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Abstract This paper deals with the design and the
analysis of a spherical parallel manipulator (SPM) for a
haptic minimally invasive surgery application. First the
medical task was characterized with the help of a surgeon
who performed a suture technique called anastomosis. A
Vicon system was used to capture the motion of the
surgeon, which yielded the volume swept by the tool
during the anastomosis operation. The identified work-
space can be represented by a cone with a half vertex angle
of 26°. A multi objective optimization procedure based on
genetic algorithms was then carried out to find the optimal
SPM. Two criteria were considered, i.e., task workspace
and mechanism dexterity. The optimized SPM was then
analyzed to determine the error on the orientation of the
end effector as a function of the manufacturing errors of the
different links of the mechanism.

Keywords spherical parallel manipulator (SPM), anasto-
mosis, haptic, motion capture, optimization, workspace,
dexterity, genetic algorithm, manufacturing errors

1 Introduction

We focus in this paper on the design of a haptic interface
for medical applications, especially minimally invasive
surgery (MIS). This technique reduces pain, leads to brief
hospital stays and shorter rehabilitation time. In this
context, the desired device should provide the surgeon
with natural eye-hand-coordination, dexterity, precision
and force feedback for tele operation.

The spherical parallel architecture represents an inter-
esting alternative for applications with a fixed center of
rotation as is the case of the MIS. Different varieties of this
mechanism have been studied before. These studies
covered a wide range of features such as workspace
analysis [1–3], kinematic analysis [4–6], optimization of
design parameters [7], singularity analysis [8,9] and
dexterity [10].
Another characteristic of the 3-RRR spherical parallel

manipulator (SPM) is its degree of overconstraints. Indeed,
several studies in the literature showed that the 3-RRR is
an overconstrained mechanism [11–13]. This characteristic
yields high rigidity and hence a better precision. However,
the mounting of the mechanism and its precision can be
affected by the manufacturing errors of its links. One way
to go around this problem is to remove the source of
overconstraints by modifying the nature of the joints
[11,14]. The 3-RCC SPM is one of the proposed non
overconstrained mechanisms. The added translational
motion along the axis of the C joints can help the
mounting of the mechanism without the need to deform the
links. In this case, Al-Widyan et al. [13] evaluated through
a stochastic method the translational displacement of each
cylindrical joint in the 3-RCC architecture.
While these small displacements allow the mounting of

the mechanism without the need to deform the links, they
can yield errors and reduce the rigidity of the mechanism
compared to the overconstrained case.
In this paper, we prefer maintaining the overconstraints

in the 3-RRR mechanism and stochastically evaluate the
error on the orientation of the end effector as a result of the
manufacturing errors of the different links of the mechan-
ism.
Section 2 presents an experimental description of the

anastomosis task. A motion capture system was used to
acquire the motion of markers mounted on the tools used
by an expert during a suture operation. The workspace
necessary for this task is then determined experimentally.
Section 3 presents the kinematic analysis and a workspace
representation of the SPM. An optimization procedure,
using genetic algorithms, is then used, in Sect. 4, to
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determine the optimum design parameters of the robot
yielding the required workspace and providing a high
dexterity. Section 5 presents the optimal manipulator and
details the effect of dexterity as a criterion in the
optimization procedure. Section 6 takes advantage of
screws of small displacements method to represent and
study the effect of manufacturing errors of the different
links of the mechanism on the orientation error of the end
effector. Section 7 concludes this paper.

2 Characterization of the medical task

2.1 Experimental protocol

The first step, in the design of such systems, is to identify
the nature of the movements required to perform a mini
invasive surgery. One of the main tasks encountered in this
procedure is the suturing operation. An experimented
surgeon was asked to perform this task on a training station
in order to analyze the motion and the technique he uses.
Figure 2 presents the experimentation scene with the
practitioner manipulating the tools (a clamp and a needle
holder) on the Pelvis Trainer station. The task consists on
the surgical union of two hollow organs or parts that are
normally separate, called anastomosis. Experiments were
then applied on a ruptured aortic vessel. The technique is
made of three phases: the first one consists of suturing the
back hemisphere, which is the most difficult to reach. The
second step is to suture the front hemisphere and finally
performing a triple knot. Figure 1 shows these three phases
on a prosthetic aorta.

2.2 Motion capture

The aim is to characterize the motion of the expert hand
during a mini invasive surgery. Our motion capture method
is based on the experience of the biomechanics community
especially for the choice of marker sets and segment
reference definition [15]. Computer graphics focus on the
use of motion capture and synthesis movement to generate
three-dimensional realistic movements for virtual models.

A set of 28 markers were fixed on the practitioner hand
and the surgical tools. A motion capture system made of 10
high speed cameras was used to track and record the
position of these markers. The tools have to go through
small holes, simulating the skin incisions, and the move-
ments were basically rotations around the incision point
and a translation along the axis of the tool.
The recorded kinematics data is based on the use of the

Vicon Nexus motion capture system. Using Nexus
software, we identify the three coordinates of each marker
at every moment, in the reference coordinates system, by
combining coordinates in every camera reference. The data
are typically a set of coordinates of each marker as a
function of time.

2.3 Data analysis

At the end of the surgical operation, the motion capture
system stores all the recorded data. These data are then
analyzed to identify the kinematics of the performed
movements. Figure 3 shows the reconstructed model using
the Software Nexus in the MOTION CAPTURE and the
expert performing the anastomosis.
These data were used to evaluate the size of the

workspace within which the tool was moving. We limit our
workspace to the two rotations of the axis of the tool and
we discard, as a first analysis, the self-rotation. Since the
tool has to go always through the hole, we decided to
evaluate the size workspace through the calculation of the
maximum angle of the cone generated by the axis of the
tool. Figure 4 contains two cones, one corresponds to the
clamp with an angle of 17° and the second one is for the
needle holder, which has 26° as the angle of the cone.
Each cone vertex coincides with the corresponding hole

in the ‘pelvis trainer’, which is a simulation of the incision
in the human body. Besides the rotation, each tool has also
a translation motion along the axis of the cone.
This last movement will not be considered here and we

will limit the study to only the rotation. We notice that it
can happen that the axes of the tools intersect, which is
predictable since they both cooperate to perform the task.
This study highlights the complexity of the surgeon
movements during anastomosis.

Fig. 1 Anastomosis phases

Fig. 2 Experimental setup (Pelvis Trainer+ tools)
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In conclusion, each tool has to perform three movements
of rotation and one movement of translation presented in
Fig. 5. Two rotations are used to orient the axis of the cone
and the third one is a self-rotation. The translation is also
along the axis of the cone.

3 Proposed architecture of SPM

Figure 6 depicts a CAD model of the proposed architecture
for the haptic system. Figure 7 shows the manufactured
prototype of the system.
It consists of a spherical parallel mechanism providing

the three rotations needed to the MIS application. This
choice is motivated by the fact that the output motion of
this type of robots is generated around a fixed center of
rotation that coincides in reality with the incision on the

patient body. Figure 8 shows the CAD model of the system
with the surgical tool mounted on the platform. The center
of rotation corresponds to the incision point on the patient
body and the cone has the same size as the one determined
by the motion capture system.
In fact, the workspace of the structure is the intersection

of three spherical caps generated each by a separate serial
leg. Moreover, parallel robots are known to have high
rigidity and precision along with a low inertia.
The mechanism is composed of three pairs of links that

connect the base to the platform. Each of these pairs is
formed by a proximal link joined to the base and a distal
one joined to the platform. The joints are all revolute joints
and all axes intersect in a single point.

Fig. 3 Motion reconstitution

Fig. 4 Tools workspace resulting from experimentations

Fig. 5 DOF in MIS motion

Fig. 6 Proposed architecture
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The axes of the base frame of the structure R0 meet the
axes of the three base joints. Thus, the center of rotation
represents the vertex of a pyramid that inscribes the
structure. The three revolute joints with the base are
actuated. These motors will be responsible of generating
the force feedback to the practitioner by resisting the
motion proportionally to the forces acting on the tool tip on
the slave robot. The fourth degree of freedom, required by
the task, is a translation along the z-axis of the platform.
This DOF is decoupled from rotations and does not affect
the orientation of the device, and it will not be considered
in this work.

4 Kinematic analysis

The spherical parallel mechanism is characterized by the

fact that all the joint axes are intersecting in one point. The
three legs are identical and the actuated joint axes are
located along the x, y and z axes, respectively. The
workspace of the platform is then the intersection of the
workspaces of three legs considered each as a 3-DOF
spherical serial kinematic chain.

4.1 Forward displacement of the SPM

The motion of the SPM is generated by only revolute
joints. The position of the three identical legs A, B, C can
then be described by the vector qA:

qA ¼ ½�1k ,�2k ,�3k �T, ðk ¼ A,B,CÞ: (1)

The operational vector of angles ½ψ,�,φ�T, are the three
ZXZ –Euler angles of the platform, representing the
orientation of the platform with respect to the base.
Using successive rotations one can find the orientation of
the platform as a function of the different rotations of the
active joints. Figure 9 describes the parameters of a serial
leg. The proximal link is defined by the angle α that
separate the axis of the actuated joint and the axis of
intermediate joint. The distal link is defined by the angle β
that separate the axis of the intermediate joint and the axis
of platform joint. The angle γ defines the dimension of the
platform.

The geometric model can be written in a matrix form as a
relation between the representations of platform orienta-
tion using joints parameters and Euler parameters

RotðZ1k ,�1kÞ$RotðX2k ,αÞ$RotðZ2k ,�2kÞ$RotðX3k ,βÞ

$RotðZ3k ,�3kÞ$RotðXE,gÞ

¼ RotðZ ,ψÞ$RotðX 0,�Þ$RotðZE,φÞ, (2)

with
X2k ¼ Z1k � Z2k ,

X3k ¼ Z2k � Z3k ,

XE ¼ Z3k � ZE,

(3)

and k = A, B, C denotes the three legs.

Fig. 8 CAD model of the proposed device
Fig. 9 One leg geometric parameters

Fig. 7 Prototype of the SPM
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This matrix equation can be reduced to three scalar
equations, written as

ψ ¼ f1ð�1A,�2A,�3AÞ,
� ¼ f2ð�1A,�2A,�3AÞ,
φ ¼ f3ð�1A,�2A,�3AÞ:

8><
>: (4)

The inverse model, however, is easier to write. For leg
kðk ¼ A,B,CÞ, one can write

Z2k$Z3k ¼ cosβ, (5)

with

Z2k ¼ RotðZ1k ,�1kÞ$RotðX2k ,αÞ$Z1k , (6)

Z3k ¼ RotðZ1k ,ψÞ$RotðX 0,�Þ$RotðZE,φÞ

$Rot – 1ðXE,gÞ$Z1k : (7)

The latter equations can be decoupled to yield the
following three scalar equations involving the variables
�1k , ψ, �, φ:

A1cos�1A þ B1sin�1A ¼ C1,

A2cos�1B þ B2sin�1B ¼ C2,

A3cos�1C þ B3sin�1C ¼ C3:

8><
>: (8)

Ai, Bi and Ci are constant functions of the geometric
parameters. Equation (8) have a solution if and only if the
following conditions have to be fulfilled simultaneously

CDiðα,β,g,ψ,�,φÞ :
C2
i

A2
i þ B2

i

£1,

i ¼ 1,2,3:

8<
: (9)

Therefore, for a given orientation of the platform, the
constants Ai, Bi and Ci are determined and the actuated
joint angles �1k are the solutions of the three decoupled
equations, given by Eq. (8).
For a given self-rotation, φ, the workspace can be

represented in the Cartesian workspace as the accessible
orientations of the ZE— vector of the platform. Figure 10(a)
shows these orientations for different values of self-
rotation φ, where locations of the tip of this vector are
represented in the Cartesian reference frame. One can
notice that the ‘size’ of the workspace is reduced when
varying the angle φ. Figure 10(b) shows the variation of the
workspace as a function of the angle φ in the ðψ,�Þ space.

4.2 Kinematic model

The kinematic model can be obtained by differentiating
Eq. (5) with respect to time. The obtained equation can be
written as

_Z2kZ3k þ Z2k
_Z3k ¼ 0, (10)

with

_Z2k ¼ _�1kZ1k � Z2k , (11)

and

_Z 3k ¼ ω� Z3k ,

ω is the angular velocity of the end effector.
We get

_�1kZ1k � Z2k$Z3k ¼ –Z2k$ω� Z3k , (12)

Z1k � Z2k$Z3k
_�1k ¼ –Z3k � Z2k$ω: (13)

For the whole manipulator and in a matrix form, we can
write

B _q ¼ Aω, (14)

where B is a 3 � 3 diagonal matrix defined as follows:

Fig. 10 SPM workspace ðα ¼ 28°, β ¼ 26°, g ¼ 18°Þ, for
φ ¼ f0°, 20°, 40°, 60°g. (a) Cartesian space; (b) ðψ,�Þ space
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B ¼
Z1B � Z2B � Z3B

Z1B � Z2B � Z3B

Z1C � Z2C � Z3C

2
64

3
75, (15)

and

_q ¼ _�1A _�1B _�1C
� �T

, (16)

A ¼
ðZ3A � Z2AÞT

ðZ3B � Z2BÞT

ðZ3C � Z2CÞT

2
664

3
775, (17)

ω ¼
_�cosψ þ _φsin�sinψ

_�sinψ – _φsin�cosψ

_ψ þ _φcos�

2
664

3
775: (18)

4.3 Dexterity

Suturing and knot-tying tasks during endoscopic surgery
require a high level of precision and dexterity. Therefore, it
is of utmost importance that the proposed robot maintains a
certain level of dexterity over its workspace. Dexterity is
indeed a measure reflecting the amplification of error due
to the kinematic and statistic transformations between the
joints and the Cartesian space. Several criteria were
proposed in the literature to quantify the dexterity of
robot manipulators. In this work, we propose the most used
one, which is the condition number of the Jacobean matrix
that describes the overall kinematic behavior of a robot
[16]. The problem of non-homogeneity of the Jacobean
matrix is not encountered in our case since the SPM has
only orientation degrees of freedom. Therefore, the
condition number can be a reliable measure of this
dexterity. The kinematic model can be written as

ω ¼ J _q ¼ A – 1B _q: (19)

The condition number of the matrix J isdefined as

kðJÞ ¼ Jj jj j J – 1
�� ���� ��: (20)

Using the 2-norm defined as the square root of the
largest eigen value of matrix JJ – 1, the condition number
of the matrix J is then the ratio of the largest singular value
of J to the smallest

kðJÞ ¼ �max

�min
: (21)

The condition number can also be a measure of how far
the robot is from singularity. Indeed, in haptic devices it is
of most importance to be as far as possible from singularity
for the system to function correctly.

It is not easy to detail the analytical expression of the
condition number. Hence, we should calculate it numeri-
cally for different given poses of the platform. The smallest
possible value that we can have is 1. This corresponds to an
isotropic pose of the manipulator.

5 Synthesis of the spherical parallel
manipulator

Dexterity and workspace of the SPM where detailed in the
previous section. These two properties will serve to
identify the optimal manipulator for the anastomosis
application. The first criterion to satisfy is to find the
spherical parallel robot having the smallest workspace
containing the specified workspace determined experi-
mentally. The second one is to have the maximum
dexterity on this workspace which guarantees the neces-
sary handling accuracy.

5.1 Workspace modeling

The workspace of interest is an orientation workspace
defined by the set of Euler angles ψ, � and φ, which are
reachable by the mobile platform of the robot. The
prescribed workspace is a conical domain that delimits
the accessible orientations of the surgical tool axis. This
cone can be easily modeled in the Cartesian space as
follows:

I$ZE ¼ cosδ, (22)

with

I ¼ 1ffiffiffi
3

p ½1 1 1�T a unit vector defining the axis of the

cone

ZE ¼
sinψsin�

– cosψsin�

cos�

2
64

3
75, (23)

and δ the half vertex angle of the cone. Equation (22) can
be written as

ðsinψ – cosψÞsin�þ cos� ¼
ffiffiffi
3

p
cosδ: (24)

For ψ 2 ½ – π  π�, solving Eq. (24) leads to ðψ,�Þ couples
describing the desired cone detailed as follow:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b2
p

sinð�þ αÞ ¼ c, (25)

where
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a ¼ sinψ – cosψ,

b ¼ 1,

c ¼ ffiffiffi
3

p
cosδ:

(26)

α ¼
atan

b

a

� �
, if   a³0,

atan
b

a

� �
þ π, if   a<0,

8>><
>>: (27)

� ¼ – αþ arcsin
cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b2
p

� �
, (28)

Figure 11 shows a graphical representation of the cone
characterized by N ‘points’ pjðψj,�j,φjÞ, an angle and an
axis I.

During the optimization process, a security distance was
adopted on the desired workspace. This allows us to avoid
serial singularities that occur when det (B) = 0. The
corresponding configurations for these singularities exist
on the boundary of the workspace. The vertex angle of the
target cone become then δþ ε. ε is the a security angle
chosen to be 4 degrees.
The objective function is a representation of the

optimization problem to minimize. It is one of the key
elements of genetic algorithm because it determines
whether or not a given potential solution will contribute
to the next generation through the reproduction process.
The Fitness function should be able to provide a good
measure of the quality of the solution and should
differentiate between the performances of different manip-
ulators. It also associates our two adopted criteria, which
are the optimal workspace and the maximum dexterity.

This problem can be then stated as follows:

Minimize  F2   and  F3

Subject to

CDiðV ,PjÞ :
C2
i

A2
i þ B2

i

£1ði ¼ 1,2,3Þ
�
Eq:ð8Þ

	
,

where V ¼ ½α,β,g� is the design vector and Pjðψj,�j,φjÞ a
given orientation of the platform.
This constraint can be handled using a penalty function

F1, defined as follow:

F1 ¼
XN
j¼1

X3
i¼1

χiðV ,PjÞ: (29)

where

χiðV ,PjÞ ¼
0, if   CDi£1,

cf , if   CDi > 1,

(
(30)

where, cf is a large positive constant.
F1 = 0 means that all the points, defining the desired

volume, are contained within the workspace of the
spherical parallel manipulator.
The optimization problem becomes

Minimize  F1 þ F2   and  F1 þ F3:

Before defining F2 and F3, we introduce the power of a
point functions f2(Y,Pj) and f3(Y,Pj), which evaluate,
respectively, the distance of the chosen ‘point’ Pj from
the obtained workspace and the dexterity of the mechanism
[17,18]. These two functions are determined as follows:

f2ðV ,PjÞ ¼
X3
i¼1

C2
i ðV ,PjÞ

A2
i ðY ,PjÞ þ B2

i ðY ,PjÞ
����

����, (31)

f3ðV ,PjÞ ¼
X3
i¼1

kðV ,PjÞ: (32)

AiðV ,PjÞ, BiðV ,PjÞ, and CiðV ,PjÞ are given by Eq (8).
kðV ,PjÞ is the condition number calculated at the ‘point’
Pjðψj,�j,φjÞ.
The sum of the distances of all the points represents F2.

When F2 and F3 are minimal, we get the robot having the
closest workspace to the desired one with a maximum
dexterity distribution.
F2 and F3 are then given by

F2 ¼
XN
j¼1

f2ðV ,PjÞ
XN
i¼1

X3
i¼1

C2
i ðV ,PjÞ

A2
i ðV ,PjÞ þ

�
B2
i ðV ,PjÞ

	
������

������,
(33)

Fig. 11 Prescribed workspace in Cartesian space for N = 200
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F3 ¼
XN
j¼1

f3ðV ,PjÞ ¼
XN
j¼1

X3
i¼1

kðV ,PjÞ, (34)

where N is the number of chosen ‘points’ Pj.

5.2 Genetic Algorithm

The aim of this section is to develop and to solve the
optimization problem of selecting the design variables for
the SPM having a specified workspace and the best
dexterity distribution. This procedure concerns the geome-
trical parameters of the architecture, i.e., the links angles
represented by the designed vector V ¼ ½α,β,g�.
The proposed approach is based on a real coded genetic

algorithm (GA). In order to have large intervals of
variation for the parameters to be optimized, we run the
algorithm on a wide range of values detailed as follows:

α 2 ½20° 75°�, β 2 ½20° 75°�, g 2 ½0° 45°�: (35)

Initially the algorithm generates 500 sets of different
design parameters as the first parent generation. Then the
three standard genetic operations, i.e., reproduction,
crossover, and mutation are performed to produce a new
generation. Such procedures are repeated until the chosen
number of generations is achieved, or the required
accuracy is satisfied. For every manipulator generated,
the workspace is calculated and compared to the desired
one. The latter operation is performed on 400 different
orientations on the workspace boundaries.

5.3 Results and discussion

The optimization is performed using a GA method on 200
generations and 500 individuals. The self-rotation φ of the

manipulator was chosen to be
π
10

. Initially, we used only

the prescribed workspace as a criterion. This led to
generate a manipulator yielding the task workspace
perfectly. The obtained design vector is

V ¼ ½43:17°,31:38°,13°�: (36)

The obtained workspace and the desired one represented
in the Cartesian space are shown in Fig. 12. We can see
clearly the safety space between the cones.
We can observe that the prescribed workspace is

completely inside the robot workspace, which means that
the robot is able to reach all the necessary orientations to
achieve the surgical task. Figure 13 represents the dexterity
distribution of the resulting manipulator. We adopted for

this representation the inverse of the condition number
1

k
. It

is clear that a maximum value of 0.25 for this index is not
acceptable and shows the low dexterity of the resulting
manipulator.
Therefore, in order to improve this dexterity distribution,

a multi objective optimization, which includes the
condition number as a criterion, has been carried out.
The dexterity was then calculated for every manipulator

generated by the algorithm. Knowing that the global
conditioning index cannot ensure a uniform distribution
we adopted the local index. The strategy was then to find
the SPM having as much as possible orientations on its
workspace with a local conditioning index greater than 0.7.
This operation was performed on 37000 orientations on the
desired workspace.
The obtained design vector is

V ¼ ½39:3°,34:1°,18:2°�: (37)

This manipulator provides a significantly better dexter-
ity distribution on the desired workspace, which is
necessary for correctly performing the dexterous anasto-

Fig. 12 The workspace of the optimized SPM using the first
criterion of workspace

Fig. 13 Dexterity mapping for the workspace optimized SPM
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mosis task. We can then have a reasonably uniform
dexterity distribution with a global conditioning index of
0.73 and a local index variation from 0.26 to reach a
maximum value of 0.95. Figures 14 and 15 represent
respectively the workspace and the dexterity distribution of
the resulting SPM.
We notice that including dexterity in the optimization

process had an effect on the workspace of the optimal
manipulator that became larger than the desired one.
Optimization with Pareto front could be done to check the
possibility of a compromise between these two criteria that
may lead to better results.

6 Determination of the manufacturing error

The aim of this section is to characterize the orientation
errors of the end-effecter of the 3-RRR SPM due to the
manufacturing errors occurring during parts machining.
The strategy adopted is based on the determination of

the maximum acceptable manufacturing errors for a given
accuracy of the mechanism. In order to achieve this goal,
we evaluated the orientation error of the end effecter
generated by a range of manufacturing errors.
The model used in this study assumes that the joints are

ideal and that the manufacturing errors can be represented
by screws of small motions.

6.1 Screw of manufacturing errors

In the case of an ideal binary R-R link, a reference frame
RðO,X ,Y ,ZÞ is attached to the first joint and a second frame
R0ðO#,X #,Y#,Z#Þ is attached to the second one.
Due to manufacturing errors, the real link replaces the

ideal link and the reference frame is replaced by a reference

frame R#*ðO#*,X #*,Y#*,Z#*Þ (Fig. 16).

Theoretically, the virtual link S* is inserted between the
two links S and S# having a joint J. Therefore, joint J
becomes between S* and S#. The resulting configuration is
presented in Fig. 17. We describe the change between S
and S* by a screw of small displacements called =s

s* and
written in the frame R# as

=s
s* ¼

δρss*

δtðO#*Þ

( )
R0
, (38)

where δρss* is a small rotation of R#* with respect to R# and
δtðO#*Þ is a small translation from point O# to point O#*.

Fig. 14 Workspace of SPM with optimized workspace and
dexterity

Fig. 15 Dexterity distribution of the resulting SPM

Fig. 16 Real link parameters

Fig. 17 Model of the joint between link S and link S' taking into
account manufacturing errors
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Figure 18 depicts the general representation of the SPM
considering the insertion of virtual links and details the two
closed loops adopted in studying the effects of manufac-
turing errors.

6.2 Manufacturing errors for an R-R link

Figure 19 presents the studied case of a link connected by
two revolute joints (R) to adjacent links.

The first and the second joint axes are respectively Z and
Z#. The geometry of the link is given by the fixed angle �
whereas the rotation of the joint is described by the
variable �. The frame R and R# are respectively associated
with the first and the second joint.
The screw of the manufacturing errors represents the error

on the angle �, δ�, and the error on the position of the center

O# displaced to the new position O#* and expressed in the
frame R#. Figure 20 describes the link considering the errors.
The induced variation of the angle �, δ�, is not part of the
screw because it corresponds to the joint variable.

The small rotation can be written as

δρ ¼ δ�$X#*, (39)

with X#* ¼ cosδ�X# þ sinδ�Y#.
However, since δ� is infinitely small, X#* becomes

X#* ¼ X# þ δ�Y , (40)

and we obtain

δρ ¼ δ�$X# þ δ�$δ�$Y : (41)

Considering only small displacements of the first order,
we can write

δρ ¼ δ�$X#, (42)

also

δt ¼ O#O#* ¼ δdZ þ δ�X#*: (43)

The two latter equations yield

δt ¼ δ�X# þ δdð – sin�Y# þ cos�Z
0 Þ: (44)

Therefore, the screw of the manufacturing errors of the
link R-R can be expressed as

=S
S* ¼

δρ

δt

( )
¼

δ�

0

0

δa

– δd   sin�

δd   cos�

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

R0

: (45)

Fig. 18 The two closed loops of the SPM considering the
manufacturing errors

Fig. 19 Ideal link parameters

Fig. 20 Link parameters with manufacturing errors
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For the different links of the 3-RRR, the angle � is equal
to

-The  base  ð1Þ : � ¼ �1 ¼ π=2,

-The  link  1k : � ¼ α,

-The  link  2k : � ¼ β,

-And  the  platform  ð2Þ : � ¼ �2 ¼ π=6:

(46)

6.3 Screw of operating errors

The screw of operating error describes the displacement
caused by the manufacturing errors. This small displace-
ment is allowed by the joint and represents a deviation
from the nominal angle value. Since the base joints are
locked by the motors, we assume that the screw of
operation error in these joints is zero.
In general, the operating errors corresponding to a joint

R can be written as

=s*
S
í ¼ f0 0 δgik 0 0 0gTRí , (47)

with i = 1,2,3 and k = A,B,C.

6.4 The loop closure equations

As defined previously in Fig. 18, the mechanism model can
be described by two closed loops. The equations solving
this model can be detailed as
$ For loop I: legs A and B

ð=1B*
1 þ=1B

1B*Þ þ ð=2B*
1B þ=2B

2B*Þ þ ð=2*
2B þ =2

2*Þ

þð=2A*
2 þ=2A

2A*Þ þ ð=1A*
2A þ=1A

1A*Þ þ ð=1*
1A þ=1

1*Þ

¼ 0

0

( )
: (48)

$ For loop II: legs A and C

ð=1C*
1 þ=1C

1C*Þð=2C*
1C þ=2C

2C*Þ þ ð=2í*
2C þ=2

2í*Þ

þð=2A*
2 þ=2A

2A*Þ þ ð=1A*
2A þ=1A

1A*Þ þ ð=1*
1A þ=1

1*Þ

¼ 0

0

( )
: (49)

Since we consider that the operating errors in the active
joints are zero, the screws =1*

1A, =1B*
1 and =1C*

1 are zero and
Eqs. (48) and (49) can be written as

=2B*
1B þ =2*

2B þ=2A*
2 þ=1A*

2A

¼ –=1B
1B* –=2B

2B* –=2
2* –=2A

2A* –=1A
1A* –=1

1*: (50)

=2C*
1C þ =2í*

1C þ=2A*
2 þ=1A*

2A

¼ –=1C
1C* –=2C

2C* –=2
2í* –=2A

2A* –=1A
1A* –=1

1*: (51)

The three first scalar equations in Eqs. (50) and (51) can
be written in a vector form as

δg2BZ2B þ δg3BZ3B þ δg3AZ3A þ δg2AZ2A

¼ – δα1BX1B – δβ2BX2B – δ�2X3B – δβ2AX3A

– δα1AX2A – δ�1X1A: (52)

δg2CZ2C þ δg3CZ3C þ δg3AZ3A þ δg2AZ2A

¼ – δα1CZ1C – δβ2CX2C – δ�2X3C – δ�2X3C

– δβ2AX3A – δα1AX2A – δ�1X1A: (53)

We get then 6 scalar equations in six unknown operating
errors: δg2B, δg3B, δg3A, δg2A, δg2C and δg3C .
However, the last three scalar equations in Eqs. (50) and

(51) yield 6 linear equations, which do not contain the
operating errors. These equations represent the six
compatibility relations representing the overconstraints of
the mechanism.

6.5 Calculation of the orientation errors of the end-effector

Solving Eqs. (52) and (53) yields the operating errors,
which can be used to calculate the orientation errors of the
platform as follows:

δr

δo

( )
¼ =2A*

2 þ=2A
2A* þ=1A*

1A þ=1
1*, (54)

where δr is the vector of the rotation error, given by

δr ¼
δrx

δry

δrz

2
64

3
75 ¼ δg3AZ3A þ δβ2AX3A þ δg2AZ2A

þ δa1AX2A – δ�1X1A: (55)

For clarity, we can adopt the axis-angle representation to
evaluate the error in orientation. The error angle can then
be written as

δf ¼ arccosð1=2ðtrðMÞ – 1ÞÞ, (56)

whereM ¼RotðX0,δrxÞ$RotðY 0,δryÞ$RotðZ0,δrzÞ, δrx, δry
and δrz are given by Eq. (55).
The second three scalar equations of the Eq. (54)

represent the vector of the SPM center translation.
Theoretically, this vector must be zero to ensure the
mounting of the mechanism, which represent the six
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compatibility equations to be satisfied by the linear
manufacturing errors. This problem is not studied in this
paper.

6.5.1 Manufacturing errors data:

Since the calculation of the error depends on the
configuration of the SPM, we will span the workspace of
the SPM by taking 100 orientations of the platform axis ZE

among the set represented by the cone of Fig. 11.
For the manufacturing errors we chose angular values

for δ� ranging from 10' to 30'.
The purpose of this study is to test different levels for

manufacturing errors and calculate the induced rotation
errors of the 3-RRR SPM. For each one of the 100 platform
orientations, we calculate the errors by taking 1000 random
choices of the values of the manufacturing errors
corresponding to every link detailed in Eq. (46) and
contained in the ranges previously mentioned. The number
of possible choices can reach 212 (we have 12 manufactur-
ing errors in Eqs. (52) and (53). It is worth mentioning that
choosing a number of error combinations greater than 1000
did not have an effect on the obtained results.

6.5.2 Orientation error of the end-effector:

Figure 21 gives the cumulative distribution of the rotation
error for 6 different values of the angular manufacturing
error δ�. The limit values of the orientation error δf, at a
ceiling of 95% confidence interval, are given in column 2
of Table 1. The same table gives the mean values of the
overall 105 calculated rotation errors. The high obtained
values, especially for δ� ¼ �300, are extreme values that
have a low probability to happen. This is clearly illustrated
by Fig. 22 which represents the rotation errors distribution
in the case of δ� ¼ �300. The peak of the curve
representing the generalized extreme value distribution
used to fit this skew symmetric distribution, is obtained for
an error value of 1, 1° which is far away from the 5.5°
obtained at 95% of confidence.
In our application and since we imitate the manual

movement of the surgeon, we estimate that an error less
than 3° at 95% of confidence level, is acceptable. Therefore
the manufacturing angular error δ� ¼ �140 can be
considered.

7 Conclusions

An optimized design of a haptic device for minimally
invasive surgery was presented. The mechanism is based
on a spherical parallel architecture optimized to suit the
workspace of the anastomosis operation and provide
maximum handling dexterity. This workspace was char-
acterized experimentally by a motion capture system

recording the movements of an expert performing the
surgical task. A multi objective optimization was
performed using a genetic algorithm method to identify
the optimal geometric parameter of the desired manip-
ulator. The objective functions to be minimized are the

Fig. 21 Rotation error of the platform

Table 1 Characteristics of the rotation error distribution

Manufacturing error/(') Error at 95% confidence/(°) Mean value/(°)

10 1.8 0.7

14 2.6 1

17 3.2 1.3

20 3.7 1.5

25 4.6 1.9

30 5.5 2.2

Fig. 22 Rotation error distribution for δ� ¼ 300
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workspace and the dexterity of the SPM. A study of the
behavior of the mechanism with respect to manufacturing
errors was also detailed. It was shown that an angular
manufacturing error range of �14' can yield up to 2.6° of
error on the orientation of the end effector.
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