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Remote state preparation (RSP) provides a useful way of transferring quantum information between
two distant nodes based on the previously shared entanglement. In this paper, we study RSP of an
arbitrary single-photon state in two degrees of freedom (DoFs). Using hyper-entanglement as a shared

resource, our first goal is to remotely prepare the single-photon state in polarization and frequency
DoFs and the second one is to reconstruct the single-photon state in polarization and time-bin DoFs.
In the RSP process, the sender will rotate the quantum state in each DoF of the photon according
to the knowledge of the state to be communicated. By performing a projective measurement on the
polarization of the sender’s photon, the original single-photon state in two DoFs can be remotely
reconstructed at the receiver’s quantum systems. This work demonstrates a novel capability for long-

distance quantum communication.
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1 Introduction

Quantum entanglement is now an indispensable resource
for modern information technology, and it plays a vital
role in many communication situations and information
processing, such as quantum teleportation (QT) [1], quan-
tum dense coding [2], quantum key distribution [3], quan-
tum secret sharing [4], quantum secure direct communi-
cation [5, 6], remote state preparation (RSP) [7-9], and
quantum state transfer [10]. Among these applications,
QT and RSP are two typical kinds of quantum proce-
dure that allows one party to transmit a quantum state
to another. In QT, the sender Alice can transfer an un-
known quantum state to the receiver Bob by relying on
the shared entangled state and classical communication.
RSP is usually called “teleportation of a known quantum
state”, which means Alice knows the precise state to be
transferred to Bob. On the other hand, QT requires com-
plete Bell-state measurement, which is impossible with lin-
ear optics only, while the measurement strategy of RSP
is relatively simple and flexible. In recent years, RSP has
attracted much attention and various RSP protocols have
been proposed [11-24]. Some optical realizations of RSP
have also been reported [25-37].

*arXiv: 2103.07671. This article can also be found at
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Photons are usually considered as an ideal informa-
tion carriers in long-distance quantum communication.
On the one hand, photons have high-speed transmission
and conspicuous low-noise properties. On the other hand,
they have more than one degree of freedom (DoF), such
as the polarization, frequency, energy, spatial-mode, and
time-bin. These DoFs can be used to construct hyper-
entanglement, which refer to the entangled in multiple
DoFs of a quantum system simultaneously. Recently,
hyper-entanglement becomes a promising quantum re-
source due to its high capacity of channel, and it has
extensive applications in quantum information process-
ing, such as Bell-state analysis with hyper-entanglement
[38—44], quantum repeaters [45], entanglement swapping
[42, 46, 47], and hype-entanglement concentration [48, 49].
So far, experimental progress of hyper-entanglement gen-
eration has been reported using different photonic DoFs
[50-58]. In optical systems, the most extensive method
to generate a hyper-entangled state is the spontaneous
parametric down-conversion (SPDC) process in a nonlin-
ear crystal. When a pump laser beam shines a S-barium
borate (BBO) crystal, the idler photon and the signal
photon are produced probabilistically from the crystal.
The SPDC can be divided into type-I and type-1I ac-
cording to the type of crystal phase-matching. In the
type-1 phase-matching, two SPDC photons have the same
polarizations. This type can produce two-photon states
that are entangled in time, space, and frequency, etc.
In the type-II phase-matching, photons are in orthogonal
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polarization states, and the polarization entangled states
are prepared. With the type-I and type-II 5 BBO crys-
tal, hyper-entangled state in two or more DoFs has been
demonstrated. For example, in 2005, Barreiro et al. [52]
experimentally generated a hyper-entangled state in po-
larization, spatial mode and time-energy DoFs. In 2009, a
six-qubit hyper-entangled state was realized by entangling
two photons in polarization and two longitudinal momen-
tum DoFs [55]. Later, Bhatti et al. [57] presented the
experimental setup to produce two-photon polarization-
orbital angular momentum entangled states.

With hyper-entanglement, the implementation of QT
and RSP for quantum state in multiple DoFs has at-
tached a great deal of interests. By far, there have been
several interesting QTs or RSPs. In 2010, Sheng et al.
[42] discussed the parallel QT of an arbitrary single-qubit
state with polarization-spatial mode hyper-entanglement.
In 2015, QT of the composite quantum state of a sin-
gle photon encoded in both spin and orbital angular mo-
mentum has been experimentally realized [59]. In 2018,
Li et al. [47] demonstrated the QT using polarization-
time-bin hyper-entanglement. For RSP, Barreiro et al.
[60] remotely prepared single-photon states entangled in
their spin and orbital angular momentum. Subsequently,
they reported the remote preparation of two-qubit hybrid
entangled states and vector-polarization beams [61]. In
their remote entangled-state preparation protocol, single-
photon states are encoded in the photon spin and orbital
angular momentum. They reconstructed the states by
spin-orbit state tomography and transverse polarization
tomography. In 2018, Zhou et al. [62] proposed a parallel
RSP of a single-qubit state both in the polarization and
spatial mode DoFs with linear optical elements. In 2019,
Jiao et al. [63] presented a deterministic RSP for an ar-

(2)

bitrary single-photon two-qubit hybrid state. They also
discussed the RSP for two-qubit hybrid states via linear
optical elements with partially hyper-entangled states.

In this paper, we will offer two schemes for paral-
lel preparing a single-photon state via hyper-entangled
state. The first parallel RSP protocol is based on the
polarization-frequency entanglement and the second one
uses the polarization-time-bin entanglement. The polar-
ization is the most popular DoF of the photon for its sim-
ple manipulation. The frequency DoF has been used in a
series of quantum information schemes because of its sta-
bility. And the time-bin DoF is suitable for long-distance
quantum communication and fundamental experiments,
which can be simply discriminated by the time of arrival.
In the two RSP schemes, Alice will rotate the quantum
state in each DoF of the photon according to her infor-
mation of the prepared states. By performing a projective
measurement on the polarization of her photon, the orig-
inal single-photon state in two DoFs can be remotely pre-
pared at the Bob’s quantum systems. Our schemes may
be of interest not only from a theoretical point of view but
also from an experimental one.

2 Parallel RSP with polarization-frequency
hyper-entanglement

A polarization-frequency hyper-entangled state of a pho-
ton pair can be written as

) ap = HUHH) + V) (10} + onwon))as, (1)

where the subscripts A and B denote the two photons sent
to the two parties, say Alice and Bob, respectively. |H)

—by,
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Fig. 1 (a) Schematic diagram of the parallel RSP with polarization-frequency hyperentanglement. (b) Schematic diagram
of an UBS. BS represents a 50:50 beam splitter. Ry is a wave plate which can rotate the polarization states of the photon with
0. WDM represents a polarization-independent wavelength division multiplexer which will lead the photon to different spatial
modes according to its frequencies. Frequency shifter (FS) can eliminate the frequency distinguishability. ¢ represents a wave
plate which can cause a phase shift between the two spatial modes. PBS represents a polarization beam splitter which transmits
the photon in the horizontal polarization state |H) and reflects the photon in the vertical polarization state |V). D; are four

single-photon detectors.
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and |V) are the horizontal and the vertical polarization
states of the photons. w; and wy are the two frequency
modes of the photons. It has been shown that the hyper-
entangled state in the polarization and the frequency DoFs
can be achieved in experiment [51, 64, 65]. Now, Alice’s
goal is to remotely prepare Bob’s qubit in the pure state
in both the polarization and the frequency DoFs

[¥) B = (a0 [H) + Bo [V)) (a1 [wi) + b1 |w2)) (2)

with |ao|? + [Bo]? = 1, |a1]|* +|B1]*> = 1. Alice knows the
four parameters completely, but Bob does not know them
at all.

The principle of the present parallel RSP using
polarization-frequency hyper-entanglement is shown in
Fig. 1. First, Alice performs the unitary operation on her
hyper-entangled photon on the polarization DoF, which
does not perturb the others. She lets the photon A pass
through a wave plate Ry, which is used to rotate the po-
larization state

|H)Y — cos@ |H) +sinf |V),

with 6§ = arccos ag. The state |U) , 5 is transformed to

1), =3 1) (oo [H) — 5o [V)) + V) (Bo |H) +
ag [V)](lwiws) + [waws)) ap. (4)

Second, Alice performs the unitary operation on her
hyper-entangled photon on the frequency DoF, she lets
the photon A pass through the WDM, FS, UBS sequently.
WDM represents a polarization-independent wavelength
division multiplexer which is used to divide the photon
with frequency w; (w2) into spatial mode ay (a2). FSis a
frequency shifter with which the frequencies of the photon
A were converted to the same frequency, e.g., conversion
of wi; to wy. As a result, we can erase distinguishabil-
ity for frequency. UBS is an unbalanced beam splitter
[See Fig. 1(b)], which can transform the input state with
spatial modes(aj,as) into the output state with spatial
modes(a}, ab) [66]:

(aﬁ) B ( cos & sin g) <a1> (5)
/! - P © .
ak —sin ¥ cos £ ) \ay

After the WDM, FSs, UBS (with & = arccosay),

V) = —sinb |H) + cos 0 |V) (3) the evolution of state |¥), can be described as
%), M%Wﬂ (a0 [H) = Bo V) + V) (Bo [H) + a0 [V))](la1),,, lw1) + laz),, [w2)) aB
E%Wﬂ (a0 [H) = Bo [V)) + V) (Bo [H) + ao [V))](lar) [wi) + |az) lw2)) ap
U5, 1Y (0o |H) — 6o V) fan) + B faa)) lon) + H) (0 |H) — Bo V) (=B lar) + au faa)) o)
+ V) (Bo[H) + o [V))(ea far) + Bu |az)) |wr) + V) (Bo [H) + a0 [V)) (=i ar) + ea [az)) [w2)]
UH> |ax) (a0 [H) = Bo [V))(ea fwi) = Br |w2)) + [H) |ag) (a0 [H) = Bo [V))(B1 [wr) + au |ws))
+ V) lax) (Bo [H) + ao [V))(an [wi) = B |we)) + [V) [az) (Bo [H) + a0 [V)) (A1 |wr) + oa |w2)). (6)

The last step is to perform single-photon projective
measurement on the photon A, and then, she communi-
cates to Bob the outcome of her measurement through a
classical channel. With this information, Bob may have
to perform a unitary transformation to recover the target
state given by Eq. (2). For example, if Alice’s measure-

Table 1 The relation between measurement results of the
photon A, the final state of B, and the local operations.

T

ment result is |H), , the photon B will be in the state
(a0 |H) — Bo |V)) (e |w1) — B |wa2)). Bob can reconstruct
the original state on his entangled photon B by performing
the corresponding unitary transformation o? ® of. The
relationship between the detection results of the photon
A, the collapsed states of the photon B and the local uni-
tary operations on photon B required is shown in table
I, according to which one can remotely prepare a single-
photon state in polarization and frequency DoFs.

Dection (A) State of B opLeiz:?ilon
H),, (a0 [H) = Bo [V))(en [wr) — Br lwa) ot @of
H),, (a0 [H) = Bo [V)(Br |w1) + a1 [wa)  of@af
V) ay (Bo|H) + a0 [V))(on [wi) — B |w2)) ok @0l
V) o (Bo |H) + a0 [V)(Br |w1) + a1 |w2)) ok @0
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3 Parallel RSP with polarization-time-bin
hyper-entanglement

The time-bin DoF is also a simple, conventional DoF. Two
different times of arrival can be used to encode the log-
ical 0 and 1. Furthermore, time-bin entanglement has
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Fig. 2 Schematic diagram of the setup for parallel RSP with polarization-time-bin hyperentanglement. PC is a Pockels cell
which is used to perform polarization bit-flip operation corresponding to arrival time of the photon. Each pair of PBSs is used
to build an unbalanced interferometer (UI). The length difference between the two arms of PBSs in each Ul is to cancel the
time interval between the two time-bins. Rg,, Rg, represent the wave plates which rotate the polarization states with angles
01 = arccos ag, f2 = arccosaz — 5. A half-wave plate (HWP) is used to perform the operation |H) = |V).

been proven suitable for long-distance applications, es-
pecially in optical fibers [67-71]. In 2002, Thew et al.
[67] reported robust time-bin qubits for distributed quan-
tum communication over 11 km. In 2004, Marcikic et al.
[68] demonstrated the distribution of time-bin entangled
qubits over 50 km of optical fiber. Recently, Ref. [69] re-
ported the distribution of time-bin entangled photon pairs
over 300 km of optical fiber. Also, time-bin encodings have
been used in teleportation across fibre networks [70, 71].

A polarization-time-bin hyper-entangled state of a pho-
ton pair can be written as

@) 45 = 5 (HH) + [VV))e) +[11) 45, @

where e and [ represent the early and late arrival time
of the photons, respectively. The preparation of time-bin
entangled states [40, 72-76] have been widely discussed
and it can be achieved in experiment.

Suppose that Alice wants to remotely prepare Bob’s
qubit in the single-photon state in both the polarization
and the time-bin DoFs

1¢) g = (a0 [H) + Bo [V))(az]e) + Ball)) B (8)

with |ag|? + [Bo]? = 1, |az|? + |B2]? = 1. Alice knows the
coefficients g, as, By, P2 completely, but Bob does not
know them at all.

The device of this RSP of the single-photon two-qubit
state is shown in Fig. 2. Similar to the case with the

|©2) =%(|H8>|ne> +H) ') + VD) + VOIn') ap

PBS,
—

polarization-frequency hyper-entanglement, the first step
prepares the polarization state and the second step one
deal with the time-bin state. When the photon A passes
through the wave plate Ry with § = arccos ag. The state
|®) 45 is transformed to

[®), = %(\H> ) +1V) InL))(ee) + |i1)) aB, 9)

where [n) = ao |[H) — o V), In1) = o [H) + ao|V).

Then, Alice performs the unitary operation on her
hyper-entangled photon on the temporal DoF, she lets the
photon A pass through the PBS;, PCs, PBS,, Uls and
Ry, sequently. Here the Pockels cell (PC) [77] can flip
the polarizations of a photon at a specific time, i.e., the
PC; (PC,) is activated only when the [/ (€) component is
present. Each unbalanced interferometer (UI) composed
of a pair of PBSs is used to adjust the time-bin state such
that the path length difference between the long arm [ and
the short one e cancels the time difference between the
two time-bins. The wave plates Ry,, Ry, can transform
the polarization states of the photon A to the following
state:

[H) 2% 0g |H) + B2 |V)
V) 2225y |H) + 5 V) (10)

with 01 = arccos ag, flo = arccos az — 5. After PBS;, PCs,
PBS,, Uls and Ry,, the state evolves as

1 e e e e
5 (H a1} 5+ [H s [0 5+ [VE)as 1) 5 + [V 1) 5)

pcs, 1 e e e e
=5V a0} B+ 1H a0’y + 1VE)ar [00) 5 + [H')ay 10 ) 5)
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PBS, 1
—

uts 1
—

5 (Va1 5+ [H oy [0') 5 + [V )ay [1D) B + [H' as 1) )

5(042|H€l>k3|776>3 + B2V i) B + aolH )iy [0y B + Ba| VI )iy In') B

+ aoHN e, 09 ) B + BV In) B + 02l H) e In' ) B + B2V InL) B)

=[®3).

We find that the time difference between the two time-
bins of the photon A is cancelled, so we omit it in the
subsequent expressions.

Subsequently, two half-wave plates (HWPs) are inserted
into the paths ki and ko respectively, which complete
a polarization bit-flip operation |H) = |V). Before the

(11)

|P3) = (Oéz |H)p,

photon A is measured, Alice lets it pass through the
beam splitters BS;, BSs. According to the following rules,

T 1 T 1

T T T T
ay, — 5 (ay, +ay,), 4,75 (aL' —alf ) @, =5 (af, g,

azs—x}(al, —ak,) the state |®3) evolves as follows:

)5 + B2 V), 11°) 5 + a2 [H)y [n') s + B2 [V, In') 5

+ag[H)y, In0)B + B2V, In9)B + a2 |H),, In') B + Ba V), ') B)

uwp 1

——r5(az[H)y, 115 + B2 V), In) 5 + a2 V), 1) B + B2 |H)y, 1) B

+ |H> , (oo [H) —
+|V>k; (o |H) = Bo|V))(B2

+ Vi, (Bo [H) + a0 [V))(z2 |€)

Obviously, the photon A will emit from different exits
of the setups and trigger different single-photon detectors.
The relationship between the detection results of the pho-
ton A, the collapsed states of the photon B and the local
unitary operations on photon B required is shown in table
II, according to which one can remotely prepare a single-
photon state in polarization and time-bin DoFs.

Table 2 The relation between measurement results of the
photon A, the final state of B, and the local operations.

)
o |V)y, (195 + B2 [H)y, (00 + a2 [H)y, [0h) 5 + B2 V), [11) 5)
Dk l€) + az|l))p + [H)y, (o0 [H)
Bo IV))(—azle) + Ball)) B + |[H),, (Bo [H) + a0 [V)) (B2
le) + a2|l)) B + V) (Bo[H) + a0 [V))(az |e) + B2|l)) B
= B2|l))B + V), (a0 |H)

Dection (A) State of B opLe?;?ilon
|H) s (Bo [H) + a0 [V))(B2 le) + a2|l)) ok ® ol
|H) (a0 [H) = Bo V) (a2 |e) + B2|1)) otel
Hpy (a0 |H) = Bo [V))(—azle) + B2|l))  of®dl
|H) e, (Bo [H) + ag [V))(B2 |e) — azll)) 0% ® o},
(V) (a0 [H) = Bo [V))(B2 le) + a2|l)) o ®@oal
Ve (Bo [H) + a0 [V)) (a2 e) + B2]l)) ol
V) (Bo [H) + a0 [V)) (a2 |e) — B2[1)) oh ®ol
V) (a0 |H) = Bo [V))(=B2le) +az2|l))  of @ioy,
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— Bo[V))(zle) + Ball)) B
le) — az|l)) B

= Bo[V))(=B2le) + az|l)) 5]

T

4 Discussion and conclusion

It is interesting to compare our parallel RSP with the
previous parallel RSP in Ref. [62]. Similar to Refs.
[62, 78, 79], the efficiency of RSP can be defined by the
formula n = quqibt with ¢s; denoting the number of qubits
transmitted, ¢, denoting the number of the qubits that
is used as the quantum channel, and b; representing the
number of classical bit needed. On the one hand, these
RSP protocols’ goals are all to remotely prepare a single-
photon two-qubit state via the hyper-entanglement Bell
state in two DoFs, so ¢ = 2 and ¢, = 4 for each protocol.
On the other hand, in Ref. [62], the single-photon state
in polarization and spatial-mode DoFs can be remotely
prepared with cost of 3 cbits. Our first RSP scheme for
the single-photon state in polarization and frequency DoFs
needs only 2 cbits. So the eﬁ"lciencies of the Ref. [62] and
our first protocol are £ and 5 respectively. Obviously, the
latter’s efficiency is hlgher than that of the former. How-
ever, our first protocol exploits WDM to transform the
frequency DoF of the photon into its spatial DoF. With
FS, the distinguishability for the frequency is erased. So
this is a trade-off between our first RSP and Ref. [62]. For
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our second RSP of the single-photon state both in polar-
ization DoF and time-bin DoFs, it can be completed with
the same classical information as in Ref. [62], that is, the
efficiency of our se cond pr otocol is th e sa me as th at of
[62]. But in our second RSP, it only exploits a fiber chan-
nel for each party. Using the time-bin DoF rather than the
spatial-mode DoF requires less resources in long-distance
quantum communication.

Now let us discuss the possibility in experiment. In our
protocols for RSP of arbitrary single-photon state in two
DoFs, linear optical elements such as PBSs, BSs, wave
plates, HWPs, and PCs are used to perform operations
on the photon. In addition, the optical devices WDM
and FS are necessary for performing operations on the
frequencies of the photon. Current available PC can be
meet the requirement for the order of a few nanoseconds.
In particular, Zhang et al. [80] showed that the switch
efficiency of plasmsa PC in whole ap erture is better than
99%. The WDM, which is used to lead photons into differ-
ent spatial modes according to their different frequencies,
can be realized with optical cavity [81, 82], asymmetric
Mach—Zehnder on the frequency encoding [83, 84|, and
Fiber Bragg Grating [85, 86]. The F'S, which is used to
eliminate the frequency distinguishability, can be imple-
mented by means of frequency up-conversion process or
down-conversion process [87-90]. All of these show the
operations required in our protocols can be implemented
with current technology. However, we assume the effi-
ciency of the optical elements to be perfect, i.e., there is no
photon loss in these optical elements. Also, the efficiency
of the single-photon detectors is assumed to be 100%. In
practice, they do not work ideally. For instance, the low
detection efficiency caused by photon loss has an effect on
the efficiency of our RSP pr otocols. When single-photon
detectors of a finite e fficiency 1, are used, the efficiency
of our RSP protocols would be decreased by a scale of n3.
In this case, the post-selection is necessary.

In summary, we have proposed two parallel RSP proto-
cols for arbitrary single-photon two-qubit state based on
hyper-entanglement. The first protocol is to remotely pre-
pare the single-photon state in polarization and frequency
DoFs with the polarization-frequency entanglement. The
second one is to prepare the single-photon state in polar-
ization and time-bin DoFs with the polarization-time-bin
entanglement. In the two RSP schemes, resorting to opti-
cal elements, the sender will rotate the quantum state in
each DoF of the photon according to the information of the
prepared states. By performing a projective measurement
on the polarization of the sender’s photon, the original
single-photon state in two DoFs can be remotely recon-
structed at the receiver’s quantum systems. Our protocols
are useful for long-distance quantum communication.
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