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Abstract
The present analysis develops a novel theory of terahertz radiation generation by beating of two laser beams, incident obliquely
on the array of vertically aligned carbon nanotubes (CNTs) in the presence of an external wiggler magnetic field. The array of
CNTs behaves as nanoantenna to generate THz radiations. The incident lasers exert a ponderomotive force on the electrons of the
CNTs to produce nonlinear oscillatory velocity, which beats with the applied wiggler magnetic field. This beating produces a
nonlinear current at (ω2 − ω1, k2 − k1 + k0) which acts as an antenna to produce the THz radiation. We observe that when the beat
frequency (ω2 − ω1) lies near the effective plasmon frequency of the CNTs, strong THz radiation is produced due to a resonant
interaction of the laser with CNT electrons. The externally applied wiggler magnetic field enhances the efficiency of THz
radiation of nanoantenna by providing the necessary momentum to the generated THz radiation. We explore the impact of radius
and length of nanotubes on the efficiency of THz generation. The generated THz power is enhanced at an optimum angle of
incidence of lasers with an array of CNTs.
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Introduction

One of the most challenging tasks of researchers of
nanoelectronics is to create a compact and efficient source
of terahertz (THz) radiation due to its wide-ranging appli-
cations in science and technology. Among the various
recent techniques of THz technology, the use of carbon
nanotubes (CNTs) as the THz radiation source is very
effective and reliable due to their nanoscale dimensions.
CNTs are cylindrical carbon molecules having diameter in
nanometers and length in micrometers [1, 2]. Due to their
compact size and exceptional combination of transverse
and longitudinal dimensions, CNTs gain popularity in
the field of nanoelectronics for the development of sen-
sors, electronic components, THz optoelectronics devices,
and THz antennas, etc. Among these, THz radiation

sources have a number of applications in remote sensing,
biomedical imaging and tomography, defense, semicon-
ductors characterization, material detection, high-field
condensed matter studies, short-distance wireless commu-
nications and sensing, and explosives detections [3–7].

Researchers have proposed a variety of schemes to
generate THz radiations by employing carbon nanotubes
and nanostructures. A metallic nanostructured surface
was employed by Welsh and Wyne [8] to generate ul-
trafast THz radiations with the help of excitation of
surface plasmon. THz radiations on either side of a
gold-coated nanograting of nanometer dimensions, using
a 785-mm, 150-ps, 1-kHz Ti:sapphire laser, have been
successfully reported by Garwe et al. [9]. Dragomon
and Dragomon [10] have proposed a technique to pro-
duce THz radiation from a resonant tunneling diode
based on semiconducting CNTs. Their simulation results
show that the output power generated from semicon-
ducting CNTs is greater by one order of magnitude than
that of emitted using semiconductor heterostructures.
The optical rectification of laser in an array of carbon
nanotubes has been introduced in order to study THz
radiation generation by Parashar and Sharma [11]. THz
generation during laser interaction with an array of
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cylindrical carbon nanotubes, lying on a metallic surface
under the effect of static magnetic field was analyzed
by Jain et al. [12]. In the presence of laser a
ponderomotive force is experienced by the free electrons
of the nanotubes, which results in introducing a current
density at twice the modulation frequency. These oscil-
lating nanotube arrays play the role of antennas to gen-
erate THz radiation. THz generation by the beating of
two Gaussian laser beams, in a medium containing
conducting nanoparticles, was studied by Javan and
Erdi [13]. They came to conclusion that composite of
graphite nanoparticles is good for the generation of THz
radiations, as one of plasmon resonance frequencies lies
in the THz range. THz generation via laser coupling to
the anharmonic carbon nanotube array was studied by
Sharma and Vijay [14]. They introduce a model for
nonlinear absorption and THz generation of the laser
embedded with hollow CNT electrons and is treated as
a nonlinear function of displacement and collisions.
Large resonance absorption is shown during CNT re-
sponse to the laser as the execution of restoration force
on electron decreases.

In the present analysis, we propose a model for THz radi-
ation generation by the interaction of intense laser beams with
a vertically aligned array of carbon nanotubes grown on metal
surface. Laser absorption is strongly enhanced due to the pres-
ence of nanoparticles or nanoscaled carbon tubes on metallic
surface [15]. The periodic and random arrays of single-walled
carbon nanotubes (SWCNTs) are synthesized on metal sub-
strate by employing plasma-enhanced chemical vapor deposi-
tion (PECVD) technique. Two similar laser beams with slight-
ly different frequencies of ω1 and ω2 are obliquely incident on
the array of CNTs. Electric fields of the incident lasers exert
ponderomotive force on the free electrons of the nanotubes
which produces a nonlinear oscillatory velocity. This oscilla-
tory velocity beats with an applied wiggler magnetic field to
produce a macroscopic electron current at the beat frequency
(ω2 − ω1), which generates THz radiation.

The theoretical considerations of nonlinear current density
and the THz radiation generation are presented in BTheoretical
Consideration.^ The observations are discussed in

BObservations and Discussion.^ The last section is devoted
to the conclusion of the present scheme.

Theoretical Consideration

Consider a metal surface over which vertical array of single-
walled carbon nanotubes (SWCNTs) of radius rc, length lc, is
mounted. Vertically aligned array means that the nanotubes
are grown along z-direction, perpendicular on the metallic
surface in the x-y plane (refer to Fig. 1). There are N tubes
per unit area and a = 1/N2 is the inter-tube separation. Two
plane-polarized lasers of frequencies ω1 and ω2 are obliquely
incident on nanotubes at an angle θ. The electric and magnetic
fields of these lasers can be represented as follows:

E
!

j ¼ ẑcosθ−x̂sinθ
� �

Aje
−i
h
ω j t−k j

�
zsinθþxcosθ

i
; ð1Þ

B
!

j ¼
c k

!
j � E

!
j

� �
ω j

ð2Þ

where Aj ¼ Aj0e− y−lcð Þ=rjo is the amplitude of laser, k j ¼ ω j=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εl−ω2

p=ω
2
j

q
is the propagation constant, ωp = (4πn0e

2

/m)
1/2

is
the plasma frequency of electrons inside a nanotube, n0 is the
free electron density inside a nanotube, εl is relative permit-
tivity of the lattice, c is the velocity of light in free space, rjois
the initial beam radius, e and m are the electronic charge and
mass respectively. A wiggler magnetic field B

!
W ¼ B0

eik0 zsinθþxcosθð Þŷ; is applied on the array of CNTs along y-direc-
tion, where k0 is the wave number of the wiggler magnetic
field.

The lasers ionize the atoms of nanotubes to provide oscil-
latory velocity v! j to the electrons of nanotubes, which is
governed by the following equation of motion:

m
d v! j

dt
¼ −e E! j−

e
c

v! j � B
!

W

� �
−
mω2

pẑ

2εl
∫vjzdt: ð3Þ

Fig. 1 Schematic representation
for THz radiation generation from
the array of vertically aligned
carbon nanotubes (CNTs) in the
presence of an external wiggler
magnetic field
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The x- and z-components of this oscillatory velocity v! j

can be obtained as follows:

vjx ¼ −
ieAj

m
−sinθ
ω j

þ icosθωc−sinθω2
c=ω j

ω2
j−ω2

c−ω2
p=2εl

" #
ð4Þ

vjz ¼ eAj

m
sinθωc−icosθω j

ω2
j−ω2

c−ω2
p=2εl

" #
ð5Þ

where ωc = eB0/mc is the cyclotron frequency. The above ve-
locity beats with wiggler magnetic field to apply
ponderomotive force on the electrons of a CNT, which can
be written as follows:

F
!

pj ¼ −e
2c

v! j � B
!

w

� �
¼ −e2B0Ajeik0 zsinθþxcosθ½ �e−i ω j t−k j zsinθþxcosθð Þ½ �

2cm
�

isinθω2
j−isinθω2

p=2εl þ cosθω jωc

� �
ẑ

ω j ω2
j−ω2

c−ω2
p=2εl

� � þ x̂ −sinθωc þ icosθω j
� �
ω2

j−ω2
c−ω2

p=2εl
� �

2
4

3
5:
ð6Þ

The oscillatory velocity due to this ponderomotive force at
(ωj, kj + k0) is as follows:

v!′
ω j ¼

i F
!

p jω j

m ω2
j−ω2

p=2εl
� � ð7Þ

The ponderomotive force on the electrons of a CNT at (ω2

− ω1) and (k2 − k1 + k0) is as follows:

F
!

p ω2−ω1ð Þ ¼ −e
2c

v!′
ω2 � B

!*

ω1
þ v!′*

ω1
� B
!

ω2

h i

¼ −
iek1ω2E*

1 Fp2xẑ−Fp2zx̂
� �

2ω1m ω2
2−ω2

p=2εl
� � −

iek2ω1E2 F*
p1xẑ−F

*
p1zx̂

� �
2ω2m ω2

1−ω2
p=2εl

� � :

ð8Þ

The nonlinear velocity vNLω2−ω1ð Þ due to this ponderomotive

force at (ω2 − ω1, k2 − k1 + k0) is as follows:

v!
NL

ω2−ω1ð Þ ¼
i F
!

p ω2−ω1ð Þ ω2−ω1ð Þ
m ω2−ω1ð Þ2−ω2

p=2εl
� � : ð9Þ

The nonlinear current density on the electrons of a CNT at
(ω2 − ω1)is as follows:

J
!NL

ω ¼ −n0e v!
NL

ω2−ω1ð Þ

¼
ωcω2

peωA
*
1A2e−i ωt−k zsinθþxcosθð Þ½ � α1x̂þ α2ẑ

� �
16mπ ω2−ω2

p=2εl
� � ð10Þ

where ω = ω2 − ω1, k ¼ k2−k1 þ k0;

α1 ¼
−isinθω2

2k1 þ ik1sinθω2
p=2εl−cosθωcω2k1

ω1 ω2
2−ω2

p=2εl
� �

ω2
2−ω2

c−ω2
p=2εl

� � þ −isinθω2
1k2 þ isinθω2

pk2=2εl−ω1ωck2cosθ

ω2 ω2
1−ω2

p=2εl
� �

ω2
1−ω2

c−ω2
p=2εl

� � ;

α2 ¼ icosθω2
2k1−sinθωcω2k1

ω1 ω2
2−ω2

p=2εl
� �

ω2
2−ω2

c−ω2
p=2εl

� �þ icosθω2
1k2−ω1ωck2sinθ

ω2 ω2
1−ω2

p=2εl
� �

ω2
1−ω2

c−ω2
p=2εl

� � :

The nonlinear current density is finite over the cross-
sectional area of a CNT and zero for the area between the
tubes, (which is a2). So, the average THz current density due
to the array of CNTs can be written as follows:

J
!NL

ωav:
¼ ωcω2

peωr
2
cNA

*
10A20e−i ωt−k zsinθþxcosθð Þ½ �e− y−lcð Þ2=r20

16m ω2−ω2
p=2εl

� � α1x̂þ α2ẑ
� �

ð11Þ

Since the CNTs are fabricated on the metallic surface, so
there will be an image current density below the metallic sur-

face, which can be denoted as J
!NL′

ωav:
and is equal and opposite

to J
!NL

ωav:
.

The vector potential at a far point r! r; θ
0
;ϕ

� �
because of

the current distribution of the array of x and z dimensions of
l × l is as follows:

A
!

r; tð Þ ¼ μ0

4π
∫
J
!NL

wav:
r!′
; t−R=c

� �
dV ′

R
þ ∫

J
!NL′

wav:
r!′
; t−R=c

� �
dV ′

R

2
64

3
75

ð12Þ
where

R¼ ∣ r!− r!′∣≈r 1− r!: r!′
=r2

� �
¼ r−sinθ′cosϕx′−sinθ′sinϕy′−cosθ′z′. r, θ',

and ϕ are the spherical coordinates of the point of ob-
servation. Putting the value of R, Eq. (12) can be writ-
ten as follows:

A
!

r!; t
� �

¼ C1e−i ω t−r=cð Þ½ � I1−I2ð Þ ð13Þ

where, C1 ¼ μoωcω2
peωr

2
cNA*

10A20

64πmr ω2−ω2
p=2εlð Þ α1x̂þ α2ẑð Þ;
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I1 ¼ ∫
l
2

−l
2

∫
∞

−∞
∫
l
2

−l
2

eiβe− y′−lcð Þ2=r20dx′dy′dz′; I2 ¼ ∫
l
2

−l
2

∫
∞

−∞
∫
l
2

−l
2

eiβe− y′þlcð Þ2=r20dx′dy′dz′
and β ¼ ω

c x′ cosθ−sinθ′cosϕ
� �

−sinθ′sinϕy′ þ z′ sinθ−cosθ′
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:

On solving I1 and I2, we obtain the following:

I1 ¼ 4c2
ffiffiffi
π

p
r0

ω2

sin
ωl
2c

cosθ−sinθ′cosϕ
� �	 


sin
ωl
2c

sinθ−cosθ′
� �	 


e−
iωlcsin θ′sin ϕ

c e−
r2
0
ω2sin2θ′sin2ϕ

4c2

cosθ−sinθ′cosϕ
� �

sinθ−cosθ′
� � ð14Þ

I2 ¼ 4c2
ffiffiffi
π

p
r0

ω2

sin
ωl
2c

cosθ−sinθ′cosϕ
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sin
ωl
2c

sinθ−cosθ′
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e
iωlcsin θ′sin ϕ

c e−
r2
0
ω2sin2θ′sin2ϕ

4c2

cosθ−sinθ′cosϕ
� �

sinθ−cosθ′
� � ð15Þ

Magnetic field at far distance r! r; θ
0
;ϕ

� �
is as follows:

B
!¼ ∇

!� A
!¼ iω=c r̂ � A

!� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2
1 sin2θ′sin2ϕþ cos2θ′
� �þ α2

2sin
2θ′−2α1α2sinθ

′cosθ′cosϕ
q

¼
ffiffiffiffi
Y

p

ð16Þ

Time average Poynting vector is S
!

av ¼ cj B!j2=2μ0r̂. If we
normalize it with the peak power of one of the lasers, (which is

P1 ¼ cB2
1πr

2
0=2μ0 ), then the normalized radiated terahertz

power is as follows:

S
!

avr2

P1
¼ r̂ μ0c

2ð Þ2
64π2

ωc

ω

� �2
a22 Nr2c
� �2 1

ω2

ω2
p
−

1

2εl

 ! X ω4c2Y
� �

ð17Þ

where, X ¼
sin2

ωl cos θ−sin θ′cos ϕð Þ
2c

h i
sin2

ωl sin θ−cos θ′ð Þ
2c

h i
sin2 ωlcsin θ′sin ϕ

c

� �
e
−
r2
0
ω2sin2θ′sin2ϕ

2c2

cos θ−sin θ′cosϕð Þ2 sin θ−cos θ′ð Þ2 :

Observations and Discussion

We have carried out numerical simulations for the following
set of laser, plasma, and CNTs parameters: CO2 laser of fre-
quencies ω1 = 1.85 × 1014 rad/s and ω2 = 2 × 1014 rad/s is cho-
sen such that difference ω2 − ω1 lies in THz range.
Corresponding wavelengths of two beams are λ1 = 10.2 μm,
λ2 = 9.44μmwith peak intensity I ≈ 1015W/cm2 and spot size
r0 = 1 μm. The length (lc) and diameter of an armchair CNT
used for the analysis is 1 μm× 30 nm. The inter-tube separa-
tion is a = 30 nm. The relative permittivity of Si substrate is
εl = 12. The externally applied wiggler magnetic field B0 =
200 kG, plasma frequency ωp = 7.3 × 1013rad/s and the angle
of incidence θ = 28.6o.

In Fig. 2, the variation of the normalized THz power S
!

av

r2=P1 with normalized THz frequency ω/ωp is shown. It can
be clearly observed from this plot that, the THz power is
resonantly enhanced at plasmon frequency (ωp/2εl) of CNTs.
This is due to the reason that, when the plasma density is near
to 4ε2l times the critical density corresponding to THz
frequencyω, the resonance absorption of laser energy by the
electrons of the CNTs takes place and THz power shows the
prominent maxima.

Figure 3 is a 3D plot, in which the conical profile of the
THz emission from the array of CNTs is presented. The THz
power radiated from CNT antenna is observed to have an
oscillatory behavior withϕ. The values of θ′ = 61.3o and ϕ =
17.2o are chosen from the plot, for which maximum THz
power is observed.

In Fig. 4, the plot of the normalized THz power S
!

avr2=P1

with angle of incidence θ is presented. One may clearly

Fig. 2 Variation of the normalized THz power S
!

avr2=P1 with
normalized terahertz frequency ω/ωp at θ = 28.6o, θ′ = 61.3o, ϕ = 17.2o,
a2 = 0.25, ωc = 3.5 × 10

12rad/s, rc = 15 nm and lc = 1 μm
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observe from this figure that, the THz power attains maximum
at θ = 28.6o. So, this is the optimized value of angle of inci-
dence at which the lasers should be incident on vertically
aligned CNTs so that the maximum conversion efficiency of
THz wave can be achieved. In order to analyze the impact of
radius and length of CNTs, the plots of THz power are shown
for different values of radius, rc, and length, lc, of nanotubes in
Figs. 4 and 5 respectively. Such tubes of different radius and
length can be synthesized on various substrates, using plasma-
enhanced chemical vapor deposition process by controlling
the growth parameters and the geometry of the bias voltage
electrodes. Our results show the direct dependence of THz
power on CNTs radius and length.

In order to study the effect of external magnetic field on
generated THz power, the variation of normalized THz power

S
!

avr2=P1 with normalized wiggler magnetic field ωc/ωp is
plotted in Fig. 6. The wiggler magnetic field supports the
THz generation by producing a THz current and providing
the necessary momentum required for phase matching in
THz generation.

Conclusion

The array of carbon nanotubes embedded on metallic surface
acts as an antenna to produce THz radiation by the interaction
of two similar laser beams of slightly different frequency. The
incident laser beams exert a ponderomotive force on the elec-
trons of CNTs which on beating with applied and laser

Fig. 3 Variation of the

normalized THz power S
!

avr2=
P1 with spherical coordinates θ

′

and ϕ at ωp = 7.3 × 10
13rad/s. The

rest of the parameters are same as
taken in Fig. 2

Fig. 4 Variation of the normalized THz power S
!

avr2=P1 with angle of
incidence θ for different values of radius rc of nanotubes at ωp = 7.3 ×
1013rad/s. The rest of the parameters are same as taken in Fig. 2

Fig. 5 Variation of the normalized THz power S
!

avr2=P1 with angle
of incidence θ for different values of lcof nanotubes at ωp = 7.3 ×
1013rad/s.The rest of the parameters are same as taken in Fig. 2
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magnetic field produces transverse nonlinear current at (ω2

− ω1) to generate THz radiation. The plasmon resonance of
CNTs significantly enhances the efficiency of THz generation.
The wiggler magnetic field provides requisite phase matching
and gives rise to high values of THz conversion efficiency.
The direct dependence of THz power on CNTs dimensions is
observed. The model presented in the analysis is important
from a technical point of view, because the development of
THz radiator from CNTs can be practically useful due to its
compactness.
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