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ABSTRACT Gear wear is one of the most common gear failures, which changes the mesh relationship of normal gear.
A new mesh relationship caused by gear wear affects meshing excitations, such as mesh stiffness and transmission error,
and further increases vibration and noise level. This paper aims to establish the model of mesh relationship and reveal the
vibration characteristics of external spur gears with gear wear. A geometric model for a new mesh relationship with gear
wear is proposed, which is utilized to evaluate the influence of gear wear on mesh stiffness and unloaded static
transmission error (USTE). Based on the mesh stiffness and USTE considering gear wear, a gear dynamic model is
established, and the vibration characteristics of gear wear are numerically studied. Comparison with the experimental
results verifies the proposed dynamic model based on the new mesh relationship. The numerical and experimental results
indicate that gear wear does not change the structure of the spectrum, but it alters the amplitude of the meshing
frequencies and their sidebands. Several condition indicators, such as root-mean-square, kurtosis, and first-order meshing

frequency amplitude, can be regarded as important bases for judging gear wear state.

KEYWORDS gear wear, mesh relationship, mesh stiffness, transmission error, vibration characteristics

1 Introduction

Gear transmissions are widely applied in the transmission
system of mechanical equipment, such as helicopter,
wind turbine, and gear turbofan engine. The vibration and
noise of gear transmission systems are the key indicators
to determine whether the equipment is operating normally.
Gear fault is one of the main factors of transmission
system shutdown and failure, which is usually monitored
with vibration features. The dynamic modeling and
analysis of gear transmissions with typical faults, such as
tooth wear, crack, and spalling, are generally utilized to
acquire the feature priori of health condition motoring
and fault diagnosis. Gear wear, one of the most common
and typical failure modes in the early stage, usually leads
to serious failure. Therefore, accurately evaluating the
influence of gear wear on the vibration features of
transmission systems is of great importance. This paper
focuses on the dynamic modeling and vibration charac-
teristics of external spur gears with gear wear, which
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could offer guidance for the fault diagnosis of gear
transmission systems.

Fault modeling has been developed as the basis of
dynamic modeling of gear wear. In the investigation of
the calculation of gear wear on tooth profile, researchers
[1-4] have proposed several models to evaluate the wear
distribution of external and internal gears based on
Archard’s model. Thus, the results of the wear distribu-
tion obtained from these models are used to study the
effect of gear wear on gear dynamics in this paper. Based
on the results of wear distribution, several studies have
introduced the effects of gear wear on gear ratio, tooth
profile deviation, backlash, transmission error, and mesh
stiffness. Gear ratio variation with tooth wear was studied
in Ref. [5]. Inspired by this literature, the gear mesh
relationship of gear wear is investigated in this paper.
Figure 1 depicts the mesh relationship of perfect profile
and worn profile. As for tooth profile deviation with tooth
wear, tooth wear is directly equivalent to composite tooth
profile deviation, which was introduced into gear
dynamics [6]. Moreover, in Ref. [7], tooth wear was
directly assumed as gear backlash and involved in the
dynamic model to evaluate its influence on the dynamic
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Worn profile

Fig. 1 Comparison of mesh relationships between perfect profile and worn profile.

behaviors of the gear system. Transmission error with
tooth wear was studied through the finite element model
[8]. By assuming wear depth as profile error and
considering dynamic contact load, transmission error was
obtained and analyzed [9]. As for mesh stiffness with
tooth wear, the influence of gear wear on the amplitude
and the phase of mesh stiffness was qualitatively analyzed
[10]. The reduction of mesh stiffness was measured by
using modal analysis [11]. The loaded tooth contact
analysis method was used to evaluate the influence of
tooth wear on the mesh stiffness and the transmission
error of spur gears [12,13], and this method was used in
thin-rimmed gears with tooth wear [14]. The influence of
tooth wear on mesh stiffness was modeled by the varia-
tion of contact lines [15]. Tooth wear was introduced into
mesh stiffness with the variation of tooth profile para-
meters [16]. In addition, tooth wear can be regarded as a
kind of tooth profile deviation, where mesh stiffness is
derived through tooth deformation with gear meshing
force, and two gears are regarded as rigid bodies while
two meshing teeth can contact and penetrate each other
[17,18]. However, state-of-the-art researchers generally
utilize direct or equivalent methods to evaluate the effect
of gear wear on gear meshing excitations, such as
backlash, transmission error, and mesh stiffness, while
the new mesh relationship caused by gear wear is neglec-
ted.

Dynamic modeling is a widely used method to obtain
vibration characteristics. A dynamic wear model was
proposed in gear dynamics [19], which can obtain an
accurate wear depth. With the help of commercial soft-
ware and contact theory, gear wear was updated by the
obtained contact pressure, and then the results were
introduced into the finite element model to gain dynamic
responses under the influence of gear wear [20]. Trans-
mission error was used as the indicator to assess the
condition of gear wear, but no dynamic/kinematic expla-
nation was provided [21]. The wear mechanism of
vibration signal was presented, and its cyclostationary
property was used to track wear condition [22,23]. In

Ref. [24], measured signals were compared with the
dynamic model to update the wear process. Interactions
between gear dynamics and tooth wear were investigated
in Refs. [12,25]. However, to the knowledge of the
authors, the dynamic modeling of gear wear considering
the new mesh relationship remains a critical issue that
needs to be addressed.

Compared with our previous work [26,27], the mesh
relationship of gear wear was not considered, and the
influence of gear wear on mesh stiffness was calculated
using simplified and equivalent methods. This paper
focuses on the mesh relationship modeling and the dyna-
mic characteristic analysis of external spur gears with
gear wear. Specifically, a geometric model for the new
mesh relationship caused by gear wear is presented and
deduced analytically. Based on the proposed geometric
model, mesh stiffness and transmission error are studied,
which is the basis of developing an analytical dynamic
model to obtain the vibration characteristics. The
numerical and experimental results are compared to
verify the vibration characteristics.

This paper is organized as follows. A gear geometric
model is established, and the new mesh relationship with
gear wear is deduced in Section 2. A gear dynamic model
is established in Section 3. The vibration characteristics
of gear wear are obtained in Section 4. The experimental
verification is described in Section 5. Finally, the con-
clusions are drawn in Section 6.

2 New mesh relationship considering gear
wear

The relative kinematic relation of meshing gears is
mathematically described by the gear mesh relationship.
However, the presence of gear wear often changes the
complete tooth profile of two gears, which leads to the
alteration of the original relative kinematic relation of
meshing gears, consequently forming a new mesh
relationship. First, the geometric model of a single tooth
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in the driving and driven gears is established. Then, based
on two geometric models, the geometric model of single-
tooth meshing with gear wear is established. Thus, the
new mesh relationship is deduced by solving these
geometric equations.

2.1 Gear mesh relationship modeling

Figure 2 depicts the mesh relationship of a pair of perfect
involute gears. In this figure, O, and O, are the geometric
centers of two gears, R, and R, are the radii of the pitch
circle, and Ry, and R,, are the radii of the base circle.
When a pair of gears is engaged, the meshing point
moves on the ideal meshing line N, N, with the rotation of
two gears. In general, local gear failures do not change
the meshing condition of spur gears, such as tooth
spalling, pitting, and crack. However, gear wear changes
the tooth involute profile, thus forming a new mesh
relationship when two gears are engaged, that is, the
meshing point is no longer on the meshing line N,N,, and
a new mesh relationship needs to be deduced.

Figure 3 shows the geometric model of a single tooth in

Fig.2 Schematic diagram of gear transmission for perfect
involute external spur gears.
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the driving gear, where XOY and X, OY, denote the fixed
global coordinate system and the local coordinate system
rotating with the driving gear, respectively; A peme and A,
represent the meshing points on the perfect profile and
the worn profile of the driving gear, respectively; R,perfec
and R,, represent the corresponding radii of the meshing
points A and A, respectively; ¢, depicts the rota-
tional angle of the gear; and /,, ,, depicts the wear depth
in the perfect meshing point A;perfec-

In the local coordinate system X,0Y,, the geometric
relationships of a single tooth in the driving gear are as
follows:

ylperfect = arctan (QZ + CY]) —a, (1)
Ry

_—
Cos (al + ylperfecl)

2

RA Iperfect =

RAIperfect s1n leerfect - hAlfx]

RA Iperfect Ccos yl perfect

y, = arctan

) 3)

R 41 perfec COS

perfect Yy Iperfect

RAI = > (4)
COS Yy,

where @, and «, represent the angles of the base circle
and the perfect meshing point A, On the single-tooth
profile, respectively, and y, ... and y, represent the angles
of the perfect meshing point A;ec and the worn meshing
point A, respectively.

Correspondingly, the local coordinate system of the
driven gear is X,0,Y, rotating with the driven gear, as
shown in Fig. 4. A and A, represent the meshing
points on the perfect profile and the worn profile of the
driven gear, respectively. Correspondingly, Rperece and
R,, represent the radii of the meshing points A and
A,, respectively, and h,, ,, depicts the wear depth in the
perfect meshing point Aspergect-

Therefore, the geometric relationships of a single tooth

. Base circle
\

Fig. 3 Geometric model of a single tooth in the driving gear.
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in the driven gear are as follows:

— ’ ’ ’
y2perfect = arctan (0’/2 + al) -a, (5)
Ry,
RAZperfecl = ’ (6)
’
COs (all + y2perfect)
RAZperfect S1n y2perfecl - hAZ,XZ
y, = arctan ) (N
RAZperfect Cos y2perfect
R j5perfect COS
perfect y2perfect
RA2 - (8)

COS Y,

where @, and «] represent the angles of the base circle
and the perfect meshing point A,y On the single-tooth
profile, respectively, and 7, and y, represent the angles
of the perfect meshing point A and the worn meshing
point A,, respectively.

Based on the geometric model of a single tooth, the
geometric model of single-tooth meshing with gear wear
is established, as shown in Fig. 5. This figure contains
two meshing points, A; and A,, and three coordinates,

Worn profile

XO0Y, X,0Y,, and X,0,Y,. Through the axis OO, of two
gears, the fixed global coordinate system XOY is
established, and each gear has a local coordinate system
rotating with it, X,0Y, and X,0,Y,, for the driving and
driven gears, respectively. Additionally, ¢, and , repre-
sent the tangents of two meshing points.

To deduce the new mesh relationship of worn gears, the
following geometric principles should be followed:

(1) As the gear rotates, the meshing point changes from
tooth root to tip for the driving gear, and opposite is true
for the driven gear.

(2) The center distance of two gears a, remains
unchanged, and the geometric expression is as follows:

Ry cos(y, +¢,)+Rucos(p, —7,) = a,. 9)
(3) When the meshing points A, and A, are engaged, the

axis Y of two meshing points in the coordinate system
XOY are the same.

Ry sin(y, +¢,) = Rypsin(p, —7,). (10)
(4) When the meshing points A, and A, are engaged, the
tangents of two meshing points coincide completely.

Base circle

\
Root circle

Fig. 4 Geometric model of a single tooth in the driven gear.
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Fig. 5 Geometric model of single-tooth meshing.
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0, = 0. (11)
where 6, and 6, represent the acute angle between tangent
t;, and OO, and the acute angle between tangent ¢, and
00,, respectively.

In addition to the above geometric principles and
formulas, several supplementary formulas describe the
geometric relationships in detail, as follows:

0, =6 -y, (12)
6, = 6, + s, (13)
Y=y +0, (14)
Yo =075 (15)
S =+, (16)
0=+, (17)

where ¢, and J, represent the acute angle between tangent
t, and OA, and the acute angle between tangent 7, and
0,A,, respectively, i, denotes the angle between OO, and
OA,, where ¥, >0 when A, is above 0O, and ¥, <0
when A, is below 00,, ¥, denotes the angle between OO,
and O,A,, where i, > 0 when A, is above OO0, and ¥, <0
when A, is below OO0,, ¢, refers to the rotational angle of
X,0Y, relative to XOY, where ¢, >0 when axis X; is
above 00, and ¢, <0 when axis X, is below 00,, ¢,
refers to the rotational angle of X,0,Y,, where ¢, >0
when axis X, is above 0O, and ¢, <0 when axis X, is
below above O0,, and 4, and A, represent the acute angle
between tangent f, and axis X, and the acute angle
between tangent ¢, and axis X,, respectively.

Gear wear changes not only the axes Y, and Y, of the
meshing points A, and A, but also the slopes of the

tangents #, and f,. Generally, the relationship between

d
angle A, and slope d—i' can be expressed as follows:
1

(18)

where the axis Y; of the tooth profile in the coordinate
system X,0Y, can be represented by the perfect profile
function g, (x;) and the wear depth /4, .

d
A= arctan(—d—yl),

X1

Nn=4& (xl)_hAlixlv

d 1

g1 (x;) — _tana,. (19)
dx,

Therefore, substituting Eq. (19) into Eq. (18), a new
geometric relationship between angle A, and slope dAl‘“

X

can be obtained as follows: 1

dhAli,\‘]
A, = arctan|tana, + . (20)
dx,

Similarly, the new geometric relationship between

angle A, and slope ——= is as follows:
X
dhy, .
A, = arctan (tan a)+ 22 ), 21
dx,
dhy, . dhy, .
where ——= and —=2 represent the wear slopes of the
dx, dx,

meshing points A, and A, in the local coordinate systems
X,0Y, and X,0,Y,, respectively.

According to these geometric relationships, a new mesh
relationship for worn gears can be deduced. The detailed
algorithm flow of the geometric model solution is as
follows:

Algorithm 1:

.For i=1, 2, .., NUM

.Forj=1, 2, NUM

R

NeRe N BNe Y IF N OS I )

o . . ,
. Initialize the geometric parameters: R,,, R,,, @,, o, a,, hy, ., by, o,

dhAl x1 dh_—'l'l x2
dg T dx,

. Initialize the tolerable error of the center distance and the number of meshing points: ¢,, NUM
. From tooth root to tip in the driving gear: root angle ¢, and tip angle a,
. From tooth tip to root in the driven gear: tip angle a, and root angle c,

. From tooth root to tip &, =¢, +(a, —¢,)(i—1)/(NUM -1)
- Solve direCﬂy Q= Vipertect » Rnperfcm 7 Rys A, 6

. From tooth tip to root ¢} = a, +(c, —a,)(j—1)/(NUM -1)

10. Solve direCtly al’ > Vapertect> RAchrl:‘cl’ Ve Rips Ay, 6,

11. Solve ¢, = arctan

7R;11 Sin71 +R42 Sin(/ll 7/12 772)

R, cosy, +R,, COS(/% -4, _72) ’

O, =h=4 -

12. vi=r+0, v, =0,-7,,6,=6-v,,6,=6,+v,

13. End For

14. Find the corresponding meshing point ¢ = arg min |R4ﬂ cos(7,+¢,)+R,, cos(p, —7,)—a,

15.If |RA1 cos(7, +¢,)+R,, cos(p, —7,)—a,

<e,

16. Obtain the corresponding meshing point &, ¥y > Rispertect> 720 Razs A 6

17. Else

18. Fail to obtain the corresponding meshing point &), 75> Rispertecrs 720 Rizs s 6

19. End If
20. End For




6 Front. Mech. Eng. 2022, 17(1): 9

2.2 Gear wear distribution

Gear wear is caused by relative sliding in gear meshing.
Archard’s wear model has been widely applied in the
theoretical calculation of gear wear, which can be
expressed as follows:

VoW

s H
where V denotes the worn volume, s denotes the sliding
distance, W depicts the normal force, H denotes the
surface hardness, and K 1is the dimensionless wear
coefficient.

In our previous work [26,27], the wear distribution on
the tooth profile was theoretically calculated. The results
showed that gear wear depth decreases first and then
increases from the tooth tip to the tooth root, as shown in
Fig. 6, and increases with meshing times or running time.
This paper focuses on the modeling of gear mesh
relationship instead of the calculation of wear depth.
Thus, the conclusion of gear wear distribution on the
tooth profile is directly applied, which means that the
wear depths of the gear and the pinion are directly set
according to the law of wear distribution without
theoretical calculation in the next section.

(22)

2.3 Results of mesh relationship with gear wear

In this subsection, a typical case, nonuniform wear, is
illustrated to describe the geometric model with gear
wear. Table 1 provides the geometric parameters and the
meshing parameters of external spur gears used in the
case.

Figures 7(a) and 7(b) show different nonuniform wear
depths on the tooth profile of the driving and driven
gears, denoted by h,; ,, and h,, ,», respectively. From

(a)
£ T T T T . T i} T T T T
£ 0.04 f —— Nonuniform = Wear01
= | = Nonuniform = Wear02
a e Nonuniform = Wear03 i
S 0.02 e
g SR e e
= 0 ) - '~-~--,_.__<__._.______._.___,___A_I .... )
68 69 70 71 72 73 74 75 76 77 78
Xx,/mm
(b)
g C Nownibmewent
£ 0.04 onuniform = Wear
= Nonuniform = Wear02
a ~ Nonuniform = Wear03
S 0.02 . A
5 el e
3 ________________________________________

77 78 79 80 81 82
X,/mm

0 1 1
74 75 76

tooth root to tip, wear depth decreases first and then

increases, which is consistent with the general trend of

Pitch circle”

Mild wear

Severe wear

Root circle

Fig. 6 Schematic diagram of nonuniform wear.

Table 1 Geometric parameters and meshing parameters of external
spur gears

Parameters Driving/driven gear
Tooth number 24/26
Tooth width/mm 50
Pressure angle/(° ) 20
Module/mm 6
Poisson’s ratio 0.3
Young’s modulus/Pa 2.05x10!1
Base circle radius/mm 67.7/73.3
Root circle radius/mm 64.5/70.5
Center distance/mm 150
Tooth root angle, ¢y, ¢p/rad 0.0714/0.0951
Tooth tip angle, aj, ay/rad 0.4933/0.4845
Number of meshing points 1611

(©)

= . . . . . T T T T

o

—8 0.01 —— Nonuniform = Wear01

- T Nonuniform = Wear02 e

N Nonuniform = Wear03 ~ uomizics= =77

z op w7

o | ————=

S | e

gooup

P68 69 70 71 72 73 74 75 76 71 718
Xx,/mm

(d)

=

= T T T T T T T T

3 0.01 - —— Nonuniform = Wear01 1

5 Nonuniform = Wear02 e -

o Nonuniform = Wear03 oo == 77

z or e

“« | ——=

S |

2001

5 !

74 75 76 77 78 79 80 81 82 83 84
X,/mm

Fig. 7 Nonuniform wear depths on tooth profile: (a) driving gear, (b) driven gear. Slopes of nonuniform wear depth on tooth profile:

(c) driving gear, (d) driven gear.
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gear wear evolution. Figures 7(¢c) and 7(d) depict
different slopes of nonuniform wear depth on tooth
dhA17x1

X

. In addition, Wear0l, Wear02, and Wear03

represerjlct2 different degrees of nonuniform wear, namely,
slight, moderate, and severe, respectively. Slight, mode-
rate, and severe wear do not mean the definition of wear
degree but only the relative relationship among the three
wear states.

Based on the wear depths and its slopes, the mesh
relationship can be obtained as follows: Algorithm 1. In
essence, the mesh relationship consists of two parts: the
position of two meshing points A, and A, on the
corresponding tooth profile, denoted by «, and «/}, and the
rotational angle of two gears when two meshing points
are engaged, denoted by ¢, and ¢,. Figure 8(a) represents
the single-tooth mesh relationship between o, and ] with
nonuniform wear, where the position of the meshing
point on the tooth profile changes evidently with respect
to the perfect tooth profile and @ no longer varies
linearly with a,. The single-tooth meshing ranges of «,
and «/ decrease with respect to the perfect tooth profile.
Figure 8(b) represents the single-tooth mesh relationship
between ¢, and ¢, with nonuniform wear, where ¢, varies
approximately linearly with ¢, and the rotational single-
tooth meshing ranges of ¢, and ¢, increase with respect to
the perfect tooth profile.

profile of the driving and driven gears, denoted by
dhA27x2

and

3 Gear dynamic model with gear wear

In this section, the dynamic model of external spur gears
with gear wear is established. Specifically, the effect of
gear wear is modeled through a geometric model of a new
mesh relationship. By considering the new mesh
relationship, the time-varying mesh stiffness and the
transmission error induced by gear wear are evaluated
and further incorporated into the dynamic model to study
the vibration characteristics.

(@) 0.50 F=—— — .
Zoom] No wear
045 g Nonuniform = Wear01
: < --—-—--Nonuniform = Wear(2
0.40 + Nonuniform = Wear03 |
’ 0.12F
035¢ 0.NRT
g 030050 Y 0.10 S
i
‘\g 0.25 [0.48 0.09 Zoom2| o
020k 48 049 0.50 |
" loa4s
0.15+ Zooml ) d
007 008 0.09 Fee
0.10f Zoom2'

0.03 y : . y : : ; ; y
0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

o,/rad

3.1 Mechanical modeling of gear transmission

Vibration signal is generally used to monitor the state of
gear wear. To understand the characteristics of vibration
signal caused by gear wear, a dynamic model of external
spur gears is established. The gear has the attribute of
mass concentration, and the dynamic model of external
spur gear pair is established by using the lumped
parameter method. Figure 9 depicts a 4-DOF gear
dynamic model, which contains two rotational DOFs (6,
and 6,) and two translational DOFs (y, and y,) of the gear
and the pinion.

According to the dynamic model, dynamic differential
equations are expressed:

1,6, + cx Ry + k(O)x, Ry =T,

my, +cy, +ky —cx, —k(t)x, =0,
L0, — ¢k Ry — k(D) xRy = =T,
My, + Y5 + kyys + Xy + k() x,, = 0,

(23)

where x,, is the relative displacement of two gears, /, and
I, are the moments of inertia of the gear and the pinion,
respectively, m, and m, are the masses of the gear and the
pinion, respectively, k;, and k, are the supporting
stiffnesses of the gear and the pinion, respectively, k(¢)
and ¢ are the time-varying mesh stiffness and mesh
damping, respectively, and T, and T, are the input torque
of the gear and the load torque of the pinion, respectively.
The relative displacement of two gears is as follows:
X = R0, — R0, —y, +y, —e(2). 24)
In gear dynamics, e(f) is the unloaded static
transmission error (USTE), and it mainly includes
manufacturing error, tooth profile error, and gear failure.
Thus, USTE can be divided into long period error e (?),
short period error e,,(t), random error e.(f), and gear
failure error e, (f) caused by gear wear.

e(t) = €1 (t) + eAZ(t) + eermr(t) + ewear(t)s (25)
e (t) = A sin(2nfi1),
en(t) = Aysin(2nf,t), (26)

Cenor(?) = 0.2rand,

(b) 030 o . .
Orpear Zoom2
025+ Nonuniform = Wear01 4
--—-—- Nonuniform = Wear02
0.20 |-0.134 7 Nonuniform = Wear03
0.15 9136 & /
= | ¥ p
£ 0.107 4 138 i /// 0.258
s 0057 " Zooml - 0.256
ol 2028 y
0254} /%
—0.05} // 0252 Zoom2
-0.10 - 0.145  0.150 4
Zoom] ) ) ) ) ) )
—025-020-0.15-0.10-005 0 005 0.10 0.15

@,/rad

Fig. 8 Single-tooth mesh relationship with nonuniform wear: (a) mesh relationship between @ and a7}, (b) mesh relationship between ¢,

and ¢,.
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Gear

o,

Fig. 9 Dynamic model of external spur gear pair.

where f, and f, are the rotational frequency and the
meshing frequency, respectively, A, and A, are the
amplitude of long period and short period, respectively,
A, and A, are set to 30 and 15 pum, respectively, and
“rand” is the random number in the range [0, 1]. The
dynamic parameters of external spur gears are listed as
follows:

Input torque: 1300 N-m;

Output torque: 1267.5 N-m;

Supporting stiffness: 6.56x107 N/m;

Supporting damping: 1.8x105 N-m™!-s.

The gear wear in the dynamic model is coupled through
the meshing excitations including mesh stiffness and
transmission error, whose evaluation is presented in the
following subsections.

3.2 Mesh stiffness considering new mesh relationship

Generally, the variation of gear mesh stiffness is used as
an important basis for gear dynamic analysis. In this
section, the mesh stiffness of external spur gears with
gear wear is evaluated through the deduced new mesh
relationship. First, based on the new mesh relationship
and the potential energy method, the single-tooth mesh
stiffness with gear wear is evaluated in the typical case of
nonuniform wear. Then, according to the multiteeth mesh
rule, the multiteeth mesh stiffness is evaluated through
the superposition of the single-tooth meshing stiffness.

3.2.1 Single-tooth mesh stiffness

Mesh stiffness excitation is the crucial internal excitation
of gear meshing and usually regarded as the main
influence factor of gear failures on gear dynamics, such

as tooth crack and spalling [28—-30]. Thus, the influence
of gear wear on mesh stiffness is analyzed through the
new mesh relationship obtained in Section 2.3. The
potential energy method is adopted in the calculation of
mesh stiffness, where the tooth is considered a cantilever
beam. In Ref. [26], the stiffness included Hertzian contact
stiffness k;,, bending stiffness k,, shear deformation stift-
ness k,, and axial compressive stiffness k,. Furthermore,
the stiffness with gear wear is deduced and calculated.

External spur gear contains two situations in the
calculation of mesh stiffness, Situation 1: Ry, > R,, and
Situation 2: R, < R,;, as shown in Figs. 10(a) and 10(b),
respectively, where R, is the radius of the root circle.
These figures show that gear wear changes not only the
height of the tooth profile at positions d and x denoted by
h and h,, respectively, but also the direction of force F,
denoted by A,.

When a pair of teeth is engaged, the single-tooth mesh
stiffness can be deduced through the superposition of the
single-tooth stiffness of two teeth and expressed as
follows:

@)

where subscripts 1 and 2 represent the single-tooth
stiffness of two meshing points A, and A, in the driving
and driven gears, respectively.

Gear parameters and wear depths are the same as the
case studies in Section 2.3. According to the new mesh
relationship, as shown in Fig. 8, and the single-tooth
stiffness, the single-tooth mesh stiffness can be gained.
Figure 11 shows the single-tooth mesh stiffness of ¢, with
different nonuniform wear depths, where ¢, represents the
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Worn profile

Root circle/ /
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, Base circle
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Fig. 10 Beam model of a single tooth with worn profile. (a) Ry; > Ry1; (b) Rp; < Ryi.
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Fig. 11 Single-tooth mesh stiffness of ¢, with different nonuniform wear depths.

rotational angle of the driving gear and is obtained
through the new mesh relationship, as shown in Fig. 8.
The single-tooth mesh stiffness of ¢, increases with
increasing wear depth slightly while the rotational
meshing range increases with increasing wear depth.

3.2.2 Multiteeth mesh stiffness

For gear transmission of external spur gears, the single
tooth and the double teeth of gears are alternately
engaged. To obtain the rule of gear meshing with gear

01 (27) = 0, (1M + i—:t 01(3%) = 0, (1) +2x

0.2 =009+ 2. |0:(39) =)+ 25 2

wear, the relationship between single tooth and double
teeth, which is called the multiteeth mesh rule in this
paper, is introduced and deduced.

According to the new single-tooth mesh relationship in
Section 2.3, the mesh relationship between rotational
angles of the driving and driven gears, denoted by ¢, and
@,, respectively, can be gained. Figure 12 shows the mesh
relationship of single tooth and multiple teeth with the
perfect tooth profile, where the multiteeth meshing range
is obtained by superposition of the single-tooth meshing
range and derived as follows:

2n . o 2n

=, (") =g, (1M +(=1) =,

zZy Zy (28)
2n

0, (n") = 0, (1) +(n—1) =

b
23
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Fig. 12 Tooth mesh relationship with perfect tooth profile:
(a) single-tooth, (b) multiteeth.

where z, and z, are the tooth numbers of the driving and
driven gears, respectively, and n™ represents the nth tooth
pair.

In Fig. 12(b), single-tooth meshing, taking the second
pair as an example, can be divided into three parts in
multiteeth meshing, double—single—double, where double
indicates that two pairs of teeth mesh simultaneously, and
single means that a pair of teeth meshes. To obtain the
multiteeth mesh relationship with gear wear, the multi-
teeth mesh rule contains two principles:

(1) With the increase of ¢,, the tooth pair with larger ¢,
meshes first in the double-teeth meshing range.

(2) When Ag, < Threshold for the same ¢, two pairs of
teeth mesh simultaneously. Threshold is the threshold of
the tolerable error of rotational angle and it is set to
107 rad in this paper.

According to the single-tooth mesh relationship in Fig.
8 and the multiteeth mesh rule, the multiteeth mesh
relationship with nonuniform wear can be obtained,
taking Wear0O1 as the example, as shown in Fig. 13. With
the multiteeth mesh rule, the mesh relationship of the
first, second, and third tooth pairs between ¢, and ¢, can
be obtained, as shown in Fig. 13(a). Next, the double-
teeth meshing range of the first and second tooth pairs is
enlarged, as shown in Fig. 13(b), where Ag, exists
between two pairs. Through two principles of the
multiteeth mesh rule, Threshold is set to 10~ rad, and the
new double-teeth meshing range is obtained, as shown in
Fig. 13(c). Thus, the double-single—double meshing
range is revised in Fig. 13(d), and the meshing range of
the second tooth pair is reduced, where the single-tooth
meshing range increases and the double-teeth meshing
range decreases.

The results indicate that the multiteeth mesh relation-
ship affects the single-tooth meshing range in Section
2.3.1. Therefore, the new single-tooth mesh stiffness with
the new single-tooth meshing range can be obtained, as

Eng. 2022, 17(1): 9
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Fig. 13 Multiteeth mesh relationship with nonuniform wear
(Wear01): (a) multiteeth, (b) zoom of (a), (c) double-teeth
meshing range of (b), and (d) double-single—double meshing
range.

shown in Fig. 14. Compared with the original mesh
stiffness, the new mesh stiffness only changes the
meshing range of a tooth pair, denoted by ¢,.

According to the new single-tooth mesh stiffness and
the multiteeth mesh relationship deduced through the
multiteeth mesh rule, the multiteeth mesh stiffness and
the expression of double-teeth mesh stiffness can be
derived and calculated as follows:

k=

2

le ! + ! +
kh,i kbl,i

1 1 1 1’

kb2,i

ksZ,i

kaZ,i

ke
(29)
1, 2) depicts the number of the

1
1 N 1 N 1
ksl.i kal,i kfl.i

where subscript i (i =
meshing tooth pair.

Figure 15 shows the multiteeth meshing stiffness,
where nonuniform tooth wear mainly changes single-
tooth and double-teeth meshing ranges, and its influence
on the amplitude is negligible.
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3.2.3 Verification of mesh stiffness

To verify the results of multiteeth mesh stiffness with
nonuniform wear, ANSYS is used for finite element
analysis and model verification; this verification strategy
has been widely used to verify the mesh stiffness of gears
with crack and spalling faults [31,32]. Furthermore, the
flow of finite element method is introduced.

(1) Establish the 3D model of gears

To reduce the amount of calculation, the gear model is

established. To verify different wear depths, two gear
models are established: perfect profile and nonuniform
wear (WearO1). First, the 2D gear plane is constructed
according to the discrete points of the normal and worn
tooth profile curves. Then, the 2D gear plane is extruded
into a 3D gear model.

(2) Mesh the gears

To reduce the amount of calculation, Solid185 element
is adopted to mesh different parts of gears with different
mesh densities, where the multiteeth mesh is the densest.
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(3) Define rigid regions

To force the gears to rotate around the shaft, all nodes
of each gear bore are fixed on corresponding shaft
centers, O and O,, which are defined by the mass element
Mass21.

(4) Create tooth contact pairs

To avoid tooth interference during gear meshing, tooth
contact pairs are created for the tooth surface of the
driving and driven gears, where the contact elements are
Contal74 and Targel70.

(5) Apply loads and define boundary conditions

Except for the rotational DOF around the Z axis, the
remaining DOFs of O (Mass21) are fixed. Moreover, all
DOFs of O, (Mass21) are fixed. Z-axis moment 7 is
applied at node O.

Finally, the finite element model of two gears is estab-
lished, as shown in Fig. 16, and the angular displacement
6 at node O is solved. Thus, mesh stiffness can be derived
as follows:

Driving gear

T

0

The result of multiteeth mesh stiffness with nonuniform
wear is shown in Fig. 17, which depicts the mesh stiffness
of theoretical calculation and the finite element verifica-
tion with nonuniform wear (Wear0Ol), where the
double—single—double meshing ranges of the two are the
same and the mesh stiffness of the two in the single-tooth
meshing range are the same while the mesh stiffness of
the two in the double-tooth meshing range are different in
its amplitude.

Therefore, through the finite element model, the
multiteeth mesh stiffness is verified, and the geometric
model of external spur gears with wear in the typical case
of nonuniform wear is indirectly verified.

(30)

3.3 Unloaded static transmission error considering new
mesh relationship

In the above theoretical derivation for the geometric

Single tooth

[T

Illlll’

o
i
it

Py
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Fig. 16 Finite element model of gear pair.
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model of external spur gears with gear wear, the new
mesh relationship is gained. Therefore, the new mesh
relationship is utilized to deduce the USTE.

As described in dynamic model of Subsection 3.1,
USTE represents the deviation between the actual
position and the theoretical position of the driven gear
under unloaded condition, which is usually caused by
tooth profile error and assembly error. The USTE caused
by gear wear is expressed as follows:

Ry,

Cywear = 5 - . (31)
Ry 01 =P,

USTE changes because gear wear alters the mesh
relationship. Based on the new mesh relationship between
o, and ¢,, the USTE with gear wear can be directly
derived. The results are shown in Fig. 18, where USTE
varies periodically with meshing frequency, and ampli-
tude increases with increasing wear depth.

4 Vibration characteristics of gear
transmission with gear wear

Based on the established dynamic model, including mesh
stiffness and USTE, the vibration characteristics of gear
wear are obtained. To reflect the dynamic responses of
different wear states, 50 sets of wear states are simulated.
In the 50 sets of wear states, the maximum wear depth of
each state in two gears is set to 0.00SNUM mm, and
NUM (NUM =0, 1, 2, ..., 49) is the number of the set,
which means that the maximum wear depth ranges from 0
to 0.25 mm. With wear depths in different wear states,
mesh stiffness and USTE with gear wear are incorporated

into the dynamic model, and these equations are solved to
obtain dynamic responses. The geometric parameters are
listed in Table 1, the rotational frequency of the driving
gear f; = 16.64 Hz, and meshing frequency f;, = 399.4 Hz.
The dynamic response characteristics of gear wear are
described from four aspects: time-domain, frequency-
domain, envelope frequency-domain, and condition indica-
tors. Figures 19(a) and 19(b) are time-domain signals
when NUM = 0 and NUM = 40, where the amplitude of
vibration impact is clearly increased with increasing wear
depth. Moreover, the interval time between two impacts
in a meshing period is changed due to the variation of the
meshing range of mesh stiffness, which is caused by the
new mesh relationship of gear wear. In the frequency-
domain signals of different wear depths, as shown in
Figs. 20(a) and 20(b), the meshing frequencies and their
sidebands of rotational frequency are the main compo-
nents, and gear wear only changes the frequency ampli-
tudes but not the frequency structure in the spectrum.
Similarly, in envelope frequency-domain signals of
different wear depth, as shown in Fig. 21(a) and 21(b),
the amplitudes of the meshing frequencies and their
sidebands of rotational frequency are increased with
increasing wear depth. Generally, evident fault character-
istic frequency is observed in the vibration signal for gear
wear. Thus, condition indicator (CI) is generally utilized
to monitor the wear state. Root-mean-square (RMS),
kurtosis (Kur), and first-order meshing frequency
amplitude (OMX) are used to monitor the wear state
under different wear depths. Figure 22 shows the
variations of CIs with different wear depths, where RMS
represents the average vibration level and gear wear leads
to the increase of RMS, Kur depicts the vibration impact
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Fig. 18 USTE of nonuniform wear with different wear depths: (a) eyear, (b) USTE.
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level and gear wear results in the increase of Kur, and
OMX increases with gear wear.

% nZN;xZ(n), Kur = E [(%)4] . (32

where x is the signal, ¢ and o indicate the mean and the
standard deviation of the signal, respectively.

RMS =

5 Experimental studies

In the experimental test, an open-source dataset about
gear fatigue life [33] is adopted to simulate the variation
of gear wear. Figure 23 shows the structure of gear
transmission. It contains two gear pairs, and the numbers
of teeth are Z, = Z, = 24 and Z, = Z, = 26 while rotational
frequency and meshing frequency are the same as the
simulations in the dynamic model. The dataset includes
600 segments of data (Data NUM =1, 2, ..., 600), each

3
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Fig. 21 Simulated envelope frequency-domain signal with

different wear depths: (a) NUM = 0, (b) NUM = 40.
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Fig. 22 Condition indicators with different wear depths.
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segment is 10 s per minute, and gear pitting failure finally
occurs. In gear fatigue life, gear wear is difficult to avoid,
and inducing serious faults, such as pitting, is easy. Thus,
dataset (20190507 1200 _1000_geardegp4 10-60) is used
to verify vibration characteristics of gear wear.

Figures 24(a) and 24(b) are the time-domain signals when
Data NUM =1 and Data NUM =400, respectively,
where no substantial change in the signal is observed. In
frequency-domain and envelope frequency-domain
signal, as shown in Figs.25 and 26, the meshing
frequencies and their harmonics are the main components
in the spectrum. With the increase of running time, the
structure of the spectrum lacks considerable change
because gear wear has no fault characteristic frequency.
However, the amplitude of the meshing frequencies and
their sidebands changes clearly. CIs are an effective
method to monitor gear wear state by vibration signal.
Figure 27 shows the variations of CIs with the increase of
running time, and their trends are consistent with the
simulation results.

Input Z,

Output

Z,

||
Vibration sensor

Fig. 23 Schematic diagram of experimental transmission.
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Fig. 24 Experimental time-domain signal with different wear
depths: (a) Data NUM = 1, (b) Data. NUM = 400.

Gear wear does not change the structure of the
spectrum due to the lack of fault characteristic frequency,
but the amplitude of the meshing frequency and its
sidebands change apparently, which can be regarded as
the basis for building a new CI. In addition, RMS, Kur,
and OMX increase with increasing running time, which is
an important basis for judging the gear running state.

6 Conclusions
In this paper, a geometric model of gear meshing is
proposed to depict the new mesh relationship caused by
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gear wear. Subsequently, the dynamic model for external ~ 4zpertect: 42

spur gears with gear wear is established based on the

proposed geometric model. Considering the new mesh ¢

relationship, the effects of gear wear on mesh stiffness c¢1

and transmission error are comprehensively analyzed.

The results indicate that in the typical case of nonuniform )

wear, gear wear mainly changes the single-tooth and ) ¢0)
double-teeth meshing ranges of mesh stiffness, and its P
influence on the amplitude of mesh stiffness is negligible. caenll)
Furthermore, the vibration characteristics of gear wear are ,
revealed with numerical and experimental studies. The JioJ
results suggest that gear wear changes the interval time d
between two impacts in a meshing period, which is &
caused by the variation of the gear mesh relationship. &, A,
Gear wear does not change the structure of the spectrum, , =~ 4
but it alters the amplitude of the meshing frequencies and

their sidebands. In addition, the effects of gear wear on "
several vibration features, such as RMS, Kur, and OMX,

are comparatively investigated. The results indicate that 11
these features present a consistent increasing tendency k

with the increase of wear depth and running time, that is, %42
they can serve as condition indicators for gear wear % ko, kn, ks
monitoring.

Furthermore, for conditions coupling gear wear with

other gear faults, the new mesh relationship obtained
through the proposed model may offer several bases for

the dynamic modeling and analysis of gear transmission e
systems with multiple faults. These topics will be n
discussed in our future works. NN,
NUM,
Data NUM
Nomenclature 0..0,
rand
a, az Tip angles of gear and pinion, respectively R R,
a, Center distance of two gears
Ay, Ay Amplitude of long period and short period, respectively Ritpetec: Ra
Anpertect, A1 Meshing points on the perfect profile and the worn profile of Rispertects Raz

the driving gear, respectively Ry, Ry

Meshing points on the perfect profile and the worn profile of
the driven gear, respectively

Time-varying mesh damping

Root angles of gear and pinion or supporting damping of
gear and pinion

Unloaded static transmission error

Long and short period errors, respectively

Random error

Gear failure error caused by gear wear

Rotational frequency and meshing frequency, respectively
Force

Perfect profile function

Heights of the tooth profile at positions d and x, respectively

Wear depth in the perfect meshing point A jpegeee and Ajpergect

respectively

Surface hardness

Moments of inertia of gear and pinion, respectively

Mesh stiffness

Supporting stiffnesses of gear and pinion, respectively

Axial compressive stiffness, bending stiffness, Hertzian
contact stiffness, shear deformation stiffness, respectively
Time-varying mesh stiffness

Dimensionless wear coefficient or mesh stiffness

Masses of two gears

The nth tooth pair

Ideal meshing line

Number of discrete meshing points and number of
experimental set, respectively

Geometric center of two gears

Random number in the range [1, 0]

Radii of the pitch circle
Radii of the meshing points A e and Ay, respectively
Radii of the meshing points A, and A,, respectively

Radii of the base circle
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Xoy
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Vipertect V1
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Radius of the root circle

Sliding distance

Tangents of two meshing points

Moment

Input torque of the gear

Load torque of the pinion

Threshold of the tolerable error of rotational angle
Worn volume

Normal force

Signal

Abscissa values of the coordinate systems X;0Y; and
X,0,Y,

respectively

or translational DOFs of gear and pinion,
Relative displacement of two gears

Fixed global coordinate system

Local coordinate systems rotating with the driving and
driven gears, respectively

Ordinate values of the coordinate systems X;0Y; and
X,0,Y, DOFs

respectively

or translational of gear and pinion,
Tooth number of two gears

Tooth number in experiments

Angles of the base circle and the perfect meshing point
A jpertec ON the single-tooth profile, respectively

Angles of the base circle and the perfect meshing point
Ajpertee 0N the single-tooth profile, respectively

Angles of the perfect meshing point Ay and the worn
meshing point A, respectively

Angles of the perfect meshing point Aypeeee and the worn

meshing point A,, respectively

] Angular displacement

61, 6> Acute angle between tangent 7, and OO, and the acute angle
between tangent ¢, and OO,, or rotational DOFs of gear and
pinion, respectively

o1, 92 Rotational angles of gear and pinion

Ay, Angle difference between two pairs of gears for the same ¢,

/R Angle between OO, and OA, and the angle between OO,
and O,A,, respectively

o), 0, Acute angle between tangent ¢, and OA, and the acute angle
between tangent , and O,A,, respectively

Ay, A2 Acute angle between tangent f, and axis X, and the acute
angle between tangent #, and axis X,, respectively

&q Tolerable error of the center distance

U, o Mean and standard deviation of the signal, respectively
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