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Abstract The reliability-based design optimization, the
reliability sensitivity analysis and robust design method are
employed to present a practical and effective approach for
reliability-based robust design optimization of vehicle
components. A procedure for reliability-based robust
design optimization of vehicle components is proposed.
Application of the method is illustrated by reliability-based
robust design optimization of axle and spring. Numerical
results have shown that the proposed method can be trusted
to perform reliability-based robust design optimization of
vehicle components.

Keywords vehicle components, reliability-based design
optimization, reliability-based sensitivity analysis, multi-
objective optimization, robust design

1 Introduction

The reliability and safe of vehicle components are main
objectives of vehicle design. In case key components are
damaged, the vehicle will break down, or even causes fatal
accident. It is important to perform the reliability-based
robust optimization design of vehicle components. Relia-
bility of vehicle components can be verified by laboratory
experiment. The experiment, however, is of limited
applicable due to the demanding manpower, resource and
time. Therefore, a numerical method is necessary to be
introduced. During the last four decades, there have been
considerable advances in the field. The reliability-based
design, the reliability-based optimization design [1–22],
and the reliability sensitivity analysis [23–30], the robust
design and the reliability-based robust design have been

widely employed for industrial product design with the
uncertain information [31–42].
In engineering practice, the aforementioned methods are

effective for vehicle component design under uncertainties,
which include geometry parameters, material properties,
loadings, etc. However, the method has been employed
separately during different design stages. A robust design
is, in general, considered to be one that the quality of a
product is insensitive to variations of design variables.
Based on the concept, the reliability-based robust optimi-
zation is defined as that reliability of the system should be
insensitive to the variation of uncertain parameters, i.e., the
reliability sensitivities with respect to design variables are
low (or ideally zero). The minimum sensitivity formulation
generally leads to a design that is more robust and hence of
better quality. The Taguchi method has been successfully
employed in the last few decades to develop robust
products that will perform their intended functions with
low sensitivity to variations of design variables. Current
design practice tends to account for the variation by using
of factors of safety and reliability. It is essential to combine
the reliability-based optimization, the reliability sensitivity
and the robust design and to develop a new design
approach for reliability-based robust optimization of
vehicle components.
Using the reliability-based optimization design, the

reliability sensitivity analysis technique and the robust
design method, this paper proposes a novel numerical
approach for reliability-based robust design optimization
of vehicle components. An effective method for the
reliability-based robust optimization of vehicle compo-
nents is developed. According to the numerical results, the
proposed approach is a convenient and practical routine for
reliability-based roust design optimization of vehicle
components.

2 Perturbation method

A fundamental problem for reliability analysis is to
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compute the following multi-fold integral in terms of
reliability R:

R ¼ !
gðXÞ>0

fX ðXÞdX, (1)

in which fX(X) denotes joint probability density function of
random variables X =(X1, X2,…, Xn)

T, and g(X) is the state
function, representing safe state and failure state of the
problem:

gðXÞ £  0, failure  state

gðXÞ > 0, safe  state

)
, (2)

where g(X)= 0 is the limit-state equation, representing an
n-dimensional surface, which is termed as the “limit-state
surface” or “failure surface”.
The vector of random parameters X and the state

function g(X) are expanded as

X ¼ Xd þ εXp, (3)

gðXÞ ¼ gdðXÞ þ εgpðXÞ, (4)

where ε is a small parameter. A term with subscript d is the
certain part, while the subscript p denotes the random part
with zero mean value. Obviously, it is necessary to notice
that the value of the random part should to be smaller than
the value of deterministic part. Both sides of Eqs. (3) and
(4) are evaluated about the mean value of random variables
as follows:

EðXÞ ¼ EðXdÞ þ εEðXpÞ ¼ Xd , (5)

E½gðXÞ� ¼ E½gdðXÞ� þ εE½gpðXÞ� ¼ gdðXÞ: (6)

Similarly, according to the Kronecker algebra [43],
variances of X and g(X) are respectively determined as

VarðXÞ ¼ Ef½X –EðXÞ�½2�g ¼ ε2½X½2�
p �, (7)

Var½gðXÞ� ¼ Ef½gðXÞ –E½gðXÞ��½2�g

¼ ε2Ef½gpðXÞ�½2�g, (8)

in which, the Kronecker power ð⋅Þ½2� is represented as

A½2� ¼ A� A ¼

a11A a12A � � � a1qA

a21A a22A � � � a2qA

M M ⋱ M

ap1A a11A � � � apqA

2
66664

3
77775, (9)

where Ap�q is a pp�qq matrix, while � represents the
Kronecker product.
By expanding the state function gp(X) at E(X)= Xd, one

obtains first-order approximation of the limit state function

as

gpðXÞ ¼
∂gdðXÞ
∂XT Xp: (10)

Substituting Eq. (10) into Eq. (8), we obtain

Var½gðXÞ� ¼ ε2E
∂gdðXÞ
∂XT

� �½2�
X½2�

p

" #

¼ ∂gdðXÞ
∂XT

� �½2�
VarðXÞ, (11)

in which, Var(X) is computed with the variance and
covariance of input random parameters.
The reliability index is defined as

β ¼ �g

�g
¼ E½gðXÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Var½gðXÞ�p : (12)

It is to note that the first-order approximation of μg and σg
should be evaluated at the mean values (�X1

,�X2
,…,�Xn

)T.
The reliability index can be directly employed to measure
safety margin of the state function. If random variables
follow the normal distribution, a tangent plane may be used
to approximate actual failure surface of the problem, which
determines the following reliability index:

R ¼ ΦðβÞ, (13)

where Φ( ) is the standard normal distribution function. In
case of a limit state function containing non-normal
random variables, the proposed perturbation method is
convenient to evaluate mean-value, variance for reliability
analysis of the vehicle component.

3 Reliability sensitivity design

It is important to evaluate the sensitivity of input random
variables with respect to reliability of a system. The
sensitivity of mean-value of a random variable is derived
as follows:

DR

DX
T ¼ ∂R

∂β
∂β
∂�g

∂�g

∂XT, (14)

where

∂R
∂β

¼ φðβÞ, (15)

∂β
∂�g

¼ 1

�g
, (16)

∂�g

∂XT ¼ ∂g
∂X1

,
∂g
∂X2

,:::,
∂g
∂Xn

� �T
, (17)
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as well as the sensitivity of variance:

DR

DVarðXÞ ¼ ∂R
∂β

∂β
∂�g

∂�g

∂VarðXÞ, (18)

where

∂β
∂�g

¼ –
�g

�2g
, (19)

∂�g
∂VarðXÞ ¼ 1

2�g

∂g
∂X

� ∂g
∂X

� �
: (20)

Substituting for Eqs. (14) and (18), the reliability

sensitivity indices DR=DX
T

and DR=DVarðXÞ can be
obtained.

4 Reliability-based robust optimization

The reliability-based robust optimization design of vehicle
components is proposed as a multi-objective optimization
in terms of the minimum weight of vehicle component and
the minimum mean-value sensitivity of design variables.
The reliability-based robust optimization problem, hence,
can be expressed as the following form:

min  f ðxÞ ¼
Xn
k¼1

wkfk xð Þ

s:t:  g –Φ – 1ðR0Þ�g³0,  qiðxÞ³0,  ði ¼ 1,:::,lÞ

9>=
>;, (21)

where wk is a kth weighting factor. It measures the
significance of the kth sub-objective function:

w1 ¼
fkðx*1Þ – fkðx*kÞ

½f1ðx*kÞ – f1ðx*1Þ� þ ½f2ðx*ðk – 1ÞÞ – f2ðx*2Þ� þ :::þ ½fkðx*1Þ – fkðx*kÞ�
,

w2 ¼
fk – 1ðx*2Þ – fk – 1ðx*ðk – 1ÞÞ

½f1ðx*kÞ – f1ðx*1Þ� þ ½f2ðx*ðk – 1ÞÞ – f2ðx*2Þ� þ :::þ ½fkðx*1Þ – fkðx*kÞ�
,

M M

wk ¼
f1ðx*kÞ – f1ðx*1Þ

½f1ðx*kÞ – f1ðx*1Þ� þ ½f2ðx*ðk – 1ÞÞ – f2ðx*2Þ� þ :::þ ½fkðx*1Þ – fkðx*kÞ�
:

(22)

In the paper, two sub-objective functions are considered:
f1 xð Þ is the area or volume of vehicle components and
f2 xð Þ is the reliability sensitivity of mean-value of design
variables. R0 is the target reliability. qiðxÞ is an ith
inequality constrain.

5 Numerical example

5.1 Reliability-based robust design optimization of tension
bar

A bar subjected to axial tension is considered as shown in
Fig. 1.
Tensile stress of the bar is defined as

� ¼ 4Q

πðd21 – d20Þ
, (23)

where Q is the tensile load, d0 is inside diameter, while d1
is outside diameter of the tubular section.
The state equation for reliability analysis of the tension

bar is defined as

gðXÞ ¼ r –
4Q

πðd21 – d20Þ
, (24)

where r is material strength. The random vectorX is defined
as X =(r, Q, d1, d0)

T, where mean-value and variance
random variables (�d0 ,�d0 )=(25, 0.125) mm, (�d1 ,�d1 )=(35,
0.175) mm, (�Q,�Q)=(170, 2.6) kN and (�r,�r)=(400, 11)
MPa. Specially, the d0 and d1 are correlative random
variables with correlation coefficient r = 0.70.
The reliability index b, the reliability R and the

reliability sensitivity DR=DxT of the tension bar, are
determined as

β¼ 2:916838, R¼ 0:998232,

DR=DxT ¼ ∂R
∂d1

∂R
∂d0

� �
¼

1:773� 10 – 2

– 1:266� 10 – 2

" #T

:

Given the target reliability R0= 0.999, objective func-
tions for reliability-based robust design optimization of the
tensile bar are formulated as

f1ðxÞ ¼
π
4
ðx21 – x22Þ, (25)

Fig. 1 Structure of tension bar
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f2ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX2
i¼1

∂R
∂xi

� �2
vuut , (26)

where the design variables are x =(x1,x2)
T=(d1,d0)

T.
The design constraints are

�g –Φ
– 1ðR0Þ�g³0, (27)

x1 – x2³0: (28)

Given initial values d0= 30 mm and d1= 40 mm, the
optimum result is determined as d0= 20.0011 mm and d1=
31.989 mm.
The proposed method determines the reliability index β,

the reliability R and the reliability sensitivity DR=DxT as

β¼ 4:055630,  R¼ 0:999975, 

DR=DxT ¼ ∂R
∂d1

∂R
∂d0

� �
¼

2:934� 10 – 4

– 1:835� 10 – 4

" #T

:

On the basis of the above results, the bigger the
reliability index β and the reliability R are, the less the
values of the reliability sensitivities DR=DxT are, the more
robust the reliability of the tension bar is.

5.2 Reliability-based robust design optimization of screw
bolt

Screw bolt subjected to shearing load has shown in Fig. 2.

Stress of the screw bolt is defined as

� ¼ 4p

Nπd2
, (29)

where p is the shearing load, d is the diameter of screw bolt
section, N is the number of shearing sections.
The state equation for reliability analysis of the screw

bolt is defined as

gðXÞ ¼ r –
4p

Nπd2
, (30)

where r is material strength. The random vector X is
defined as X =(r, p, d)T where mean-value and standard
deviation of the normal random variables are given as

(�p,�p)=(24, 1.44) kN, (�d,�d)=(12.5, 0.062) mm, (�r,�r)
=(143.3, 11.5) MPa, and N = 2.
The reliability index β, the reliability R and the reliability

sensitivity DR=Dx are determined as

β¼ 3:515459,  R ¼ 0:999780, 

DR=Dx ¼ ∂R
∂d

¼ 9:990� 10 – 4:

If target reliability R0= 0.999 is given, the minimum
diameter d of the screw bolt can be optimized with the
proposed robust design procedure.
Define the objective function in terms of minimizing

sectional area and reliability-based sensitivity index,
respectively:

f1ðxÞ ¼
π
4
x21, (31)

f2ðxÞ ¼
∂R
∂x1

����
����, (32)

where the design variables are x = x1= d.
And the reliability constraint is

�g –Φ
– 1ðR0Þ�g³0: (33)

Given the initial value d = 15 mm, one can harvest the
robust result as d = 13.083 mm, as well as the reliability
index β, the reliability R and the reliability sensitivity DR
=Dx of the screw bolt:

β¼ 4:248981,  R ¼ 0:999989, 

DR=Dx ¼ ∂R
∂d

¼ 5:142� 10 – 5:

On the basis of the above results, the bigger the
reliability index β and the reliability R are, the less the
values of the reliability sensitivities DR=DxT are, the more
robust the reliability of the screw bolt is.

5.3 Reliability-based robust design optimization of con-
necting rod

The connecting rod is a component subjected to tension
and pressure. Its section falls into I bar, circularity, square,
etc. (shown in Fig. 3).
Tensile stress of the connecting rod with I section is

defined as

� ¼ F

aðh – 2tÞ þ 2bt
, (34)

where F is the tension load, and a, b, h, and t are
dimensional parameters.
The state equation is defined as

Fig. 2 Structure of screw bolt
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gðXÞ ¼ r –�, (35)

where r is material strength. The original variable vector X
is defined as X =(r, F, a, t, h, b)T.
The probabilistic characteristics of X are assumed as

(�r,�r)=(691, 38) MPa, (�a,�a)=(8, 0.04) mm, (�t,�t)=(11,
0.055) mm, (�h,�h)=(130.63, 0.65315) mm and (�b,�b)
=(80.47, 0.40235) mm. The load F is (�F ,�F )=(60000,
4000) N.
The reliability index β, the reliability R and the reliability

sensitivity DR=DxT of the connecting rod, therefore, are
computed as

β¼ 3:316011,  R¼ 0:999543, 

DR=DxT ¼ ∂R
∂a

∂R
∂t

∂R
∂h

∂R
∂b

� �
¼

6:794� 10 – 4

9:065� 10 – 4

5:004� 10 – 5

1:376� 10 – 4

2
666664

3
777775

T

:

Assume the target reliability R0= 0.999 and the design
parameters are, a, t, h, and b of the connecting rod.
Objective functions are to minimize the sectional area f1ðxÞ
and the reliability-based sensitivity coefficients f2ðxÞ:

f1ðxÞ ¼ x1ðx3 – 2x2Þ þ 2x4x2, (36)

f2ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX4
i¼1

∂R
∂xi

� �2
vuut , (37)

where the design variables are x =(x1, x2, x3, x4)
T=(a, t, h,

b)T.
Design constraints are

�g –Φ
– 1ðR0Þ�g³0, (38)

x1³8:0, (39)

x2 – x1³3:0, (40)

x3 – 2x2³0, (41)

1:4£
x3
x4
£1:8: (42)

Given initial values a = 14 mm, t = 27.5 mm, h = 140
mm and b = 96 mm, the dimensional variables, a, t, h, b,
are computed as a = 9.2751 mm, t = 13.5427 mm, h =
129.0557 mm and b = 71.6976 mm.
One can further verify the reliability index β, the

reliability R and the reliability sensitivity DR=DxT of the
connecting rod as

β¼ 4:351443,  R ¼ 0:999993,

DR=DxT ¼ ∂R
∂a

∂R
∂t

∂R
∂h

∂R
∂b

� �
¼

1:046� 10 – 5

1:281� 10 – 5

9:514� 10 – 7

2:778� 10 – 6

2
666664

3
777775

T

:

On the basis of the above results, the bigger the
reliability index β and the reliability R are, the less the
values of the reliability sensitivities DR=DxT are, the more
robust the reliability of the connecting rod is.

6 Conclusions

This paper presents an effective method for reliability-
based robust design optimization of vehicle components.
Optimum results for reliability-based robust design
optimization of vehicle components are obtained accu-
rately and quickly. The method provides an effective
approach to conduct reliability-based robust optimization
of vehicle components.

Fig. 3 Structure of connecting rod
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