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Abstract Billet optimization can greatly improve the
forming quality of the transitional region in the isothermal
local loading forming (ILLF) of large-scale Ti-alloy rib-
web components. However, the final quality of the
transitional region may be deteriorated by uncontrollable
factors, such as the manufacturing tolerance of the
preforming billet, fluctuation of the stroke length, and
friction factor. Thus, a dual-response surface method
(RSM)-based robust optimization of the billet was
proposed to address the uncontrollable factors in transi-
tional region of the ILLF. Given that the die underfilling
and folding defect are two key factors that influence the
forming quality of the transitional region, minimizing the
mean and standard deviation of the die underfilling rate
and avoiding folding defect were defined as the objective
function and constraint condition in robust optimization.
Then, the cross array design was constructed, a dual-RSM
model was established for the mean and standard deviation
of the die underfilling rate by considering the size
parameters of the billet and uncontrollable factors.
Subsequently, an optimum solution was derived to achieve
the robust optimization of the billet. A case study on robust
optimization was conducted. Good results were attained
for improving the die filling and avoiding folding defect,
suggesting that the robust optimization of the billet in the
transitional region of the ILLF was efficient and reliable.

Keywords isothermal local loading forming, rib-web
component, transitional region, robust optimization, dual
response surface method

1 Introduction

Large-scale titanium alloy rib-web components (LTRCs),
which can satisfy the demands of high-efficiency structures
and lightweight materials, have been extensively applied in
the aviation and aerospace industries [1–3]. However, such
components are difficult to fabricate through traditional
forging technology because of the complex structure of
large-size components and difficulty in deforming titanium
alloy. Isothermal local loading forming (ILLF) is an
advanced manufacturing technology that integrates the
advantages of local loading and isothermal forming,
thereby providing a feasible way to manufacture these
components [4–6]. ILLF is an isothermal forming process
under a local loading condition, in which the load is
applied to the local region of the billet, as shown in Fig. 1.
Integral components can be formed by changing the
loading regions individually. This process can reduce the
loading regions in integral components and enlarge the
component size.

The ILLF technology comprises three regions, i.e.,
loading, unloading, and transitional regions, which are
illustrated in Fig. 1. Gao et al. [7,8] pointed out that the
material in the transitional region undergoes highly
complex unequal deformation and material flow, which
may cause folding defect and die underfilling. Thus, the
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Fig. 1 Illustration of the local loading forming
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transitional region needs more concerns than any other
regions. Wei et al. [9] performed 3D finite element (FE)
simulation and experiments to analyze the deformation
characteristic and possible forming defect in the transi-
tional region, as shown in Fig. 2. Their results revealed that
the folding defect occurs in the transitional region during
the second-loading step because of the inevitable transfer
of the material from the loading to the unloading region.
Moreover, die underfilling occurs after the second-loading
step in the transitional region because of an improper initial
volume distribution, resulting in non-concurrent die filling
in the cavities of the ribs. Therefore, folding and die
underfilling are two important problems in the transitional
region of the LTRC when using the ILLF technology.
These problems do not only decrease the accuracy of the
component but also weaken the performance of the
component. Several studies on the transitional region of
the ILLF have been conducted to overcome these
problems. Preferable process parameters [8], reasonable
volume distribution of the billet [9], and optimal die
parameters [10] can avoid folding defect and improve the
die filling capability in the transitional region.

Nevertheless, for a given optimal forming condition in
the actual ILLF process, factors such as the manufacturing
tolerance of the preforming billet (MFerror), fluctuation of
the stroke length (Lerror), and friction condition (m) can
hardly be controlled. These uncontrolled factors are
unavoidable in the transitional region, and the folding
defect can be induced, the die filling capability can be
deteriorated by a combination of these uncontrolled
factors. Dr. Taguchi [11] proposed a robust design
methodology to minimize the effect of uncontrolled factors

and improve product performance. The robust design
method has been successfully used in many product design
processes [12–14]. Thus, the robust optimization of the
billet that considers the uncontrolled factors in the
transitional region of the ILLF can improve the forming
quality of the LTRC. Because the initial volume distribu-
tion plays a key role in folding and die underfilling in the
transitional region during the ILLF [9], the present
attention is focused on optimizing the billet to improve
die filling and avoid folding defect under various
combinations of the uncontrolled factors. In this way, the
effect of uncontrolled factors on the forming quality of the
transitional region can be minimized, and the final quality
of the LTRC can be improved.
In this work, the robust optimization of the billet for the

transitional region of the ILLF was discussed based on the
dual-response surface method (RSM). A case study was
conducted on the eigenstructure for the transitional region of
the ILLF, and the robust optimization of the billet in the
transitional region was achieved. The die underfilling of the
transitional region was insensitive to the uncontrolled factors
under the constraint condition of avoiding folding defect.

2 Robust optimization steps in the
transitional region

2.1 Constructing the cross array

The robust optimization process relies mainly on the
experimental data, because the control and uncontrolled
factors must be considered [15]. The robust optimization
parameters in the transitional region under the ILLF of the
LTRC are classified as follows:
1) Control factors (x): Control variables x can be exactly

controlled and are similar to the design variables used in
deterministic optimization. In this work, the design
variables were the size parameters of the billet, which
could be used to adjust the volume distribution in the
transitional region. An unequal-thickness billet (UTB) was
adopted because it can adjust the volume distribution at a
low cost and high efficiency [16,17]. The geometry of the
UTB and corresponding size parameters are shown in
Fig. 3.
2) Uncontrolled factors (Z): Variables Z cannot be

controlled by the designer, or their settings are difficult or
costly to control. These variables are also called noise
factors, which are often caused by the operating environ-
ment, machine accuracy, and manufacturing tolerance.
These uncontrolled factors may deteriorate the forming
quality and lead to product failure.
3) Responses (Y): Responses are the objective functions,

which are expressed as the mean and standard deviation of
the die filling capability in the transitional region.
After the control and uncontrolled factors were identi-

fied, the control factors were arranged in the outer array,

Fig. 2 Folding defect and die underfilling of the transitional
region in the ILLF of the LTRC [9]
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whereas the uncontrolled factors were arranged in the inner
array. The cross array was then constructed to locate the
sampling points for the response of the objective function
[15], as shown in Table 1.

FE simulation was incorporated to simulate the process
in the transitional region of the ILLF. fi,j is the die
underfilling rate at the ith row of the outer array and the jth
column of the inner array. fi,j can be expressed as

fi,j ¼ ½ðVeigen –VactualÞ=Veigen� � 100%, (1)

where Vactual is the actual volume of the eigenstructure
when a certain rib (the partition rib, the rib in the first-
loading region or in the second-loading region) of the
transitional region is fully filled before any other ribs
during the second-loading step. To facilitate good
comparability for the die filling capability with different
volume distributions, the corresponding material volume
of the remaining reduction amount was cut when the stroke
of the top die was unfinished at that moment.

2.2 Dual-RSM modeling

After all the FE simulations in the cross array were

completed, the mean and standard deviation of the die
underfilling rate (fi,j) were calculated under each row of the
outer array using the following equation:

f �i ¼ 1

n

Xn
j¼1

fi,j, (2)

f �i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n – 1

Xn
j¼1

ðfi,j – f �i Þ2
vuut , (3)

where f �i and f �i are the mean and standard deviation of the
response at the i sampling point in the outer array, and n is
the number of the sampling points in the inner array. Dual-
RSM [12,18] was adopted by considering the mean and
standard deviation of the die underfilling rate. Subse-
quently, the dual-RSMmodel of f �i and f �i was constructed
via stepwise regression method with the following
equation:

y ¼ β0 þ
Xk
j¼1

βjxj þ
Xk
j¼1

βjjxj
2 þ

Xk – 1
i¼1

Xk
j¼iþ1

βijxixj, (4)

where y is the response of f �i or f �i , k is the number of input
variables, xi and xj are the set of model input variables, and
b0, bj, bjj, and bij represent the regression coefficients.

2.3 Constraint condition

Previous studies on ILLF revealed that the folding defect in
the transitional region is one of the most important factors
that influence the forming quality of the LTRC [7–9]. Thus,
avoiding folding defect in the transitional region is crucial
to the integral component. Previous studies also found that
the severity of the folding defect is well correlated with the
quantity of material transferred to the first-loading region
during the second-loading step. Meanwhile, increasing the
friction can decrease the quantity of the transferred
material. During the local loading forming process, the
friction factor may be varied by changing the lubrication
status and die surface roughness. Thus, folding defect
caused by friction fluctuation must be avoided. In view of
the safety margin in engineering applications, the lowest
friction factor within its fluctuation range was chosen for
determining the critical value of the material transfer
percentage (Mt) in the robust optimization process. Mt can
be expressed as follows:

Mt ¼ ½ðVn –Vf Þ=Veigen� � 100%, (5)

where Vn is the volume of the workpiece in the first-
loading region when a neutral layer is formed in the web of
the first-loading region (close to the partition rib) during
the second-loading step, and Vf is the volume of the
workpiece in the first-loading region after the first-loading
step. The critical value ofMt is a constraint condition in the

Table 1 Cross array with control and uncontrolled factors

Control factors Uncontrolled factors

Outer array Inner array

Z1 1 1 … 3

Z2 1 2 … 3

Z3 1 2 … 2

Z4 1 2 … 1

x1 x2 x3 x4

1 1 2 3 f1,1 f1,2 … f1,j

1 2 3 2 f2,1 f2,2 … f2,j

1 3 1 1 f3,1 f3,2 … f3,j

… … … … … … … …

1 2 2 2 fi,1 fi,2 … fi,j

Fig. 3 Illustration of the UTB and size parameters
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robust optimization process, and it can be obtained by
stepwise decreasing the reduction amount in the equal-
thickness billet [9]. IfMt is less than or equal to the critical
value, then no folding defect is produced in the transitional
region. By contrast, when Mt is greater than the critical
value, then a folding defect is produced.

2.4 Robust optimization solution

The robust optimization of the billet can be attained by a
constrained nonlinear programming algorithm, which
combines the results of the dual-RSMmodel and constraint
condition. The flowchart of the robust optimization of the
billet in the transitional region during the ILLF of LTRC is
shown in Fig. 4.

3 Case study

3.1 FE modeling

On the basis of the local loading feature [6], a typical
eigenstructure was selected for the case study to illustrate
the robust optimization steps, as shown in Fig. 5. The
geometric parameters of the eigenstructure are listed in
Table 2. In view of the symmetrical feature of the
eigenstructure in the center of the two transverse ribs
(Ribs 4 and 5), half of the eigenstructure was chosen for the
FE model to enhance the simulation accuracy and reduce
the simulation time. The combined die structure and billet
geometry of the FE model were established under the
DEFORM-3D environment, as shown in Fig. 6. To attain
the local loading condition, the bottom die was divided
into bottom Dies 1 and 2. The die partition line was located
on the middle rib (Rib 2) of the eigenstructure. During the
first-loading step, a spacer block was inserted under bottom
Die 1 to adjust the relative position of the two bottom dies,
as shown in Fig. 6(a). In this situation, the load was exerted
only in the first-loading region. In the second-loading step
(Fig. 6(b)), the spacer was removed, so bottom Dies 1 and
2 were at the same horizontal level, and the load was
exerted only in the second-loading region. In this way,
ILLF technology could be applied to depict a local loading
condition by a one-single action hydraulic press.
In this work, robust optimization was performed with an

FE simulation-based approach. Thus, the key technologies
of FE modeling are listed to provide a complete under-
standing of the FE model.
1) The material of the workpiece is TA15 titanium alloy,

for which the flow stress constitutive equation was
determined by using stress-strain curves [19]. The material
was defined as a homogeneous and incompressible body.
The von Mises yielding criteria and the isotropic hardening
rule were adopted.
2) The local loading forming of the rib-web component

was a typical bulk forming process, such that the elastic
deformation of the workpiece was neglected, and the rigid
visco-plastic FE method was employed.
3) The thermal events were neglected during the local

loading process under the isothermal condition and low
loading speed.
4) A constant shearing friction model was used to

describe the friction behavior between the workpiece and
dies.
5) The workpiece was discretized by tetrahedral

elements, and the initial average mesh size was approxi-
mately 1/5 of the width of the ribs. To maintain a high-
quality mesh and enhance the calculation efficiency,
remeshing and local refined meshing technologies were
adopted to reduce element distortion.
6) The deformation temperature and loading speed of the

top die were set to 970 °C and 0.02 mm/s, respectively.
7) Multi-pass local loading forming is inconvenient to

the production process and may result in poor micro-
structure and performance for the LTRC [7]. Thus, only
one local loading pass was fixed for the eigenstructure in
this work.
In addition, the values of the spacer block (Hsb= 14 mm)

and the fillet radii of the die (R = 5 mm) were selected
based on the recommended values of Gao et al. [8,10]. In a
previous work [9], the developed 3D-FE model was
verified to be reliable in predicting the position of the
folding and height of the ribs in the transitional region
through a physical experiment, as shown in Fig. 2. These
findings suggest that the established 3D-FE model
presented a high prediction accuracy and provided the
essential data for the dual-RSM model and constraint
condition under different UTBs.

3.2 Construction of the dual-RSM model

In the current study, the size parameters h1, h3, lleft, and
lright in Fig. 3 were regarded as design variables for
adjusting the volume distribution of the billet in the
transitional region. Accordingly, the corresponding values
H1/He, H3/He, lleft/Lleft, and lright/Lright were considered the
control factors a, b, c, and d. It is noted that the total
volume of the different UTBs was maintained constant by
complying with the constant-volume principle. H2 was set
as a dependent variable by changing the design variables.
During the forming process of the ILLF, the stroke length
(Lerror) may be also fluctuated, because the bottom die
center accuracy of the press would be decreased by the
installation accuracy and block vibration. Thus, the
nominal stroke may not be attained. Moreover, the existing
manufacturing tolerance of the preforming billet (MFerror)
in the operating environment can influence the precision of
the volume distribution, resulting in distinct forming
results in the transitional region in the ILLF of the
LTRC. Therefore, MFerror, m, and Lerror were regarded as
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uncontrolled factors. The ranges of the control and
uncontrolled factors are listed in Table 3. The control
factors were arranged in the outer array using Box-
Behnken design (BBD), whereas the uncontrolled

factors were arranged in the inner array using the
uniform design (UD). The designed cross array is shown
in Table 4.
Each experiment from the outer array was repeated five

times (Column j = 5) with different parameters of the inner
array. The mean (f �) and standard deviation (f �) of the 29
BBD schemes (Row i = 29) were calculated using Eqs. (2)
and (3). Subsequently, the dual-RSM model was used to
predict the relationship of the control factors with f � and
f �, as shown in Eqs. (6) and (7).

f � ¼ 24:69918 – 23:40082a – 18:04425b – 9:19271c

– 37:56382abþ 8:14694acþ 24:66357a2

þ 32:08279b2, (6)

Fig. 4 Flowchart of the robust optimization of the billet in the transitional region during the ILLF of LTRC

Fig. 5 Eigenstructure of the transitional region
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f � ¼ 10:61595 – 8:89809a – 13:41992bþ 0:15142c

þ 2:64596ab – 1:82579acþ 3:60745a2

þ 6:19163b2 þ 1:20071c2: (7)

The significance of the dual-RSM model was assessed
by regression analysis. The adjusted R2 value of 0.9627

(f �) and 0.9611 (f �) indicated that the fit of the dual-RSM
model was very good, suggesting that the dual-RSMmodel
could be used for the robust optimization of the billet.

3.3 Constraint condition

As mentioned in Section 2.3, a friction factor of 0.3 was
chosen for determining the critical value of Mt. Similar to
the work in Ref. [9], the critical value ofMt was set to 5.21.
The RSM model ofMt (m = 0.3) was expressed by Eq. (8),
which was fitted by stepwise regression to improve the
predictive accuracy. The adjusted R2 value of 0.9826
indicated that the fit of the RSM model ofMt (m = 0.3) was
very good. For comparison, the RSM model of Mt (m =
0.5) [9] is given in Eq. (9).

Mtðm ¼ 0:3Þ ¼ 0:86562þ 13:13201a – 1:80017b

– 2:27317cþ 4:01580d – 4:90145ab

þ2:63536ac – 6:66173a2

þ3:14348b2 – 2:39176d2, (8)

Mtðm ¼ 0:5Þ ¼ – 2:86361þ 7:12846aþ 9:84596b

– 2:49595cþ 4:24479d – 6:14361ab

þ2:44892ac – 1:92904bd – 2:96887a2

– 1:41188b2 – 1:39701d2: (9)

3.4 Robust optimization solving and discussion

To achieve robust optimization of the billet, the mean and
standard deviation of the die underfilling rate should be
minimized. The critical value of Mt under m = 0.3 and
m = 0.5 were considered in the constraint condition for
avoiding folding defects in the robust optimization

Table 2 Geometric parameters of the eigenstructure

Feature Parameter Value

Rib 1 Width, W1/mm 15

Height, H1/mm 44

Rib 2 Width, W2/mm 13

Height, H2/mm 43

Rib 3 Width, W3/mm 12

Height, H3/mm 45

Rib 4 Width, W4/mm 12

Height, H4/mm 44

Rib 5 Width, W5/mm 16

Height, H5/mm 45

Distance to the left side of Rib 1 D01/mm 35

Distance between Ribs 1 and 2 D12/mm 60

Distance between Ribs 2 and 3 D23/mm 75

Distance to the right side of Rib 3 D30/mm 30

Thickness of Web 1 Tweb1/mm 13

Thickness of Web 2 Tweb2/mm 13

Thickness of Web 3 Tweb3/mm 14

Thickness of Web 4 Tweb4/mm 14

Thickness of Web 5 Tweb5/mm 12

Thickness of Web 6 Tweb6/mm 12

All fillet radii R/mm 5

All drafts γ/(° ) 2

Width of the eigenstructure Weigen/mm 100

Volume of the eigenstructure Veigen/mm3 5.63�105

Fig. 6 FE model in the transitional region of ILLF [9]. (a) First-loading step; (b) second-loading step
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process. By combining the objective function and
constraint condition, the robust optimization model was
formulated in Eq. (10).

Variables a,b,c,d

Minimum f �   þ f �  

s:t: Mtðm ¼ 0:3Þ£5:21

Mtðm ¼ 0:5Þ£4:24

0:75 £a, b£1:15

0:6 £c, d£1

9>>>>>>>>>>=
>>>>>>>>>>;

(10)

Table 3 Ranges of the control and uncontrolled factors

Factor type Variables Minimum values Maximum values

Control factors a: H1/He 0.75 1.15

b: H3/He 0.75 1.15

c: lleft/Lleft 0.60 1.00

d: lright/Lright 0.60 1.00

Uncontrolled
factors

MFerror – 0.1 mm 0.1 mm

m 0.3 0.5

Lerror 13.9 mm 14 mm

Table 4 Cross array design

BBD NO.

Control factors Uncontrolled factors Responses

a b c d

UD 1 2 3 4 5

f �i f �i
MFerror –0.10 –0.05 0.00 0.05 0.10

m 0.35 0.45 0.30 0.40 0.50

Lerror 13.975 13.950 13.925 13.900 14.000

1 1.15 0.95 0.8 0.6 1.29 1.32 1.49 1.30 1.58 1.40 0.13

2 0.95 1.15 0.8 0.6 4.30 5.24 4.00 5.06 5.32 4.78 0.59

3 0.75 0.95 0.6 0.8 4.88 4.93 4.07 4.82 5.07 4.75 0.39

4 1.15 1.15 0.8 0.8 1.84 2.58 1.30 2.60 2.34 2.13 0.56

5 0.95 0.95 1.0 1.0 1.23 1.39 1.12 1.12 1.62 1.29 0.21

6 0.95 0.95 0.8 0.8 1.43 1.48 1.27 1.30 1.65 1.43 0.15

7 1.15 0.95 1.0 0.8 1.22 1.13 1.29 1.04 0.92 1.12 0.15

8 0.95 0.95 0.6 0.6 1.73 1.35 1.55 1.52 1.59 1.55 0.14

9 0.95 0.95 0.6 1.0 1.51 1.28 1.52 1.54 1.62 1.49 0.13

10 0.75 0.95 1.0 0.8 2.20 2.58 2.08 3.25 3.79 2.78 0.73

11 0.95 1.15 0.6 0.8 3.95 4.82 3.46 4.29 4.77 4.26 0.57

12 0.95 0.75 0.6 0.8 1.35 1.80 1.35 1.42 1.24 1.43 0.21

13 0.75 0.95 0.8 0.6 2.91 3.46 2.69 3.69 3.85 3.32 0.50

14 0.75 0.95 0.8 1.0 3.48 3.96 3.23 4.23 4.41 3.86 0.50

15 0.95 0.95 0.8 0.8 1.59 1.25 1.37 1.30 1.63 1.43 0.17

16 0.95 0.75 0.8 1.0 1.35 1.49 1.10 1.53 1.05 1.30 0.22

17 0.95 0.95 0.8 0.8 1.56 1.60 1.32 1.32 1.59 1.48 0.15

18 1.15 0.95 0.8 1.0 1.23 1.26 1.35 1.34 1.52 1.34 0.11

19 1.15 0.75 0.8 0.8 2.76 2.81 2.63 2.59 2.79 2.72 0.10

20 0.95 0.75 1.0 0.8 1.21 1.14 1.03 1.35 0.57 1.06 0.30

21 0.95 0.75 0.8 0.6 1.35 1.54 1.24 1.46 1.01 1.32 0.21

22 0.75 0.75 0.8 0.8 1.96 1.97 0.97 2.81 2.42 2.03 0.69

23 0.95 1.15 1.0 0.8 4.14 5.11 3.15 4.93 4.66 4.40 0.79

24 0.95 0.95 0.8 0.8 1.45 1.21 1.42 1.36 1.61 1.41 0.15

25 0.95 0.95 0.8 0.8 1.46 1.23 1.40 1.32 1.63 1.41 0.15

26 0.95 1.15 0.8 1.0 3.92 4.60 3.34 4.42 4.63 4.18 0.55

27 1.15 0.95 0.6 0.8 1.67 1.73 1.76 1.89 1.91 1.79 0.11

28 0.75 1.15 0.8 0.8 7.05 8.20 6.42 7.59 7.99 7.45 0.73

29 0.95 0.95 1.0 0.6 1.03 1.20 1.21 1.37 0.87 1.14 0.19
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An optimum solution was derived to attain the robust
optimization of the billet using MAPLE software. The
results of the robust optimization are given in Table 5. The
corresponding mean and standard deviation values of the
die underfilling rate were 1.23 and 0.09, respectively. To
better understand the robust optimization effect, the
deterministic optimization of the billet, which considered
neither the manufacturing tolerance of the billet nor the
fluctuation of the friction factor and stroke length (the
friction factor was set to 0.5, and the stroke length was
fixed at 14 mm) was also obtained. The forming results
indicated that both the mean and standard deviation of the
die underfilling rate were greater than the robust
optimization outcomes, as shown in Table 5. Thus, the
robust optimization of the billet in this case was efficient
and reliable.
Figure 7 compares the folding results between the robust

optimization point and deterministic optimization point by
showing the contour plots of Eqs. (8) and (9). The robust
optimization point that considered the constraint condition
is illustrated in Fig. 7(a). The robust optimization point was
included in the non-folding region of both m = 0.3 and
m = 0.5. However, the deterministic optimization point in
Fig. 7(b) was only included in the non-folding region of
m = 0.5 but outside of the non-folding region of m = 0.3. In
addition, the FE simulation result of the deterministic
optimization revealed that folding was produced under a
friction factor m = 0.3, further demonstrating that the
fluctuation of the friction factor significantly influenced the
folding defect. Thus, it is concluded that the folding defect

caused by the fluctuation of the friction factor was
effectively avoided by the robust optimization result.

4 Conclusions

In this study, a dual-RSM-based robust optimization of the
billet in the transitional region of LTRC under the ILLF
was developed to improve the die underfilling rate under
the constraint condition of avoiding folding defect. The
uncontrollable factors (i.e., the manufacturing tolerance of
the performing billet, fluctuation of the stroke length, and
friction factor) were considered in the robust optimization
process. A case study of a typical rib-web eigenstructure
was implemented to demonstrate the effectiveness of the
robust optimization method. BBD and UD were adopted
during dual-RSM metamodeling to acquire the mean and
standard deviation of the die underfilling rate while
considering the size parameters of the UTB and the
uncontrollable factors. The constraint condition of avoid-
ing folding defect in the robust optimization process was
determined in terms of the fluctuation of the friction factor.
The robust optimization results showed that the mean and
standard deviation of the die underfilling rate were both
minimized compared with the deterministic optimization
results. Thus, the preferable die filling could be acquired in
the transitional region of the ILLF by considering the
uncontrollable factors and the folding defect caused by the
fluctuation of the friction was effectively avoided. The
results of the case study demonstrated that the robust

Table 5 Comparison between robust optimization and deterministic optimization

Optimization type a b c d f �i f �i

Robust optimization 1.12 0.93 0.65 1 1.23 0.09

Deterministic optimization 1.13 0.96 1.00 1 1.26 0.15

Fig. 7 Contour graphs demonstrating the effects of Factors a and b on Mt. (a) Factor c = 0.65, Factor d = 1; (b) Factor c = 1, Factor d = 1
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optimization of the billet was critical for improving the
forming quality of the transitional region in the ILLF of the
LTRC.
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