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tral extensions of an HLieDer triple. Finally, we consider homotopy derivations
on HLieb,, algebras and 2-derivations on Hom-Lie 2-algebras, and we prove
that the category of 2-term HLieb,, algebras with homotopy derivations and
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1 Introduction

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson and Sil-
vestrov in [4] in the context of g-deformation theory of Witt and Virasoro
algebras [5], which plays an important role in physics and conformal field the-
ory. Hom-Lie algebras were widely studied in the following aspects: Hom-
Yang—Baxter equation [12,13], representation and cohomology theory [7], omni-
Hom-Lie algebras [10], deformation theory [1], Hom-Lie 2-algebras [9], Hom-Lie
bialgebras [8] and Abelian extensions [2], restricted Hom-Lie algebras [3] and
Hom-Jordan-Lie algebras [14].

Several years ago, Sheng and Chen introduced HLie.-algebras as well as
Hom-Lie 2-algebras and showed that the category of 2-term HLie,.,-algebras and
the category of Hom-Lie 2-algebras are equivalent in [9]. Recently, Tang, Frégier
and Sheng [11] introduced Lie algebras with derivations, which is called a LieDer
pair; they studied some properties of LieDer pairs. Due to the importance of
Hom-Lie algebras and derivations, it is natural to study their relationship. More
precisely, we first introduce the notion of an HLieDer triple, which includes a
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Hom-Lie algebra and a derivation. We define a cohomology theory for HLieDer
triples with coefficients in a representation. We study central extensions of an
HLieDer triple. Finally, we consider homotopy derivations on HLie,, algebras
and 2-derivations on Hom-Lie 2-algebras, and we prove that the category of 2-
term HLiey, algebras with homotopy derivations and the category of Hom-Lie
2-algebras with 2-derivations are equivalent.

The paper is organized as follows. In Section 3, we introduce the notion
of an HLieDer triple, which includes a Hom-Lie algebra and a derivation. In
Section 4, we define a cohomology theory for HLieDer triples with coefficients
in a representation. In Section 5, we study central extensions of an HLieDer
triple. In Section 6, we consider homotopy derivations on HLiey, algebras and
2-derivations on Hom-Lie 2-algebras. In Section 7, we prove that the category of
2-term HLie,, algebras with homotopy derivations is equivalent to the category
of Hom-Lie 2-algebras with 2-derivations.

2 Preliminaries

In this paper, we work over an algebraically closed field K of characteristic 0
and all the vector spaces are over K and finite-dimensional. We now recall some
useful definitions in [6].

Definition 2.1. A Hom-Lie algebra is a triple (g, [, ]g, ¢g) consisting of a
linear space g, a skew-symmetric bilinear map [, ]y : g ® g — g and an algebra
homomorphism ¢y : g — g satisfying

[¢g(x)7 [yv Z]ga ]9 + [(bg(y): [Z, x]g]g + [¢9(z)7 [ya .%']g]g = 07 VI’, Y,z € g.

A Hom-Lie algebra (g, [, |g, ¢g) is said to be regular (involutive), if ¢4 is
nondegenerate (satisfies ¢7 = idg).

Definition 2.2. A representation of a Hom-Lie algebra (g, [-, |4, ¢g) is a triple
(V,év, p), where V is a vector space, ¢y € gl(V), p: g — gl(V) are linear maps
such that the following equalities hold for all z,y € g:

p(dg(x)) 0 dpv = ¢y o p(x);
p([z,ylg) o dv = p(¢qg(x)) 0 p(y) — p(dg(y)) © p(z).

Let (g,[]g,#q) be a Hom-Lie algebra with respect to a representation
(V,év,p). The cohomology of the Hom-Lie algebra g with coefficients in V'
is the cohomology of the cochain complex {CH*(g, V'), 0}, where CH"(g,V) =
Hom(g®", V) for n > 0, and the coboundary operator d : CH"(g, V) — CH""!
(g,V) given by
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n+1
(af)(xlv B 7xn+1) = Z(_1)1+1p( gil(wi))f(l’l? ceey fi? L) xn-‘rl)
i=1
+ Z (_1)i+jf([$i’:Ej]gvgbg(l'l)’"'7"%1"'"ai:j7"'7¢g(xn+1))v
1<i<j<n+1
for x1,...,2p41 € g. The corresponding cohomology groups are denoted by

HH*(g, V).

3 HLieDer Triples

In this section, we define the representations and cohomology of an HLieDer
triple.
Let (g, [, ]g, #q) be a Hom-Lie algebra. Recall from [7] that a linear map

g : @ — @ is a derivation on g if it satisfies

g O Pg = Py © Py,

ooz, yla) = leg(2), ylg + [#, 0g(y)]g, for z,y € g.
We call a triple (g, ¢g, @) of a Hom-Lie algebra (g, ¢q) and a derivation ¢q4 on
(9, ¢g), a HLieDer triple.

Example 3.1. Let (D,-,¢p) be a Hom-associative algebra. We know that
(D, ¢p) is a Hom-Lie algebra with the bracket [6]

[z,ylp:=z-y—y-x, forxz,yeD.

If pp is a derivation for the Hom-associative algebra, then ¢p is also a deriva-
tion for the induced Hom-Lie algebra structure on D.

Definition 3.1. Let (g, ¢q,¢q) and (b, ¢y, ) be two HLieDer triples. An
HLieDer triple morphism between them is a Hom-Lie algebra morphism f :

g — b satisfying ¢y o f = f o g.
Definition 3.2. A representation of an HLieDer triple (g, ¢g, ¢4) on a vector
space V' with respect to ¢y € gl(V) in which (V| ¢y, p) is a representation of
(9, ¢g) such that the following equalities are satisfied:

ev(p(z)v) = pleg(@))v + p()pv (v),
foralz €egandv e V.

The following proposition is directly to check and we omit it.

Proposition 3.1. Let (g, ¢g, ¢y) be an HLieDer triple with respect to a repre-

sentation (V,¢v,p,ov). Then (g @V, dg © ¢v, 0y ® @v) is an HLieDer triple,
where

[(z,u), (y,v)] = ([z,y]g, p(x)v = p(y)u),
forallx,y € g and u,v € V.
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4 Cohomologies of HLieDer Triples

In this section, we define a cohomology of an HLieDer triple with coefficients
in a representation.

Let (g, ¢g,¢y) be an HLieDer triple with respect to the representation
(V,¢v, p,pv). We define the cochain groups by CPipieper(8:V) := 0, Clilieper
(g,V) := Hom(g,V) and

CﬁLieDer(gv V) = HOIn(g(Xm’ V) X HOm(g®"_1, V) for n > 2.
Define the map
§ : Hom(g®", V) — Hom(g®", V),

5(f)=Y fo(dy@ - ®p@ - @¢5) —pyolf
=1

Then we have the following
Lemma 4.1. The map § commutes with 0, i.e., dod = o d.

Proof. Similar to [11]. O

Finally, we define the coboundary operator 7 : Cfi;ioper(8: V) — C’ﬁirileDer (g,
V) by

7T(f) :N(afu _5f)) B for f € CI%ILieDer(gv V)’ _
T(frs ) = (Ofn, 0fn + (=1)"0fn),  for (fu, fn) € CiiLicDer(8, V), 1 = 2.

Proposition 4.1. The map 7 satisfies 72 = 0.

Proof. For any f € Cjiioper(8, V), we have
2 f = n(0f, =6 f) = (9*f, =60 f + D5 f) = 0.
For any (fn, fn) € ChitieDer(8, V), n > 2, we have

72 (fus fn) = T(0fn, Ofn + (—=1)"6 f)
= (8% fn, [ + (=1)"05f, + (—1)"T160f,)
=0.

And the proof is finished. O

Thus, (Clipieper(8,V), ) is a cochain complex. The corresponding coho-
mology groups are denoted by Hfjjieper (9, V)-
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5 Central Extensions of HLieDer Triples

In this section, we study the central extensions of HLieDer triples. We show
that isomorphism classes of central extensions are classified by the second coho-
mology group of HLieDer triples with coefficients in the trivial representation.

Let (g, ¢g,pg) be an HLieDer triple and (¥, ¢¢, ¢¢) be an Abelian HLieDer
triple, i.e., the Hom-Lie bracket £ is trivial.

Definition 5.1. A central extension (h, ¢y, y) of (g, dg,¢g) by the Abelian
HLieDer triple (€, ¢, ¢) is an exact sequence of HLieDer triples

p

09(E7¢37§03)—1>(h7¢b7¢h) (gaﬁﬁga@g)‘)O

such that [i(k),h]y = 0= [h,i(k)]s, k €t h €.

One may identify ¢ with the corresponding subalgebra of b (via the map 7).
With this identification, we have @p = @y

Definition 5.2. Two central extensions (h, ¢y, ¢y) and (b, ¢y, @y ) are said to
be isomorphic if there exists an HLieDer triple isomorphism 7 : (b, ¢y, @) —
(b', @y, py) such that the following commutative diagram holds:

00— (E) stv 909) H’L' (b7 d)b? Spb) *p> (gv (bgv QOQ) —0

L

O I (& ¢Ba QDE) ‘1> (hla ¢h’a (pb/) i> (9/7 ¢g’7 SOQ’) - 0

A section of a central extension (b, ¢y, @) of (g, dq,pg) by (€ ¢, ) is a
linear map s : g — b such that pos =1idg, so0 ¢y = ¢y 0 s.

Let s : ¢ — b be any section of p. Define linear maps ¢ : g ® g — £ and
x:g— ¢thy

@ZJ(%Z/) = [8(1’),8(@/)}6 - S[I‘,y]g, X(m) = Soh(s(x)) - S(ng(x))’ Vz,y € g.

One can obtain an HLieDer triple (g @ €, ¢g + ¢¢, ¢y ), where [-, -]y, and ¢, are
given by

[.%' + k,y + l]w = [x7y]9 + ¢(.%',y),
oy(x+ k) =@g(x) + pe(k) + x(z), Vr,yeg, klet

Proposition 5.1. With notions as above, the vector space (g @ € dq + o)
is a Hom-Lie algebra if and only if ¢ is a 2-cocycle in the Hom-Lie algebra
cohomology of (g, ¢g) with coefficients in the trivial representation (€, d¢). @y is
a derivation for the above Hom-Lie algebra if and only if x satisfies O(x)+0¢ =
0.
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Proof. The bracket [-, -]y is a Hom-Lie bracket if it satisfies

[+ J,y + Ky, dg(2) + de(D)]y
=[x+, 2 + Uy, 0g(y) + de(k)]y + [g(x) + e (), [y + k, 2 + U]y

This is equivalent to

D[, Ylgs dg(2)) = ([, 2]g, D6 (y)) + ¥ (g(2), [y: 2lg)

which is same as 9(¢) = 0, where 0 is the Hom-Lie algebra coboundary operator
of (g, ¢y) with coefficients in the trivial representation (¥, ¢).
The map ¢, is a derivation for the bracket [-, -], if

ox ([ +J,y + Kly) = [ox(x +4),y + kly + [z + 5, ox(y + k)]y-

This is equivalent to

e(V(z,y)) + x([7,ylg) = Y(pg(2), y) + (2, 04(y)),

which is same to 9(x) + 6% = 0. And the proof is finished. O

Proposition 5.2. The cohomology class of the 2-cocycle (1, x) does not depend
on the choice of sections of p.

Proof. Let s; and s9 be two sections of p. Consider the map v : g — € by
u(x) := s1(x) — sa(z). Then we have

Y1z, y) = [s1(2), s2(y)]g — s1[7, Y,
= [s2() + u(®), s2(y) + w(y)lg — s2[z,yly — ulz, ylg

and

This shows that (11, x1) — (2, x2) = wu. Therefore, the cohomology class of
the 2-cocycle (v, x) does not depend on the choice of sections of p. O

Theorem 5.1. Let (g,¢q,¢4) be an HLieDer triple and (&, ¢¢, @) be an
abelian HLieDer triple. Then the isomorphism classes of central extensions of
(9, Dgs q) by (8, dp, @p) are classified by the second cohomology group HE, p..(, €).
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Proof. Let (b, ¢y, vn) and (§', ¢y, ppr) be two isomorphic central extensions.
Suppose the isomorphism is given by a map n : (h, ¢y, vy) — (b', @y, py). For
any section s of the map p, we have

o(nos)=(p'on)os=pos=idg.

This shows that s’ := no s is a section of the map p’. Since 7 is a morphism of
HLieDer triples, we have n|¢ = idg. Hence, we have

w< y) = [s'(2),s'(y)ly — '[z,ylg = ¥(2, ),
(2) = oy (s'(x)) = s'(pg(2)) = x(2).

Therefore, the isomorphic central extensions give rise to the same element in
HEieDer(gv E) .

Conversely, consider two cohomologous 2-cocycles (1, x) and (¢, x’). There
exists a linear map v : g — € such that (¢, x) — (¢, X') = dv. Then we have
the corresponding HLieDer triples (g @ €, ¢y + ¢, ) and (g @ €, ¢g + ¢, yr)-
These two HLieDer triples are isomorphic via the map n : g®t — g€ given by
n(z, k) = z+k+v(x). The map 7 is an isomorphism of central extensions. [

6 Homotopy Derivations on 2-term HLie..-algebras

The notion of HLiey-algebras was introduced by [9]. In this section, we pay
our attention to those HLiey-algebras whose underlying graded vector space L
is concentrated in degrees 0 and 1. We call them 2-term HLiey.-algebras. They
are related to categorification of Hom-Lie algebras.

Definition 6.1. A 2-term HLie,-algebra consists of the following data:

e a complex of vector spaces Lq LN Lo,
e bilinear maps I : L; ® Lj — L;1;, where 1 + j <1,
e a trilinear map I3 : Lo ® Lo ® Lo — L1,

e two linear maps ¢g : Lo — Lg and ¢1 : L1 — L satisfying ¢god = do ¢
and

p1ol3 =130 (o ® do @ o)

such that for any z,y,z,w € Ly and m,n € Ly, the following equalities
are satisfied:

(a) la(z,y) = —la(y, ),
(b) la(z,m) = —la(m, x),
(c) la(m,n) =0,
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(d) dlo(z,m) = la(z, dm),

(e) la(dm, n) = l2(m, dn),

(£) ¢o(la(z,y)) = la(do(x), Po(y)),

(g) d1(la(x,m)) = la(¢o (), p1(m)),

() diz(z,y, z) = lo(l2(z,y), ¢o(2)) — la(l2(z, 2), ¢o(y)) — l2(do(2), l2(y, 2)),
(i) ls(z, y, dm) = la(l2(, y), p1(m)) —l2(do(2), l2(y, m)) —l2(l2(z, m), do(y)),
(3) L5 (2), I3(y, 2,w)) + la(l3(z, z,w), 35 (1))

— ba(l3(z, y,w), §5(2)) + la(Is(x,, 2), ¢F (w))
l3(l2(2,y), ¢0(2), do(w)) — l3(la(, 2), Po(y), Po(w))
+ la(l2(2,w), ¢o(y), ¢0(2)) = l3(do(2), l2(y, 2), ¢o(w))
+13(d0(2), la(y, w), ¢o(2)) + l3(d0(2), P0(y), l2(2, w)).

We denote a 2-term HLiey-algebra as above by (L 4, Lo, 2,13, ¢o, $1).

Definition 6.2. Let L = (Ly % Lo, o, I, éo, é1) and L' = (L, -5 L}, 14, 1,
@), @) be two 2-term HLiey-algebras. A morphism f: L — L’ consists of

e a chain map f: L — L' (which consists of linear maps f : Ly — Lj, and
fi: Ly — L} with food =d o f1) satisfying

oo fo=foo o, @10 f1=f100¢1,

e a bilinear map fa : Ly ® Lo — L} satisfying ¢} o fa = f2 0 (o ® ¢p), such
that for any z,y, z € Ly and m € Ly, the following conditions hold:

(a) d(fa(z,y)) = foll2(z,)) — I5(fo(x), fo(y)),
(b) fo(z,dm) = fi(lz(z,m)) = ly(fo(x), fr(m)),
(e) fills(z,y, 2)) + i (fol(z,y), 9o fo(2)) — lao(fa(x, 2), Bo.fo(y))
— ly(d0fo(@), fa(y, 2)) + fall2(z,y), P0(2)) — fall2(z, 2), Po(y))
= fa(o(2), 12(y, 2)) = l3(fo(@), fo(v), fo(2)) = 0.
):

It f=(fo, f1,f2) : L - L' and g = (g0, 91, 92) : L' — L" are two morphisms
of 2-term HLiebs,-algebras, their composition go f : L — L” is defined by

(goflo=goo fo, (go f)1 =g10 f1 and
(g0 f2(z,y) = ga(fo(z), fo(y)) + 1 (fo(x,y)), Vax,y € Lo.

For any 2-term HLiey-algebra L, the identity morphism id; : L — L is given
by the identity chain map L — L together with (11)2 = 0.

The collection of 2-term HLie -algebras and morphisms between them form
a category. We denote this category by 2HLies.
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Definition 6.3. Let L = (L1 - Lo, 2, I3, ¢o, ¢1) be a 2-term HLieo-algebra.
A homotopy derivation on it consists of a chain map of the underlying chain
complex (i.e., linear maps 6y : Lo — Lo and 6y : Ly — L} with 6yod = d' o 6;)
satisfying

poobty=1000¢g, ¢1061=0100¢1,

and a bilinear map 02 : Lo ® Ly — L} satisfying ¢ o 03 = 0 o (¢9 ® ¢), such
that for any x,vy,z € Ly and m € Ly, the following conditions hold:

(a) d(02(z,y)) = bo(la(z,y)) = 12(00(x),y) = l2(z, 60(y)),
(b) O3(z,dm) = 01(l2(x,m)) — l2(0p(x), m) — la(x, 01 (m)),

(c) 13(00(),y,2) + l3(x, 00(y), 2) + l3(x, y,00(2)) — 01(I3(z,y, 2))
= la(02(,y), do(2)) — l2(02(z, 2), Po(y)) — la(do(x), O2(y, 2))
+02(l2(z,y), ¢o(2)) — 02(l2(z, 2), Po(y)) — O2(do(z), l2(y, 2)).

A 2-term HLiey-algebra with a homotopy derivation as above is denoted

by the triple ((L; 4, Lo, l2,13), (¢o, ¢1), (6o, 01,02)). Such a triple is called a
2HLieDery, triple.

Definition 6.4. Let (L, —% Lo, l,13), (¢o, é1), (0o, 61,02)) and (L] -
L, 15,15), (00, 1), (60,07, 65)) be 2HLieDery triples. A morphism between them
consists of a morphism (fo, f1, f2) between the underlying 2-term HLie-
algebras and a linear map ¥ : Ly — L} satisfying

4) f1(b2(z,y)) = O5(fo(x), foly)) = O1(fa(z, ) — f2(00(x),y) — fa(x, b0(y))
+ U (lz(z,y) — (Y (), fo(y) — la(fo(z), U(y))-

We denote the category of 2HLieDer, triples and morphisms between them
by 2HLieDers. An HLiey, triple is said to be skeletal if the underlying 2-term
HLiey-algebra is skeletal, i.e., d = 0.

Theorem 6.1. There is a one-to-one correspondence between skeletal 2-term
HLie-algebras with homotopy derivations and triple ((g, ¢g, ¢q), (V, ov, ov), (6,
0)), where (g, g, pg) is an HLieDer triple, (V, ¢v,pv) is a representation and
(0,0) is a 3-cocycle of the HLieDer triple with coefficients in the representation.
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Proof. Let (L BN Lo, 12,13, (¢o, ¢1), (6o, 01,02)) be a skeletal 2-term HLieso-
algebra with a homotopy derivation. Then 6y is a derivation for the Hom-Lie
algebra (Lo, l2, ¢9). We have that (L1, ¢1,61) is a representation of the HLieDer
triple (Lo, ¢0,00) from Definition 5.3. It remains to find out a 3-cocycle of the
HLieDer triple (Lo, ¢o,00) with coefficients in the representation (Li, ¢1,61).
Note that the condition (c) in Definition 5.3 is same as 9(62) + 6(l3) = 0.
Therefore (I3, —62) is the required 3-cocycle.

Conversely, given a triple ((g, ¢4, ©q), (V, dv, pv), (0,0)) as in the statement,
define LO = L, L1 = V, gbo = (Z)g, (Z)l = ¢V and 91 = Pg, 92 = YV, 92 = —g. We
define multiplications ls : L; ® L; — L;y; and I3 : Lo ® Lo ® Lo — L1 by

lo(z,y) = [x,y], la(x,m)=[z,m], la(m,z)=[m,z], I3=0,

for x,y,z € Ly = L and m € L1 = V. Then it is easy to verify that ((L; SN
Lo, l2,13), (¢o, P1), (6o, 01,02)) is a skeletal 2-term HLiey.-algebra. The above
two correspondences are inverses to each other. ]

An HLie, pair is said to be strict if the underlying 2-term HLie.-algebra is
strict, i.e., I3 = 0, 8 = 0. Next we introduce crossed modules of HLieDer triples
and show that strict 2-term HLie,,-algebras are in one-to-one correspondence
with crossed module of HLieDer triples.

Definition 6.5. A crossed module of HLieDer triples consists of a tuple ((g, ¢,
©g), (b, ¢y, ¢p),dt, A) where (g, dq, pg) and (b, ¢y, py) are HLieDer triples, dt :
g — b is an HLieDer triple morphism and

A:h—gl(g), = A,
satisfying Ay, (s © ¢g = 6 © Ay such that for m,n € g, z,y € b,
(a) dt(Az(m )) = [z, dt(m)]y,
(b) Agr(m)(n) = [m,ng,
() Afayly © g = Agy () Ay = Mgy ) Ay
(d) pa(Az(m)) = Ay () (M) + Az(pg(m)).

When ¢4 = ¢y = 0, we can obtain the crossed module of Hom-Lie algebras
[2].

Theorem 6.2. There is a one-to-one correspondence between strict 2-term
HLieDery-algebras and crossed module of HLieDer triples.

Proof. Let (L i> Lo, la, I3 = 0, (¢o, 1), (0o,01,02)) be a strict 2-term
HLieDer-algebra. Then (L, ¢g) is a Hom-Lie algebra. 6 is a derivation for
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the Hom-Lie algebra (Lo, l2, ¢o) and 6, is a derivation for the Hom-Lie alge-
bra (Li,l2,¢1) from Definition 5.3. Thus (Lo, ¢o,00) and (L1, ¢1,61) are both
HLieDer triples. Since #yod = d o6y, the map dt = d : L1 — Lg is a morphism
of HLieDer triples. Finally, the condition (b) of Definition 5.3 is equivalent to
the condition (d) of Definition 5.6. And the proof is finished. O

7 Categorification of HLieDer Triples

In [9] the authors introduced HLiey-algebras as well as Hom-Lie 2-algebras
and showed that the category of 2-term HLiey,-algebras and the category of
Hom-Lie 2-algebras are equivalent. In this section, we introduce categorified
derivations (also called 2-derivations) on Hom-Lie 2-algebras.

Definition 7.1. A Hom-Lie 2-algebra is a 2-vector space L equipped with
e a bilinear functor [-,-] : L® L — L,
e a linear functor ® = (Pp, 1) : L — L satisfying

O([z,y]) = [®(z,y)], Va,yel,
e a trilinear natural isomorphism, called the Hom-Jacobiator
/x,y,z : [[.T,y], @0(,2)] - Hxa Z]a (Pﬂ(y)] + [@0(&?)7 [y7 ZH:
satisfying

/CPO ),®o(y),Po(z (1)1/%2/,»27

and such that the following commutative diagram holds

[[[wﬁylv%(z)],q’ﬁ( )] m’)"h[; yl, @o(w)], 83 (2)] + [®o[=z, ], [P0 (2), Do (w)]]
[fmy,z“bg(w)]i l[fz,y,w»‘b%(z)]+1
[z, 2], ®o (V)] + [P0 (), [y, 2]], DF (w)] R
f[w,zJ,<I>o<y>,<I>o<w)+f4>o<w),[y,z],<bo<w>i J{@
P Q

[Fx,z,0 P (WIF1+1+[23(2), Fy 2, w]

where ©, R, P and @) are given by

© = Zlaw),@0(y),00(2) T F o) [y.u]®0(2) T o (x),®0(y),[2,u];
R= [H:va]’ (I)O(y

), ®5(2)] + [[@o(@), [y, w]], ®(2)] + [@o[z, y], [Po(2), Po(w)],
P = [[lz, 2], ®o(w)], 8§ (y)] + [@o[z, 2], [Po(y), Po(w)]
+[@o(x), ®o(w)], Poly, 2]] + [®F(2), [y, ], Po(w)]],

I+

(w)], @oly, 2]] + [

Q = [[[z, w], Po(2)], F(y)] + [[Po(x), [z, w]], DF(y)] + [@o[x, 2], [Po(y), Po(w)]
+[®o(x), o(w)], Poly, )] +[PF(2), [[y, w], Po(2)]]+[®F(2), [Po(y), [z, w]]].
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Definition 7.2. Let (L,[-,],®, #) and (L, [-,-]',®’, #') be two Hom-Lie 2-

algebras. A Hom-Lie 2-algebra morphism consists of

e a linear functor (Fp, F1) from the underlying 2-vector space L to L' such
that

' o (Fy, Fy) = (Fy, F1) o ®,

e a bilinear natural transformation
FZ(xv y) : [FU(‘,E)’ FO(y)]/ — FO([:L'a y])7

satisfying Fa(®o(z), Po(y)) = | (Fa(z,y)) and such that the following diagram
commutes

, # Fo(),Fo(v),Fo(2)
_—

[[Fo(z), Fo(y)]', @' Fo(2)] [[Fo(z), Fo(2)]', @' Fo(y)]" + [®Fo(z), [Fo(y), Fo(2)]')

[F2(33’y)71]/i l[F2(I,Z)»l]'Jr[LFz(yvz)]'
[Folz,y], Fo®(z)) [Folz, 2], @ Fo(y)]" + [@' Fo(z), Foly, 2])’
Fa([z,y],®(2)) Fo([z,2],2(y))+F2 (P (x),[y,2])
Follz,y], ®(2)] o) Fo([[z, 2], ®o(y)] + [®o(2), [y, ]])-

The composition of two Hom-Lie 2-algebra morphisms is again a Hom-Lie
2-algebra morphism. More precisely, let L, L’ and L” be three Hom-Lie 2-
algebras and F : L — L', G : L' — L” be Hom-Lie 2-algebra morphisms.
Their composition G o F' : L — L"” is a Hom-Lie 2-algebra morphism whose
components are given by (Go F)g = Goo Fy, (GoF); =G0 F; and (Go F)q
is given by

(GoF)2(&m)

[Go o Fo(€),Go o Fo(n)]” (Go o Fo)([€,n])-

GQ(FO(E)vFO n 0(F2(€’77))

Go([Fo(§), Fo(n)])

For any Hom-Lie 2-algebra L, the identity morphism idy : L — L is given
by the identity functor as its linear functor together with the identity natural
transformation as (idz)a.

Hom-Lie 2-algebras and Hom-Lie 2-algebra morphisms form a category. We
denote this category by HLie2.

In the next, we define 2-derivations on Hom-Lie 2-algebras. They are a
categorification of derivations on Hom-Lie algebras.



Hom-Lie Algebras with Derivations 547

Definition 7.3. Let (L,[-,:],®, #) be a Hom-Lie 2-algebra. A 2-derivation
on it consists of a linear map functor D : L — L satisfying D o &g = ®yo D
and a natural isomorphism

Dey : Dz, y| = [Dzx,y| + [z, Dy], Vz,y€L

such that the following commutative diagram holds

S 7 D([[z, 2], ®o(y)] + [Po(2), [y, =]])
(e, y), @0 (2) l l
D[z, y], ®0(2)] + [[z, y], DP0(2)] [D[z, 2], ®o(y)] + [[z, 2], D®o(y)] + [DPo(z), [y, 2]] + [®o(z), D[y, z]]

[2,1]4+141+[1,2]

[-@«1]+1\L

[[Dz,y] + [z, Dy], ®o(2)] + [[z, y], DPo(2)]

@%

I+ I+F

where

Q = [[Dz, 2}, ®o(y)] + [[, Dz, o(y)] + ([, 2], DPo(y)] + [DPo (), [y, 2]
+[@o(2), [Dy, 2]] + [®o(2), [y, D=]].

We call a Hom-Lie 2-algebra with a 2-derivation, an HLieDer2 triple.

Definition 7.4. Let (L,[-,-],®, #,D,2) and (L, [.,-]',®, #', D', 2') be two
HLieDer2 triples. A morphism between them consists of a Hom-Lie 2-algebra
morphism (F = (Fy, F1), F») and a natural isomorphism

0, : D'(Fy(z)) — Fo(D(z)), Vz € Lo

such that the following diagram commutes:

Iy

Fo(z), Fo(y)]') D'(Folx, y))

@’i ie[z,m

[D'(Fo(x)), Fo(y)]' + [Fo(x), D'(Fo(y))) Fo(D[z, y))
(©a,1] 1@y]i i_@

[Fo(D(x)), Fo(y)]" + [Fo(x), Fo(D(y))]' Fo([Dz,y] + [z, Dy]).

Fa+Fa

We denote the category of HLieDer2 triples and morphisms between them
by HLieDer2.

Now we are ready to prove our main result of this section.

Theorem 7.1. The categories 2HLieDers, and HLieDer2 are equivalent.
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Proof. First we construct a functor T : 2HLieDero, — HLieDer2 as follows.

Given a 2-term HLieb-algebra with a homotopy derivation ((Lq 4, Lo, l3,13),
(¢o, P1), (0o, 61,02)), we have the 2-vector space C' = (Lo @® L1 = Lg). Define a
bilinear functor [, ] : C ® C — C by

[(z,m), (y,n)] = (la(2, ), la(, n) + l2(m, y) + l2(dm, n)),

for (x,m),(y,n) € C1 = Ly ® L;. The linear functor ® : C — C is given by
b = (Dg, P1) := (¢po, Po + ¢1). Moreover, we have

O([(x,m), (y,n)]) = (dola(z,y), ¢1(l2(z, 1) + la(m, y) + l2(dm, n)))

(L2(do(x), P0(y)), l2(0(x), ¢1(n)) + l2(¢1(m), do(y)) + l2(d1(m), P1(n)))
=

=

—

(¢o(z), p1(m)), (do(y), d1(n))]
®(xz,m), ®(y,n)].

Define the Hom-Jacobiator by

/z,y,z = ([[l‘, y]> ¢0(Z)]7 lg(l‘, Y, Z))

Note that

(), @0 ()30 (z) = ([[90(2), o ()], 65(2)]: L3 (g0 (2), do(y), do(2)))
- (¢o[[$,y], ¢0(Z)]7 (25113(.%',(% Z))
= (I)I/:v,y,z~

By using identities (a)—(j), one can also verify that the diagram in Definition
5.1 commutes. Therefore, (C,[-, -], #,®) is a Hom-Lie 2-algebra. Moreover, we
define a 2-derivation (D, 2') by

D(z,m) := (6o(2),01(m)), Py = ([x, 4], b2(,y))-

For any HLieDer-morphism (fo, f1, f2, ¥) from L to L', we define a mor-
phism F from C = T(L) to C' = T(L') as follows. Take Fy = fo, Fi = f1
and

Fy(z,y) = ([fo(@), @), f2(2,9)), ©=1T.

It is easy to verify that F' is a morphism from C to C’. Moreover, one can
verify that T preserves the identity morphisms and composition of morphisms.
Therefore, T' is a functor from 2HLieDer,, to HLieDer?2.

In the next, we construct a functor S : HLieDer2 — 2HLieDer,, as follows.
Given an HLieDer2 triple C = (C1 @ Cy, ®, £, D, Z), we have the 2-term chain

complex
t|Ker s

Ly = Kers—)C = Ly.
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Define Iy : L; ® Lj — L;yj by
l2(xvy) = [l',y], l2($7m) = [$,’I7’L], lZ(ma l‘) = [ma l‘]

The map I3 : Lo ® Lo ® Lo — Ly is defined by

lg(x,y,z) = pr(/ﬂc,y,z)v V:E,y,z € LOa

where pr denotes the projection on Kers. Moreover, we define a homotopy
derivation by

Oo(z) := D(i(m)), 61(m):= Dlkers(m), 62(z,y) :=pr(Dsy).

For any HLieDer2 triple morphism (Fy, Fy, F5,0) : C — C’, then fy = Fp,
f1 = Fi|r, = Kers and define fy by

fo(z,y) = prFa(z,y), ¥ =0.

Moreover, S preserves the identity morphisms and composition of morphisms.
Therefore, S is a functor from HLieDer2 to 2HLieDers,.

It is not hard to check that the composite functor 7" o S is naturally iso-
morphic to the identity functor 1g7epere, and the composite S o T is naturally
isomorphic to 1ggrieDer,,. We omit them. ]
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