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ABSTRACT Continuum robot has attracted extensive attention since its emergence. It has multi-degree of freedom
and high compliance, which give it significant advantages when traveling and operating in narrow spaces. The flexural
virtual-center of motion (VCM) mechanism can be machined integrally, and this way eliminates the assembly between
joints. Thus, it is well suited for use as a continuum robot joint. Therefore, a design method for continuum robots based
on the VCM mechanism is proposed in this study. First, a novel VCM mechanism is formed using a double leaf-type
isosceles-trapezoidal flexural pivot (D-LITFP), which is composed of a series of superimposed LITFPs, to enlarge its
stroke. Then, the pseudo-rigid body (PRB) model of the leaf is extended to the VCM mechanism, and the stiffness and
stroke of the D-LITFP are modeled. Second, the VCM mechanism is combined to form a flexural joint suitable for the
continuum robot. Finally, experiments and simulations are used to validate the accuracy and validity of the PRB model
by analyzing the performance (stiffness and stroke) of the VCM mechanism. Furthermore, the motion performance of the
designed continuum robot is evaluated. Results show that the maximum stroke of the VCM mechanism is approximately
14.2°, the axial compressive strength is approximately 1915 N/mm, and the repeatable positioning accuracies of the

continuum robot is approximately +1.47° (bending angle) and +2.46° (bending direction).
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1 Introduction

Continuum robots, also known as snake-arm or elephant-
trunk robots, have become popular in the last 30 years.
They have flexible and hyper-redundant structures. One
of their main advantages over conventional rigid robots is
the ability to travel in narrow, confined areas and reach
specific locations without damaging themselves or the
environment. This feature allows robots to interact with
people and other objects more safely. Many researchers
focus on the development of continuum robots for
applications in narrow spaces due to their advantages,
such as minimally invasive surgery [1-3], aviation
inspection and repair [4,5], nuclear power [6,7], in-space
inspection [8], submarine pipeline inspection [9], and
other fields [10,11]. Continuum robots can be categorized
into two according to the type of backbone: rigid
backbone and flexible backbone. The connecting links of
a rigid backbone continuum robot are connected using
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rotation pairs (R pairs) [12], Hooke hinges (U pair) [13],
and spherical hinges (S pair) [14]. This type of continuum
robot has distinct links and joints. However, it still has the
characteristics of a continuum robot due to the sufficient
number of joints, and its control is also inclined to active
control, with 3 or 4 cables per joint for control. Among
the rigid backbone continuum robots, several continuum
robots from OC Robotics are the most successful cases
[15]. Rigid continuum robots designed with rolling joints
as the backbone are also a major research topic [16]. The
other is the flexural backbone continuum robot, which
has a body structure that is composed of flexural joints or
soft materials, such as springs [17,18], pneumatic
artificial muscles [19], hyper-elastic nitinol rods with
base plates [20,21], flexural mechanisms [22-24], and
concentric tube structures [25,26]. Obviously, this type of
continuum robot is more in line with the concept of the
continuous manipulator and can produce a continuous
bending deformation effect. The origami mechanism also
extends a new direction for the structural design of
flexural continuum robots [27-29]. However, some
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research has been conducted on variable-length
continuum robots recently [30-32], which not only
enhances the functionality of continuum robots but also
breaks the bottleneck of conventional continuum robots
in terms of length.

Continuum robots with flexure mechanisms as their
backbone utilize their structures to achieve bending.
However, flexure mechanisms, mainly including notch-
type and leaf-type [33,34], generally have smaller
bending angles and require longer arms and more joints
for the same stroke due to the limitations of their
structures. This condition is a great challenge for accurate
modeling and control of continuum robots. This aspect
has also attracted the attention of scholars on large-stroke
flexural pivots, such as combining notched-type and leaf-
type pivots into different forms of Hooke hinge as joints
[35-37], which are mostly used in continuum robots for
minimally invasive surgery. Another type of continuum
robot, which takes the whole hyper-elastic nitinol tube as
the backbone, uses laser cutting to process a series of
flexural mechanisms on the tube wall for realizing the
motion of the continuum robot without assembly [38,39],
which obscures the concept of movement joint to some
extent.

On the basis of the abovementioned discussion, the
virtual-center of motion (VCM) mechanism is designed
as the main configuration of the continuum robot, and its
advantages of integrated processing can be introduced
into the design and manufacturing of the continuum
robot. This approach can improve the motion accuracy of
the continuum robot. Furthermore, the VCM mechanism
utilizes double leaf-type isosceles-trapezoidal flexural
pivot (D-LITFP) to enlarge stroke, and the D-LITFP is
configured in parallel to improve its stiffness. Then, the
VCM mechanism and the continuum robot composed of
VCM mechanisms are modeled. Finally, the modeling
and performance of the VCM mechanism and the
continuum robot are validated by experiments and
simulations.

2 Design and modeling

Compared with rigid hinges such as spherical and Hooke
hinges, the main advantage of the VCM mechanism is
that it can be processed integrally and generally does not

require assembly. Thus, it reduces the assembly tolerance
brought by rigid hinges and precision design require-
ments. At the same time, the stiffness of the VCM
mechanism can ensure the continuity and uniform
distribution of bending action. This feature provides the
feasibility of the VCM mechanism for the design of
continuum robots. The main problem for the flexural
VCM mechanism is the restriction of its rotation stroke.
Thus, a flexural VCM mechanism suitable for the flexural
joint of continuum robots is designed in this study, which
utilizes D-LITFP to enlarge its stroke. Then, the pseudo-
rigid body (PRB) model of the leaf is extended to the
VCM mechanism, and its stiffness and stroke are
modeled accurately.

2.1 Design of VCM mechanism

The proposed VCM mechanism is composed of two
identical large-stroke D-LITFPs in parallel, as shown in
Fig. 1(a). The D-LITFP is superposed by two LITFPs in
series to obtain a large stroke. The instantaneous center of
rotation (ICR) of the two LITFPs are at the same point O
on the lower surface (Fig. 1(b)). The ICRs of two parallel
flexible D-LITFPs form the rotation axis of the VCM
mechanism. The D-LITFP is also designed as a tensioned
structure to withstand higher loads (a tensioned leaf is
more stable than a compressed leaf for the same
parameters). Overall, the VCM mechanism can rotate
around the instantaneous axis of rotation (the line of the
ICRs), which has 1 degree of freedom.

2.2 PRB model for the LITFP

For the VCM mechanism that can be used as the flexural
joint, the stroke @, stiffness, and axial compressive
strength are critical. First, a single LITFP is modeled and
analyzed based on the PRB model.

The main parameters of an LITFP include H, 4y, and ¢,
and its ICR is at the intersection of the extension lines of
two leaves 4D and BC (Fig. 2(a)). Where h¢ and H are the
vertical coordinates of the endpoints of the flexible leaf
BC in the coordinate system {XOY}, and a; and a; are the
horizontal coordinates. ¢ is the angle between the leaf and
the Y-axis. To represent the position of the ICR, the

Fig. 1 Design of the virtual-center of motion mechanism: (a) structure of the virtual-center of motion mechanism and (b) structural

parameters of the double leaf-type isosceles-trapezoidal flexural pivot.
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coefficient n is introduced to represent it. Their
parametric relationship can be expressed as
H
n= , n€[1,+00), (1
—hy
= hstang,
(o = e @
) = ang.

When the LITFP is subjected to a pure bending
moment M, its deformation is shown in Fig. 2(b). Figure
2(c) is the force analysis diagram of link DC. The
corresponding relationships are as follows:

Fe.=Fycsin(p+a,)— Frecos(p+a,),
Fe, = Fyccos(p+a;)+ Fresin(p +a,),
Fp, = Fxpsin(p —a,) — Frpcos(p —a,),
Fp, = —Fypcos(p—a,)— Frpsin(p—a,),

©)

where Fy. and Fg, are the radial forces exerted by link
BC and AD on points C and D of link DC, which are
perpendicular to the links BC and 4D, respectively, and
Fy¢ and Fyp are the axial forces applied to link DC,
which are parallel to links BC and 4D, respectively.

D A

While Fc,, Fe,, Fp,, and Fp, are the x and y components
of the forces on points C and D of link CD, respectively,
and @, and @, are bending angles of link BC and AD
under the action of bending moment M, respectively
(Fig. 2(d)), which can be given by

’

a; = 2arcsin —
2L

“4)

’
@, = 2arcsin —
2L’

where /; is the length of the rigid link A’D and B'C of the
PRB model. CC’ and DD’ are the displacements of
points C and D, respectively, and their solving process
can be referred to Ref. [40].

The radial forces F- and Fy, can be calculated as

K
Fre = Blcal s
! 5
Kipa, ®)
Frp = s

where K- and K, are the bending stiffness of links BC
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Fig. 2 Pseudo-rigid body model of a leaf-type isosceles-trapezoidal flexural pivot (LITFP): (a) analytic model of an LITFP,
(b) equivalent four-bar model of an LITFP, (c) force analysis of the link DC, (d) bending angle at point D or C, and (e) equivalent pin-

joint model of an LITFP.
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and AD, respectively, which can also be calculated
according to our previous research [40].

The equation for the moment balance on the link DC
satisfies

FCX+FD.): = Oa
FC}'+FDy = O,
2bFp,sin0+2bFp,cos6 = M.

By combining Egs. (2)—(6), the bending moment M can
be obtained:

(6)

Frecos(p—a,+0)+ Fypcos(p+a, —6)

M =2b
sin(2p + @) —a,)

(M

When the bending angle 6 is small, it can be obtained
by Taylor’s expansion of trigonometric functions.

sinf = 6
’ 8
{COSQ =1. ®
Substituting Eq. (8) into Eq. (7) yields
8EI(H? + Hh;+ hi)cosg H + 8h;
= - S 6,
(H = hy) 8(H —hy)

where E and [ are the elastic modulus and moment of
inertia of the leaf, respectively.

In this case, the stiffness K of the equivalent single pin-
joint model shown in Fig. 2(e) is

8EI(H* + Hh;+ h})cosg H +8h;
= 7 cos . (10)
(H - hy) 8(H — hy)
In particular, when hy/H < 6/17, we have (H+8h;)/
[8 (H —hy)] < 1. In this case,
S(H—hy)

Then, the stiffness of the equivalent single pin-joint
model can be further simplified to

an

In the PRB model analysis of the leaf [40], when the
rotational angle reaches the maximum 6y, the bending
moment of the leaf is also the maximum, so the
maximum bending moment My, received by the leaf is
M. = 2EI(3n—1)cosg (14)

H

Then, the maximum stress omax received by the leaf on

LITFP is

0max .

M.t Et(3n—1)ncosg
21 H
where ¢ is the thickness of the leaf.
When the maximum stress on the leaf reaches the yield
strength (S,), LITFP has the maximum rotational angle
Omax (stroke):

gmam (15)

O—max -

H

= ——— S 16
Etn(3n-1)cosgp ° (16)

2.3 PRB model for the D-LITFP

The main characteristic of the LITFP is that its ICR is not
on the pivot. Thus, the symmetrical or asymmetrical
superposition combination can be fully used to adjust the
stiffness and expand the stroke for obtaining the VCM
mechanism with a large stroke. As shown in Fig. 3(a),
two LITFPs are selected and reasonably configured in
positions to ensure that their ICRs are overlapped. Then,
an intermediate element (IE) to connect the stand (S) of
one LITFP is added to the movement element (ME) of the
other LITFP, and the remaining S and ME become the S
and ME of the D-LITFP.

The PRB model of LITFP in the abovementioned
section can be also used for similar modeling and analysis
of the D-LITFP. The PRB model is shown in Fig. 3(b).
Under the action of a pure bending moment M, LITFP 1

_ 8EI (H?+ Hh;+ hi)cos g = rotates 6, relative to LITFP 2, and LITFP 2 rotates 6,
- ) ) (12) relative to S. Then, the rotation angle of the whole D-
(H=hy) LITFP is 0,, and we have
Substituting Eq. (1) into Eq. (12) yields @
0,=0,+0,, (17)
K- 8nEI(3n*—3n+ 1)cosgp 03
= I : (13) M =K.6, = Kb, (18)
S IE
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Fig. 3 Pseudo-rigid body model of the double leaf-type isosceles-trapezoidal flexural pivot (D-LITFP): (a) structure design of the

D-LITFP and (b) equivalent pseudo-rigid body model of the D-LITFP.
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where K| and K, are the bending stiffness of LITFPs
1 and 2, respectively.
From Eq. (18), we have
0, K,
—=— 19
5" K 19)
According to Eq. (12), the stiffness of LITFPs 1 and 2
can be obtained:
_ 8EIL (H; + H hy +hi ) cos g,
(Hy = hg)’

; (20)

1

. 8EL (H; + Hyhy, + h,) cos g,
2 (Hy— hp)
where [, H; (i = 1,2), and other parameters are
configuration parameters of LITFPs 1 and 2, respectively,
with the same meaning as above.
By combining Egs. (17)—(19), we have

) 20

(22)

Then, the stiffness K, of the D-LITFP is

KK,
Kd = .
K +K,
Thus, the stiffness Ky of the VCM mechanism is

2K, K,
K +K,’
For the maximum stress o ym., of the D-LITFP, the

larger value of the maximum stress of the two LITFPs
should be taken, that is,

(23)

KV = de = (24)

O-dmax = max {O-lmaxa O-Zmax} ) (25)
where o, and o, are the maximum stress values
corresponding to rotation angles of LITFPs 1 and 2,
which can be obtained by Eq. (15), respectively.
Similarly, the maximum rotation angles 6, ., and 6,

of LITFPs 1 and 2 can be obtained by Eq. (16), if

91 max >

(26)

w
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The maximum stress of LITFP 2 is the first to reach
yield strength (S,). In this case, the maximum bending
angle Gy 18

p _ K +K, K +K, H, s
mET R ™7 K Etny(3ny—1)coso,
27)
Otherwise,
Kl + K2 Kl + K2 Hl
gdmax = Imax = Sy
K, K, Etin;(3n;—1)cosgp,
28)
That is,
p . [Ki+K, K1+K29 (29)
max = mln max» max b
d K1 2 Kz 1

where ¢; and n; (i = 1, 2) are the same as those of ¢ and n
above.

When the two LITFP components of D-LITFP reach
the maximum rotation angle, the following equation
needs to be satisfied:

K,

01 max — _92max-

X, (30)

That is,
K]H] _ KZHZ
Hn, (3”1 - I)COS(D] a thn, (3”2 - I)COS(DZ '

€2))

2.4 Parameter determination

The stiffness and rotation angle of the VCM mechanism
can be changed by optimizing its structural parameters.
The influence of each parameter change on the overall
structural performance needs to be verified to obtain a
reasonable rotational stiffness and maximum rotation
angle. For LITFP 1, its structural parameters are
preliminarily set as H, =55 mm, /g = 17 mm, ¢, = 10°,
b =10 mm, and ¢ = 1.0 mm. Figure 4 shows the change in
stiffness K with the structural parameters (width b,
thickness ¢, height H, &g, and included angle ¢ of the leaf).
The results show that, when other parameters remain
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Fig. 4 Influence of each parameter change on the stiffness: (a) change in stiffness K with the width b and thickness ¢, (b) change in
stiffness K with height H and /5, and (c) change in stiffness K with the included angle ¢ of the leaf.



unchanged: (i) The stiffness K is proportional to b, ¢, and
h¢ and inversely proportional to H and ¢; among them, the
influence of ¢ and b on stiffness K is slight; (ii) the
stiffness K is inversely proportional to H/hs. Therefore, a
certain performance index (6., ~ 15°) is used as the
guide for the structure design, and the thickness ¢ and
HJ/hs are mainly considered, while the parameters ¢ and
width b are supplemented by the trial-and-error method
for parameter selection. Among them, the parameter ¢
can be used to ensure that the bending angle of the VCM
mechanism is not limited by the opening angle of its V-
shape structures. Therefore, the structural parameters of
the two LITFPs can be determined as shown in Table 1.
The stiffness values of the two LITFPs are K,
6.97 N-m/rad and K, = 6.88 N'm/rad, and the maximum
strokes are 0, = 7.11° and 0,,,, = 7.13°. Furthermore,
the composite stiffness and the maximum stroke of the
designed VCM mechanism are Ky = 6.92 N-m/rad and
Oymax = 14.2°, respectively, as shown in Table 2.

3 Kinematic analysis

In this chapter, a complete kinematic model is establi-
shed, including the relationships between the difference
in driving cables length and the bending configuration of
the proposed VCM mechanism (we call the VCM

Table 1 Characteristic parameters of the two LITFPs

Type #mm b/mm H/mm hfmm ¢/(°) K/(N-mrad™) Oma/(°)
LITFP 1 0.6 9 55 17 12 6.97 7.11
LITFP2 0.6 9 46 14 34 6.88 7.13
Table 2 Characteristic parameters of the VCM mechanism

Type Length  Diameter Kv Odmax
VCM mechanism 66 mm 115 mm 6.92 N-m/rad 14.2°

Half joint .
configuration G
o 0.

T

Fig. 5 Mappings among driving space,

Difference of driving cable length

Alsmgle (l), Alj(’ll“ (’), Alsegmem (l), Almml (l)
Driving space

Joint configuration

joint> Mjoint

Configuration space

Task space
End pose transformation matrix

segment>
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mechanism a half joint, which can be simplified as a
single-axis rotating pivot), single-joint, and single-
segment, as well as the relationship between the bending
configuration of each segment and the end pose of the
whole continuum robot. The process is shown in Fig. 5.
In each section, the basic symbols Al(i), 8, and # are used
to represent the cable length difference, bending angle,
and bending direction, respectively, to make the formula
more concise. The specific symbols are shown in Table 3.
3.1 Kinematic analysis of single joint
For the designed continuum robot, each joint requires 2
degrees of freedom. Considering that the half joint only
has 1 degree of freedom, every two half joints can form
an independent functional joint. The combination mode is
shown in Fig. 6(a). The rotation axes of the two half
joints are on the same plane and perpendicular to each
other. This arrangement means that the phase difference
of the rotation axis is 90°, which forms a joint similar to
the Hooke hinge in function. Moreover, the rotation
angles of the two half joints are set as ¢, and ¢,,
respectively (Fig. 6(b)).

Through the Denavit-Hartenberg parameter method,
the pose transformation matrix can be obtained from
Fig. 6(b).

cosp,cosp, sinp,cosp, —sing, 0

iy = COS(/_)zsinq)1 sing,sing, cosgp, O ’
sing, —Cos g, 0 0
0 0 0 1

(32)

where ‘T represents the coordinate transformation of
coordinate system {O;} with respect to coordinate system
10}

As shown in Fig. 6(b), the relationship between rotation
angles (p, and ¢,) of two half joints and joint configura-
tions (Gjoine and 7,,,,) is

T

configuration space, and task space.
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Table 3 Symbol description table

Symbol Description

Lsingle () Driving cable length in half joint

Algingle () Difference in driving cable length in half joint

lioint (D) Driving cable length in single joint

Aljoint (7) Difference in driving cable length in single joint

Isegment (1) Driving cable length in a single segment

Alsegment (i) Difference in driving cable length in a single segment

Liota1 (0) Driving cable length of the whole continuum robot

Algotar (i) Difference in driving cable length of the whole continuum robot
® Bending angle of the half joint

Broints Mjoint
Bsegmema nscgmcnt
T segment

T total

Bending angle and bending direction of the single joint
Bending angle and bending direction of the single segment
Pose transformation matrix of the single segment

End pose transformation matrix of the whole continuum robot

(b)

Fig. 6 Design of the flexural joint: (a) combination mode of half joint and (b) coordinate transformation of half joint.

Sing, = SinGjgin COS join»

S0 Oy SIN 75 = SN, COS @, (33)
€08 i = COS @, COS @,

According to Eq. (33), the mapping relationship is

¢, = arctan(tan Gjo;y Sin7y;,),
@, = arcsin(sin Gjoiy COS 7;4in)

(91,0, € [14°, 147]), (34

Bjoine = arccos(cos ¢, cos p,),
sing,

”joim = arctan tan 0, ’

(Qjoinl € [_1409 140]a njoint € [009 3600]) (35)

Figure 7(a) shows the relationship between cable length
difference and rotation angle ¢ of half joint. Point P;, is

defined as the position of the cable in the lower plate, P;
is the position of the corresponding cable in the upper
plate, and P; is the position of the cable in the upper plate
after bending. The cable length [,y (i) = |P,-0Plf|. The
assumption is that each driving cable is parallel, that is,
the bending angle of each driving cable is ¢. The rotation
angle ¢ can be expressed as

Alnge (i)
2n(i—1)°
rsin—o—
where i indicates the number of cables, and r is the radius
of the circle where the driving cable is located. Figure
7(b) shows the distribution location and number of
driving cables. The driving cable that passes through the

@ = arcsin (36)
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(@)

Driving
cable

Driving
cable

Fig. 7 Half joint: (a) analytical model of cable length difference for half joint and (b) distribution, and a serial number of driving cables
(uniform distribution). Each segment is driven by three evenly distributed driving cables, of which Nos. 1, 4, and 7 driving cables are the
first group, Nos. 2, 5, and 8 driving cables are the second group, and Nos. 3, 6, and 9 driving cables are the third group.

half joint rotating shaft is set as No. 1, and then, it is
numbered counterclockwise.

When 6, and 7, are known (inverse solution), the
length of the driving cable can be obtained indirectly
from the bending angles of the two half joints. However,
the bending angles of the two half joints cannot be

. 2(i-Dm .,
in————sing,

2(i—1
(i—Dm _ g) sing, = Al (D),

rs

+r sin(

.2+ 2)m
rsin———sing,

obtained directly from the difference in the cable length C(26+n =« . _ (37
in the joint given that the distribution of the driving cable +r sm( - 5) sing, = Aljn (i +3),
length in the two half joints of a single joint cannot be 2i+5)m
controlled. Therefore, the relationship between the sin——— sing,
difference in the cable length Al;,(i) and the bending 2it+5)
angles (¢,, ,) needs to be resolved. +rsin( PO E) sing, = Al (i +6).
When the driving cable of group i is driven, the 9 2
following equations can be listed. Any two of these equations are solved.
2(i-1 2(i+2
Sin( (l )TC - E) Aljoim(i + 3) - Sin( (l )n - E) Aljoint(i)
. 9 2 2
sing, = . . , , ; (38)
rsin 2(i+2)n sin 20-Dr = rsin 2(i— D= sin 2(i+2 =
9 9 9 9 2
2(i+2 2(i—1
in %Aljoim(l) Csin 2T DT i43)
sing, = . . . . : (39)
sin 2(i+2)n sin 20— = sin 2(i— D= sin 20+2)t =
’ 9 9 PR T T2

The bending angle and bending direction of the joint
can be deduced by Eq. (35).

3.2 Kinematic analysis of continuum robot

For the kinematic relationship of the single-segment
robot, the single-segment continuum robot is assumed to
bend uniformly based on piecewise constant curvature
theory. Thus, the single-segment continuum robot can be
simplified into the model shown in Fig. 8. According to

[

the bending properties of a single segment, the center of
the lower and upper surface of each joint is on the same
arc, and the center of the arc falls on the bending plane
and the lower surface of the first joint, with a radius of

g'oint .
12 (Fig. 8(a)). O and A4 have 2 degrees

Rbend = lsingle/ tan

of freedom.

First, each rotation axis is determined. Then, it is
defined as the Z-axis. Finally, the X-axis is determined
according to the vertical relationship. According to the
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(b)

a—
\
NMp

M segment

Fig. 8 Schematic of single-segment bending: (a) bending plane and (b) coordinate transformation.

geometric relationship and the properties of the
continuum robot, the coordinate transformation (point A4
relative to point O) of the end poses in the coordinate
system {XYZ} can be calculated. The pose matrix of each
segment also needs to be adjusted by rotating —» around
axis Z3, as shown in Fig. 8(b).

‘R 4P
Tsegmem=|:(gl><3 01 :|
R(1—cos6)
=[Rz(n) 0] R, (6) 0 [RZ(—n) 0]
0., 1 Rsin® 0,5 1|
0]><3 1
(40)

where R is the bending radius Ry.,4, 0 is the bending angle
Bqeemeni» and 7 is the bending direction angle 7., Of the
segment. (R and (P are the rotation matrix and
displacement vector from {O,} to {O,}, respectively. Ry(6)
represents the rotation matrix which rotated at a certain
angle 6 around the Y-axis. Rz(n7) means the same thing.
Then, the pose matrix T\, of the whole continuum

robot is
T = | | T (41)

4 Performance validation

To validate the validity and accuracy of the PRB model,
finite element analysis (FEA) and experiments, including
the validation of the compressive strength, the stiffness,
and the stroke of the VCM mechanism, are conducted.
Furthermore, the motion performance of the continuum
robot is tested.

4.1 Finite element analysis

The cables can only provide tension in practical
applications. Thus, the joints of the continuum robot are

in a state of compression, which places great demands on
their strength and stability. The axial compressive
strength of the VCM mechanism, which is determined by
its yield strength, can be verified by FEA, as shown in
Fig. 9. Its structural parameters are consistent with those
shown in Table 1. In the simulation, the lower surface of
the VCM mechanism is fixed, and a uniform force of
1800 N perpendicular to the upper surface is applied. The
maximum stress received by the leaf is 450.58 MPa,
which is approximately equal to the yield strength of the
leaf material: aluminum alloy (Al alloy, yield strength:
455 MPa), as shown in Fig. 9(a). The maximum stress of
the VCM mechanism also occurs in the excessive
position between the leaf and the stand, which belongs to
the phenomenon of stress concentration and conforms to
the general law. Therefore, the overall axial compressive
capacity of the VCM mechanism is approximately 1800 N.
The deformation in Fig. 9(b), which is symmetrically
distributed on both sides of the rotation axis of the VCM
mechanism, is mainly reflected on the upper surface and
the tensioned leaves. The maximum axial deformation is
0.94 mm, which appears on the upper surface farthest
from the rotating axis. Thus, the axial stiffness is
approximately 1915 N/mm, and the deformation ratio is
approximately 1.42% (the length [,y = 66 mm).

On this basis, the stiffness K and stroke 6 of the VCM
mechanism are verified by FEA. As shown in Figs. 10(a)
and 10(b), the stiffness calculation and simulation results
of LITFPs 1 and 2 exhibit great consistency, especially
LITFP 2, which is related to the included angle ¢, of the
leaf to a certain extent. Figure 10(c) shows the relative
error of stiffness for LITFPs 1 and 2. First, the simulation
result is assumed to be closer to the real value. The
relative error £ of PRB model with respect to FEA is
defined as

_ |rf—rp|

re

; (42)

where r¢ is the result of FEA, and r, is the calculation
result of the PRB model. The accuracy of the calculation
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Fig. 9 Axial stiffness simulation of virtual-center of motion mechanism: (a) equivalent stress and (b) axial deformation.
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result is acceptable when the relative error is less than
10%.

Figure 10(c) shows that, when the rotation angles of
LITFPs 1 and 2 are within 12.7°, the relative errors of
stiffness for the two LITFPs are less than 10%. Thus, the
calculated values of stiffness for the PRB model are
available. Then, the maximum stress values of LITFPs 1
and 2 at corresponding rotation angles are compared, as
shown in Figs. 10(d)-10(f). The results show that the
relative errors of maximum stress for the two LITFPs are
also less than 10% when the rotation angles of LITFPs 1
and 2 are within 12°. Similarly, the stiffness and
maximum stress of the VCM mechanism are verified, as
shown in Figs. 10(g)-10(i). The relative errors of stiffness
and the maximum stress are within 10%. Thus, the
maximum stroke Oy, = 14.2° of the VCM mechanism
can be reached. It demonstrates the accuracy and validity
of the PRB model of LITFP.

4.2 Experimental validation

As shown in Fig. 11(a), the stiffness experimental device
of the VCM mechanism is installed on the vibration
isolation platform. The device is mainly composed of a
lead screw slide, force sensor (YISIDA: DS2-100N;
Accuracy: +0.2% Full Scale), displacement sensor
(Keyence: LK-H050; Accuracy: +0.02% Full Scale), and
voltage stabilized power supply. Among them, the lead
screw slide is fixed on the vibration isolation platform
and the hand wheel is installed above the slide. The force
sensor is fixed on the lead screw slide and its
displacement can be applied by rotating the hand wheel.
The laser displacement sensor is used to monitor the
moving distance for measuring the displacement of the
lead screw slide more accurately.

The experimental object is the VCM mechanism
processed by 3D printing (material: polylactic acid
(PLA)), as shown in Fig. 11(b). To demonstrate that the
3D printed sample can be used for experimental
validation instead of the designed VCM mechanism
(material: Al alloy), two conditions need to be satisfied:

(1) The range of motion (maximum bending angle) of the
3D printed sample is not smaller than that of the Al alloy
sample; (ii) the PRB model is also applicable to the
stiffness modeling analysis of the 3D printed sample. In
the abovementioned conditions, condition (i) is used to
verify that the configuration can reach the designed
maximum bending angle without the leaves being pulled
off. Without considering the limitation of V-shape
structures, the data in Table 4 show that the VCM
mechanism made of PLA can reach a maximum bending
angle of 29.6°. Furthermore, the maximum bending
angles of the two LITFPs are 14.79° and 14.83°,
respectively. These angles are larger than those of the
VCM mechanism made of Al alloy. Condition (ii) and the
VCM mechanism’s configuration together ensure the
accuracy of the motion of the mechanism.

The thickness of the printed leaf is selected as ¢ = 1.0,
1.2, and 1.4 mm due to the limitation of processing
technology. The stiffness of the experimental samples can
be calculated as

K= Fr
B Al

arctan —
r

where 7 is the vertical distance between the force F and
the rotating axis, and Al is the displacement of the force
sensor.

At least five sets of /" values and Al values are taken for
each experiment, and the average value of the
experiments is taken as the measured stiffness of the
VCM mechanism, as shown in Fig. 12. The trend of the
experimental stiffness of the samples is consistent with
that of the calculated stiffness of the PRB model, and the
difference is stable within a certain range. The reason is
that a certain difference exists between the elastic
modulus of different types of PLA materials and the
standard value. It also shows that the stiffness of the 3D
printed sample can also be analyzed by the PRB model.
Therefore, the 3D printed sample can be used as a
substitute for the experimental validation from the results
in Table 4 and Fig. 12.

(43)

Fig. 11 Stiffness experiment of virtual-center of motion mechanism: (a) experimental device and (b) experimental scene.
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Table 4 Comparison of the performance of the VCM mechanism for
two different materials.

Type Material ~ E/GPa  Sy/MPa  K/(N'mrad™!)  Onax/(°)
LITFP 1 Al alloy 71 455 6.97 7.11
PLA 3 40 0.29 14.79
LITFP 2 Al alloy 71 455 6.88 7.13
PLA 3 40 0.29 14.83
VCM Al alloy 71 455 6.92 14.20
PLA 3 40 0.29 29.60
4 T : T f i
[ ] Experiment
' ] Theory =
/LI_
3t P

o0

N

K/(N'm-rad™)

1.0 1.2 1.4
t/mm

Fig. 12 Trend of experimental stiffness and theoretical
calculation stiffness of samples (¢ = 1.0, 1.2, and 1.4 mm).

4.3 Kinematic performance

The workspace of the continuum robot is a vital criterion
for evaluating its property. The previous section indicates
that the bending range of each VCM mechanism is
+14.2°. The assumption is that the continuum robot has
three segments, each consisting of three flexible joints

z/mm
oy
S
S
Vi

0
-200

—400
y/mm ~600ﬂ 300

21000 109G 800

(six VCM mechanisms). Therefore, the range of bending
angle of the single segment can be set to +£42°, and the
range of the bending direction of the single segment is
[0, 2x]. Figure 13 shows the several different workspaces
of the continuum robot (single-segment, two-segment,
and three-segment) according to Eq. (41).

The instrument (DXL digital angle ruler) is used to
measure the pose (6 and #) during motion for further
evaluating the motion performance of the continuum
robot. First, the DXL digital angle ruler is fixed on the
end plane of the continuum robot. In the initial state
(6=0, =0, Fig.14(a)), the horizontal installation
direction of the DXL digital angle ruler is set to the X-
axis and the axis direction of the continuum robot is set to
the Y-axis. Then, the motion pose of the continuum robot
can be calculated by measuring the dual-axis tilt angle (¢,
and ¢, ) at each position.

N .2 .2
6 = arcsin 4/sin’p, +sin’g,,

sing, (44)

n = arctan ——.

sing,

The prototype of the continuum robot is shown in
Fig. 14(a). It has three segments, and each segment is
composed of two flexural joints, that is, four VCM
mechanisms. Therefore, the maximum bending angle of
the whole continuum robot is approximately 84°, as
shown in Fig. 14(b). The continuous robot can also
perform S-shape bending (Fig. 14(c)). The continuum
robot is controlled to complete a uniform circular motion
shown in Fig. 14(d). In this process, the preset bending
direction and bending angle can be used as the input
values by the control system, and several positions are
selected to compare the input values with the actual
values (measured values). The selected positions are
shown in Table 5.

o Workspace of the single-segment robot
® Workspace of the two-segment robot
@ Workspace of the three-segment robot

—400
600 x/mm

Fig. 13 Workspaces of the continuum robot.
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S-shape |

N IR
N

Fig. 14 Motion performance of the continuum robot: (a) prototype and control system of continuum robot, (b) C-shape, (c) S-shape, and

(d) uniform circular motion (0° — 180°).

Table 5 Repeatable positioning accuracy experiment arrangement

Number Bending angle, 6/(° ) Bending direction, n/(°)
0 30 0

1 30 30

2 30 60

3 30 90

4 30 120

5 30 150

6 30 180

The results in Fig. 15 show that the repeatable
positioning accuracies of the bending angle of the
continlum robot are approximately +0.11° (p = 0°),
+0.53° (3 = 30°), £0.36° (n = 60°), £0.67° (3 = 90°),
+0.73° (n = 120°), +£0.43° (n = 150°), and +0.05° (n =
180°) for the respective bending direction angles (Fig.
15(a)). The maximum repeatable positioning accuracy of
the continuum robot is +0.73° for the same bending
direction angle. However, for the whole bending direction
angle (6 = 0°-180°), the maximum repeatable positioning
accuracy of the continuum robot can still reach +1.47° at
the bending angle, and the maximum deviation of the
bending angle is approximately 1.5° (Fig. 15(c)). The
repeatable positioning accuracies of the continuum robot

at the bending direction angle are approximately +2.12°
(n = 0°), £0.70° (7 = 30°), £0.50° (n = 60°), £1.82° (5 =
90°), £2.46° (n = 120°), £0.71° (n = 150°), and +1.74°
(n = 180°) at a bending angle of 30° (Fig. 15(b)).
Therefore, the maximum repeatable positioning accuracy
of the bending direction is £2.46°, and the maximum
deviation is approximately 3.81° (Fig. 15(d)). The results
show that the repeatable positioning accuracy of the
continuum robot is acceptable. The experimental error
mainly comes from the assumption in Section 3.2: The
single-segment continuum robot bends uniformly which
ignores the self-weight and payload of the continuum
robot. When the load is ignored, the bending stiffness of
the joint needs to offset the influence of the bending
moment caused by its weight to achieve the uniform
bending of the continuum robot. Therefore, the stiffness
of each VCM mechanism constituting the continuum
robot can be considered to increase sequentially, rather
than equally, to offset the effect of self-weight in
subsequent studies.

5 Discussion

The V-shape structures are unavoidable for the VCM
mechanism, but they do not limit the bending angle of the
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Fig. 15 Repeatable positioning accuracy experiment: repeatable positioning accuracy of (a) bending angle and (b) bending direction;

deviation angle of (c) bending angle and (d) bending direction.

mechanism. First, when LITFPs receive pressure, they
can be divided into two types depending on the state of
the leaf: compressed leaf-type isosceles-trapezoidal
flexural pivots (CLITFPs) and tensioned leaf-type
isosceles-trapezoidal flexural pivots (TLITFPs). The
CLITFP is easily destabilized when under pressure and
cannot withstand large axial pressure due to the structural
characteristics of the leaf itself. By comparison, the axial
pressure resistance of the TLITFP has a greater
advantage, but it also determines its structural
characteristics (V-shape structure): Its bending angle will
be limited to a certain extent by its structure. However,
according to the conclusions mentioned in Section 2.4,
the parameter ¢, which has a small effect on the stiffness
of the VCM mechanism, can be used to ensure that the
bending angle of the VCM mechanism is not limited by
the opening angle of its V-shape structures as much as
possible. Second, the V-shape structure is composed of
two parts: the ME and IE. The IE (with minimal
deformation) can be considered a rigid element. These
rigid elements can also provide a limiting and protective
effect when the VCM mechanism is bent to its maximum
bending angle. This condition prevents the VCM
mechanism from continuing to bend to the point where
the leaves are pulled off. Overall, the advantages of the

V-shape construction outweigh the disadvantages when
the extreme bending angle of the structure is not required.

Meanwhile, the complexity of the structure and its
miniaturization is a major conflict in structural design.
The VCM mechanism designed is formed using D-
LITFPs, which limit its miniaturization to some extent. In
subsequent studies, the miniaturized design of the VCM
mechanism will be the focus of our research, and a
miniaturized VCM mechanism with a diameter of 40 mm
will be proven feasible. A continuum robot of this size
should be adequate for applications in the most complex,
constrained scenarios (other than minimally invasive
surgery), such as the maintenance of aerospace, space,
and nuclear power plants.

6 Conclusions

A continuum robot based on the VCM mechanism is
designed in this study. The robot takes the VCM
mechanism as the flexural joint and integrates the
advantages of the VCM mechanism into the joint design.
In this way, the flexural joint can be processed integrally
to be free from assembly and has a fixed axis of rotation.
This design simplifies the kinematics modeling of the
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continuum robot. It also has a considerable stiffness to
ensure the uniformity of bending deformation. The D-
LITFP which can rotate at a larger stroke is adopted as
the main configuration of the VCM mechanism, and its
main principle is to connect LITFPs in series in the same
direction to increase its rotation angle and then in parallel
to increase its stiffness.

In the whole continuum robot, every two VCM
mechanisms (diameter: 115 mm, length: 66 mm) can
form a flexural joint with 2 degrees of freedom and one
fixed rotation axis. The length of the whole robot is 792
mm, which is composed of 3 segments and 12 VCM
mechanisms in series (each segment has 2 flexural joints),
and its length—diameter ratio is approximately 7.
Moreover, the length—diameter ratio can be changed by
the number of VCM mechanisms in series. In the
performance analysis of the VCM mechanism and
continuum robot, the axial compressive stiffness of the
VCM mechanism is approximately 1915 N/mm, which
can bear the pressure of at least 1800 N. The maximum
stroke (bending angle) of the flexural joint can reach
14.2°, and the composite stiffness is approximately 6.92
N-m/rad. The repeatable positioning accuracies of the
continium robot are approximately +1.47° (bending
angle) and £2.46° (bending direction). In the later stage,
the stiffness of each joint within the segment should be
different to balance the influence of weight and load on
the whole stiffness for realizing the uniform bending of
the continuum robot.

Nomenclature

Abbreviations

Al alloy Aluminum alloy

CLITFP Compressed leaf-type isosceles-trapezoidal flexural pivot
D-LITFP Double leaf-type isosceles-trapezoidal flexural pivot
FEA Finite element analysis

ICR Instantaneous center of rotation

IE Intermediate element

LITFP Leaf-type isosceles-trapezoidal flexural pivot

ME Movement element

PLA Polylactic acid

PRB Pseudo-rigid body

S Stand

TLITFP Tensioned leaf-type isosceles-trapezoidal flexural pivot
VCM Virtual-center of motion

Variables

aiy, ap X-coordinate of the end points B and C of link BC

b

cC, DD
E

LI

F

Fe, Fo,

Fps, Fp,
FNCa FND

Fre, Fro

Ligin (D)

ke

Licgment (1)
Lingte (1)
Lo ()

M
M,

max

n

oR.OP

Sy

t

t;

T cqment
T
oT

T

Width of the leaf

Displacements of points C and D, respectively

Elastic modulus

Moments of inertia of the leaf and LITFP 7, respectively

Force

Component forces at point C on the X- and Y-axis,
respectively

Component forces at point D on the X- and Y-axis,
respectively

Axial forces applied to link DC on points C and D,
respectively

Radial forces exerted by link BC and 4D on points C and D of
link DC, respectively

Height of the lower plane of LITFP from the ICR

Height of the lower plane of LITFP i from the ICR, i=1, 2
Height of the upper plane of LITFP from the ICR

Height of the upper plane of LITFP i from the ICR, i =1, 2
Bending stiffness of LITFP

Bending stiffness of links BC and AD, respectively

Bending stiffness of the D-LITFP

Bending stiffness of the LITFP i,i =1, 2

Bending stiffness of the VCM mechanism

Driving cable length in single joint

Length of the rigid links A’D and B'C

Driving cable length in a single segment

Driving cable length in half joint

Driving cable length of the whole continuum robot

A pure bending moment

Maximum bending moment which LITFP can bear

Position coefficient of ICR

Position coefficient of the ICR of the LITFP i

Radius of the circle where the driving cable is located

Result of FEA

Calculation result of the PRB model

Bending radius

Bending radius of the segment

Rotation matrix around the Y-axis

Rotation matrix around the Z-axis

Rotation matrix and displacement vector from {O,} to {O,},
respectively

Tensile yield strength

Thickness of the leaf

Thickness of the leaf of LITFP i

Pose transformation matrix of the single segment

End pose transformation matrix of the whole continuum robot

Coordinate transformation matrix from {O,} to {O,}

Coordinate transformation matrix from {O,} to {O,}
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T Coordinate transformation matrix from {O,} to {O,}

ay, @ Bending angles of link BC and 4D under the action of
bending moment M

T Imax> O2mae - Maximum stress values corresponding to rotation angles of

O dmax> O 'max

LITFPs 1 and 2, respectively
Maximum stress of the D-LITFP and LITFP, respectively

2 Bending angle of the half joint

i Half of the angle between the two leaves of the LITFP i,i=1, 2

Px> Py X- and Y-axis tilt angles, respectively

0 Rotation angle (stroke) of the VCM mechanism

64 Rotation angle of the whole D-LITFP

Ouamax Maximum bending angle of the whole D-LITFP

6;, Gimax (Maximum) Bending angle of the LITFP i,i=1,2

Bjoint> Oseomene  Bending angles of the single joint and single segment,
respectively

Omax Maximum bending angle of the LITFP

n Bending direction

Mioint> Msegment Bending directions of the single joint and single segment,
respectively

€ Relative error of PRB model with respect to FEA

Al Displacement of the force sensor

Al (i) Cable length difference

Aligin (D) Difference in driving cable length in a single joint

Algegmen (i) Difference in driving cable length in a single segment

Algingie (1) Difference in driving cable length in half joint

Al () Difference in driving cable length of the whole continuum
robot
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