

40 dB. Also displayed in Fig. 3 is the reconstruction from

this noisy data (center). The shape of the source can still be

recognized but appears noticeably more disturbed. The

Fig. 2 Nanoparticle column phantoms of lengths 60, 35 and 10 mm

(a) and the measurement setup at the Biomagnetic Center Jena (b) and

the PTB Berlin (c) with the nanoparticle columns positioned under the

dewars containing the SQUIDS
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general influence of noise on the reconstruction quality is

evaluated by the correlation between a reconstruction from

noisefree data and reconstructions from data with different

SNRs. Figure 3b shows the computed correlation for SNRs

between 0 and 100 dB. It can be seen that for the given

sensor setup and source configuration a SNR of at least

35 dB is required to gain a correlation larger than 50%. For

SNRs higher than 50 dB the correlation coefficient

approaches 1.

Furthermore, the influence of the distance between

source and sensors was investigated. The correlation

coefficients between the source, that was noisefree simu-

lated using both sensor configurations, and the respective

reconstruction for sensor-source distances of 1–150 mm

are displayed in Fig. 4a. The absolute values of the single

correlation coefficients are in the range of 0.25–0.5. These

low values reflect the principle blurring introduced by the

MNEs. With respect to the sensor-source distance, pri-

marily the relation between the coefficients has to be

considered.

Regarding the given structure and size of the source

and the involved sensor setups, the highest correlation

coefficient and thereby the best reconstruction quality can

be achieved with the source in a plane approximately

7 mm below the bottom sensor layer. With larger dis-

tances, the correlation coefficients decrease significantly

except for a minor peak at 110 or 140 mm, respectively.

This peak is caused by the upper sensor layers in both

systems.
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Fig. 3 Influence of noise on the reconstruction quality: Simulated

field (Bz component; PTB sensor configuration) with a signal-to-noise

ratio of 40 dB (a); reconstruction from noisy simulation (b);

correlation coefficients between reconstructions from noisefree data

and data with different SNRs (c)
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Fig. 4 Influence of the sensor-source distance: correlation coeffi-

cients between simulated and reconstructed sources (a) and total

amplitude of the reconstruction (b) for sensor-source distances of

1–150 mm
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The total amplitudes of these reconstructions are illus-

trated in Fig. 4b. Only for distances larger than 30 mm the

total amplitude of the simulated source (3,500 nAm2) can

be approximated using both sensor configurations with the

applied grid spacing.

For the choice of an appropriate grid related to the size of

our phantoms that allows for a reconstruction without loss of

information, computations with different grid spacings were

compared. Figure 5a shows the correlation coefficients of

reconstructions with different grid spacings to one with a

grid spacing of 1 mm. Evidently, the correlation coefficient

decreases with larger distances between the grid nodes. The

loss of information using a grid spacing of 5 mm can be

estimated to 0.5%. The total amplitudes of the reconstruc-

tions in Fig. 5b do not show a dependence from the choice of

the grid spacing. The deviance from the total amplitude of

the simulated source (3,500 nAm2) is caused by the sensor-

source distance of 40 mm, as described above.

3.2 Reconstruction from phantom measurements

The positions and orientations for the measurements of a 35

mm nanoparticle column (antigen concentration 105 ml-1)

with the PTB system are listed in Table 1. Figure 6a and c

shows examples for the measurement of this column at both

meaurement sites. Displayed are the interpolated fields in

the bottom sensor layer for the column positioned with its

remanence field in vertical direction. The signal of the

column can easily be detected in both examples as it could

in all data sets. The parameters of the dipoles localized

from the PTB measurements are also displayed in Table 1.

The dipole positions agree with the real positioning of the

column, the orientations are consistent with the column’s

magnetization orientation. The explained variance is above

95% for all column positions and orientations. Based on the

dipole properties we set the reconstruction plane to z =

-40 mm for all reconstructions. From the Argos data no

valid dipole localization was possible due to a lower SNR.

The reconstruction plane was thus estimated to z =

-40 mm. A grid spacing of 5 mm was defined for recon-

structions from both measurement systems.

The results of the minimum norm reconstructions for the

displayed examples are shown in Fig. 6b and d. Again the

dipole vectors in the grid nodes are displayed together with

their amplitude. It can be clearly seen that the dipoles near

the real position of the column show the largest amplitudes

and point in the direction of its magnetic field. From these

dipoles’ amplitudes the longitudinal extent of the columns,

their orientation and the predominant magnetic moments

can be recognized in both figures. However, the rectangular

projection of their tubular shape onto the reconstruction

plane can not be recovered.

The parameters of the reconstructed distributions are

presented in Table 1. The distances between the localized

dipole positions and the computed centroids amount

between 2.31 and 11.41 mm and are smaller for the col-

umns with vertical magnetic field. Comparing the

magnitude of the localized dipole to the total amplitude of

the distribution it can be stated that these values agree well

in most cases (deviation 2–16%). The deviations are

smaller for the columns with horizontal field (2%) com-

pared to the columns with horizontal field (3–16%).

The results of the localization and reconstructions of the

other columns are similar to the findings above. The

location of the 10 mm columns can be determined, while

the reconstructions produce just ellipsoidal shapes due to

their small extent. Decreasing the antigen concentration in

the columns, the remanence signal and therewith the

reconstruction quality attenuated due to a reduced SNR.

4 Discussion

Minimum norm estimates as a special case of the linear

estimation approach are a common method for the recon-

struction of distributed current sources from the magnetic
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Fig. 5 Influence of the grid spacing on the reconstruction quality:

correlation coefficients to a reconstruction using a grid spacing of

1 mm (a) and total amplitude (b) for reconstructions using grid

spacings from 2 to 20 mm
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field without a priori knowledge [11, 18, 28]. In this paper,

we applied a similar minimum norm algorithm to simula-

tions and measurements of the remanence field that is

generated by magnetic nanoparticles. Our aim was to

examine the performance of this technique for Magnetic

Nanoparticle Imaging and evaluate the influence of noise,

grid spacing and sensor-source distances on the recon-

struction quality. The results show that the minimum norm

approach is suitable for the reconstruction of magnetic

nanoparticle distributions. For high SNRs and small sen-

sor-source distances, it is able to reconstruct the original

source shapes, though it is generally restricted by blurring

effects due to the applied static dipole model and the

algorithm itself.

As could be demonstrated by computer simulations with

noisefree data, a perfect (lossless) reconstruction is not

possible due to blurring effects. These are even increased in

the presence of noise. From examinations with different

noise levels it can be estimated that a SNR of at least 35 dB is

required to gain an adequate correlation to a noiseless

reconstruction. We speculate that an incorporation of noise

statistics into the reconstruction scheme as it is provided by

linear estimation theory [24] will further enhance the

reconstruction results. The inverse computations from sim-

ulations with different sensor-source distances prove that

this distance has a large effect on the results. A distance of

7 mm between the source and the bottom sensor layer allows

for the best reconstruction. With larger sensor-source

Table 1 Parameters of

localized dipoles and

reconstructed distributions;

distance between localized

dipole position and centroid of

the reconstruction for 35 mm

column measured with PTB

system

pxd - pzd: dipole position;

oxd - ozd: dipole orientation;

md: magnitude; v: explained

variance; pxc - pxc: position

of the centroid of the

distribution; a: amplitude of the

reconstruction

Column orientation Dipole parameters Reconstruction

parameters

3D distance

between dipole

and centroid (mm)

Direction 1: horizontal

magnetic field

pxd = 8.61 mm pxc = 6.86 mm d = 11.41

pyd = -3.15 mm pyc = 7.95 mm

pzd = -38.02 mm pzc = -40.00 mm

oxd = 0.35

oyd = -0.94

ozd = 0.04

md = 26.20 nAm2 a = 26.63 nAm2

v = 95.19%

Direction 1: vertical

magnetic field

pxd = 2.61 mm pxc = 4.26 mm d = 2.66

pyd = -3.08 mm pyc = -3.69 mm

pzd = -37.97 mm pzc = -40.00 mm

oxd = 0.17

oyd = -0.25

ozd = -0.95

md = 27.03 nAm2 a = 22.83 nAm2

v = 97.40%

Direction 2: horizontal

magnetic field

pxd = 1.24 mm pxc = -6.59 mm d = 8.08

pyd = 5.86 mm pyc = 4.66 mm

pzd = -38.37 mm pzc = -40.00 mm

oxd = 0.98

oyd = 0.14

ozd = -0.17

md = 25.58 nAm2 a = 25.09 nAm2

v = 97.16%

Direction 2: vertical

magnetic field

pxd = -1.87 mm pxc = -1.92 mm d = 2.31

pyd = 8.09 mm pyc = 9.24 mm

pzd = -37.91 mm pzc = -40.00 mm

oxd = -0.03

oyd = 0.34

ozd = 0.94

md = 22.20 nAm2 a = 21.52 nAm2

v = 96.23%
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distances, the reconstruction quality decreases except for a

minor peak caused by the upper layers of the used sensor

configurations. This distance dependence reflects the rec-

ognizability of the simulated source structure in the

reconstructions, which depends not only on the correlation

coefficient but also on the shape of the source itself. In

contrast to the correlation, the total amplitude of the recon-

struction is lower for small sensor-probe distances. A

distance of at least 30 mm would be required to reconstruct

the amplitude of the source with a deviation of less than 10%.

Also investigated was the influence of the grid spacing

on the reconstruction quality. Increasing distances between

the nodes of the reconstruction grid cause a decrease of the

reconstruction quality. A grid spacing of 5 mm can be

considered adequate. Higher resolutions would not

improve the reconstructions quality in terms of the corre-

lation to a 1 mm grid reconstruction and the graphical

representation of the distributions. However, they would

increase the computational effort noticeably. In contrast,

the choice of the grid spacing does not affect the total

amplitude of the reconstructed sources. Another important

issue is the dimension of the grid. As can be seen from

Fig. 6d, large edge effects occur if the grid’s extension is

too small. The same was described by Brauer et al. [4] who

observed very large currents at the boarders of minimum

norm reconstructions of extended primary current sources

if their dimension was less than five times the source

dimension. All findings above are valid for the given sensor

setups and the simulated sources. Their shape and dimen-

sion can be considered representative for real in vivo

distributions. Therefore, and since the involved sensor

setups are common for today’s measurement system, all

findings can be transferred to similar measurement setups

and to in vivo measurements.

The results of the phantom measurement reconstruction

prove that nanoparticle distributions with the given dimen-

sions can be computed from measured magnetic remanence

fields. The properties of the dipoles that were localized from

the measurements comply very well with the positioning of

the phantoms for the PTB system. For the measurements

with the Argos system, a useful dipole localization is not

possible which is primarily caused by a lower SNR due to

higher environmental noise levels. The shape of the sources

can be recognized in the distributions reconstructed from

data of both measurement systems, though the algorithm is

not able to reconstruct the rectangular shape of the phan-

toms’ projection on the reconstruction plane. The small

distances between the localized dipole positions and the

centroids of the distributions, especially for the columns

with vertical field, show that the minimum norm approach

can detect the location of the distributions with a deviation

of less than 10 mm. Our results show a consistency between

the localized dipole magnitude and the total amplitude of

the distributions. This suggests that a quantification of the

distributions might be possible, though this has to be

investigated in further studies.

5 Conclusions

Our results show that the approach of using MNEs is

suitable for magnetic nanoparticle imaging. Our parameter
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studies quantifying the influence of noise, sensor-source

distance and grid-spacing set the basis for future in vitro

and in vivo studies. Improvements in the reconstruction

quality are expected from the development of sophisticated

regularization schemes and appropriate post-processing

algorithms.
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