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Topological semimetals are newly discovered states of quantum matter, which have extended the con-
cept of topological states from insulators to metals and attracted great research interest in recent years.
In general, there are three kinds of topological semimetals, namely Dirac semimetals, Weyl semimet-
als, and nodal line semimetals. Nodal line semimetals can be considered as precursor states for other
topological states. For example, starting from such nodal line states, the nodal line structure might
evolve into Weyl points, convert into Dirac points, or become a topological insulator by introducing
the spin–orbit coupling (SOC) or mass term. In this review paper, we introduce theoretical materials
that show the nodal line semimetal state, including the all-carbon Mackay–Terrones crystal (MTC),
anti-perovskite Cu3PdN, pressed black phosphorus, and the CaP3 family of materials, and we present
the design principles for obtaining such novel states of matter.
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1 Introduction

The study of topological states has become one of the
most critical physical phenomena in condensed matter
physics. It began with the discovery of two-dimensional
(2D) and three-dimensional (3D) topological insulators
approximately a decade ago, and it has recently been

*SpecialTopic:RecentProgress onWeyl Semimetals (Eds.Xincheng
Xie, Xian–Gang Wan, Hong–Ming Weng & Hua Jiang).

extended to metal states, or more precisely, semimetal
states. In the ideal case, the Fermi surface in topologi-
cal semimetals contains isolated band-crossing points or
lines, rather than surface in normal metals. Such band-
crossing points result from band inversion and behave
as the monopoles of Berry flux [1, 2], causing quantized
Berry flux on the enclosed Fermi surface that surrounds
the nodal point [1, 3] or π Berry phase along a loop that
threads the nodal line [1, 4, 5]. These quantized numbers
can be taken as the topological invariant to identify the
band topology of corresponding metals.

Thus far, three types of nontrivial topological
semimetals have been proposed. Based on the degen-
eracy of the band-crossing points and their distribu-
tion in the Brillouin zone (BZ), the types of semimet-
als are Weyl semimetals [6–9], Dirac semimetals [10, 11],
and nodal line semimetals [1, 12, 13], all of which have
band-crossing points due to band inversion [14]. The
Dirac semimetal, which can be regarded as a three-
dimensional version of graphene, has been theoretically
proposed and experimentally confirmed in Na3Bi and
Cd3As2 [10, 11, 15–19]. In these two materials, the bands
cross near the Fermi energy and form Dirac points with
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fourfold degeneracy. The band-crossing points are pro-
tected by crystalline symmetry. Gibson et al. has dis-
cussed the general design principles of 3D Dirac semimet-
als from symmetry consideration and predicted a series
of Dirac semimetals [20]. For Weyl semimetals, the band-
crossing points are double degenerate with definite chi-
rality and are located at an even number of discrete
points in the BZ, which have been theoretically predicted
[21–23] and experimentally verified in the TaAs family
of materials [24–29]. There has been much progress in
the discovery of Weyl semimetals recently, such as the
proposed non-magnetic Weyl semimetal in chalcopyrites
including the Ta3S2 [30] and CuTlSe2 family of materials
[31], HgTe-class materials [32], magnetic Weyl semimet-
als in half-Heuslers under a magnetic field [33] and mag-
netic Heuslers [34], type-II Weyl semimetal in MoP2, and
WP2 [35].

In topological nodal line semimetals [36], the band-
crossing points form closed loops instead of discrete
points in the momentum space. Recently, many ma-
terials showing these topological states have been theo-
retically proposed, including Bernal graphite [37–39], the
all-carbon Mackay–Terrones crystal (MTC) [40], hyper-
honeycomb lattices [41], 3D-honeycomb lattices [42],
Ca3P2 [43, 44], LaN [45], Cu3(Pd,Zn)N [46, 47], the
inter-penetrated graphene network [48], (Tl,Pb)TaSe2
[49, 50], ZrSiS [51], perovskite iridates [52–55], CaAgX
(X=P,As) [56], BaMX3 (M=V, Nb, Ta; X=S, Se) [57],
black phosphorus under pressure [58], CaP3 [59], fcc cal-
cium, fcc strontium, fcc ytterbium [60], body-centered
orthorhombic C16 [61], hcp alkali earth metals (Be, Mg,
Ca, and Sr) [62], and some 2D materials [63, 64].

Some novel properties have been proposed for nodal
line semimetals, including the nearly flat drumhead-like
surface states [40, 46, 47, 65], which have opened an
important route for achieving high-temperature super-
conductivity [66–68], the unique Landau energy level
[69], and special collective modes from the novel nodal
line structure [70]. The nodal line structure can also
be considered as precursor states for many topolog-
ical states. For example, starting from a nodal line
semimetal, the inclusion of spin–orbit coupling (SOC)
will lead to the evolution of the nodal ring into Weyl
nodes (such as in the TaAs family of materials), drive the
nodal rings into Dirac nodes (such as in anti-perovskite
Cu3PdN), or open a gap to convert the nodal line
semimetal into a topological insulator (such as in MTC
and Ca3P). In this review, we will summarize our theo-
retical proposals for nodal line semimetal materials.

2 Nodal line semimetal materials

In this section, we briefly summarize our theoretical ma-
terial proposals for nodal line semimetals, including the

all-carbon MTC, anti-perovskite Cu3PdN, black phos-
phorus, and the CaP3 family of materials. By introduc-
ing these four materials, we present the design principles
of nodal line states for spin-less systems. The low-energy
k·p models, constructed from the symmetry considera-
tion of each system, are used to understand the nodal
line structure and surface states.

2.1 All-carbon Mackay–Terrones crystal

Mackay and Terrones have investigated models of peri-
odic minimal surface building from graphite-like sheets
[71]. The simplest surface is shown in Fig. 1(a), which is
called the P-surface of Schwarz. This structure, labeled
as 6-1-1-p MTC, has 176 atoms per unit cell with space
group Pm3̄m (No. 221). In this section, we briefly in-
troduce the electronic structure of MTC and discuss the
nodal line states in this system.

We first consider the band structure without SOC.
First-principles calculations show that the low-energy oc-
cupied and unoccupied bands are triply degenerate and
have T1g and T2u symmetry at the Γ point, respectively,
as shown in Fig. 1(d). The parity of the T1g bands are
even, while it is odd for T2u bands. At the R point, the
low-energy bands, which are still grouped as T1g and T2u,

Fig. 1 (a) The Schwarz minimal P surface in a 2 × 2 ×
2 supercell. (b) The top view of a 6-1-1-p MTC in a 2 ×
2 supercell. (c) Bulk and (001)-surface BZ, as well as the
highly symmetrical points. (d) Band structure from the first-
principles calculation. The two triply degenerate eigenstates
at Γ and R with T1g and T2u symmetrical representation are
marked. The band inversion between them can be easily seen.
Reproduced from Ref. [40].
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exchange their energy order. This type of inverted band
structure is the key characteristic of topological insula-
tors. The inverted bands cross near the Fermi energy,
as shown in Fig. 1(d). Usually, these crossing points
are gaped because of the coupling between the two sets
of bands. However, in MTC, the cross points are sta-
ble and form closed loops as shown in Fig. 3, which are
protected by time-reversal symmetry and inversion sym-
metry as explained later. The SOC will open a band gap
approximately 0.13 meV (or 1.5 K) along the nodal Line,
and the system becomes a topological insulator with the
Z2 index (1;111). However, the SOC-induced gap can be
neglected in cases with temperature greater than 1.5 K,
and we ignore the SOC in MTC in the following discus-
sions.

In order to simplify the discussion, we consider a sin-
gle unit cell of MTC as an isolated carbon molecule
with approximate spherical symmetry. The MTC can
be viewed as a cubic lattice consisting of such carbon
molecules. The orbitals of each carbon molecule are cho-
sen with T1g and T2u symmetry, which can be viewed as
atomic orbitals with g- and f-wave symmetry under the
cubic crystal field. By checking the character table of
the point group at the Γ point, we can find that the T1g

sector consists of gxy(x2−y2), gyz(y2−z2), and gzx(z2−x2)

orbitals, which are a subgroup of g orbitals split under
a cubic crystal field. The T2u sector contains fx(y2−z2),
fy(z2−x2), and fz(x2−y2) orbitals from f orbitals. Thus,
from the basis of these six hypothetical atomic orbitals, a
Slater–Koster-type tight-binding (TB) Hamiltonian can
be established. Some of the nonzero elements of the
Hamiltonian are listed below.
Hgxy(x2−y2),gxy(x2−y2)

= +2Vggp(cos k · ax + cos k · ay)
+2Vggd cos k · az + Eg,

Hgxy(x2−y2),fx(y2−z2)
= i2(Vfgp + Vfgd) sin k · ay,

Hgxy(x2−y2),fy(z2−x2)
= i2(Vfgp + Vfgd) sin k · ax

Hfx(y2−z2),fx(y2−z2)
= Ef + 2(Vffp + Vffd) cos k · ax

−2(Vffp + Vffd) cos k · ay
−2(Vffp + Vffd) cos k · az, (1)

where ax, ay, and az are the nearest-neighbor sites
along the positive x, y, and z directions, respectively.
Vggp is the nearest-neighbor hopping parameter between
gxy(x2−y2) orbitals in the x and y directions, while Vggd

is the hopping parameter in the z direction. Vffp is the
hopping parameter between fxy2 (−fxz2) along x and y
(x and z), while Vffd is the hopping parameter along
the z direction. Vfgp (Vfgd) is the hopping parameter
between gxy(x2−y2) and fxy2 (−fxz2) along the y direc-
tion. Ef and Eg are the on-site energies. The matrix
elements not shown in the above equations can be de-
rived using the cubic cyclic symmetry. With this TB
model, we can well reproduce the lower energy bands of

Fig. 2 (a) Band structure calculated from effective TB
Hamiltonian Eq. (1). The Slater–Koster parameters are ob-
tained by fitting the band structure from the first-principles
calculations and the values are listed as (in eV) Eg = −0.12,
Ef = 0.19, Vffp = 0.019, Vffd = −0.075, Vfgp = 0.05,
Vfgd = 0.0, Vggp = −0.035, and Vggd = −0.055. This model
Hamiltonian reproduces all the features of Fig. 1(d). (b) The
Fermi surface consists of three lotus-root-like rings. These
rings are center the R point and are parallel to the kx = π/a,
ky = π/a, and kz = π/a plane, respectively. They are formed
by the electron pockets (blue) and hole pockets (red) con-
nected by nodal points at the Fermi energy. Reproduced
from Ref. [40].

Fig. 3 (a) Band crossings of the two bands near the Fermi
level form nodal line (in green) in the kz =a plane. (b) The
crossing happens at different eigen-energies as indicated by
different colors, where greener denotes lower in energy. Re-
produced from Ref. [40].

MTC, as shown in Fig. 2(a). The Fermi surface consists
of three lotus-root-like rings. These rings surround the
R point and are parallel to the kx = π/a, ky = π/a,
and kz = π/a planes, respectively. They are formed by
the electron pockets (blue) and hole pockets (red) con-
nected by nodal points at the Fermi energy, as shown in
Fig. 2(b).

The band inversion and nodal line structure suggest
that the novel surface states appear on the surface of
materials. In order to calculate such surface states, we
construct a thick slab along the (001)-direction using the
TB model. The obtained surface states, which are nearly
flat in energy, are shown in Fig. 4, and it is nestled be-
tween two solid Dirac cones, which are the projections of
the nodal line circles in the (001)-direction. The band-
width of the surface state is approximately 40 meV owing
to the particle-hole asymmetry. The peak-like surface

Rui Yu, et al., Front. Phys. 12(3), 127202 (2017)
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Fig. 4 The (001)-surface state. (a) The nearly flat surface band is nestled between two solid Dirac cones, which are the
projection of one of the nodal line circles as indicated in the inset (red circle). The other two nodal line rings are projected
as two orthogonal diameters (green line). (b) The surface density of state. (c) The wave function of the surface state
indicated by the arrow decays rapidly into bulk. (d) The eigen-energy distribution of a surface flat band nestled inside of a
projected nodal line circle, which looks like a vibration model of a “drumhead”. The mixing of surface and bulk states leads
to discontinuity in this plot. Reproduced from Ref. [40].

density of states contributed by this nearly flat band is
clearly shown in Fig. 4(b), which is proposed to be an
important route to high-temperature surface supercon-
ductivity [66]. The layer-resolved weight of the wave
function for the surface flat band is shown in Fig. 4(c).
It penetrates only three layers into the bulk with most
of the weight on the surface layer. The surface localiza-
tion of these flat bands is well resolved for those sepa-
rated from bulk bands. The surface states in the surface
BZ are shown in Fig. 4(d), which appears like a drum-
head. Such drumhead-like states are readily detected by
angle-resolved photo-electron spectroscopy or scanning
tunneling microscopy.

In order to understand the nodal line structure in
MTC more clearly, we construct an effective 2×2 model
Hamiltonian near the R point, which can be generally
expressed in the following form:

H(k) = g0(k) + g1(k)σx + g2(k)σy + g3(k)σz, (2)

where the Pauli matrices σi denote the space of the

two crossing bands, one with positive parity and the
other with negative parity. The symmetry group at the
R point contains inversion symmetry and time-reversal
symmetry, as well as crystalline cubic symmetry. The in-
version symmetry constrains the Hamiltonian satisfying

P̂H(k)P̂−1 = H(−k). (3)

Consequently, g0,3(k) are even functions of k and g1,2(k)
are odd functions of k. On the other hand, the time-
reversal symmetry requires that

T̂H(k)T̂−1 = H(−k), (4)

where T̂ = K and K is the complex-conjugate operator
for the spin-less case. This requirement leads to g0,1,3(k)
being even and g2(k) being odd. By combining the con-
straints with gi(k)s, we obtain that g1(k) = 0, g0,3(k)
are even functions of k, and g2(k) is an odd function of
k. Considering the cubic symmetry at the R point, we

127202-4
Rui Yu, et al., Front. Phys. 12(3), 127202 (2017)



Review article

have

g0(k) = a0 + a1(k
2
x + k2y + k2z),

g2(k) = γkxkykz,

g3(k) = m0 + b(k2x + k2y + k2z), (5)

up to the lowest order of k. The eigenvalues of Eq. (2)
are E(k) = g0(k) ±

√
g22(k) + g23(k). The nodal lines

appear when g2(k) = 0 and g3(k) = 0. It is easy to
check that g3(k) = 0 can be satisfied only in the case
of m0b > 0, which is nothing but the band-inversion
condition. When band inversion occurs, there always
exist closed nodal lines in momentum space, as shown in
Fig. 3, which are the solutions of g2(k) = g3(k) = 0, and
there are three nodal lines due to the cubic symmetry.
The nodal lines are not necessarily flat in energy, and
they can have energy dispersion in the k space, as shown
in Fig. 3, which is determined by the g0(k) term.

The drumhead-like surface states can also be obtained
using the k ·p model in Eqs. (2) and (5), as discussed
below. We consider a surface terminated in the z direc-
tion. In this case, kz is perpendicular to the surface and
kx,y are parallel to the surface. Following the method
proposed in Ref. [72], the Dirac Hamiltonian in Eq. (2)
can be expressed as

H(kx, ky, kz) = g0(k) + h(k) · σ, (6)

where

h(k) = c0(kx, ky) + c1(kx, ky)kz + c2(kx, ky)k
2
z , (7)

and

c0 = (0, 0,m0 + b(k2x + k2y)),

c1 = (0, γkxky, 0),

c2 = (0, 0, b). (8)

The behavior of h(k) completely determines the topo-
logical nature of the system, and it is the key to under-
stand the relation between the existence of surface states
and bulk topological properties. By tuning kz, the vec-
tor h(k) forms a parabola in the 2D plane spanned by
c1 and c2. As proved in Ref. [72], for the continuum
Hamiltonian h(k), the surface states exist if the origin is
within the concave side of the parabola, leading to the
following inequality:
m0

b
+ (k2x + k2y) < 0. (9)

for kx and ky. The above inequation indicates that the
surface state exists inside the area of the projected nodal
line. The energy of the surface states (located on the
surface of a semi-infinite slab with z ≥ 0) can then be
calculated as

Es = c0 · c1 × c2

|c1 × c2|
. (10)

As expressed in Eq. (8), c0 is in the plane spanned by vec-
tors c1 and c2; therefore, c0 is perpendicular to c1 × c2,
which leads to Es = 0. This result indicates that a
dispersion-less state can exist on the surface of a nodal
line semimetal within the area determined by Eq. (9).
The topological trivial term g0(k) in Eq. (6) will intro-
duce a finite dispersion and finally lead to drumhead-like
surface sates, as shown in Figs. 4(a) and (d).

2.2 Anti-perovskite Cu3PdN

In this section, we briefly review the nodal line structure
proposed for cubic anti-perovskite Cu3PdN. The crystal
structure of Cu3PdN is shown in Fig. 5(a), where nitro-
gen atom is at the center of the cube and is surrounded
by octahedral Cu atoms and Pd is located at the cor-
ner of the cube. The symmetry of Cu3PdN is Pm3̄m
(No. 221), which is the same as that of MTC.

First-principles calculations show that the low-energy
states of Cu3PdN are dominated by Pd 4d (blue) and Pd
5p (red) orbitals and the band inversion occurs at the R
point, as shown in Fig. 6. The hybrid density functional
method has been used to confirm the existence of band
inversion. Without SOC, the occupied and unoccupied
low-energy bands are triply degenerate at the R point.
These states belong to the 3D irreducible representations
Γ−
4 and Γ+

5 of the Oh group at the R point, respectively.
We emphasize that the band inversion for Cu3PdN is
controlled by the hopping parameter of p and d orbitals
on Pd atoms, unlike the situation in a typical topological
insulator such as the Bi2Se3 family compounds, which is
due to SOC. The energies of Γ−

4 and Γ+
5 bands at the

R point as a function of lattice parameter are shown in
Fig. 6(b), which shows that the band inversion occurs
when a < 1.11a0.

The low-energy effective model Hamiltonian for the
two crossing bands has the same formula as expressed
in Eqs. (2) and (5). In the case of Cu3PdN, the Pauli
matrices characterize two bands, which are mainly from

Fig. 5 (a) Crystal structure of anti-perovskite Cu3PdN.
(b) Bulk and projected (001) surface BZ. The three nodal
line rings (orange color) and three pairs of Dirac points (red
points) without and with SOC included, respectively, are
schematically shown. Reproduced from Ref. [46].
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Fig. 6 Electronic band structure (a) without SOC and (c)
with SOC. The component of Pd-5p (4d) orbitals is propor-
tional to the width of the red (blue) curves. Band inversion
between Pd-5p (red) and Pd-4d (blue) orbits happens at R
point and the nodal line exist and surround the R point if
SOC is ignored. A small gap is opened in the R-X direction
while the Dirac point in the R-M direction is stable and pro-
tected by crystal symmetry C4 rotation when SOC is take
into consideration. (b) Evolution of Γ+

5 and Γ−
4 bands at

R point under hydrostatic pressure. Band inversion happens
when a < 1.11a0. Reproduced from Ref. [46].

the pz and dxy orbitals of Pd atoms. With the same ar-
gument as discussed for MTC, there exist closed nodal
lines in Cu3PdN, as the coexistence of time-reversal and
spatial-inversion symmetry occurs in the case of band
inversion, and the SOC is not considered. The distri-
bution of the nodal line in momentum space is shown
in Fig. 5(b), which can be understood by studying the
model Hamiltonian 2 and 5.

The surface states of Cu3PdN on the (001)-direction
surface are calculated using the TB Hamiltonian from
the maximum localized Wannier functions (MLWF) [73,
74]. The obtained band structures and surface density
of states are presented in Fig. 7. The bulk state is the
same as MTC, and there exists surface flat bands nestled
inside the projected nodal line ring, as shown in Fig. 7(a).

In the presence of SOC, first-principles calculations in-
dicate that a gap about 0.062 eV is opened in the R-X
direction, as shown in Fig. 6(b). An interesting finding is
that the nodal point in the R-M direction is unaffected
by SOC and that the crossing bands belong to the Γ7 and
Γ6 representation of the C4v double group and the cou-
pling between them vanishes. Therefore, in the presence
of SOC, the nodal lines evolve into three pairs of Dirac
points, as shown in Fig. 5(b). The (001)-direction sur-
face band structure in Fig. 7(b) clearly shows the gapped

bulk state along the Γ̄ -M̄ direction and the existence of
a surface Dirac cone due to topologically nontrivial Z2

indexes, as observed in Na3Bi [10] and Cd3As2 [11]. The
bulk Dirac cones are hidden by other bulk states. There-
fore, it is difficult to identify the detailed connection of
Fermi arcs in the Fermi surface plot, as shown in Fig. 8,
though some eyebrow-like Fermi arcs can be clearly seen
around these projected Dirac nodes.

2.3 Black phosphorus under pressure

The orthorhombic bulk black phosphorus (BP) belongs
to space group Cmce (No. 64) with a layered structure.
Each layer is a 2D hexagonal Lattice, which is puck-
ered along the armchair direction. These monolayers are
stacked along the z direction with van der Waals inter-

Fig. 7 Band structures and DOS for (001) surface (a)
without and (b) with SOC. Without SOC, the nearly flat sur-
face bands are clearly shown in the white dashed box around
M̄ point. Reproduced from Ref. [46].

Fig. 8 Fermi surface of (001) surface shown in Fig. 6(b)
with chemical potential at 0.12 eV [green dashed line in
Fig. 6(b)]. The yellow dots are projected Dirac points. The
bigger one at M̄ means there are two Dirac points superposed
there. Reproduced from Ref. [46].
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Fig. 9 (a) Crystal structure of bulk BP and the hopping parameters tij of the TB model. The surface in (100) direction
with zigzag type and beard type surface are presented in (a) and (b) respectively. (c) BZ of the bulk BP. The nodal line
is schematically shown with red color circle which surrounds Z point and lies on the T -Z-Γ plane. (d) The band structures
of BP under hydrostatic pressure is shown with black color. Band structures calculated by using four-bands TB model
are shown with red dashed curves. The fitted parameters read as ϵ = −1.1112 eV, t//

1 = −1.3298 eV, t//
2 = 4.2265 eV,

t//
3 = −0.3605 eV, t//

4 = −0.1621 eV, t⊥1 = 0.5558 eV, t⊥2 = 0.2303 eV. Reproduced from Ref. [58].

actions between them, as shown in Fig. 9(a). The bulk
BP is a semiconductor with a gap of approximately 300
meV. Under low pressure, the energies of valence and
conduction bands are inverted, and the BP becomes a
semimetal [75–77].

We find that, under the pressure of V ≈ 0.88V0 (V0 is
the optimized equilibrium volume by GGA), BP has ro-
bust band inversion and well-defined semimetal features,
as shown in Fig. 9(d). Near the Fermi energy, two bands
with opposite parity are inverted at the Z point, and
a nodal line surrounds the Z point in the T -Z-Γ plane
of the BZ, as shown in Fig. 9(c), which is protected by
the coexistence of time-reversal and inversion symmetry.
There is only one nodal line in the BP system, which is
different from the MTC and anti-perovskite Cu3PdN,
where three nodal lines exist owing to the cubic symme-
try in these systems.

There are two types of surfaces in the (100) direction:
the zigzag type and the beard type, as shown in Figs. 9(a)
and (b). For the zigzag surface, the calculated surface
states are located outside the nodal ring, as shown in
Fig. 10(a). In contrast, for the beard-type surface, a
nearly flat surface state exists inside the nodal ring, as
present in Fig. 10(b). In order to understand these re-
sults, we construct a simplified four-band TB model, as

expressed below:

H =
∑
i

ϵic
†
i ci +

∑
i̸=j

tijc
†
i cj , (11)

where the summation i runs over the lattice sites, c†i (cj)
is the creation (annihilation) operator of electrons at
site i (j), ϵi is the on-site energy parameter, and tij is
the hopping parameter between the i-th and j-th sites,
as shown in Fig. 9(a). The Hamiltonian in Eq. (11)
can be transformed to the momentum space as H =∑

k c
†(k)H(k)c(k), where

H(k) = ϵ+


0 h12 h13 h14

0 h23 h24

0 h34

† 0

 , (12)

and
h12 = t//

1 (1 + e−ik·a2) + t//
3 [e−ik·a1 + e−ik·(a1+a2)],

h13 = t//
4 [1 + e−ik·a2 + e−ik·a1 + e−ik·(a1+a2)]

+t⊥2 [e−ik·a3 + e−ik·(a1+a3)],

h14 = t//
2 e−ik·(a1+a2) + t⊥1 [e−ik·(a1+a3) + e−ik·(a1+a2+a3)],

h23 = t//
2 + t⊥1 [e−ik·a3 + eik·(a2−a3)],

h24 = h13, h34 = h12, (13)

Rui Yu, et al., Front. Phys. 12(3), 127202 (2017)
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Fig. 10 The surface states of compressed BP on the (a)
zigzag type and (b) beard type surface in the (100) direction.
The surface states exist outside the nodal ring for the zigzag
type surface and inside the nodal ring for the beard type
surface. Reproduced from Ref. [58].

where a1,2,3 are the lattice axis and the basis functions
(ϕ1, ϕ2, ϕ3, ϕ4) located on the four P-atoms in the unit
cell are sketched in Fig. 9(a). Near the Fermi energy,
both the valence and conduction bands are well repro-
duced within the energy region of ±0.25 eV, as shown in
Fig. 9(d).

To investigate how the surface states are dependent
on the type of surface termination, we study the one-
dimensional systems parameterized by the in-plane mo-
mentum (k2, k3) for the zigzag and beard-type surface
and show that the Berry phase of such one-dimensional
systems is related to the distribution of the surface states
on the surface BZ. The π Berry phase indicates that
there is a surface state at the (k2, k3) point in the sur-
face BZ, and the vanishing of the Berry phase indicates
that no surface states exist. For the zigzag-type surface,
the calculated Berry phase equals π for (k2, k3) outside
the nodal ring, while it is zero for (k2, k3) inside the
nodal ring. For the beard-type surface, the Hamiltonian
matrix elements in Eq. (12) need to be expressed in the
following manner:

h12 = t//
2 + t⊥1 [eik·a3 + e−ik·(a2−a3)],

h13 = t//
4 [1 + e−ik·a2 + e−ik·a1 + e−ik·(a1+a2)]

+t⊥2 [e−ik·(a2−a3) + e−ik·(a1+a2−a3)],

h14 = t//
1 [e−ik·a1 + e−ik·(a1+a2)] + t//

3 (1 + e−ik·a2),

h23 = t//
1 (1 + e−ik·a2) + t//

3 [e−ik·a1 + e−ik·(a1+a2)],

h24 = t//
4 [1 + e−ik·a2 + e−ik·a1 + e−ik·(a1+a2)]

+t⊥2 [e−ik·a3 + e−ik·(a1+a3)],

h34 = t//
2 + t⊥1 [e−ik·a3 + eik·(a2−a3)], (14)

where the basis is indicated in Fig. 9(b). The calculated
Berry phase is in contrast to the zigzag case, which is in
agreement with the surface states, as shown in Fig. 10(b).

2.4 CaP3 family of materials

The crystal structure of the CaP3 family of materials
is closely related to the orthorhombic BP and can be
derived from the latter by removing 1/4 of the P atoms,
as shown in Fig. 11. Fourteen P atoms in the a-c plane
form a two-dimensional puckered circle, and two Ca
atoms are inserted into the circle, as shown in Figs. 11(a)
and (c) [78]. These two-dimensional planes stack along
the b-axis and form channels in the a-c direction with
Ca atoms inserted into them, as shown in Figs. 11(b)
and (d). The space group of CaP3 and CaAs3 is P-1,
while SrP3, SrAs3, and BaAs3 have higher symmetry
characterized by space group C2/m. The band structure
of the CaP3 family of materials is presented in Fig. 12,
where the SOC is not taken into account. The band
structure obtained within the generalized gradient
approximation (GGA) calculations shows that two
bands with opposite parity are inverted around the Y
point near the Fermi energy. The symmetry at the
Y point are composed of time-reversal symmetry and
space-inversion symmetry for P-1 symmetry materials
and has an additional mirror symmetry for C2/m sym-
metry materials. The nodal line structures are found on
the Γ -Y -S plane for SrP3, SrAs3, and BaAs3, as shown

Fig. 11 (a) Top view of single layer of CaP3 and CaAs3.
The puckered P and As layers (gray color balls) are closely
related to the orthorhombic black phosphorus and can be de-
rived from the latter by removing 1/4 of the P atoms. (b)
Crystal structure CaP3 and CaAs3. The puckered polyan-
ionic layers stack along the b-axis. The space group for these
two compounds is P-1 (No. 2). (c) and (d) for the single
layer and bulk crystal structure of SrP3, SrAs3 and BaAs3,
which are characterized by space group C2/m (No. 12). Re-
produced from Ref. [59].
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Fig. 12 (a) The bulk BZ for CaP3 family of materials. The nodal line (red color loop) surrounds Y point and lies on the
Γ -Y -S plane for SrP3, SrAs3 and BaAs3 compounds, while it slightly deviates from this plane for CaP3 and CaAs3. The
band structure from GGA calculations are shown with black solid cures for (b) CaP3, (c) CaAs3, (d) SrP3, (e) SrAs3 and
(f) BaAs3. The red dotted curves are HSE06 calculation results and the blue dashed curves are HSE06 calculation results
with compressed lattice structure 0.94a× 0.94b× 0.94c. Reproduced from Ref. [59].

in Fig. 12(a), while for CaP3 and CaAs3, the nodal line
is slightly deviated from this plane. We have performed
the HSE06 calculations to check the band structure
near the Y point, which is shown by the red dotted
curves in Figs. 12(b)–(f). We find that only SrAs3 takes
the band-inverted structure in the HSE06 calculations,
while the band energies of the other four compounds are
in normal order. Therefore, the nodal line structure sur-

vives in the former material but vanishes in the latter
four materials. On the other hand, we also find that
the compression of the lattice volume is beneficial for
the emergence of band inversion. The band structures of
the compressed lattice with HSE06 calculation are shown
with blue dashed curves in Fig. 12. Therefore, the emer-
gence of the nodal line in the latter four materials can be
controlled by compressing the crystal lattice. The sur-

Rui Yu, et al., Front. Phys. 12(3), 127202 (2017)
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Fig. 13 (a) The projected BZ along c-direction. The surface states (red colored curve near Y point) (b) for CaP3, (c)
CaAs3, (d) SrP3, (e) SrAs3 and (f) BaAs3 are nestled between two solid Dirac cones, which are the projection of the nodal
line circles. Reproduced from Ref. [59].

face states in the c-direction are shown in Figs. 13(b)–(f).
A two-band model can be constructed form the sym-

metry consideration. At the band-inversion point Y , the
symmetry group is Ci for P-1 space group materials and
C2h for C2/m space group materials. The Ci group con-
tains time-reversal symmetry and space-inversion sym-
metry. For the C2h group, there is an additional mirror
symmetry M : ka ↔ kc; kb → kb. By retaining terms up
to the lowest order of k, the coefficient in the Hamilto-
nian 2 can be expressed as

g0(k) = a0 + a1k
2
a + a2k

2
b + a3k

2
c ,

g2(k) = αka + βkb + γkc,

g3(k) = m0 +m1k
2
a +m2k

2
b +m3k

2
c . (15)

where the basis vectors in k space are chosen as ka, kb,
and kc, as shown in Fig. 12(a). For the P-1 space group
materials CaP3 and CaAs3, the parameters in Eq. (15)
are independent. For the C2/m space group materials,
the mirror symmetry can be chosen as M̂ = σz, and the
mirror symmetry gives an additional constraint to the

127202-10
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Hamiltonian in Eq. (2):

M̂H(ka, kb, kc)M̂
−1 = H(kc, kb, ka), (16)

which reduces the number of parameters by requiring
that β = 0, a1 = a3, m1 = m3, and α = −γ in Eq. (15).

The band-crossing points appear when g2(k) = 0
and g3(k) = 0. In the band-inversion case, g3(k) =
m0+m1k

2
a+m2k

2
b +m3k

2
c = 0 is simply an equation for

an ellipsoidal surface, which surrounds the Y point in k
space. g2(k) = αka + βkb + γkc = 0 determines a plane
passing the Y point having its normal direction along
(α, β, γ). The crossing line between the plane and the el-
lipsoidal surface is the nodal line in the BZ. For the C2/m
space group, where β = 0 and α = −γ, the nodal line lies
on the plane that passes through kb and the angular bi-
sector of ka and kc. The higher-order terms, such as the
fourth-order terms in g0,3(k) and the third-order terms
in g2(k), will deform the ellipsoidal surface and bend the
plane; nevertheless, the crossing nodal line does not dis-
appear and instead changes to a three-dimensional closed
loop, as shown in Fig. 12(a).

If the SOC is taken into consideration, gaps will be
opened along the nodal line, and these materials become
small-gap topological insulators. The SOC gap along S-
Y and Y -Γ directions are listed in Table 1.

3 Discussion and future prospects

In this review, we proposed four materials that have a
nodal line structure near the Fermi energy by following
the design principle that the system needs to have a coex-
istence of time-reversal symmetry and inversion symme-
try in the case with band inversion and negligible SOC.
Therefore, one needs to search for a material composed
of light elements with negligible SOC. From this per-
spective, photonic crystals and phononic crystals are the
ideal platforms to realize the nodal line structure because
there is no spin degree of freedom in these two types of
systems. For the component with heavy elements, the
SOC cannot be ignored, and the SOC usually destroys
the nodal line structure. Nevertheless, the SOC might

Table 1 The gap values near the nodal line after consid-
ering the SOC.

S − Y Y − Γ

CaP3 31.69 meV 3.73 meV
CaAs3 54.47 meV 39.92 meV
SrP3 6.11 meV 1.76 meV
SrAs3 47.14 meV 6.28 meV
BaAs3 38.97 meV 6.22 meV

drive the nodal line state into new topological states.
For example, the SOC drives the nodal line structure in
Cu3PdN into Dirac points and converts the nodal line in
TaAs into Weyl points. Therefore, the nodal line states
can be thought of as an intermediate phase, starting from
which one can obtain other topological phases [79]. On
the other hand, the nodal line structure can stably exist
in the systems with strong SOC, which have an addi-
tional symmetry besides the time-reversal and inversion
symmetry. For example, double-nodal lines are proposed
in the system with additional twofold screw rotation [4].

Though many nodal line materials have been proposed
thus far, experimental reports on nodal-line materials are
rare. An interesting and valuable direction for future
work is to find more materials that can be confirmed by
experiments. More physical characteristics related to the
nodal line structure need to be studied to facilitate its
experimental confirmation. It is also interesting to study
the coexistence of the nodal line semimetals with other
effects, such as the electronic correlation effect, super-
conductivity, and magnetism.
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